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From Preface to Edition 1

This is a book about the use of group theory in quantum mechanics with
particular reference to problems in molecular spectroscopy. There are so many
books, so many good books, on this subject that it is hard to believe that
there can be any justification for writing another. The justification lies in
the fact that whereas the existing literature is concerned with the use of the
molecular point group, whose elements consist of rotation and reflections of
vibronic variables, the present volume discusses the use of the molecular sym-
metry group, whose elements consist of permutations of identical nuclei with
or without the inversion. The molecular symmetry group is of more general
use than the molecular point group since the effect of molecular rotation and
the effect of tunneling due to nonrigidity (such as inversion tunneling in the
ammonia molecule) are allowed for. Also, because of the fundamental nature
of its elements, the molecular symmetry group provides a very good pedagog-
ical vehicle for teaching group theory and the application of group theory to
problems in molecular spectroscopy.

The book is aimed at the serious student of molecular spectroscopy, and
although knowledge of the postulatory basis of quantum mechanics is assumed,
group theory is developed from first principles. I hope that the reader will gain
from this book a good understanding of the place of the molecular symmetry

xv



xvi From Preface to Edition 1

group, in relation to the molecular point group and the molecular rotation
group, in the application of group theory to problems in molecular spectroscopy.
To aid in this understanding I have included many applications of the ideas as
they arise and many figures to show the effect of symmetry operations. I have
also included problems, followed by worked solutions, in the body of the text;
as a result of this the reader can “self pace” his reading by either (a) omitting
to read the problems and solutions, (b) solving the problems as they arise (and
then reading the solution in the text as a check), or (c) reading the problems
and solutions and treating them as a continuing part of the text.

Acknowledgments for Edition 1

I am very grateful to D.M. Bishop, J. M. Brown, R. E. Moss, T. Nakagawa,
and M. Vernon who each read the entire book in manuscript form and gave
much helpful advice in order to improve it. I an also grateful to H. H. Günthard,
J. Hardwick, G. Hills, J. T. Hougen, V. Laurie, I. M. Mills, A. R. W. McKellar,
M. T. Riggin, and S. Novick for their advice on particular points. M. Herman,
J. K. G. Watson, and B. P. Winnewisser each read and corrected the proofs of
the book, and my wife Éva, together with M. B. Wadworth and A. M. Lyyra,
helped me to compare the proofs with the typewritten manuscript; I am very
grateful for their help.

I would especially like to thank Helen Letaif who typed the entire final draft
of the manuscript and a special effort to ensure a well produced and consistent
product. Assisting in the typing of the first draft and in typing the modifica-
tions that I made to the second draft were Denise Charette, Gloria Dumoulin,
Marilyn Nadon, and Lorette Ernst; I very much appreciate all their help.

Ottawa, Canada P. R. BUNKER
January 1978



Preface to Edition 2

In this edition we have reorganized the material that was in Edition 1 and
have significantly enlarged the treatment. We have reorganized the material
so that the molecular symmetry (MS) group is introduced much earlier on (in
Chapter 3 rather than in Chapter 9). We have also consolidated the expla-
nation of how to determine nuclear spin statistics in Chapter 8 since this is a
useful and simple application of the MS group. Previously this material was
scattered throughout several chapters. Enlargements have resulted for several
reasons. We consider in more depth the symmetry of molecular states in the
three-dimensional rotation group K(spatial), and along with this we discuss
angular momentum theory, the use of irreducible spherical tensor operators,
the Wigner-Eckart theorem and vector coupling coefficients. We follow the
conventions and notation of the book by Zare (1988), and one should refer
to Zare’s book for a more detailed discussion of these aspects of molecular
symmetry. Enormous progress has been made in both the theoretical and ex-
perimental study of weakly bound cluster molecules (often called van der Waals
molecules) and we include a detailed treatment of these systems (in Chapters 3
and 16); the use of the MS group is vital for them. It also turns out that
the irreducible spherical tensor operator technique is perfectly adapted for ex-
panding the potential function and dipole moment of such molecules, and this

xvii



xviii Preface to Edition 2

allows us to appreciate the form of appropriate basis functions and to deter-
mine optical selection rules. Since we aim to teach by example we discuss
the hydrogen dimer and the ammonia dimer in detail. There has been much
progress in the study of the spectra of rigid molecules and nonrigid molecules
(apart from weakly bound cluster molecules) since 1979 and this has resulted
in the inclusion of additional material. The discussion of Energy Levels and
Interactions (in Chapter 13), and of Transition Intensities and Optical Selec-
tion Rules (in Chapter 14) contains a great deal of material that was not in
Edition 1, such as that on the Jahn-Teller effect, the Renner effect, Multichan-
nel Quantum Defect Theory, and the use of variational methods for calculating
rotation-vibration energy levels. In Chapter 13 we also give an account of the
theory of the contact transformed rotation-vibration Hamiltonian which is dis-
cussed at more length in the book by Papoušek and Aliev (1982) and in the
review by Aliev and Watson (1985). In the treatment of examples of nonrigid
molecules given in Chapter 15 we explain the understanding achieved of the
fundamentally important molecules ethane, dimethylacetylene, nitromethane,
hydrogen peroxide, toluene, and ethylene; for all of these molecules the MS
group adds enormously to our understanding. We include a selection of exper-
imental spectra to illustrate particular theoretical points.

One normally only reads a newspaper if its political leanings are in the same
direction as one’s own. A similar choice is made before reading a scientific text-
book, particularly one involving group theory. Therefore, it beholds us to tell
you what our prejudices are. We are first and foremost interested in understand-
ing molecules, and their interaction with electromagnetic radiation, as revealed
by the study of high resolution (normally rotationally resolved) spectroscopy.
We are particularly interested in the way that group theory (really represen-
tation theory) helps in this understanding. The algebraic intricacies of group
theory concern us only to the extent that they produce results of use in molecu-
lar physics. For similar reasons we do not discuss in any detail vast brute-force
machine calculations of energy levels using basis sets chosen for mathematical
convenience rather than physical relevance, but we do recognize the usefulness
of such calculations for producing, at least for very small molecules, highly
accurate predictions of spectra, and for serving as benchmarks against which
the results of more approximate calculations can be tested. This book, then,
is for the high resolution molecular spectroscopist who would like to learn how
to understand molecules, and molecular spectra, using group theory. We be-
lieve we explain everything one needs to know about group theory in order to
achieve this goal. More about the formal theory of groups is given in, for exam-
ple, Wigner (1959) and Tinkham (1964). We further believe that the best way
to learn is by studying examples (although this necessarily takes longer than
simply quoting the ‘rules’) and we choose examples that we feel are the most
useful for the high resolution spectroscopist. These examples are not chosen
in order to demonstrate the stunning capabilities of the mighty machinery of
group theory (although we do show how group theory can efficiently enable
one to determine the nuclear spin statistical weights of the highly symmetrical
molecule 13C60). We hope you wish to read on.
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For the e-book edition we have introduced into the text the Corrections and
Updates listed in Appendix C of the 2006 second printing of the second edition.
We have also corrected phase factor errors in Eq. (16-27) that were recently
brought to our attention by Professor Ad van der Avoird.

