Elementary Concepts density matrices

‘(Elec‘tron), density p(x), x = r' s:_ l. &, | _ | , -
1-el. density matrix y(x,x") Spin 081 ' ;_ T. Buars Jﬂ } |
2-el. density matrix T'(x;,X,; X', %,) , =
e e 2 ' <« N | _ | | ‘ ‘ D_p(n'zoocp
wPQ, .. Z)|2 .
probability to find el. 1 at P=r ' Sp
and ,, ,, el Zath_rq,s

1
and » o €L NVatZ =1y, Sz
In W: at first position variables of el, 1 —

‘at 2™ position variables of el. 2

etc. probab. for el. 1 at x,,

el.2atx,
ete. |

Probability to be at R =r, s,

regardless of where the other electrons are:
forel. 1: [|W(Rx,, ..... x)|*@X,...aK

fOI‘ el. 2: J‘ W(XI,R, ..... XN)Pdklarx:;...CkN |

fOl‘ el. 3: f III(XI,XZ,R, ..... XN)|2Q§KICZ§(3...GXN

for el. V. [{W(xy,Xp, oo Xy, RO2AK K. 0K )
are all equal (electrons are 1dentlcal and 1ndtst1ngulshab1e)

1o (eliigmm - of e frion wndtr peamalo
Pr'obablllty to find an el. (any el.) at R, which is the electron
density o(R), is sum of probabilities to find el. 1, el. 2,....el. &,
= /Vtimes the probab. to find el. 1:

p(R) M (TR X,, ..... XN)‘ZQXZ""ZXN
JOR)GR=Mf [B(RX,, ..... x) PR ...d% = NV (¥ is hormal.)



One-particle density matrix in gy, 4 2

y(x,x") = M P(xx,5, ... xN)‘P*(.x;,xz, ..... XKy Ay PX)= V(X X)
| N N
e A AL 12,
Expect. value of one-el. property like kin. en. 7'= Ez‘(z) = 2——V (J):

2
(7) = (7)) = ... (#¥) (all equal!)
So /'= <?-> =N<}(l)> o e o ), (mrf e ” )

y OV ‘J J!;‘

o 1 |
= /quj (\Xl,X2,. - XN)(_EYZ(D)\P(XDXZV il XN)CZkldkz ey dk/v

i=1 i=1

= /N f -%Vz(l)‘I’(xl,xz,...x,v)‘li*(kl’,xz,...XN)a’xlczkz...akN

" 2 ;
& fege wot OB o (00
| = vl o R \
) f _EV (1)Y(X1’x1')ﬁl an /\ﬁ
XI_"XI_’ =™ ) (_‘3—?( /u\\”-“‘ J . -?\‘.) ” ’!' 3 \\

A general one-particle property like 7'requires knowledge of ¥,
not the complete ¥ (general is: not multiplicative, with derivatives) |
: P ) ' Jive b it ."'
> [-¢ |0 r-gfgur_-f_-»ri'\ _f:-“f\.'.\'f_f’ l»\l\fr{ri/ A 11X /;\ sl )w-.sa! o Ay 040 st d )

AL

For 2-particle operators like 1/7,,,
we need 2-part. density matrix

W 1 N
W=y —=Y#0,)
Y/ Y
i<j i<j
W= (W)= (| > i, )| @) = SMV-1 (L))

nr. of pairs

expect. value one pair

1 1
= VW=D [ =W (1,2, NW2,... ) dydhy .. dk
3

1 1 ¥
-5 I dkla’xza/\/(/v— D [WL2,.. )Y (L2,... N)d3..dV
I(1,2;1,2) =T(1,2)

