Quantum Dynamics, NWI-SM295, exercises week 4

Gerrit C. Groenenboom, June 7, 2019

Question 1: Kinetic energy operator in 3D

In this exercise we derive

h? R 1 02 2
Vi —-— —. 1
2u 2ur a2 + 2ur? (1)
The angular momentum operator is defined by
[=rxp, (2)
where the linear momentum operator is
p=—ihV. (3)
The first step is to work out the /2 operator and to show that
P=-m*rxV) (rxV)=hr[-r*Vi4+r.V+(r V). (4)

A convenient way to work with cross products,
a=>bxc, (5)

is to write the components using the Levi-Civita tensor €y,

3 3
a; = €;jrbjcr = Z Z €ijrbicr, (6)

j=1k=1

where we introduced the Einstein summation convention: whenever an index appears twice one assumes
there is a sum over this index.

la. Write the cross product in components and show that
€1,2,3 = €231 = €312 = 1, (7)

€321 = €2,1,3 = €132 = —1, (8)
and all other component of the tensor are zero. Note: the tensor is +1 for €1 5 3, it changes sign when-
ever two indices are permuted, and as a result it is zero whenever two indices are equal.

Answer: The cross product in components is:

aq by 1 bacz — bzcy
a9 = b2 X C2 = bgcl — b103 o (9)
as b3 3 bico — bacs
1b. Check this relation
€ijk€ij'k! = §jj’6kk/ - jk’(;j’k- (10)

(Remember the implicit summation over index 7).

Answer: First consider j = j', then the equation reads
€ijk€ijk = Okk/ — Ojk/Ojk (11)

When k # k' we get zero on the left-hand-side (lhs) since i, j,k and at the same time i,j, k" have
to be distinct, which is not possible. The right-hand-side (rhs) also gives zero, since 0 and di,
cannot both be nonzero.

When k = k' we get
> en=1-03 (12)

i
This relation is also correct: if j = k we get zero on both sides, and when j # k there is always one
i that makes €;j;, nonzeros, and we get one on both sides of the equation.

Nezxt, we consider j # j', which gives
€ijk€ijrk = —O0jkrOjr (13)

When k = k' both sides must be zero.

Page 1 of 5



Quantum Dynamics, exercises week 1

When k # k' we first consider k = j, for which both sides are zero (on the lhs €, will be zero, and
on the ths k = j means k # j', so 01, is zero).

Finally, when j # j', k # k', and k # j we have two cases: k = j' and k # j'. First, when k = j’,
we only get nonzero on the lhs when k' = j - and both lhs and rhs will be —1. When k # j' (and
k # j), both sides are zero.

lc. Use Eq. (10) to derive Eq. (4).

Answer:
3
(rxV)-(rxV)=> (rxV), (rxVv) (14)
i=1
= €k iV €jik Tj Vi (15)
= (8554 0kt — 65k 0ek]rs Virs Vi (16)
= 5jj/(5kk/7‘jvk’r'jlvk/ — jk/(Sj/ijVijlvk/ (17)
= 05 0kkr 75 (Ojr + 150 Vi) Vi — Ok 65kr (Ojr + 150 Vi) Vi (18)
= (5jj/5kk/7"j7’jlvkvk/ + (6jj/5kk/ - 5jk/(5j/k)5kj/7'jvk/ - (5jk/(5j/k7"j7“j/vkvk/ (19)
= 7‘2V2 =+ 5jj/5kk’5kj/ ijk’ — Ojk’ 5j’k5kj’ erk/ = 5jk/Tj (T' : V)Vk/ (20)
~—— ——
=04 =3
=r*V2-2r -V =g { [rj,r V] +(r V)r;}Vi (21)
—_——
=[rj,r; Vil=—r;
= r2v? —2r~V+§jk/erk/ —(’l" V) 5jk/Tij/ (22)
N—— N——
=r.V =r.V
=r?V? —r.V—(r V)% (23)
1d. Show that 9
= . 24
rar r-V (24)
Answer: The vector r can be written as
r =r?, (25)

where v = |r| and 7 is the unit vector in the direction r. Taking the derivative with respect to r,
for a fized direction v gives

o 0 . .
Er— Err—r. (26)

The may be written in components

0 .
57"1‘ = — (27)

3|3

The chain rule gives
0 or; 0 r; O 1 1
_ _n — N, = .- V. 2
or  Or Or; r Or; rTsz rr v (28)

If we multiply this equation with r we get

le. Show that e e 5
1 2
ror ~ o T ror (30)
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Answer:
1 62 10 0
ror2  ror <1+r(97“> (51
10 1/0 0?
_;8r+; (67“ r@ﬂ) (32)
20 0%
= a (33)

1f. Combine the results to derive Eq. (1).