Since the publication of the second edition in 1998 we have written and edited
two further books on this subject:

P. R. Bunker and P. Jensen (2005). “Fundamentals of Molecular Symmetry,”
Institute of Physics Publishing, Bristol and Philadelphia.

P. Jensen and P. R. Bunker, editors (2000), “Computational Molecular Spec-
troscopy,” John Wiley and Sons, Ltd., Chichester and New York.

“Fundamentals of Molecular Symmetry” is a prequel to the present e-book edi-
tion and suitable for senior undergraduates and graduate students. “Compu-
tational Molecular Spectroscopy” is a text at an advanced level that addresses
many subjects introduced in the present e-book edition.
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Introduction

A molecule possesses structural symmetry that is of the same type as that of
a macroscopic body, and it can be described in terms of rotation axes and reflec-
tion planes. For example, in its equilibrium configuration a methane molecule
and a macroscopic tetrahedron both have the same structural symmetry. This
symmetry is specified by saying that the molecule belongs to a certain point
group, and the group consists of a definite set of rotation and reflection opera-
tions (or elements); for the methane molecule the point group is called Td. In
molecular physics great use is made of symmetry. However, in this book the
concept of symmetry is based entirely on the invariance group of the molecular
Hamiltonian and not on the geometrical symmetry of its equilibrium struc-
ture; this leads to the introduction of the molecular symmetry (MS) group and
three-dimensional rotation group K(spatial). The use of these two groups in
helping us to understand molecules and their spectra is what the book is all
about, but we do show how point group symmetry comes in, how it is used,
and how the two types of symmetry are related.

The treatment given here concerning the symmetry classification of the states
of polyatomic molecules in the MS group in comparison to that in the point
group can be understood by reference to the symmetry classification scheme
used for the states of diatomic molecules. For a homonuclear diatomic molecule
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2 Introduction

such as H2 the vibronic (vibration–electronic) states are classified or labeled
using the molecular point group D∞h. On the other hand the rovibronic
(rotation–vibration–electronic) energy levels (sometimes called rotational lev-
els) are labeled simply as +s, +a, −s, or −a depending on whether the rovi-
bronic wavefunction is invariant (+) or changed in sign (−) by the inversion of
the molecular coordinates in the center of mass, and on whether it is invariant
(s) or changed in sign (a) by the interchange or permutation of the two iden-
tical nuclei. Two such classification schemes are also possible for the states of
polyatomic molecules, but although the use of the molecular point group to
classify vibronic states is the subject of a vast textbook literature, the use of
inversion and nuclear permutation symmetry to classify rovibronic states is but
little described. Both classification schemes are useful in understanding and
categorizing molecular interactions, and in this book emphasis is given to the
use of inversion and nuclear permutation symmetry; these symmetry elements
constitute the molecular symmetry group.

The molecular point group, whose elements are rotations and reflections of
vibronic variables, is used when studying the vibronic levels of a molecule in a
given electronic state that has a unique equilibrium configuration with no ob-
servable tunneling between configurations (i.e., a rigid molecule). This group
is useful in understanding, for example, the infrared and Raman activity of
vibrational fundamentals, the terms that can occur in the molecular potential
function, and the atomic orbital functions that can be included in a particular
molecular orbital. Although the molecular point group is introduced and de-
fined in Chapter 4 here, the reader is referred to the texts listed at the end of
the chapter for a more exhaustive discussion.

The molecular symmetry group, whose elements consist of the permutations
of identical nuclei with or without inversion, is used when studying rovibronic
levels of a molecule and the presence of a unique equilibrium configuration
is immaterial. The molecular symmetry group has its origins in the work of
Christopher Longuet-Higgins and Jon Hougen. The importance of the molecu-
lar symmetry group lies not only in its use for studying nonrigid molecules such
as ammonia and the water dimer that have large amplitude internal motions,
or for studying electronic transitions in which there are changes in the point
group symmetry, but also in the fact that it allows for molecular rotation and
can be applied to rovibronic as well as vibronic states.

A simple example of the effect of molecular rotation is provided by the H+
3

molecule. The H+
3 molecule has an equilateral triangle equilibrium geometry

in its electronic ground state and we use the D3h point group to classify the
vibrational states. On the basis of point group symmetry considerations, we
would say that this molecule has no electric dipole moment and no allowed elec-
tric dipole rotational spectrum. However centrifugal distortion in the rotating
molecule can give rise to a nonvanishing electric dipole moment so that the
molecule does have a rotational spectrum. The molecular symmetry group of
the H+

3 molecule D3h(M) allows us to understand which rovibration states can
interact as a result of centrifugal distortion and to determine which rotational
transitions can occur in the spectrum (see Section 14.1.14).
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Hougen (1963). This extends Hougen (1962c) to all nonlinear rigid molecules. This pa-
per also shows how “sense-reversing” symmetry operations (which are called permutation-
inversion operations in the molecular symmetry group) transform molecular coordinates. In
no case is the right handed molecule fixed axis system inverted to become left handed (see
page 498).

Hougen (1964a). The double group of the MS group of dimethylacetylene G36(EM) is
defined (see Section 15.4.4). This is the first example of what is now generally called an
extended MS group.

Watson (1965). It is shown how to determine the reverse correlation table from the
irreducible representations of the smaller molecular symmetry group to the irreducible rep-
resentations of the larger molecular symmetry group (see Section 5.9).

Bunker and Papoušek (1969). This extends the definition of the molecular symmetry
group to linear molecules using an extended molecular symmetry group (see Section 17.4.2).

Woodman (1970). The decomposition of a molecular symmetry group using direct and
semidirect products is discussed.

Watson (1974). The symmetry condition for a first order Stark effect of a molecular
rovibronic level is determined from the molecular symmetry group species of the level and
the symmetry species of the space fixed electric dipole moment operator (see Section 14.5).

Bunker (1974). Within the Born-Oppenheimer approximation homopolar isotopically un-
symmetric diatomic ions such as HD+ and 14N15N+ have D∞h point group symmetry and a
nonvanishing dipole moment. This paradox is reconciled by considering the transformation
properties of the electric dipole moment operator under the effect of the permutation of the
nuclei.

Watson (1975). The operations of the MS group and the three-dimensional rotation group
are used together to treat the symmetry properties of molecules in electric or magnetic fields
(see Sections 14.4 and 14.5).

Bunker (1975). This review paper is devoted to the molecular symmetry group and many
nonrigid molecules are discussed.

Hougen (1976). This review paper discusses the coordinates and the symmetry of the
methane molecule (see Section 13.2.3).
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Dyke (1977). A classification of the rotation-tunneling energy levels of the water dimer in
its molecular symmetry group is given. Selection rules and statistical weights are determined.

Bunker (1979a). The spin double groups of molecular symmetry groups are discussed (see
Chapter 18).

Hougen (1980). For an ethane molecule in which internal rotation splittings are resolved it
is shown that rotation-vibration g-u interactions can occur, and that the extended molecular
symmetry group G36(EM) can be used to label such interacting states.

