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I. BASICS
A. Angular momentum operators

Angular momentum operators

[ji, jﬂ = ifijkjk (1)
Jy = Ji+iJs (2)
J?=Js(Js+ 1)+ J_J¢ (3)
J?=Js(Js — 1)+ J,J_ (4)
Angular momentum eigen states
J|jm) = (G + Dljm) (5)
Js|jm) = m|jm) (6)
Jxljm) = C(j,m)ljm £ 1) (7)
Ci(jym) = Vi(G+1) —m(m£1) = /(G Fm)(j £m+1). (8)
B. Clebsch-Gordan coefficients and three-jm symbols
Relation three-jm and Clebsch-Gordan coefficients
1 J2 U3 (=pamme ,
_ — 9
( my mo ms ) s 1 1 (Jimijama|js—ms) (9)
and the inverse relation
(jimijoma|jsms) = (—1)71 7721 /245 + 1 ( 73111 Tjn22 —]7?13 ) ' (10)
Special case
(71)l17’m1 5 5
l l 00) = ——— g 11
(l1m112m2[00) ST Ot dma—m (11)
(jrmajams|jama) = (1)1 75 (1 —mjz —ma|jz —mg) (12)
C. Wigner-Eckart theorem
Wigner-Eckart theorem
D)y GlITYy . : J
T |3 m')y = 2 et (i TM ) (<1)° (13)

=vnfm(j J‘“)mwmu» (14)
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D. Rotation operator and D-matrices

Active rotation in (7, ¢) parameterization
Un) = eion-d
Idem in zyz Euler angles
U(a, B,7) = e~iadsp—iBz g—inJa
Rotation of |jk)
Uljk) = Z lgm) (Gmlu|jk)
= Z jm) DY (U
The DY)-matrices are homomorphic representations
D(j)(uluz) - D(j)(ul)D(j)(Ug).

Unitarity
D(j)(ufl) — D(j)(u)*l — D(j)(u)’r

The rotation of the function DT(YZL’*(U’) is defined by Wigners convention to make it transform like |jm)

UDGL (U') = Dy U
=2 Dl DD )

:ZDm’I; mym(u)

The dV)-matrix is real

DM@, B,7) = A (B)e .

Symmetry
d), o (B) = di), (8) = (1) V), ()
A (= 8) = (=177 ™dY), L (B) = (<1 ) (),
Explicit formulae with m = 35,5 —1,...,—7, i.e., d%) upper left

1+cos 1+4cos B sin B 1—cosf

dM (g % cosfB — Si\%ﬁ
1—cos sin 8 1+cos 8
2 vz 2

For j and j' both either integer of half integer

82

27
/ da/ sm,@’dﬁ/ d’VDj)’ , B, ’Y)D(Jrk/( By) = 2 +1

————Omm/ Okks 05/

(30)



Clebsch-Gordan series
D%Ll(u)DgzLQ(u): Z <j1m1j2m2|j3m3><j1k1j2k2|j3k3>Dfi§L3(M). (31)
jsmaks

Symmetric top wave function, not parity adapted:

(. B.Aljmk) = D" (o, 8.9 "5 (32)
Matrix elements
. L) . skt ST . i L j W L j
(rmaka | DS (0, B.7)famaks) = (~1)™ /@)y + 1) (22 + 1) (_‘Z;l M #L) (3;21 K i) (33)

If the wave function does not depend on - and in this equation the integral over gamma is dropped, it still holds if
in Eq. (32) the 872 is replaced bye 47 and v = 0.

E. Spherical harmonics and Legendre Polynomials

Setting k to zero gives spherical harmonics in the Racah normalization

DS (6,0.7) = Cin (0, ¢) (34)
Normalization
/Wsin 0de /%dgb Chn(0,0)Cr (6, 9) = iémm/éu/. (35)
o 0 20+ 1
The usual spherical harmonics are normalized to unity
Vin(6,6) = |/ 215t Cun(6,0). (36)
Inversion (6, ¢) = (7 — 0, ¢ + )
iCim (8, 6) = (=1)!Cim (6, 0) (37)
and reflection in the xz-plane 6,(x2)(0, ¢) = (6, —¢)
o(22)Cim (0, 9) = (=1)" Cr_m (0, ¢) (38)
and furthermore
Cim(0,0) = (=1)"C1_m (0, ¢) (39)
Also setting m to zero gives Legendre polynomials
Cio(8, ¢) = Pi(cos8) = dSj) (8). (40)
Since dV(0) is a unit matrix we have d',;(0) = &,,0 and
Cim (0, ¢) = dmo. (41)
The normalization of the Legendre polynomials
/Owsin 0d6 Py(cos )Py (cosb) = ZZL—H&N' (42)
From the explicit expressions for d\¥) with z = cos 8
Py(z) =1 (43)
Pi(z)==2 (44)



