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Chapter 1

Hamilton’s equation of motion

1.1 Introduction

These are the lecture notes of the course “Me-
chanics, Electricity, and Magnetism 2”, as given
in the first quarter of 2026, covering the mechan-
ics part. Last year’s lecture notes, which are
still available, summarized the main equations
and ideas of Newtonian mechanics as discussed
in the text book (Serway [1]), chapters 9-14.

These lecture notes treat the same topics, but
the approach is different. Rather than taking
Newton’s laws as the starting point and solving
problems step by step from there, we use a “top-
down” approach. The focus is on simplifying the
problem first by using conservation laws for en-
ergy, linear momentum, and angular momentum,
whenever they apply, and by rewriting the prob-
lem using a center-of-mass frame. We achieve
this by introducing Hamilton’s classical equa-
tions of motion and we use them whenever they
are simpler than Newton’s. In a physics curricu-
lum, this is taught in a course on analytical me-
chanics. This course, however, targets chemistry
students, and it is not a course on analytical me-
chanics. Rather than taking the long road from
Lagrangian, Euler-Lagrange equations, and the
principle of least action, we’ll take some short
cuts to where these strictly speaking advance

concepts make life easier. The goal it to pre-
pare for subsequent chemistry courses on quan-
tum mechanics, chemical bonding, and statisti-
cal mechanics, where the use of these concepts is
essential. In particular, we believe that Hamil-
ton’s classical equations of motion will ease the
switch to quantum mechanics.

1.2 A brief history

These are some important names and dates:

1687 Isaac Newton, 2nd law, relating force F,
mass m, and acceleration

F = ma. (1.1)

1788 Joseph-Louis Lagrange, introducing the La-
grangian

L=T-V, (1.2)

where T is the kinetic energy (T from “tra-
vail mechanique”) and V' is potential energy.

1830 William Rowan Hamilton, introducing the
Hamiltonian

H=T+V (1.3)



1915 Emmy Noether: Noether’s theorem relat-
ing continuous symmetries to conservation
laws for energy, momentum, and angular
momentum.

1925 Erwin Schrodinger, Schrodinger equation

miwzﬁm

1.4
o (1.4)
and its time independent version

HY = EV. (1.5)

1.3 Trajectory of projectile us-
ing Newton’s laws

From mechanics I you may remember how a
particle with mass m under gravity follows a
parabolic flight. The position of the particles is
given by Cartesian coordinates (x,y), with x the
horizontal component and y the vertical compo-
nent. The trajectory of the particle is described
by the time (¢) dependent positions, [z(t),y(t)].
The time derivative of the position is the veloc-
ity,
d

vy =Y = %y(t)v (1.6)

and the time derivative of the velocity is the ac-
celeration

d
Ay = Uy = —Vy(t) = 4. 1.7
Y V= gt y(t) =73 (1.7)
Similarly, for the horizontal component we have
velocity v, and acceleration a,.
Newton’s second law for the vertical compo-
nent is

F, =may, (1.8)
where F), is the force due to gravity
F, = —mg, (1.9)

and so we have a, = —g. Solving the equation
of motion gives

1
y(t) = y(0) + v, (0)t — 5gt*. (1.10)
For the horizontal component there is no force,
SO

ay =0, (1.11)

and the velocity v, = v,(0) is constant, so we
find
z(t) = (0) + vyt.

Thus, if the initial position [(0),y(0)] and the
initial velocities [v,(0),v,(0)] are given, the full
trajectory is known.

(1.12)

1.4 Potential energy and ki-
netic energy

The force of gravity is conservative, which
means it can be integrated to define a potential
energy V(x,y). The forces depend on minus the
derivatives in z and y direction

0
0
F, = fa—yV(J:,y), (1.14)

where we use the notation for partial derivatives,
since the potential is a function of all coordi-
nates.
Since the horizontal component of the force is
zero, the potential only depends on y,
Vi(z,y) = —gy. (1.15)
We have the freedom to add a constant value
to the potential, since that does not affect the
forces.