Odutola, Alvis, Curtis, and Dyke (1981), and Odutola and Adekola (1987). The character
tables of the molecular symmetry groups of weakly bound cluster molecules such as benzene
dimer and trimer, and ammonia trimer and tetramer are determined.

Bunker and Howard (1983). The approach used in Edition 1 (and 2) of this book and in
Wigner (1959) for generating representation matrices are different, and this paper shows in
detail that each is correct and self-consistent. For the MS group, the approach used in this
book is (as one might guess) the appropriate one. See the Bibliographical Notes to Chapters 1
and 6 for more details of this point.

Sørensen and Pedersen (1983). Using the molecular symmetry group G12 an important
rotation-torsion coupling term is shown to be permitted. The characterization of the effect
of this perturbation in the microwave spectrum allows the sign of the torsional barrier to be
determined (see Section 15.4.2).

Bone, Rowlands, Handy and Stone (1991). It is shown how the transition state for an
intramolecular rearrangement can be deduced using the molecular symmetry group. The
term versions is coined for symmetrically equivalent nuclear equilibrium configurations (see
Section 3.2).

Havenith, Linnartz, Zwart, Kips, ter Meulen, and Meerts (1992), Loeser, Schmuttenmaer,
Cohen, Elrod, Steyert, Saykally, Bumgarner, and Blake (1992), and van Bladel, van der
Avoird, Wormer and Saykally (1992). Experimental and theoretical studies of the ammonia
dimer show that the MS group G144 is needed to interpret the spectrum (see Section 16.5.2).

Moss (1993). An analysis of electronic g/u interactions in H+
2 is made using the molecular

symmetry group (see Section 17.7).
Jensen and Bunker (1994). A discussion is given of the use of the MS group for making

a symmetry analysis of the four-fold rotational energy level clusters that occur for triatomic
molecules in high angular momentum states. It leads to an extension of the criteria that one
should use to determine whether a permutation-inversion symmetry operation is feasible (see
Section 15.4.8).



1

The Complete Nuclear

Permutation Group

A permutation operation is defined, and the result of multiplying (or com-
bining) permutations together is explained. The concept of a group is defined,
and the complete nuclear permutation (CNP) group of a molecule is introduced.
The effect of a nuclear permutation on the nuclear coordinates in a molecule,
and on a function of the coordinates, is considered using the methyl fluoride
and ethylene molecules as examples.

1.1 THE DEFINITION OF A PERMUTATION OPERATION

Permutations change the order of an ordered set of numbers. For example,
the numbers 1, 2, and 3 can be ordered as

123, 132, 213, 231, 312, or 321, (1-1)

and permutations take us from one ordering to another. The permutation of
the numbers 1 and 3 changes the order from 213 to 231, for example, and
introducing the notation (13) for the operation of permuting 1 and 3 we write

(13)213 = 231. (1-2)

To change the number order from 321 to 132, the number 1 is replaced by 2,
2 is not replaced by 1 but by 3, and 3 is replaced by 1; we define this as the
permutation (123) so that

(123)321 = 132. (1-3)

In the notation used throughout this book (abcd · · · yz) is a permutation op-
eration that replaces a by b, b by c, c by d, . . . , y by z, and z by a. Other
possible permutations of the numbers 1, 2, and 3 are (12), (23), and (132). The
permutations (12), (23), and (13) are called transpositions or interchanges , and
(123) and (132) are called cycles . If we permute more than three numbers we
can have longer cycles. The following identities hold

(12) ≡ (21), (23) ≡ (32), (13) ≡ (31),

(123) ≡ (231) ≡ (312), (132) ≡(321) ≡ (213).
(1-4)

5
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An alternative notation for permutations can be used in which a permutation
that replaces 1 by α1, 2 by α2, . . . , n by αn is denoted

(
1 2 · · · n
α1 α2 · · · αn

)
. (1-5)

A permutation that we would write as (abcd · · · yz) would be written in the
notation of Eq. (1-5) as

(
a b c · · · y z
b c d · · · z a

)
. (1-6)

In this notation the order of the columns is immaterial. We can write the five
permutations of the numbers 1, 2, and 3 as

(12) ≡
(

123
213

)
, (23) ≡

(
123
132

)
, (13) ≡

(
123
321

)
,

(123) ≡
(

123
231

)
, and (132) ≡

(
123
312

)
.

(1-7)

Problem 1-1. Which of the five distinct permutations in Eq. (1-4) changes
the number order (a) from 123 to 132, (b) from 132 to 321, and (c) from 123
to 321?

Answer. (a) (23), (b) (132), and (c) (13).

Problem 1-2. If we label the protons in a CH3F molecule with the numbers
1, 2, and 3 (see Fig. 1-1a on page 8, for example) we find that there are two
distinct labeled forms: one with an anticlockwise labeling arrangement (looking
along the C → F direction) and one, as in Fig. 1-1a, with a clockwise labeling
arrangement. On applying the five distinct permutations of Eq. (1-4) to the
labels, what do you notice about the effect of (12), (23), or (13) when compared
to the effect of (123) or (132)?

Answer. The permutations (12), (23), and (13) all interconvert the clock-
wise and anticlockwise labeled forms whereas (123) and (132) preserve the
form.

Problem 1-2 is the first example we have met of permuting nuclei in a
molecule and it requires further discussion. The permutation (12) is an op-
eration that interchanges the nuclei labeled 1 and 2 and as a result, if the
coordinates of nuclei 1 and 2 in a space fixed (X,Y,Z) axis system are ini-
tially (X1,Y1,Z1) and (X2,Y2,Z2), respectively, then after applying (12) they
become (X2,Y2,Z2) and (X1,Y1,Z1), respectively; the nuclei are interchanged
and thereby gain each other’s coordinates. We can write

(12)[X1,Y1,Z1︸ ︷︷ ︸
©1

,X2,Y2,Z2︸ ︷︷ ︸
©2

, . . . ] = [X1,Y1,Z1︸ ︷︷ ︸
©2

,X2,Y2,Z2︸ ︷︷ ︸
©1

, . . . ] (1-8)

≡ [X2,Y2,Z2︸ ︷︷ ︸
©1

,X1,Y1,Z1︸ ︷︷ ︸
©2

, . . . ], (1-9)
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where the circled numbers represent the nuclei and the braces indicate their
coordinates. Equation (1-8) shows the exchange of the nuclei 1 and 2, and
Eq. (1-9) is just a reordering so that the coordinates of nucleus 1 are given
first. An abbreviated notation in which the nuclear labels (i.e., the numbers in
circles) are omitted but in which the coordinates of nucleus 1 are always given
first, those of 2 second, etc., can be used so that we have

(12)[X1,Y1,Z1,X2,Y2,Z2,W] = [X′
1,Y

′
1,Z

′
1,X

′
2,Y

′
2,Z

′
2,W

′]

≡ [X2,Y2,Z2,X1,Y1,Z1,W]. (1-10)

In Eq. (1-10) (Xi,Yi,Zi) are the initial coordinates of nucleus i, W represents
the other coordinates in the molecule, and (X′

i,Y
′
i,Z

′
i) are the coordinates of

nucleus i after the permutation has been performed; clearly W′ ≡W.

