DFT — Wavefunction relationships
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DFT is a theory in the field of many-electron
physics.

All information for a many-electron system is

in the wavefunction.

Therefore the quantities of DFT must follow

from W!

Let us make those relations explicit.
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DFT — Wavefunction relationships

The components of &, and v, can be obtained from the

wavefunction, i.e. from the conditional amplitude

Y(,2,...N)

Jo) /N

a2 NF
0(23,...NJf = SN

d(2,3,...N|l) =

is probability distribution of electrons 2...N when electros

lisatr,s,

® incorporates effects of correlation
® describes XC hole !

(and total el. density)
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One-el. density associated with wavefunction @

is p°"(2|1), the density of the other electrons at

X,= I',,5, when el. 1 is known to be at X,

(N -1)[@*(2,3,..N|D®23..N 1)d3---dN

w*(1,2,3,...N) ¥(1,2,3,...N)
=(N -1 2 d3---dN
( )f Jp()/N (/N 4

_N U\L 1; D f w*(1,2,3,...N)P(12,3,...N)d3---dN
P

F(l(g) 0% (211) = p(2) + pPhe <211



A) chhole follows from &

Potential of all other electrons at pos. r; of ref. el.

N

3 i]dxzdx3...de
&

[®*2,3,...N|[DDQ,3,...N [1)
p=2 1P

wE(L.N) (.. N)
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_Wl) F(XI’XZ) 1 q (x0)+ hole(x)
/p(l)\ p(X1) N2 X2 = VCoul X1 Vxe A

!
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=(N-1)fdx2
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Vein) = [@" Q2N |1)(-%V2(1))¢(2.-.N 11)dx,.dxy

1 2
- +-2-f|V1(I)(2---N 1) dxy.dxy

(proof is not by partial integration)

Similarly

Vogin() = [ @ Q2N ll)(—%vz(l)}bs(z---N 11)dx,..dxy

1 2
=+5f|V1(I)S(2---N |1)| dx,.dxy

T =Ty + [ pyiidx Ty =Ty + [ pvgpindx

I, =T-T, = f PWViin =V kin )AX = f PVe kindX

In two-¢l, system the KS det. wavef., like the HF det.,

has static /exchange hole; > Vg ki = 0!!

Vekin = Vkin
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B) Definition of v, O

T=N [ ‘I'*(l,---N)(——;—Vz(l))\ll(l,---N)dxz..de dx;
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+ fP(l):fq) (2---N Il)(—EVZ(l))(I)(Z---N Il)dxz..deJ dxq Hlizack
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N
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Third term is zero because of normalization of ® at all

V(1) B%)(V(l)@(Z---N |1))dx..dxy dxq

postions X;:
Vi [®*(2,3,...N|)®(2,3,..N [1)d2:--dN =0
U0
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T, is N times kinetic energy of “density orbital”



Viin (1) = +% [IV10@-N 1) dxy. dxy

Interpretation:

- hole

xe _ Teflects shape of hole around position 1

Vi, Teflects rate of change of hole w.r.t. change of

reference electron "position" 1 =r,s,

"how strongly motion of reference electron is

correlated with motion of other electrons"



Special cases for v, :

A) 1 —> OO (M’N A iSeonk o f Al syghia \;‘
lim ®Q2---Nj)=¥y ~12---N)

[—oo

Katriel+Davidson, PNAS 77 (1980) 4403
Vlcql—aoo -0 = Viin(e2)=0

B)1 — Ra (position of nucleus o)

qul >R small (=0 for s-atoms He, Be ?)

( NZor hao -{G"“S N, hole 1 ~ 7] (szu.’-"‘ S0
Iw}’ l:".:‘ 31.:);\,"". | !

chorge
C) qu) large when

- Fermi hole changes rapidly

- Coulomb hole changes rapidly
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response

C) The potential v

We have derived:

VP (xy) = vc kin ain (K1) + vhole e (X1)

6“c kin(x2) re
- - d =y P (x
fP(Xz) dp(x1) "2 ve km( L
P(X9)p(X3) 53(7‘293‘3) - resp
4 dx,dx3 = v, (X1)
f 3 5p(x1) hole

Difficult to develop further.

Use instead:

VP (x1) is also equal to: vN_l(xl) = VSN_I(XI)

Buise, Baerends, Snijders, Phys. Rev. A 40 (1989) 4190



What is shape/role of vresp = N1y N-17

A) Step structure v¥-1 N

3) Step structure vresp in atoms
(exchange effect)

°) Step structure in molecules
(correlation effect)

VOTE: Correct (or sufficiently
\ccurate) vresP necessary for:

\) correct covalency, charge
listribution, dipole moments, .....
(in particular in weak bonding cases)

3) correct £X5 (occ. and virt.)