The kinetic energy depends on the velocity

of the particle, v = | /v2 + v2,

L 9

1
T= ST = im(vi + UZ) (1.16)

1.5 Linear momentum

Newton defined “quantity of motion”, which we
now call linear momentum. It’s Cartesian com-
ponents are given by

(1.17)
(1.18)

Pz = MUy
Py = MUy.

Newton’s second law can be expressed in terms
of linear momenta,

(1.19)
(1.20)

px:Fm
py:Fyv

and this is actually how it was done in his book
Principia Mathematica (1687).

1.6 Hamiltonian mechanics

The power of Hamiltonian mechanics is that the
equations of motion look the same in any co-
ordinate system. First, however, we will apply
the method to the (Cartesian) y coordinate of
the above problem, in which case it is easy to
see that it is equivalent to Newton’s approach.
However, we will denote the coordinate as ¢ =y
to stress the fact that this is the Hamiltonian
approach for any system where to position can
be described by a single coordinate. In this no-
tation, the velocity is written as ¢ = v,.

Step 1: Write down the kinetic energy using ve-

locities,
L

T = Jmq (1.21)

Step 2: Define the momentum conjugate to
the velocity as derivative of the kinetic en-
ergy with respect to the velocity

0

= —T =mq. 1.22
p= g, T=md (1.22)
In this case, clearly p = p,. However, the
analogous definition of conjugate momenta

applies in any coordinate system.

Step 3: Rewrite the kinetic energy using the
conjugate momenta

2

p
T=-—. 1.23
o (1.23)
Step 4: Write down the Hamiltonian, which
is the expression for the total energy using
coordinates and their conjugate momenta,

so in this case

H(q,p) =T(p) +V(q)
2

_r mgq.
2m

(1.24)

Step 5: The equations of motion for position ¢
and conjugate momentum p are

(1.25)

(1.26)

The first of these equations give ¢ = p/m,
which matches the definition of the momen-
tum. Since only the potential depends on
the coordinate, the second equation repro-
duces Newton’s second law

. 0
b= _*V(Q) = Fy-

5 (1.27)

In the next section we consider an example where
the difference between Newton and Hamilton be-
comes a little clearer.



Figure 1.1: Particle on a slope.

1.7 Degrees of freedom and
constraints

The problem of a parabolic trajectory given
above is a problem with two degrees of free-
dom, i.e., the coordinates x and y. These Carte-
sian coordinates are particularly convenient in
this case, because it splits the problem into two
problems with one degree of freedom, i.e., hori-
zontal motion and vertical motion.

For a particle sliding down a slope with a given
angle relative to the horizontal («), its position
is still given by Cartesian coordinates (z,y) but
it has only one degree of freedom, because if co-
ordinate x is known and it is known that the
particle is on the slope, than one can compute
its y coordinate and wice versa, so there is re-
ally only one “free” coordinate. In Newtonian
mechanics, this problem is solved by writing the
force of gravity as the sum of a force parallel
to the surface, Fj| and a force perpendicular to
the surfaces, F'|, and adding a reactive force
which counteracts the perpendicular component
of gravity, see Fig. 1.1. Thus, the total force on
the particles is ﬁm. This vector has an x and a

Yy component,

Fy e
Fy - =sin(a)F, | = —sin(a) sin(a)mg (1.29)

= cos(a) Fy | = — cos(a) sin(a)mg (1.28)

where we take a to be a negative angle for the
slope shown in the figure. It is left as an exercise
to solve Newton’s second law for both compo-
nents and to show that if initially the particle
was at rest at (0, h) its trajectory is given by

x(t) = %g cos(a) sin(a)t? (1.30)
y(t) =h+ %g sin(a) sin(a)t2. (1.31)

As a quick check note that the velocities are

(1.32)
(1.33)

v, (t) = g cos(a) sin(a)t
vy(t) = gsin(a) sin(a)t,

so for a = 0 the velocities are zero, and otherwise
Uy /Uy = tana.