1 p1 V(
=— | —I'(,2)dl o
2f,12 a2 2~ pochils 1\\} AL
(hoag - 2




Def1n1t10n of two partlcle den81ty matrix 3

Probablhty to be at “posmons Xp=TS and X)=12:5)

for el. 1 at x; and el. 2 at Xy J | W(x,,%p, 3.... M|Pd3...0V
for el. 3 at x; and el. 4 at X, J [W(1,2.%1,%,,5 ... NPd\a2ds5...adV

forel. 1 at x,and el. 2 at X;: [ [¥(xp,xy, 3..... M[*dB...dV
etc. are all equal!- ~
I(x¢,x,) =-/\»(/V'—1) S (xy.%,, 3..... M*d3...dV

nr. of pairs | |

is probablhty to find two electrons (any two electrons)
at positions x;and x,

El.-el. interaction energy: (1/2)ff(x1,x2)/f12 dxdx,

Definition of conditional probability of flndlng

“an (other) el. at x, when an el. is found at x

Carry out measurements in-volumes @k, at x; and &k, at x, simultaneously

Measurement dx, dx,
1 ~ yes no
2 . no . no
3 yes  no
n no yes  gair |
. 1 : o Plok,
\‘\)ﬂ‘ (k/‘. ’/4. ‘
. i’-:’( ("I
~ Say 2, times, yes o+ yes > I‘(xl,xz) Aln. /’ P, /Jn s of
Say », times yes+ (no or yes) -> p(xl)—/zl//z < S rigendlisy “’f r,u |
= “'h \
[H ‘1"\ . k rlrll,)

So out of the , times there was an el. at x;, only 2, times there
was also an el at xz

' So condltlonal probablllty is ﬂ2/n1 = I"(xl,xz)/ p(xl) = p“’”d(le X 1)
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K

Elementary Concepts | /- « ..

KS orbitals:

»are similar to HF orbitals

—

k ll} {1 e ()3 WU (V) ) @ ﬂ']L,ﬂI'\ "\‘ 3

»have somewhat (sometimes much) better shape:
n  build exact density, not the too diffuse HF density
» have better 7, (closer to exact 7'than 777)

= have perfect el.-nuclear energy:
[ o0V, (O = [ pEH )y, (¥) = yexact

»have rather accurate one-el. energies {¢;} for occupied orbitals
(very close to —IP,, at least for upper valence MOs)

»>have virtual orbital energies {¢,} such that ¢ —¢; are good zero order
approximations to excitation energies

Why? Because v, has correlation effects built into it!
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= tqtal hole

Hy molecule

+ Coulomb hole
1.4 bohr
€ AN
5.0 bohr
p L ‘

8 :
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@] )

= : ‘
{ i E 1 .lll: ‘
| = 0 /

O ] A= /

o L o /

(i

' I,:_J‘\.'.A')".\'.\ \

\\) gy 0y \;; Ju A"
N (1 0 ? J ‘3 \A} |‘; . 4 ) -

[
VE"

- = g W S el

7

/.L/azfzee—.Focd ‘densitces Atre

col

co1
& Kin

HZ(R:.?;) ] eV + 13

(:; P48 ‘ r"l_-‘,f\.‘-" 1 -{zuf Hq

filsdiualy Sindl)

Hz_ (pz S.0 _a.u.)_ —_—'3.9 + cP.f

W (k- oo aw) —€3  +77

Fermi hole, Coulomb hole and total hole in the hydrogen
molecule at various values.of the internuclear distance.

Buise) %a_e.'z.eﬂaéi,-mo{ ?AjJ_ /00 (2002)9
r_.\v i
—l

In all plots the reference electron is placed 0.3 bohr at the
Rugse, thesis, 133/

left of the right H-atom.
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“In H, Fermi hole p,/%(r,|r,) for el. at r, is only self-

interaction correction term —|o,(r,) |

~ So independent of ry!