Problem 1-3. Write down equations similar to Eqs. (1-8)-(1-10) for the
effect of (123) on the spatial coordinates of the labeled protons in a CH3F
molecule.

Answer. Let us initially give protons 1, 2, and 3 the coordinates (X1, Y1,
Z1), (X2,Y2,Z2), (X3,Y3,Z3), respectively, in the space fixed (X,Y,Z) system.
The permutation (123) replaces proton 1 by proton 2 so that proton 2 then has
as new coordinates the coordinates that proton 1 had initially, i.e., (X1,Y1,Z1).
Similarly (123) replaces 2 by 3 so that 3 then has the coordinates that 2 had,
i.e., (X2,Y2,Z2), and finally 1 ends up with the coordinates (X3,Y3,Z3) that
3 had. We can write

(123)[X1,Y1,Z1︸ ︷︷ ︸
©1

,X2,Y2,Z2︸ ︷︷ ︸
©2

,X3,Y3,Z3︸ ︷︷ ︸
©3

, . . . ]

= [X1,Y1,Z1︸ ︷︷ ︸
©2

,X2,Y2,Z2︸ ︷︷ ︸
©3

,X3,Y3,Z3︸ ︷︷ ︸
©1

. . . ] (1-11)

≡ [X3,Y3,Z3︸ ︷︷ ︸
©1

,X1,Y1,Z1︸ ︷︷ ︸
©2

,X2,Y2,Z2︸ ︷︷ ︸
©3

, . . . ], (1-12)

or omitting the circled numbers,

(123)[X1,Y1,Z1,X2,Y2,Z2,X3,Y3,Z3,W]

= [X′
1,Y

′
1,Z

′
1,X

′
2,Y

′
2,Z

′
2,X

′
3,Y

′
3,Z

′
3,W

′]

≡ [X3,Y3,Z3,X1,Y1,Z1,X2,Y2,Z2,W], (1-13)

where, here, (X′
i, Y′

i, Z′
i) are the coordinates of proton i after having made the

permutation (123). Figure 1-1 shows the effect of the permutation (123).
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Fig. 1-1. (a) A proton labeled CH3F molecule with (X,Y,Z) coordinates of H1, H2 and
H3 in space given by (X1,Y1,Z1), (X2,Y2,Z2), and (X3,Y3,Z3), respectively. The nuclei
H1, C, and F are in the plane of the page, H3 is below it and H2 above it. (b) The same
after having performed the permutation (123), i.e., H1 replaced by H2, H2 by H3, and H3

by H1. Now H2, C, and F are in the plane of the page with H1 below it and H3 above
it. The coordinates of H1, H2, and H3 are now (X3,Y3,Z3), (X1,Y1,Z1) and (X2,Y2,Z2),
respectively.

1.1.1 The effect of a permutation on a function

It is necessary to define the effect of a nuclear permutation operation on a
function of the nuclear coordinates (i.e., on a molecular wavefunction). To do
this we introduce, as an example, the following function of the X coordinates
of the three protons in a CH3F molecule:

f(X1,X2,X3) = X1 + 2X2 + 3X3. (1-14)

Using Eq. (1-13) we see that if initially the (X1,X2,X3) nuclear coordinates
are (a, b, c) then after applying the permutation (123) they are (c, a, b). The
function defined in Eq. (1-14) has the value a+ 2b+ 3c at the point (a, b, c) in
(X1,X2,X3) “space” (called configuration space) and the value c + 2a+ 3b at
the point (c, a, b). The effect of (123) is to change the value of the function at
each point (X1,X2,X3) into its value at the point (X′

1,X
′
2,X

′
3) = (X3,X1,X2).

We define the effect of (123) on the function by writing

(123)f(X1,X2,X3) = (123)[X1 + 2X2 + 3X3]

= X′
1 + 2X′

2 + 3X′
3 = X3 + 2X1 + 3X2, (1-15)

where we have introduced a new function of the nuclear coordinates, i.e., X3 +
2X1 + 3X2. This new function has been defined so that its value at the point



1.2. The successive application of permutations 9

(X1,X2,X3) is the same as the value of the original function, X1 + 2X2 + 3X3,
at the point (X′

1,X
′
2,X

′
3) = (X3,X1,X2). We denote this new function by

f (123)(X1,X2,X3) = X3 + 2X1 + 3X2, (1-16)

and write

(123)f(X1,X2,X3) = f (123)(X1,X2,X3). (1-17)

With this convention the general equation defining the effect of a permutation
P on a function is

Pf(X1,Y1,Z1, . . . ,Xl,Yl,Zl) = fP (X1,Y1,Z1, . . . ,Xl,Yl,Zl), (1-18)

where

fP (X1,Y1,Z1, . . . ,Xl,Yl,Zl) = f(X′
1,Y

′
1,Z

′
1, . . . ,X

′
l,Y

′
l,Z

′
l), (1-19)

and (X′
i,Y

′
i,Z

′
i) are the coordinates of nucleus i after applying the permuta-

tion P . The function fP ( ) is a new function generated from f( ) by applying
P , and fP ( ) is such that its value at the point (X1,Y1,Z1, . . . ,Xl,Yl,Zl) is
the same as the value of f( ) at the point (X′

1,Y
′
1,Z

′
1, . . . ,X

′
l,Y

′
l,Z

′
l). Equa-

tions (1-18) and (1-19) taken with the equation P (Xi,Yi,Zi) = (X′
i,Y

′
i,Z

′
i),

for which examples are given in Eq. (1-10) and (1-13), defines the effect of the
nuclear permutation operator P as it is used in this book. This definition is
discussed further in the Bibliographical Notes at the end of the chapter.

1.2 THE SUCCESSIVE APPLICATION OF PERMUTATIONS

The solution to Problem 1-1 on page 6 can be represented pictorially as

123
(23)- 132

(13)

(132)- 321

6

This shows how the successive application of first (23) and then (132) to the
number order 123 is equivalent to performing the single operation (13); we
write

(132)(23)123 = (13)123. (1-20)

The left hand side of this equation can be expanded as

(132)[(23)123] = (132)132 = 321 (1-21)

in order to make it clear why we chose to write the operations in the order
(132)(23), and not (23)(132), when (23) is applied first. The successive ap-
plication of first (23) and the (132) to any of the number arrangements in
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Eq. (1-1) is always equivalent to the effect of (13), as the reader can verify, and
as a result we can write the operator equation

(132)(23) = (13). (1-22)

We say that the product of (132) and (23) (or the result of multiplying them
together) in this order is equal (or equivalent) to (13); they have the same effect
on a number order.