If @ = 0 the slope is horizontal and we have
sina = 0. We will now present an alternative
method to solve this problem.

1.8 Particle on a slope

In Hamiltonian mechanics we do not start with
considering the forces. Instead, for this one-
degree-of-freedom problem, we define a single co-
ordinate r(t) that gives the position of the par-
ticle,

x(t) = r(t) cos
y(t) = h+r(t)sina.

(1.34)
(1.35)

The time dependence was explicitly included, to
make clear that the initial height h and angle of
the slope « are constants which we assume to be
given. Thus, the trajectory is given by r(t). We
now follow again the give steps given above



1: Kinetic energy as function of velocity

From the above definition we have

v (t) = 7 cosa (1.36)
vy(t) = rsina, 1.37)
so the kinetic energy as function of 7 is
1 2 2
T= §m(% +vy)
= —m(7? cos® o 4 7% sin” @) (1.38)
= —mi.
2
2: Define conjugate momenta
The momentum conjugate to r is
0
(1.39)

D = a—qT(r) = mr,

which is still something you would have gotten
with Newton’s definition of momentum.
3: Kinetic energy using momenta

Using the conjugate momentum we have

_

Tlpr) =5, (1.40)

4: Write down the Hamiltonian

In Cartesian coordinates, the potential was
V(z) = mgy, so now we have

V(r) = mg(h + rsin ) (1.41)
and the Hamiltonian for this problem is
p2
H(r,p,) = 2—r + mg(h + rsina). (1.42)
m

5: Hamilton’s equation of motion

For coordinate r(t) and momentum p,(t), we
have

. 0 __ Dr

r = 3er(T7pr) = (1.43)
. 0 :
P = _7arH(r7pr) = —mgsina. (1.44)

Taking the time derivative of the first equation,
using the second gives

i =2 = gsina. (1.45)
m

If, as before, we assume that the particle is
initially at rest at (0, h), which corresponds to
r(0) =0 and 7(0) = 0 we find

r(t) = 1g sin(a) 2.

5 (1.46)

Putting this back into Egs. (1.34) and (1.35)
gives the same trajectory we found with New-
ton [Egs. (1.30) and (1.31)].

1.9 Generalized coordinates

The carbon monoxide molecule, CO, the most
abundant heteronuclear molecule in the universe,
consists of two atoms. The positions of its atoms
can be described using Cartesian coordinates,
(x4, Yi, 2i), with, e.g., i = C for the carbon atom,
and ¢ = O for the oxygen atom, so this molecule
has six degrees of freedom if we treat the atoms
as point particles. Depending on the problem,
other coordinates may be more convenient. For
example to study the motion of the molecule un-
der gravitational forces, we could use the center-



of-mass coordinates, (X,Y, Z),

mgcxc + moxo

X = (1.47)
mg + mo

y = Meye + moyo (1.48)
mg + mo

, _ Mezc +mozo. (1.49)
mg + mo

To describe the interatomic potential and vibra-
tional motion we would use the distance r be-
tween the atoms, and to described rotation of
the molecule we could use the spherical polar
angles (0, ¢).

The six coordinates (X,Y, Z,r, 0, ¢) are an ex-
ample of generalized coordinates. Hamilton’s
equations of motion are particularly useful for
working with generalized coordinates, since the
have the same form in any coordinate system.

To describe a particle sliding down a slope,
we actually already used a special case of these
generalized coordinates, and they have other im-
portant applications. For example, they can be
used to describe the orbits of planets, the col-
lisions of two particles, or, e.g. the motion of
in electron in the Bohr model for the hydrogen
atom.

Since these coordinates have several appli-
cations, we here give their explicit relation to
Cartesian coordinates. For compactness, we
switch to vector notation. For the Cartesian co-
ordinates of the atoms we use two vectors,

z;
T, = Yi | 1= C7 07 (150)
2
so the c.o.m. can be written as
_ MmcTe +moro, (1.51)

mo + mo

The coordinates (r, 6, ¢) are related to the vector
r, which points from C to O,

x cos ¢ sin 6
r=ro—rc= |y | =r|sin¢gsinb |, (1.52)
z cos 6

so that 7 = |r| = \/a2 + y? + 22 is the length of

the vector r.