—> response properties
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vl = [@* @23, .N DAY @2,3,...N | )d2---dN

l
_ Ef;’

=EN1x)-EY 1 © o

(x1):

The energy of an (N—1)-¢l. system with wavefunction &,
i.e. the “state” of the system of electrons 2...N when el. 1

would be at x;.
This is not the ground state of the (N-1)-el. ion!

El 2...N move in pot v, . and have l/rij interactions;

. ; . . -1
no interaction with el. 1 in energy EN (x1)



®(2,..N) differs from (N—1)-el. gr. state q;ON,—l

which has energy EON—'1

> W) = o _l(xl)— EON_1 > 0 (variation theorem)

vN=l(@) — 0 since ®2.--N 11) — W) !
, .

—>00

Interpretation:

vN-1(x,) is "relaxation energy" from ® to ‘PON_l

which depends on the reference position x; in ®



For the KS system of noninteracting electrons they
analogous definition holds:

-1 =f(1):(x2...xN)le)ﬁy“lﬁis(xz...xh’ |x1)d%9.dXN
N-1

—E
Ay ~1is the KS Hamiltonian for N—1 el., moving in the

original field v, for the N-el. system:

N
AN, 2 E(--—v () + vy (T ))

Since electrons are noninteracting in the KS system, it is
slementary to work out the matrixelement (a la Slater-
Condon method for matrix elements of determinant
wavefunctions):

Write @, (X, ...xy) 1%p) = Wy(x1Xg...XN ) /4/p(x)/N

where W, is KS determ. wavefunction,

N-1 ~N -1
vy p(l)f‘I’ (... AN, (1. N)dx,.dxy



Expand determinant W with respect to first column

containing elements wj(xl) and its (unnormal.) cofactors

1
Wy =mdet{w1(x1) Yo (X9)... N (XN )}

N . _ |
. VJ—_\TI-TEIIJ JDEDH D (kL xy)
=

and use orthogonality of the cofactors:

f‘l’s(jl)*(xz...xN )‘l‘s(ﬂ)(xz...xN )dx,...dxy =(N —1)!5ﬁ

to obtain
AR 5 f W, (.. N)HN Wy (1...N)dx,.dxy
o
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Eg N Lis energy of KS ion with el. ionized from 9 j

(Wthh is sum of orbital energies with £; omitted)
° N -"1 0
This shows that v, ~ has step behavior:

vl = f W AN, dx,.dxy - ENg!

o(l)

p(l)E}w (1)’ EN—l N—l

(use E}% @f 1ot =1

_2}‘” (l)‘ 2}"’ ()i EN;!
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(1)
;lwpa)’ (EN—I EN-I)



(1)|
p()

( EN -1 E?,ro—l)

vy =

[n a region (core, lone pair, atormc shell)
where one particular |y 1(1)]* dominates, i.e.

| J-N‘1(1)| ~ p(1), the potential has step height
N -1 N-1
(2" -2

[n the region of the HOMO, j=HOMO, the potential is zer«
E -1 EN -1
since Eg i-HOMO =

pN-1_pgN-1} L
S5 5,0 ] is difference of energy of ionization to
: N-1, . .. : C oy
ion state ¥ ; by ionizing from orbital sz (which is —¢;

and the first ionization, Iy = — £gopmO:

o ghof

J
I p(l)



vW! has similar structure as v,
VA

Use Dyson expansion:
d; (1 _
Y - 2 () wN-lo N

‘P,-N ~1 are all states of the ion
d; are Dyson orbitals (one - el. wavefunctions),

- one for each ion state :

1 *
d;(0) =N [w) " Q.. N (1,2...N)dxy.dxy

Note that set {d;} is overcomplete, nonorthogonal and not
normalized, and

p() =N [W" (1,2...N)¥p' (12...N)dxy.dxy

_Nz 4 (1) -’()fq!N 0., N)‘PN 1 (2...N)dx,.dxy

- 2 d,- (hd ;(1)3;; = EI d; (1 [*

i,J i



WM = fo'@..N) AN '@2.. .N) 11)dx,.dxy - EN-!
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\Jp(l)

d; (1) d;(1)

[l .. mAN el 2. N)dx, . dxy

=W.. VN N
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