In general the product of two permutations is independent of the number
order chosen for the determination of the product [in Eq. (1-20) the number
order 123 is used to determine (132)(23)], and with some practice it is possible
to determine the product of two permutations without applying them to a
number order. As an example let us determine the product (23)(132); this is
the same as the product in Eq. (1-22) but taken the other way around. The
effect of (132) is to replace 1 by 3, 3 by 2, and 2 by 1; the effect of (23) is then
to replace 3 by 2, 2 by 3, and 1 by 1. Overall doing first (132) and then (23)
we have the sequences of replacements 1 by 3 by 2, 3 by 2 by 3, and 2 by 1 by
1, i.e., the overall replacements are 1 by 2, 3 by 3, and 2 by 1; this is the effect
of (12). Hence

(23)(132) = (12). (1-23)

Comparing Eqs. (1-22) and (1-23) we see that permutation multiplication is
not necessarily commutative, i.e., if A and B are two permutations it is not
necessarily true that AB = BA.

The multiplication of permutations can be understood using the notation of
Eq. (1-5) if we extend that notation a little. We can write Eq. (1-23) as

(23)(132) =

(
123

132

)(
123

312

)
=

(
312

213

)(
123

312

)
=




123
312
213


 =

(
123

213

)
= (12),

(1-24)

where the “three-level” parentheses indicate the successive replacements 1 by
3 by 2, 2 by 1 by 1, and 3 by 2 by 3 caused by the successive application of the
two permutations.

The reader should now determine the result of multiplying all pairs of distinct
permutations from Eq. (1-4) together. Three of the permutation products
obtained are

(123)(123) = (132), (1-25)

(12)(23) = (123), (1-26)

and

(13)(23) = (132). (1-27)
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From Eqs. (1-26) and (1-27) we see that the cycles can be written as products
of transpositions, and it turns out that any permutation can be written as the
product of a sequence of transpositions. For example, if we are interested in
permuting the first seven integers we can have

(15432)(67) = (15)(54)(43)(32)(67). (1-28)

In general the breaking down of a permutation into a product of a series of
transpositions is not unique, but what is unique is whether there is an odd or
even number of transpositions in the product. A permutation is called even
or odd depending on whether there is an even or odd number of transposi-
tions in its transposition product. From Eqs. (1-26) and (1-27) we see that the
permutations (123) and (132) are even, and from Eq. (1-28) we see that the
permutation (15432)(67) is odd. The importance of determining whether a per-
mutation is even or odd will become apparent when we consider Bose-Einstein
and Fermi-Dirac statistical formulas in Chapter 7.

Problem 1-4. Determine whether the following permutations are even or
odd: (146)(2357), (17)(23456), (1462357), and (14)(27)(36).

Answer. We can write these permutation in many ways as the product of
transpositions but one possible way for each is now given:

(146)(2357) = (14)(46)(23)(35)(57),

(17)(23456) = (17)(23)(34)(45)(56),

(1462357) = (14)(46)(62)(23)(35)(57),

(14)(27)(36) = (14)(27)(36).

(1-29)

The third one is even and the rest are odd. A cycle that permutes n numbers
is even (odd) if (n−1) is even (odd).

It is presumed that on multiplying all the permutations of Eq. (1-4) together
in pairs the reader will have attempted

(123)(132) = ? (1-30)

and have wondered about what to give as the answer. Obviously doing first
(132) and then (123) has the overall effect of leaving the number order un-
changed, and we simply have to invent a symbol to mean “doing nothing” (the
equivalent of 1 in algebraic multiplication). The symbol we use is E and we
write

(123)(132) = E. (1-31)

Also we can write equations such as

(12)E = (12). (1-32)

E is called the identity operation.
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Having defined the identity operation we can now define the reciprocal , or
inverse, of an operation. We define the reciprocal of an operation A, say, as
that operation which when multiplied on the right of A gives the identity. For
example (132) is the reciprocal of (123) from the result in Eq. (1-31); i.e.,

(123)(123)−1 = E (1-33)

defines (123)−1, and from Eq. (1-31) we have

(123)−1 = (132). (1-34)

Similarly

(132)−1 = (123), (1-35)

and all the transpositions are self-reciprocal, i.e.,

(12)−1 = (12), (1-36)

(23)−1 = (23), (1-37)

and

(13)−1 = (13). (1-38)

Using the notation of Eq. (1-5) the inverse of a permutation is obtained by
simply turning the permutation “upside down,” that is,

(abcd · · ·xyz)−1 =

(
abc · · ·xyz
bcd · · · yza

)−1

=

(
bcd · · · yza
abc · · ·xyz

)

≡
(
azy · · · dcb
zyx · · · cba

)

= (azyx · · · dcb). (1-39)

Hence, for example, we have,

(1423756)−1 = (1657324). (1-40)

Problem 1-5. Determine the effect of the successive applications of first
(132) and then (23) on the coordinates of the three protons in CH3F and on
the function [X1 + 2X2 + 3X3].

Answer. The effect of the successive application of these permutations on
the proton coordinates is best understood by using the notation of Eqs. (1-8)
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and (1-11). In this case we write

(23)(132)[X1,Y1,Z1︸ ︷︷ ︸
©1

,X2,Y2,Z2︸ ︷︷ ︸
©2

,X3,Y3,Z3︸ ︷︷ ︸
©3

]

= (23)[X1,Y1,Z1︸ ︷︷ ︸
©3

,X2,Y2,Z2︸ ︷︷ ︸
©1

,X3,Y3,Z3︸ ︷︷ ︸
©2

]

= [X1,Y1,Z1︸ ︷︷ ︸
©2

,X2,Y2,Z2︸ ︷︷ ︸
©1

,X3,Y3,Z3︸ ︷︷ ︸
©3

]. (1-41)

Thus proton 3 ends up in the same place in space as it started and protons 1
and 2 are interchanged; this is in accordance with Eq. (1-23). A function such
as [X1 + 2X2 + 3X3], which is to be read as “the X coordinate of proton 1 plus
twice the X coordinate of proton 2 plus three times the X coordinate of proton
3,” transforms under (23)(132) as

(23)(132)[X1 + 2X2 + 3X3] = (23)[X2 + 2X3 + 3X1]

= [X2 + 2X1 + 3X3]. (1-42)

After applying (132) the X coordinates of protons 1, 2, and 3 are X2, X3,
and X1, respectively so that (23) permutes X3 and X1 in the function (the
coordinates of 2 and 3). This is perhaps better understood if we introduce the
notation that X′

i is the X coordinate of proton i after having applied (132) so
that

(23)(132)[X1 + 2X2 + 3X3] = (23)[X′
1 + 2X′

2 + 3X′
3]

= [X′
1 + 2X′

3 + 3X′
2]

= [X2 + 2X1 + 3X3]. (1-43)

We see that if

f(X1,X2,X3) = X1 + 2X2 + 3X3,

then

f (23)(132)(X1,X2,X3) = X2 + 2X1 + 3X3, (1-44)

and

f (23)(132)(X1,X2,X3) = f (12)(X1,X2,X3). (1-45)
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1.3 THE DEFINITION OF A GROUP

By considering all permutations of the integers 1, 2, and 3, and the results
of all possible products of them, we have constructed the following set of dis-
tinguishable permutation operations:

{E, (12), (23), (13), (123), (132)}. (1-46)

Having defined how to multiply these operations together in pairs we can con-
struct the multiplication table of this set of elements and this is given in Ta-
ble 1-1. In Table 1-1 each entry C represents the result of first applying the
operation B at the head of its column and then applying the operation A at
the beginning of its row, i.e., C = AB. The set of operations in Eq. (1-46) is,
in fact, a group because it satisfies the following group axioms :

1. We can multiply (i.e., successively apply) the operations (or elements)
together in pairs and the result is a member of the group.