If the generalized coordinates are given, i.e.,
we know X and r, the Cartesian coordinates of
the atoms are

mo

rc=X—-————r 1.53
© mg + mo ( )
mc
ro=X+—r. 1.54
© mgc + mo ( )

To verify these equations substitute them into
Egs. (1.51) and into Eq. (1.52).

Another example of generalized coordinates
are bond lengths, bond angles, and torsion an-
gles to describe the geometry of molecules.

1.10 Hamilton’s equations of
motion in more dimen-
sions

If we have N generalized coordinates {¢;,i =
1,2,..., N}, and a kinetic energy depending on
these coordinates (g in vector notation) and
their time derivatives q, i.e. the velocities, then
the conjugate momenta are defined by

97'(q, q)

;= ——" 1.55
' 94 (1.55)

With the Hamiltonian expressed as a function
of the coordinates g and the vector of conjugate



momenta the Hamilton’s equation of motion are

. 0H(q,p)
=g (1.56)
0H(q,p)
= DR 1.
Pi 94, (1.57)

In the example of the parabolic flight in the (z, y)
plane, we have N = 2, ¢ = (¢1,¢2) = (z,y) and
the Hamiltonian

2 2
»op
H(g,p)=-++:-%

om T 9m + V(ga). (1.58)

In this example the potential only depends on
g2 = y, and the Hamiltonian can be written as
the sum of two Hamiltonians that depend on dif-
ferent coordinates,

H(q,p) = H(q1,p1) + H(q2,p2)- (1.59)

By writing down the equations of motion, we see
that, as with Newton, the problem splits in two
independent parts, one for coordinate 1 (z) and
one for coordinate 2 (y). This is important to
remember: when we can write the Hamiltonian
as a sum of terms depending on different coordi-
nates, the problem simplifies tremendously.



Chapter 2

Collision of two particles

2.1 Motion in 1D

For two particles with masses m; and ms, mov-
ing on a straight line with positions x; and x9,
the Hamiltonian is

2

P
P2 _
+ 5y + V(zy — x1),

2
=1L
2m1

(2.1)

where we introduce a potential V. We may think
of the particles as tennis balls, and the coordi-
nates 1 and x5 the centers of these balls. In that
case, if the “particles” are further apart then the
sum of the radii of the balls, the potential is zero,
and if they get closer, the potential will go up.
We assume that the potential depends on the
distance between the particles

r=xy— 11, (2.2)

S0 we may write

V(zg —x1) =V (r). (2.3)

If initially xo > x1 then r is positive, and the

potential could look like shown in Fig. (2.1).
From Hamilton’s equation of motion we have

8V or

N = ——— :—7, = /
B = =5 V) =~ V() = V),

(2.4)

NG E=2 —

—>’Uf

Figure 2.1: Potential for colliding particles (blue
curve). The motion before the collision is indi-
cated by v; < 0. After the collision it is vy > 0.
The total internal energy is E = 2 (arbitrary
units).



where p
!
= — . 2.
Vi(r) = V() (25)
For the other particle we have
. 0 or _, ,
=—— =—— =-V 2.
b= =5 V() = =5 V() = V() (20)
SO
Thus, the total linear momentum
P = p1 + p2 = myv1 + mavs, (2.8)

is conserved. This is an example of Noether’s
theorem, which relates continuous symmetries,
in this case translational symmetry, to a con-
served quantity, in this case linear momen-
tum. Translational symmetry means that the
“physics”, i.e., the equations of motion, do not
change under the transformation x1 — x1 + A,
T9 — x9 + A, where A is the shift. In Hamilto-
nian mechanics, the equations of motion are fully
determined by the Hamiltonian, so we just have
to check that the Hamiltonian is indeed invariant
under this transformation. Since only the poten-
tial depends on the coordinates, we just have to
verify that it is invariant, i.e.,