Answer: From Eq. / we get

1 P2
RPV2=m=[r - V+(r V) - — (34)
2N Y 2
" rZ (r-2)2 "
" Tor
19 10 o, I2
— R ) =
[r or r 6rr8r] 72 (35)
20 9% 2
ki o (36)
,1 02 =
=M e T e (37)
S0 ) ) , -
he s h*1 0 l

Question 2: Coupled channels equation for collinear A + BC

Three particles move along a line. Their coordinates are x 4, g, and x¢, and their masses m4, mp, and
me. The kinetic energy operator is given by

R? 92 R 92 n? 92

T=— — — . 39
2my 02%  2mp 0x%  2me Ozl (39)
The center of mass coordinate is
¥ = MATA + mpTp + mMcxc (40)
ma +mp -+ mgc
and the Jacobi-coordinates for the A + BC' arrangement are
r = xp-—zc. (41)
R = o, meTBEmozc (42)
mp + mgc
2a. Rewrite the kinetic energy in Jacobi/center-of-mass coordinates (X, R,r).
Answer: The chain rule gives
0 0X 0 OR 0 or 0
et T M L L (43)
Oxa Oxa0X Oxa OR Oxy Or
X
0 _ 0X 0 OR 0 or 0 (44)

8.%3 81’3874»83?3@4»83735
0 0X 0 OR 0 or 0

vy _“4 v g Y 9Py 4
drc 910 0X | 0wg OR | Oz or (45)
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so (with M =my +mp + me and Mpc = mp + m¢)

0 mad 9

dza M OX T OR

0 _mB 0 mp 0 0
drg M 0X Mpc R " or Lo
0 mg 0O mg O 0

- e - e - 48
(9330 M 0X MBC OR or ( )
The second derivatives including the mass factors
1 02 0? 1 02 2 9?2
7722%7-&-77-&- —ee—— s (49)
ma 0z  M?20X?2  ma OR? M OXOR
L82 _@ 62 +m3 82 +ii2_ 2mB 82 +3 (92 _ 2 (92 (50)
mp Oxy  M20X2 MZ.0R?2  mpor: MMpc0XOR M OXOr Mpc OROr
i@z _@82 me 02 iﬁi 2me 02 2 0? N 2 9? (51)
me 0rZ,  M20X?2 M3, 0R?  mcor? MMpc 0XOR M OXOr  Mpc OROr
In the sum all the cross terms cancel, and the kinetic energy operator becomes
A A R 02
T=—— - — — — (52)
2M 0X?%2 2u0R?2  2upc Or?
with the reduced masses
1 1 1
= 53
w ma  Mpc (53)
1 1 1
— = a——qp=——, (54)
“BC mp mc
The potential V is assumed to be independent of X, so the Hamiltonian can be written as
H=T+V(R,r). (55)
For large R we find the potential for molecule BC:
Veo(r) = lim V(R,r). (56)
R—o
2b. Derive the Schrodinger equation for the vibrational wave functions ¢, (r) of molecule BC.
Answer:
R 9?
|:2’LLB067“2 -+ VBC(T’):| ¢v(T) = C»UQSU(T'). (57)
EPIBC
The multichannel expansion is given by
U(R,1) = ¢u(r)uy(R). (58)
2c¢. Derive the coupled channels equation
u”(R) = W(R)u(R) (59)

and find an expression for the W matrix.

Answer: In a center-of-mass coordinate system we may drop the C.O.M. kinetic energy term. The
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time-independent Schrodinger equation is
[ﬁ -~ E] U(R,r) =0
[TR + T, + V(R,7) — E| O(R,r) = 0,

where we defined

. h? 92

R 5 0R?
2 2
A
2upe Or?

We furtermore define the interaction potential
AV(R,r) =V (R,r) — Vpe(r)

so the Schréodinger equation becomes

[TR + T, + Vao(r) + AV(R, ) — E} U(R,r) =0

[TR + Hpo + AV(R,7) — E] 3" 6o (r)un(R) = 0.

Projecting with (¢, gives

24 0R?

2 2
5 |55yt + Boules = )+ @ulAV (R0} ual) =0

or
62
Rz

In matriz notation this becomes Eq. (59) with W -matriz elements

Wro(R) = 22 [ruler — E) + (o | AV (R, 1))

Page 5 of 5

(B)= 253" Bunlew = B) + (6w |AVIR, D] 0)] o (R)

(67)

(68)

(69)