When R(H-H) is large and rq is close to nu_cleus b, hole is,

“with 0,(r) = (1V2) [1sr) + Lsry)],
oy P=—(1/2) [ 15, ()2 + |15 5005) 2 + 2,15, () 1 4(r)) ]

=0

feels is due to p(r,)+ox (1)) = (1/2) [|1s,(ry)2 + |Ls 4(r,)? ]

Wrong! The other el. should be around nucleus a!
The erroneous charge of (1/_2)| 1s,é(r2)\2 that el. around 4 feels screens

nucleus 4: the HF orbital becomes too diffuse. -—> HE i v §70 in@nibt

\ ( (
ek L0
Y \ "[M_ "I\, 0 :\ Ry

Since total p is |1s,(r,)]? + |Ls4(ry)|?, the field that the HF electron at ry-

hm et
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- The crucial difference: v vers:us K
‘SExc[p]

Wﬂte-formaﬂyi'ExcEP] =fp(r‘)€xc(i')é5r to obtain ch(X) = (Sp(X) \;!r\j \)\

‘fset

" definition of the xc energy density at r

(r) isa func ional of p since E, . 1s
Can an exact &) be written??

Energy densities can ‘be written for many pr@pemes
they are not unigue (asaay fr) with f o(r) fir)der=0 can be added). .

Example: 7™ =<‘FHF \7‘1‘FHF '>= E J %'(Xl)(‘—EV Py (xy

| _ '1' 1 | Ak ¢ ,!
Svi aivimey T[TV

- p(x )’=1 dxy f'(‘ ?)J_Ti’ '(\
f . p(xl) ; ; y ; [ . ((x,)e /fj’

I—t—/ o
The one-partlcle model ef DFT K@hﬂ-&lmm |

Mm.im.lzatlon of

r
£= ETPJ‘_—' 2|"11)z +fpvlmcai'+ f"%d’d’ +Exc
ci=1 £

-T+V+WCW/+Exc _ ‘
leads to one- el equations for eptlmal (KS) orbltals
—%Vz(l) +V e (1) + Vc?;z(l‘l) + Ve (1'11)3% (%) = &4p; (%q)
- . 6p(r))
. What about potentials, orbitals and density in the KS model?
Common statements: “KS orbitals have no physical meaning”
“The only use for the KS orbitals is to build the density”

We wnll prove these statements to be totally wrong'



Energy density for E,,

B = J p0) e (x)dx

Appr;)xhn;;\tioné: LbA, GEA, GGA,....;:
£,(%) =RPX), P, p(X5en)
Exact sxc(i) from ' |

Exc = ch. + T'— TS-

= (112) J p) . ") + [NV, iR

1‘ N | 1‘

Fxé '\"\.,I | n(1,1') }’S(l’l’)
A
’\\/ g (-'\U(jn'*”‘?\ e = ([Q)

' S (\'3‘:\\\“k . ' . ‘
Energy density for T,

- 1
Wiite exact Tas - T'= | (-5\72)y(1,1')-azx1 =Ty + [ p(X)vgin (X)dx
1—1'

where T, =Nf %(—%Vz)#%@dx

Ty, is called the Weisziicker kinetic énergy, N times the kinetic energy
of the “density orbital” VOAN = ).\ .
N2 d, 40 i (’{: ol _;qof - g )

y(/, ,,.t.f-_)

" Similarly write T as T, = Ty, + [ p(x)v 5 kin(dx

Explicit kinétic energy densities v, (x) and v o kin(x)’ see later.

o= T Ty = P01V (X g (18

154
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F versus R curves (restricted HF/KS) 194
- for dissociating H2 | o

HF—EXX
08— | J , .
stretched bond
3 00 ’
g' Error
@ 45 | h
g 0 Kcal/mol
O
l_ B
1.1
| | i | |
2 4 6 8 10
* Bond'length (a.u.) -
Griining; Gritsenko, Baerends, JCP 118 (2003) 7183
"HolesinH, = 1da
Fermi =Hartree- Fock hole . Coulomb hole = total hole.