From the Clebsch-Gordan series with m = k£ = 0 and j; = 1 and js = [ we derive a recursion relation for the Legendre

polynomials
Pi(2)Py(z) = > _(1010|L0)* Py (2)
L
= (10[0[1 + 10)2 P11 (2) + (1010] — 10)*P,_1(2)
I+1 l
=_——PF P
i )T g )
i.e.
221+ 1)Pi(2) — 1P 1 (2)
P
1+1(2) = 1
322 1
For the spherical harmonics we again use the explicit expressions for d/)
Coo(0,9) =1
Ci1(0,9) = \/i(cosgiﬂrzsmqﬁ) sin 6
Ci10(0, ¢) = cosb
Cy,-1(0,9) = 7(cos¢—isin¢) sin 6.
The Clebsch-Gordan series gives
C1u(0,¢)Crm (0, ) =Y _(1plm|LM)(1010|LO)Cpr (6, 6).
LM

For ;1 =1 and m = [ only one term remains

I+1
C1.1(6:6)Cu(6.9) = | 55 Cron1(6:6).

Thus
20 — 1)
Cu(0,9) = %[Cl,l(aagbﬂl'
Other C,, are obtained using the L_ operator. With the notation
(1) x 0D =57 Oy iy Cly g (imaloma| LM),
mimsa

we have the explicit formula

20— 1)l ®
Co — % [0 x W@ . ]

F. Regular harmonics

The regular harmonics are homogeneous polynomials defined by
le(I‘> = Tlolm(ﬂ

with x = rcos¢sinf, y = rsin¢sinf, and z = rcos 6

Roo(r) =1
Ria(e) = ——=(o+iy) =
Rl,o(r) =Z=T

Ry_1(r) = i(ac —y) =7

(45)

(46)
(47)

(58)



and

Ry (r \/ 7“+1

Rim(r) = ¥ [[rxr]@) X }

1 .
Ry go(r 2\/; [(2? — y?) £ 2izy]
Ry 11(r) = :F\/;( +iy)z

1
Roo(r) = 5(322 —r) = 5(222 — 2% — ).

®

In particular

Real spherical harmonics are defined for m > 0 by

Ripe = R
1
le,c = ﬁ[(_:[)lem + lem]
. 1 m
Zle,s = 72[(_1) le - lem]
so that for m > 0
le = (_l)m [le ¢+ ZRl’m s]
\/§ ) k)
1 .
Rl—m = E[le,c - Zle,s]
and explicitly
Rl,l,c =T
Rii1s=y
Rl,O,c ==z
1
Ryo . 5\/3(33 —y°)
Roos = V3zy
Roy.=V3zz
Rois=V3yz
1
Ry, = 22— 5(952 +9?)

The multipole operator for n particles at positions r; with charges ¢; is given by
Qun =Y ¢iRim(r;)
i

In MOLPRO the following definitions are used for the quadrupole moment

Quw = 2° — %(92 +2%)
Qu =9 - 3@+
Q.. = 2% — %(IQ +97)
Quzy = gwy
Qo = Pl
Qyz = §yz

2

(64)

(65)



So we have Q20 = Q...

II. THE MULTIPOLE EXPANSION

Shifting a regular harmonic gives
RiyR+1)= > > 2L\ (lymaloma| LM)Ry, m, (R)Riym, (r) (89)
LM 2[1 1 142 2 l1m1 l2m2 .
li+lo=L mi+mo=M
The spherical harmonics addition theorem, R - # = cos 6

P(R- Z O (R)Clyn (7). (90)

m=—1

The multipole expansion for r < R

1 =7 A
|Rfr|=sz+1Pz<R-r> o

_Z Rl+1 le ) (92)

Combining these equations, using Ry,m,(—1p) = (—1)! 2R12m2 (rp), gives

1 oL\ ?
R+ 1, — 1y - ;; RL+1 Z Z (1" <2l1 ) (93)

li+lo=L mi+mo=M

X <llm1l2m2|LM>Rllml (ra)ngmg (I‘b). (94)
The coulomb interaction operator between monomers A and B is
9aqb
VR, re,1p) = 75— 95
( b) |R +ry — I‘a| ( )

where the summation over a and b is implicit, and R connects the centers of mass of A and B. We take R parallel to
the SF z-axis so that we have Cj,,(R) = dnr0. Let A be a linear molecule in the zz plane where the molecular axis
makes an angle 6 with the z axis. Attach a body fixed frame to A so that

r, = R, (0)rBF. (96)
If A is in a X-state it only has m, = 0 multipole moments and we have

(X Qtama (Ta)1X) = (x| Qu0 (g ™) X) Crm, (6,0), (97)

where x is the wave function for A. Let B be an atom in a degenerate |Ap) state then from the Wigner-Eckart theorem
we have

Al A

Q) = 02 (A1) (i, (98)

Thus, the interaction matrix in the basis |xAp), p = —X, ..., A is
Vi (0) = (Al V (0) x ) (99)
1
ZZ (X|Qu.0lx) (A|QU[|N) (—1)latA—n (20 + 20, +1)!172
Rlatlotl (21,)1(21p)!

la+l Al A
<3 < L Iy ’ b) (—u o M,)QQma(e,o) (100)

MagMp

Diagonalization of this matrix for a given value of 6 yields eigen functions as linear combinations of |yAu), from which
the |u|-populations are computed.