V[(z1 +A) = (z1 + A)] = V(zg — x2) = V(r).
(2.9)

We now solve this collision problem using
the generalized coordinates (X,r), with X the

c.o.m.,
_ m1q1 + m2q2

mi + ma
As for the CO molecule [Egs. (1.53) and (1.54)],
we can express the Cartesian coordinates in the
generalized coordinates

(2.10)

m2

p=X-——"r (2.11)
mi + ms

Tp= X+ —21 (2.12)
mi + ms

To find the conjugate momenta, we start by writ-
ing the kinetic energy in velocities,

1 1
T :§m1d71 + img.fl?%
—_ X _
2m1( mi1 + mo
Fomg(X + —L 2, (2.13)
2 mi + mo
After some algebra, we find
1 ) 1 )
T= §MX + S (2.14)

where the total mass M, and the reduced mass
1 are given by

M =mq1+mo (215)
mims

= —. 2.16

e (2.16)

The momentum conjugate to the c.o.m. coordi-
nate is

9 . .
Py = 2 T(X,#) = MX
= 2 )
From the expression of the c.o.m. [Eq. 2.10)] we
find

(2.17)

MX — mel + mov2
my + mg

= mivy + maove = P, (218)

so the moment conjugate to the c.o.m. co-
ordinate is the total linear momentum,

Px =P.
For the moment conjugate to r we find
= 2T(X ) = ur (2.19)
br=Tp W) = AT :
so the Hamiltonian is given by
2 2
H(X,r,P =— + = 2.2
(X.rPps) = G+ B4 V), (220



which can be written as the sum of two Hamil-
tonians of different coordinates

H(X,T’, P7p’r') = HCOm(X7 P)+H7‘(r7p7‘)7 (221)
with

P2
Heom(X,P) = — 2.22
(X,P)= o (2.22)

p2
HCOIII(X7 P) — ﬁ + V(T) (223)

Thus, the c.o.m. motion corresponds to the mo-
tion of a free particle with mass M, and the rela-
tive motion is equivalent to a single particle with
mass 4 experiencing a potential V(7).

Since the c.o.m. Hamiltonian does not depend
on X, linear momentum P, and hence X are
conserved. Thus we can solve the c.o.m. motion

X(t) = X(0) + Xt, (2.24)

where we can compute the velocity if the initial
velocities are known,

P

M1Vl + MoV,
M M '
The internal motion, r(¢) depends on the po-
tential, but sufficiently long before (r;) and after
(rf) the collision we assume V(r;) = V(ry) = 0.
The initial relative velocity is, from taking the
derivative of Eq. (2.2)

X =

(2.25)

Upg =T =do; — D15 = va; — V1, (2.26)

and since the internal energy is conserved, but
the velocity changes sign, we must have
Uy, p = (2.27)

To find the velocities in the lab frame after the
collision, 21,y and Z3 f, we take the time deriva-
tives of Egs. (2.11) and (2.12),

—Uprj.

)

ma .

v =X — ST (2.28)
. mq .
vy =X + er (2.29)

10

and plug in the values of X and Uy fe

If the potential V(r) is given, e.g., as in
Fig. (2.1), we can check whether it is actually
sufficiently repulsive to make the relative veloc-
ity change sign. We compute the internal en-
ergy B = %uv%i. If for some distance r we have
V(r) > E then the relative velocity will change
sign, and otherwise not. The value of r where
V(r) = E is called the classical turning point.
Here “classical” refers to “classical mechanics”,
since in quantum mechanics it can be different
due to a phenomenon called “tunneling”, where
a particle can temporarily be in a classical for-
bidden region where V(r) > E.

2.2 Inelastic collisions

Strictly, with Hamilton’s equation of motion, we
have assumed the forces are conservative, and
energy is conserved, so it seems the derivation
so far only applies to elastic collisions.