=-|0 ()
' . RH-H = 1.4 bohr |

- Hartree-Fock-hole: |
is stauc mdep of ry

e €

——e

\—1le

' *hol
NB: Kohn-Sham v, = Vi, + Ve DL 4. yresp

, i . . / -
&‘f) = f“('/{’f\n_f;‘ i‘;‘l"!’:‘. J,r-l‘\‘\VH i.i\."}(; {‘0; oc ., ,'f'“'| \ / ; / /\ L (Pn Vi e{ } ('\ﬂ I /\' h /\ ) "

:'lJL—/



/9)
' Hartree-Fock errors for bond energlés

(kcal/mol) -

Error
T T |Gkt Oobs)
N, |-1152 | 2286 | 49.6%
E, | +37.1 | -38.5 | 196.4%
H,0 | -155.5 | 2322 | 33.0%
o2 S| 331 | —120.5 | 72.5%

HF Obs.

%“’) %\/ oo pours gl oach < L NTRRSE NV logge. Lorh oY fence,
/ / -3 \"‘\\‘ P( J\l ¢ /(} J} .0 ("I-“fr/‘\"\il\'\"\”[\'{ ) L-‘U' "l 0 I(}'J 47

H¥'I\J A {or {,JB

| Holes in H,

Fermi hole - + Coulomb hole - = total hole:
R'H-H = 1.4 bohr . | . | | | |
\‘:ﬁ N A €, . . . ¢ . .

Locallzed hole in DF’IJ

Slater: uniform

S R -L' . depth —(r)/2
RH-H = 5.0 bohr 1 ; N
: . . . e- ) - ; . 1‘3':; e . [
e N | 6

. ' . ,._' . . . -w - 5 . . > . hole- ’-‘es) k]
NB. KS VS = Vauc & vCoul + Vye Ve = vc,kin + vxc + Ve



 Produce EXACTKS orbitals 20

(v H

. plus (¥'| HW') > (¥| H

M’) (‘P'! H 1111’) => T+W+fv > 7*+W’+fv’p'@i~

4 |
|1P) = T’+Wr+fvpca' > 74+W+[vpdt ;
yields v pak + fvp'dk > fv’p’ai- + J'vpai- or“l fAvApdr <0 |

~ So to get from trial. v with density p to target p' = p+ Ap,

~ use update Av(r) (:) = Ap (r) and iterate

¢ wl #3\/ Chag) S g l le
'l

' \'\\k i( (""»)'3- ol

- (R. van.Leewwen, E. J. Baerends, Phys. Rev. A493( 1994) 2427)

KS and HF energies of N, ~ D,=0.37 a.u.’

R (bohr) 2074 (R) (30 =~ |35 j

T 109.070 | 108.095 - [108.223

TT,= T (KS) [0.329 0328 - (0313

T-T7F =TSO (HF)| 0.625 1020 . |1.216.

T T = 0296 . 10692 . [0.903.
V., nuc(exact—KS) 303.628 |-288.260 |-283.780|
Vi e (HF)  |-0.558 -1.330 |-1.759

:WCOul(exact-KS) 75068  |67.858 |65.666
Wéoul(HF) 0.274 0.716 0980

IGnts:enkq, Schlppe;, Baeren@s, J. _Chem. Phys. 167 (1997) 5007

0

'f\ll\ U!l it
LT 30\”““‘ J\I f\fj,’<l /
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'} W(HF) =Wye -Wx

KS.and HE energies of N,

D ,=0.37 a.u.

@y

R (bohr)

2.074

30

3.5

- Wy.(KS. orbitals)

—-13.114

—~12.621

—12.490

; WX'_ WXHF;

0.006

—0.040

- -0.067

We=Wxc-Wx

~0.804

—0.969

-1.063

~

—0.810

—1.009|.

—-1.124

E

-

—0.475

—0.641

. —0.750

0.469

~0.603

. —0.687

E_— E(HF)

—0.006

—0.038

. —0.063

* Gritsenko, Schipper, Baerenids, J. Chem. Phys. 107 (1997) 5007
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