2. One of the operations in the group is the identity operation E.
3. The reciprocal of each operation is a member of the group.
4. Multiplication of the operations is associative; that is, in a multiple prod-

uct the answer is independent of how the operations are associated in pairs,
e.g.,

(12)(123)(23) = (12) [(123)(23)]︸ ︷︷ ︸
(12)

= [(12)(123)]︸ ︷︷ ︸
(23)

(23) = E. (1-47)

The fact that the group axioms 1, 2, 3, and 4 are satisfied by the set in Eq. (1-46)
can be verified by inspecting the multiplication table (Table 1-1), and thus the
set is a group. We will generally enclose the members of a group in braces { }.

Table 1-1

The multiplication table of the S3 groupa

E (12) (23) (13) (123) (132)

E: E (12) (23) (13) (123) (132)

(12): (12) E (123) (132) (23) (13)

(23): (23) (132) E (123) (13) (12)

(13): (13) (123) (132) E (12) (23)

(123): (123) (13) (12) (23) (132) E

(132): (132) (23) (13) (12) E (123)

aEach entry is the product of first applying the per-
mutation at the top of the column and then applying the
permutation at the left end of the row.

This particular group is called S3, the permutation group (or symmetric
group) of degree 3, and it consists of all permutations of three objects. There are
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six elements in S3 and the group is said to have order six. In general, the per-
mutation group Sn (all permutations of n objects) has order n!. Factorials grow
very quickly so that, for example, 60! = 832098711274139014427634118322336
4380754172606361245952449277696409600000000000000. We have used the
program system MAPLE [see, for example, Monagan, Geddes, Labahn, and
Vorkoetter (1996)] to evaluate this factorial.

Problem 1-6. Prove that if AB = E, i.e., A−1 = B from Eq. (1-33), then
BA = E, i.e., B−1 = A also, if A and B are in a group. (Hint: Evaluate BAB
two different ways using axiom 4.)

Answer. The triple product BAB can be evaluated as B[AB] or [BA]B.
The first way of associating the elements gives the answer BE = B, since
AB = E. The second way of associating the elements must give the same
answer (by group axiom 4), i.e., [BA]B = B. This can only be true if BA = E
which was what we set out to prove. In S3 we have, for example,

(123)(132) = (132)(123) = E. (1-48)

Axiom 4 can be used to prove that

(AB)−1 = B−1A−1. (1-49)

We can write

(AB)(B−1A−1) = A(BB−1)A−1 = AEA−1 = AA−1 = E, (1-50)

but

(AB)(AB)−1 = E, (1-51)

thus
(AB)−1 = B−1A−1.

In general the reciprocal of a product is the product of the reciprocals taken in
the reverse order, e.g.,

(ABCD)−1 = D−1C−1B−1A−1. (1-52)

Problem 1-7. Three of the elements of S3 taken by themselves satisfy the
group axioms and hence form a group. Which three elements are they? Such
a group is called a subgroup of the S3 group.

Answer. It is clear that E has to be in the subgroup in order for it to form
a group (by axiom 2). Perhaps the set {E, (12), (23)} is a subgroup? This set
satisfies axiom 3 by virtue of Eqs. (1-36) and (1-37). However, (12)(23) = (123),
and (123) is not in the set; thus by axiom 1 this set is not a group. By studying
Table 1-1 the subgroup is found to be {E, (123), (132)}.

The only condition for a subset of the elements of a group to form a subgroup
is that the subset contain all products of its members. The subgroup discussed
in Problem 1-7 has order 3 and it is called an Abelian group since multiplication
within it is commutative [see the first equality in Eq. (1-48)]. Other subgroups
of S3 are {E, (12)}, {E, (23)}, and {E, (13)}, each having order 2, and {E} of
order 1.
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1.4 THE COMPLETE NUCLEAR PERMUTATION (CNP)
GROUP OF A MOLECULE

Labeling the protons in the CH3F molecule as 1, 2, and 3, the group S3 of
Eq. (1-46) contains all possible permutations of identical nuclei in the molecule.
We call this group the complete nuclear permutation (CNP) group of the CH3F
molecule. The CNP group of a molecule having n identical nuclei of one type,
and no sets of other identical nuclei, will be the group Sn of permutations of
these nuclei.

If a molecule has more than one set of identical nuclei the definition of the
CNP group is more complicated and we will illustrate this by considering the
ethylene molecule C2H4. Labeling the protons in the molecule 1 to 4, the group
of all proton permutations is the group S4. Numbering the carbon nuclei 5 and
6 the group of all carbon nuclei permutations is the group S2 = {E, (56)}. We

will denote these two nuclear permutation groups S
(H)
4 and S

(C)
2 . The group of

all possible permutations of identical nuclei in the molecule (the CNP group)

will therefore consist of all 4! elements of the group S
(H)
4 and of all these

elements taken in combination with (56); 2 × 4! elements in all. The element

(56) will commute with all the elements of the S
(H)
4 group, since these two

groups involve permutations of different types of nuclei. This CNP group is

called the direct product of the groups S
(H)
4 and S

(C)
2 and is written

GCNP = S
(H)
4 ⊗ S

(C)
2 . (1-53)

In general the direct product of a group A = {A1 ≡ E,A2, . . . , An} and a
group B = {B1 ≡ E,B2, . . . , Bm}, where all Ai commute with all Bj, is the
set of n ×m elements AiBj(= BjAi) where i = 1 to n and j = 1 to m. One
element in this set, the element A1B1, will be the identity, and the product of
any two elements in the set will give another element of the set. This latter
result follows by considering

(AiBj)(AkBl) = AiAkBjBl = ApBq, (1-54)

where

Ap = AiAk in the group A,

Bq = BjBl in the group B,

and ApBq must be in the set of direct product elements since it is defined to
contain all products. The inverse of each element is present since

(AiBj)
−1 = B−1

j A−1
i (1-55)

and B−1
j is an element in B and A−1

i in A, since A and B are groups. The
associative law of multiplication must hold for the direct product elements since
it holds within the groups A and B. Thus the set of n × m elements AiBj
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forms a group and it is called the direct product group. In this definition it is
crucial that each element in A commute with each element in B.

The CNP group of a molecule containing l identical nuclei of one set, m of
another, n of another, and so on, is the direct product group

GCNP = Sl ⊗ Sm ⊗ Sn ⊗ · · · , (1-56)

and the order of the group is l!×m!× n!× · · · . Group products are discussed
further in Section 5.7.

Problem 1-8. Write down the elements of the CNP group of the molecule
CHOCOOH.