If we assume that the forces are non-
conservative at some short distance ry;,, the
motion for r < Ty, cannot be described by a
potential V(r). Thus, the above derivation still
holds, until time ¢y, where ry = ryy. If at
that point the relative motion stops, v,y = 0,
so also p, y = 0, the internal energy is lost,
E(ty) = 0. Still, we have solved the problem,
since with v, ; = 0 we have the final velocities

V1,f = U2, f = X (230)
Not that the velocity of the c.o.m. follows from
conservation of total linear momentum, which
follows from Newton’s third law and does not
depend on forces being conservative.

To come to the same conclusion strictly using
Hamilton’s equations of motion, we could extend



the model by including internal degrees of free-
dom in the colliding objects, so that the relative
kinetic energy can be converted to internal mo-
tion that represents heating of the objects due
to the collision.

2.3 Center-of-mass frame

We solved the collision problem using the lab-
frame coordinates (z1,z2) and the general-
ized coordinates (X, 7). We found that the in-
ternal motion is completely decoupled from the
c.o.m. motion. For this reason, it can be conve-
nient to introduce a new frame, the center-of-
mass frame, which lets us focus on the internal
motion. In this frame, the c.o.m. is taken as the
origin of the frame. In this frame, the coordi-
nates of the particles are (Z;,Z2), with

Since there is only one degree of freedom for the
internal motion, these two coordinates must be
redundant. From Eq. (2.2) we find

- mq
r=—-——""m" 2.32
! mi + ms ( )
Fp= — 2 (2.33)
mi + mo

and from taking the time derivative we find the
velocities

m1

U] = — = 2.34
U1 U1 m1 + mQ’Ur ( )
- mo

= — = V.. 2.35
Vg = V2 1+ my (%% ( )

Thus, we may verify that in this new frame the
c.o.m. is

X =miT1 +moTo =0 (2.36)

11

and its velocity is zero,

d ~
—X =0. 2.
7 0 (2.37)
The relative coordinate is still
rTr=x9 —I1 = fz — .f‘l, (2.38)

so after converting the initial velocities (v1, v2) to
the new frame, (01, 02), we study the collision in
this new frame, where the c.o.m. motion is zero,
and the internal Hamiltonian H,(r, p,) describes
the system.

The c.o.m. frame here is an example of a in-
ertial frame, which may be defined as a frame
in which Newton’s laws hold.

2.4 Collisions in 2D

To describe collisions of two particles in 2D, we
use vector notation, with the positions of the
particles given by 71 and r9. Thus, in 2D, we
have four degrees of freedom. We switch to gen-
eralized coordinates (X, r), with X the center of
mass and r = ry —r; the relative coordinate. To
derive the conjugate momenta we simply repeat
the above derivation for the x and y coordinates.
For the potential, V(r), we still assume that it
only depends on the distance between the parti-
cles, but now r = |r| (instead of zo — x1). The
Hamiltonian,

P p

7_’_7

H(X,P,r,p) = T

FV(r),  (2.39)

looks exactly like the 1D case, but we must re-
member that now

PP=P-P=P;+P,
pr = pr-pr = D3+



with relative momentum

pr = p(va — v1) (2.42)
and total linear momentum
P = p1 + p2 = miv1 + mavs. (2.43)

The c.0.m. motion is again linear with constant
velocity, so in vector notation

—t.
M

For elastic collisions we have conservation of en-
ergy (F) for the internal motion

(2.44)

P

21
Thus, energy conservation only gives us the mag-
nitude of the final momentum, but not its di-

rection,

(2.45)

Prg =g+ Py =2nE. (2.46)
and the final relative velocity is
Dr,f
Up = —*. (2.47)
r?f u

To fully solve the problem we would need to
know the exact potential V(r), and we would
have to solve the internal equations of motion
for 7.

