Quantum Dynamics, NWI-SM295, exercises week 5

Gerrit C. Groenenboom, June 8, 2019

Question 1: Flux of a plane wave

A plane wave with wave vector k is given by
Uy (r) = Netkr,
The expression for the flux-operator in 3D is
. h
j=—-Im¥*(r)VI(r).
1
la. Determine the flux of wave function ¥ in an arbitrary point 7.

Answer: See week 3, question 2b
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Question 2: Spherical waves

Cartesian vector r can be expressed in spherical polar coordinates through

1 sin 0 cos ¢
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2a. Write down the Hamiltonian of a free particle in spherical polar coordinates (r, 8, ¢)

Answer: See week 4, question 1:
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2b. Show that spherical waves are eigenfunctions of the free particle Hamiltonian and calculate the
energy

eikr
¥(r,0,9) =N
r

Answer: The [ operator only acts on the angles, so we only need the radial part of the Hamtilonian:
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so the energy is h;’f.

Question 3: Flux operator in spherical polar coordinates

The gradient operator V, can be rewritten in arbitrary curvilinear {u;(r),...,u,(7)} coordinates using
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where J is the Jacobian matrix with elements
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3a. Derive the expression for the gradient in spherical polar coordinates.

Answer: The Jacobian is

or Or Or
7= (5 5 %) )
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= | singsinf rsingcosf rcospsind (9)
cosf —rsinf 0
= (7 reg rsinfey). (10)

Since the columns of the Jacobian are orthogonal to eachother, JTJ is diagonal

1 0 0
J'g=10 r? 0 (11)
0 0 sin6?r?
and so
1 0 0
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Question 4: Flux of spherical waves
4a. Use the previous results to compute the flux of a spherical wave.
Answer:
. h N
9 = ;Im\ll (r)VU(r) (14)
h 0
=7r—ImU*(r)—V 15
7l ()5, ¥ () (15)
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Jj = Top. (19)

In the last step we defined the velocity v = p/u, where the momentum is p = hk, and the density
p =TS = [N[2/r2.
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