Answer. The CNP group is the direct product group

GCNP = S
(O)
3 ⊗ S

(H)
2 ⊗ S

(C)
2

= {E, (12), (23), (13), (123), (132)}⊗ {E, (45)} ⊗ {E, (67)}, (1-57)

where we label the oxygen nuclei 1, 2, and 3; the protons 4 and 5; the carbon
nuclei 6 and 7. The complete list of (3!× 2!× 2! = 24) elements is

{E, (12), (23), (13), (123), (132),

(45), (12)(45), (23)(45), (13)(45), (123)(45), (132)(45),

(67), (12)(67), (23)(67), (13)(67), (123)(67), (132)(67), (45)(67)

(12)(45)(67), (23)(45)(67), (13)(45)(67), (123)(45)(67), (132)(45)(67)}.
(1-58)

Problem 1-9. We label the protons of an ethylene molecule 1 to 4, and
the carbon nuclei 5 and 6 as shown in Fig. 1-2. There are 11 other distinct

Fig. 1-2. An ethylene molecule with
the nuclei labeled 1 to 6.

ways of putting the labels 1 to 6 on the nuclei so that the protons are labeled
1 to 4 and the carbon nuclei 5 and 6; write down these other distinct ways
(distinct means those not simply obtained by rigidly rotating the molecule in
space). If we only include permutations from the CNP group of ethylene that
do not convert our chosen labeled form into any of the other 11 forms which
set of permutations is obtained? Prove that this set of permutations forms a
group.
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Answer. The twelve distinct nuclear labeled forms of ethylene are shown in
Fig. 1-3. The set of permutations that does not convert the form in Fig. 1-3a
into any other form is

{E, (12)(34), (13)(24)(56), (14)(23)(56)}, (1-59)

and this set is a group, a subgroup of the CNP group, since any product of the
elements of the set gives an element that is in the set.

Fig. 1-3. The 12 distinct forms of an ethylene molecule in which the protons are labeled
1 to 4 and the carbon nuclei 5 to 6. Distinct forms cannot be interconverted by simply rigidly
rotating them in space.

In Problem 1-9 we obtained a subgroup of the CNP group of the ethylene
molecule by considering only elements that do not interconvert some distinct
nuclear labeled forms of the molecule. Notice that the subgroup of S3, of order
3, obtained as answer to Problem 1-7 on page 15, contains all elements of
the CNP group of CH3F that do not interconvert the two distinct (clockwise
and anticlockwise) labeled forms of the molecule. The idea of distinct nuclear
labeled forms (called versions) of a molecule, and of a subgroup of elements
that does not interconvert them will prove to be very important when we
come to define the molecular symmetry group in Chapter 3. Complete electron
permutation groups will not be discussed very much in this book, although their
use in electronic structure calculations is briefly explained in Section 9.4.5.
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Wigner (1959). Permutations are discussed on pages 64-65 and on pages 124-127. A group
is defined on pages 58-59. The effect of an operation on a function is discussed on pages 104-
106. Different definitions from those adopted here are used for the effect of a permutation
on coordinates and functions.

Bunker and Howard (1983). The implications of using the definition adopted here for
the effect of a permutation on coordinates and functions, rather than the definition used in
Wigner (1959), are fully discussed. We summarize the important point of this paper here.
To explain the approach used in Wigner’s book (called W) we introduce three positions in
space labeled 1, 2 and 3 as well as three nuclei labeled 1, 2 and 3. In W the permutation
(12)W (the superscript W is used to distinguish it from the permutation (12) as defined in
the present chapter) is defined as exchanging the nuclei in positions 1 and 2, and (132)W as
the operation that replaces the nucleus in position 1 by that in position 3, that in position
3 by that in position 2, and that in position 2 by that in position 1. If we initially start
with nuclei 1, 2, and 3 in positions 1, 2, and 3 respectively then the effect of doing (132)W

followed by (12)W is:

123
123 (132)W-

123
312

(23)W

(12)W-
123
132

6

Thus, in agreement with the expression for P1P2 on page 64 of W, we deduce that

(12)W(132)W = (23)W . (1-60)

In the approach of the present chapter we have

(12)(132) = (13). (1-61)

Also in W the effect of a permutation on a function is defined in a way that differs from our
Eq. (1-19). These differing definitions have important implications when we come to apply
groups to molecules and this is discussed further in the Bibliographical Notes of Chapter 6
concerning Wigner (1959).
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The Complete Nuclear

Permutation Inversion

Group

The inversion operation E∗ is defined and its effect on a molecule, and on a
molecular wavefunction, is discussed; its use allows us to determine the parity
of a molecular wavefunction. The effect of the successive application of E∗ and
of a nuclear permutation operation is also considered, and as a result we are
able to define the complete nuclear permutation inversion (CNPI) group of a
molecule. The detailed effect of an element of the group on the coordinates of
the nuclei and electrons in a molecule is presented.

2.1 THE INVERSION OPERATION E∗ AND PARITY

As well as permuting the coordinates of identical nuclei it is necessary to
consider the effect of inverting the spatial coordinates of all particles (nuclei
and electrons) in a molecule through the origin of the space fixed axis system.
This operation involves changing the sign of the Cartesian coordinates in space
of all the particles in the molecule. Since the translational motion of a molecule
will not be of any concern to us, it will prove convenient to refer the coordinates
of the electrons and nuclei to the molecular center of mass; this involves the
separation of the translational motion, which will be discussed more fully in
Chapter 7. From now on when we discuss the spatial coordinates of the nuclei
and electrons in a molecule we will usually use an (X,Y, Z) axis system parallel
to the space fixed (X, Y, Z) axis system but with origin at the molecular center
of mass. The inversion operation E∗, when applied to a molecule, is defined as
the operation of inverting the spatial coordinates of all the nuclei and electrons
through the molecular center of mass. Using the (X,Y, Z) coordinates of a
nucleus or electron we can write

E∗[Xi, Yi, Zi] = [X ′
i, Y

′
i , Z

′
i] = [−Xi,−Yi,−Zi]. (2-1)

20
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Problem 2-1. Write down the effect of E∗ on the spatial coordinates of
the five nuclei in a CH3F molecule. Draw a picture of a CH3F molecule and
draw the effect of E∗.

Answer. By definition E∗ simply changes the sign of the (X,Y, Z) coordi-
nates of all the nuclei, i.e.,

E∗[X1, Y1, Z1, . . . , XF, YF, ZF] = [−X1,−Y1,−Z1, . . . ,−XF,−YF,−ZF].
(2-2)

In Fig. 2-1a a methyl fluoride molecule is arbitrarily oriented with its center

Fig. 2-1. The effect of E∗ on a CH3F molecule. The (+X) indicates that the X axis is
pointing up out of the plane of the page.

of mass at the origin of the (X,Y, Z) axis system. The operation E∗ inverts
the coordinates of all particles in the origin of the (X,Y, Z) system, and the
result is shown in Fig. 2-1b; the (X,Y, Z) axis system is unaffected by E∗ by
definition. In Fig. 2-2 the effect of E∗ is given without showing the (X,Y, Z)
axes and in our figures the axes will often be omitted. Figures 2-1 and 2-2
are simply pictorial representations of Eq. (2-2). Although not mentioned in
Eq. (2-2) and not explicitly shown in Figs. 2-1 and 2-2, the coordinates of the
electrons are also inverted by E∗.

