Quantum Dynamics, NWI-SM295, exercises week 3

Gerrit C. Groenenboom, June 5, 2019

Question 1: Time dependent wave packet for free particle
The time-dependent Schrodinger equation for a free particle of mass p is in one dimension is

oU(z,t)  h® 9?

ih ot 2u Ox?

Solutions exist that can be written as
U(x,t) = exp[—%ozt(x —vt)? +ikx + ¢
In this expression v and k are constants that satisfy the relation
hk=pv=p

The width of the wave packet is determined by
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where «a( determins the width at ¢t = tg.

la. Compute the expectation value of the position z

(Wz|W)

= )

Answer:
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Now we use the coordinate transformation y = x — vt, and since dy/dx = 1 we get
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=0 by symmetry

= vt.

1b. Compute the expectation value of the momentm p

oo (VP
Answer: The derivative of W(x,t) is
%\Il(x7 t) = [—a(x — vt) +ik]U(x,t)

S0

pY(z,t) = hlicg(x — vt) + k]U(x, t)

f eféaZ(mfvt)Q*ikarC: h[iat(x _ ’Ut) + k]7 e*%at(wfvt)2+ika;+ctd$
<p> - fe—%ocz (z—vt)2—ikz+c} 6—%at(w—vt)2+ika:+ctdl, :
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Quantum Dynamics, exercises week 1

As in the previous question, we can split the integral in two terms, and the integral involving
hicy (x — vt) will be zero by symmetry again, and the second term gives (p) = hk.

Question 2: Flux

In one dimension, the flux j of a wave function ¥(z,t) is given by
h 0
= i o Ly 15
j = im { pe } (15)

where p is the mass of the particle. This expression also applies to time-independent wave functions

2a. Compute the flux of 4 4
U(z) = ae™™ + be~ ke, (16)

Answer: The fluz is

h . . 0 _ _
j — ;Im (a*e—zkm + b*elkm> % (aeikm + be—lkm) (17)
= ;Im [(a*eﬂkm + b*e’k*’”) (ikae™™ — ikbeﬂ’“)] (18)
h . )
= ;Im [ik|a|® — ik|b]* + ik (b*ae®™™ — a*be?*")] (19)
The terms b*ae®** and a*be=2"** are eachothers complex conjugate, so the difference is purely

imaginary, and after multiplication with the factor (ik) it is real, so it does not contribute to the
flux, and we find

. hk

j=—(lal* = [b]*). (20)
1

In three dimensions, the flux is given by
. h X

j=-—Im[U*"VY] (21)

I
2b. Compute the flux of '

U(r) = Netkr, (22)

Answer: The fluz is a vector with three components, and it is parallel to the vector k,

Im (U™ 2 1)
. h ) 2 Tt
j==|m(TL20) | =|NJ=k, (23)
I I
Im(¥* 2 W)

1o} _ 9 _
where we used -k -1 =k, {Tyk -r =k, ele.

Question 3: One-dimensional scattering
The Hamiltonian for a particle with mass p is given by

h? 92

For the potential V(z) we consider a step function

0, forz<O
Vie) = { Vi, fora> 0. (25)
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Quantum Dynamics, exercises week 1

The corresponding time-independent Schrédinger equation is
(H— E)¥(z)=0. (26)
For x < 0 the solution can be written as the sum of an incoming wave and a reflected wave
Uy (z) = etho? 4 e T R(E). (27)
For x > 0 there is a transmitted wave
Up(z) = ™MT(E). (28)
3a. Find the energy dependent reflection coefficients R(E) and T(E).

Answer: At x = 0 the wave function and its derivative should be continuous, so we have two

equations
¥ (0) = Wg(0), (29)
U (0) = 0R(0 (30)
That s
1+ R(E)=T(E), (31)
iko —ikoR(E) = ik1T(E) (32)

Substituting the first of these into the second to get an equation for R(E),

ko — koR(E) = k1[1 + R(E)] (33)
ko — k1 = (ko + k1) R(E) (34)
and
R(E) = Zg K :i (35)
T(E) =1+ 0 —F_ 2k (36)

Note that if k1 = ko, we have R(E) = 0 and T(E) = 1, i.e., nothing is reflected, as you would
expect. If k1 > ko we get R(E) = —1 and T(E) = 0, i.e., full reflection. When ki < ko, we have
R(E) =1, i.e., full reflection, but still still T(E) = 2. This may be surprising, but note that the
transmitted fluz is proportional to ki, so even though the transmission coefficient does not go to
zero, the transmitted flux will go to zero.
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