However, in an experiment we could detect
only particles moving in a certain direction.
Let’s say the detector is sensitive to particle 2
moving in direction

where ¢ is given and the hat indicates that the
vector is normalized. Thus, the lab-frame veloc-
ity of particle 2 is

A~

d— cos ¢

in g (2.48)

Vg = 'U2,f6i- (2.49)
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So we want to solve vo , and what we know from
solving the elastic scattering problem is the mag-
nitude of the relative velocity, v, y. To do this,
we first note that in the c.o.m. we have

By =g pd — X, (2.50)
where we know X from the initial conditions and
conservation of total linear momentum. Since in
the c.o.m. frame the total linear momentum is
zero, we can relate the velocity of particle 1 to
that of 2

- mo .

V] = —— 9.

(2.51)
mi

Thus, the relative velocity is a function of vg f,
Vg — U1

ma ~ .
1+ — d—-X).
(1422) usd - %)

Uy

(2.52)

Since we know the length of vector v, we found
a quadratic equation for vy r

2
mo - .
v, = (1 + ml) lvg pd — X |2 (2.53)

Since we only used energy conservation, which
also hold if the interaction potential is zero, we
know that one solution corresponds the veloci-
ties being equal to the initial condition, and so
the other solution must correspond to the elastic
scattering event.

2.5 Inelastic collisions in 2D

In a fully inelastic collision the internal energy
FE is set to zero as before, and after the collision
the particles move with the center of mass.

If one of the particles is a molecule that gets
rotationally of vibrationally excited, we can still



use the calculation that we used for elastic col-
lisions, except that we must reduce the inter-
nal energy E by the energy absorbed by the
molecule.

2.6 Collisions in 3D

In this case we have a problem with six de-
grees of freedom. Using total linear momen-
tum and energy conservation leaves us with 6-
3-1=2 unknowns. The center of mass will still
move linearly with constant velocity and after
the collision the particles will move away with
a speed that we compute from energy conserva-
tion. There are still two degrees of freedom in the
direction the particles are moving in the c.o.m.
frame, so after the collision, the particles will be
moving on a linearly expanding sphere with the
c.o.m. as its origin.

Later, we will see that conservation of angular
momentum forces the motion to be in a plane,
so after the collision particles will be on a circle
and there is only one unknown angle giving the
direction. Note that in a crossed beam experi-
ment with perfect control over velocities, one has
no control over the plane in which the collision
partners move, so collision products will still be
found on the so called “Newton sphere”.
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Chapter 3

Rotational motion in 2D

Polar coordinates (r,¢) are particularly con-
venient generalized coordinates to describe rota-
tion in a plane. They are related to Cartesian
coordinates by

T =1Ccosp (3.1)

y = rsin ¢. (3.2)

We will now follow the general approach of
Hamiltonian mechanics to derive the equations
of motion for these coordinates. First, we write
down the kinetic energy in terms of velocities,

Vp =X :fcoscb—m'ﬁsin¢
vy =y = 7rsing + 1 cos ¢. (3.4)

Expressed in generalized coordinates we find

. 1 1 .
T(r,7,¢) = imf*z + —mr?¢?.

> (3.5)

The result is relatively simple because we could

use cos? ¢ + sin® ¢ = 1 and the cross terms with

7'"q§ that we get from v2 and UZ cancel each other.
For the conjugate momenta we find

0

pr = &T =mr (3.6)
Py = (%T = mrp. (3.7)

The Hamiltonian is

iz ¢?
2m = 2mr?

(3.8)

H(T‘,pr,¢,p¢) = +V(T7 ¢)

It is conventional to denote the angular ve-
locity as

. (3.9)

w

The momentum conjugate to the angle ¢ is called
angular momentum, and it is conventionally
denoted as

L = py. (3.10)

Furthermore, the moment of inertia is defined
by

I(r) = mr?. (3.11)

Thus, for the angular momentum L we have

L=1I(rw (3.12)
and the Hamiltonian becomes
p2 2
=L |4 . 3.13
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The Hamiltonian equations of motion are

;= g}i = % (3.14)
b= =7 {Qf(i) LV, <z>>} (3.15)
W= ?Z - I(Lr) (3.16)
L= —%Z = —%V(r, ) (3.17)

For the motion of a projectile under the force
of gravity, where the potential depends on y =
rsin ¢, we see that with these new coordinates
the potential will actually depend of both r and
¢, so the Hamiltonian does not separate, and we
have two coupled degrees of freedom. In the fol-
lowing, we will consider several cases where polar
coordinates have a big advantage over Cartesian
coordinates.

3.0.1 Circular motion

First, consider the constraint motion, where the
distance r is fixed, so the particle moves in a
circle. In Hamiltonian mechanics we can simply
drop the kinetic energy term associated with the
constraint, so the Hamiltonian will be

L2

H= 21(r)

+V(r,¢) (3.18)

For a potential that is actually independent of
¢ we know from Hamilton’s equation of mo-
tion that the angular momentum L is conserved.
This is again an example of Noether’s theo-
rem, where the continuous symmetry orienta-
tion, i.e., the invariance of the Hamiltonian un-
der changes of ¢ lead to a conserved quantity,
angular momentum. With L, and hence the

angular velocity w = fixed, the time-dependent
orientation is

B(t) = H(0) + wt = B(0) + —~t.

T (3.19)

Note that unlike in Newtonian mechanics, we
do not have to think about the force that is
required to make the particle move in a cir-
cle. However, since after solving for the time-
dependent angle ¢(t), we can put it back into
Egs. (3.1) and (3.2), we can compute the accel-
eration, and get the force using Newton’s second
law. With 7 = 0, and constant angular velocity,
the velocities are

Uy = —rwsin ¢ (3.20)

Uy = TW COS ¢ (3.21)
so the acceleration is

ay = rw? cos 10) (3.22

ay = —rw’sin ¢ (3.23)
or in vector notation

a=7i=—wr (3.24)

So the so-called centripetal force (“center
seeking”) is thus

F.=ma = —mw?r.

(3.25)

This centripetal force would be minus the
derivative of the radial potential that keeps r
fixed, e.g., it could be the result of the tension in
a string tied to the particle and the center of ro-
tation. Since this force derives from a potential,
it is a real force.

The centrifugal force (“center-fleeing”) is a
fictitious force that has the same magnitude as
the centripetal force, but opposite sign. It is the
outward pulling force you would feel as a result
of the rotational motion.
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3.0.2 Spinning ring

If we have N particles with masses m;, all mak-
ing a circular motion around the same point,
with the same radius, and with the same angular
velocity w, but possibly different ¢;(t = 0), the
kinetic energy is

(3.26)

where M is the total mass of the spinning ring
i

If the relative positions of the masses on the
ring are fixed, the orientation of the disc still de-
pends on a single angle ¢, so the Hamiltonian of
Eq. (3.18) still applies, except that the moment
of inertia is given by

(3.27)

I(r) = Mr?. (3.28)
We still have L = Iw, and if the potential is in-
dependent of ¢, the angular momentum is again
conserved and Eq. (3.19) still applies.

3.0.3 Rigid rotor

For a spinning rigid object, again, the only
change required is to re-compute the moment of
inertia. If we model a rigid object as a set of
point particles with masses m;, and at distances
r; to the rotation center, but all rotating with the
same angular velocity w, the moment of inertia

becomes
2
1= g m;iry.
i

We can also model a spinning disc with a fixed
density per area (p). In this case, the mass of the

(3.29)

material at a distance to the rotation axis in the
interval [r,r 4 dr], for small dr is

dM = p2nrdr (3.30)

and its contribution to the moment of inertia is
dI = r2dM (3.31)

For a disc with radius r¢ we find the total mo-
ment of inertia by integration

70 1
Tgisc(10) = / 2ridr = ipm”é. (3.32)
0

Since the area of the disc is A = 7rZ and its mass
is M = pA, we have

Ly o

Idisc(TO) = §M7’0 (333)

This expression also applies to the moment of

inertial of a solid cylinder made of a single ma-
terial, assuming it rotates around it center axis.
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