We define the effect of E∗ on a function of the nuclear and electronic co-
ordinates in the same way as we did for a nuclear permutation in Eq. (1-18)
and (1-19), i.e.,

E∗f(X1, Y1, Z1, . . . , Xn, Yn, Zn) = fE∗

(X1, Y1, Z1, . . . , Xn, Yn, Zn), (2-3)

and

fE∗

(X1, Y1, Z1, . . . , Xn, Yn, Zn) = f(−X1,−Y1,−Z1, . . . ,−Xn,−Yn,−Zn).
(2-4)

The value of the new function fE∗

() at each point (X1, Y1, Z1, . . . ) is the same
as the value of the original function f() at each point (−X1,−Y1,−Z1, . . . ).
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Fig. 2-2. The effect of E∗ on CH3F without drawing the space fixed axes.

If a function f() is such that its values at the points (X1, Y1, Z1, . . . ) and
(−X1,−Y1,−Z1, . . . ) are the same then

fE∗

( ) = f( ) (2-5)

and the function is said to have positive parity. If on the other hand the values
of the function at the points (X1, Y1, Z1, . . . ) and (−X1,−Y1,−Z1, . . . ) are the
negative of each other then

fE∗

( ) = −f( ) (2-6)

and the function has negative parity. For a function of positive parity we can
write

E∗f( ) = f( ), (2-7)

and for a function of negative parity we can write

E∗f( ) = −f( ). (2-8)

2.2 COMBINING PERMUTATIONS WITH THE INVERSION:
THE CNPI GROUP

Figure 2-2 shows the effect of the inversion operation E∗ on a methyl fluoride
molecule. We could easily apply a permutation operation, (12) say, after doing
E∗ (i.e., to Fig. 2-2b), and the resulting combined operation would be written
(12)E∗. The effect of (12)E∗ on the coordinates of the nuclei is given by

(12)E∗[X1, Y1, Z1, X2, Y2, Z2, X3, Y3, Z3, XC, YC, ZC, XF, YF, ZF]

= [−X2,−Y2,−Z2,−X1,−Y1,−Z1,−X3,−Y3,−Z3,

−XC,−YC,−ZC,−XF,−YF,−ZF]. (2-9)
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The effect of a permutation operation P is to interchange the nuclear coor-
dinates, and the inversion changes the sign of all coordinates. It is clearly
immaterial whether we change the sign of the coordinates with E∗ before or
after interchanging them with P , and thus E∗ and P will commute. We can
write

(12)E∗ = E∗(12) = (12)∗, (2-10)

Fig. 2-3. Drawings to show the equivalence of E∗(12) [a→ b′ → c] and
(12)E∗ [a→ b→ c] for a CH3F molecule.

where we introduce the notation of P ∗ for PE∗ = E∗P . In Fig. 2-3 the results
of (12)E∗ and E∗(12) are drawn to show their equivalence. The transformation
from Fig. 2-3a to Fig. 2-3c is a pictorial representation of Eq. (2-9), and it should
be remembered that the electron coordinates are inverted by any permutation
inversion operation P ∗ such as this. We will be concerned with the effects of
both P and P ∗ operations on nuclear and electron coordinates and on functions
of the coordinates.

Problem 2-2. By drawing pictures such as Fig. 2-3 verify that E∗ com-
mutes with all the elements of the complete nuclear permutation group of
CH3F, where this group is

S
(H)
3 = {E, (12), (23), (13), (123), (132)}. (2-11)

Which of the operations in the direct product group S
(H)
3 ⊗ {E,E∗}, i.e., the

group

{E, (12), (23), (13), (123), (132), E∗, (12)∗, (23)∗, (13)∗, (123)∗, (132)∗}, (2-12)
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does not interconvert clockwise and anticlockwise labeled CH3F?

Answer. The set of operations that does not interconvert the clockwise and
anticlockwise labeled forms is the group

{E, (123), (132), (12)∗, (23)∗, (13)∗}. (2-13)

For reasons that will emerge we call this group C3v(M).

The group in Eq. (2-12) is called the complete nuclear permutation inver-
sion (CNPI) group of CH3F; the CNPI group of a given molecule contains
all possible permutations of identical nuclei in the molecule with and without
inversion. The CNPI group of a molecule is the direct product of the complete
nuclear permutation group [as introduced in Eq. (1-56)] and the inversion group
E = {E,E∗}; the CNPI group contains twice as many elements as the complete
nuclear permutation group.

The group in Eq. (2-13) is the molecular symmetry group of the CH3F
molecule in its ground electronic state. The definition of the molecular sym-
metry group will be discussed in Chapter 3.

Problem 2-3. What is the complete nuclear permutation inversion group
of the ethylene molecule using the nuclear labeling convention of Fig. 1-2 on
page 17? Which of the elements do not convert the form in Fig. 1-3a on page 18
into any of the other 11 distinct nuclear labeled forms of Fig. 1-3?

Answer. The complete nuclear permutation inversion group is the direct
product

S
(H)
4 ⊗ S

(C)
2 ⊗ E , (2-14)

and it has 4! × 2! × 2 = 96 elements. Typical elements are (132), (13)(56),
(1234)(56), (12)(34)∗, (124)(56)∗, etc. The subgroup that does not convert the
form in Fig. 1-3a into any of the other distinct nuclear labeled forms is

{E,(12)(34), (13)(24)(56), (14)(23)(56), E∗, (12)(34)∗,

(13)(24)(56)∗, (14)(23)(56)∗}, (2-15)

and this is called the molecular symmetry group of the rigidly planar ethylene
molecule; it is named D2h(M). Because E∗ commutes with permutations we
can write, for example,

(12)(34)∗ = (12)(34)E∗ = (12)E∗(34) = E∗(12)(34) = (12)∗(34). (2-16)

Problem 2-4. Draw the effect of applying (12)(34)∗ and (13)(24)(56) to
the ethylene molecule in Fig. 1-2 on page 17. Is there any difference between
the effects of these operations?

Answer. Yes. If the nuclei of the ethylene molecule are in the equilibrium
configuration (as they are in Fig. 1-2) then (12)(34)∗ and (13)(24)(56) have the
same effect on the nuclear coordinates, but (12)(34)∗ inverts the electron coor-
dinates whereas (13)(24)(56) does not. If the nuclei are not in the equilibrium
configuration then the effects of these operations on the nuclear coordinates will
usually be different, and this is discussed in more detail in the next section.
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2.3 THE DETAILED EFFECTS OF P AND P ∗ OPERATIONS

In the preceding section we have discussed the effect of a nuclear permutation
operation P , and the effect of a nuclear permutation operation accompanied
by an inversion, P ∗, several times. However, in the figures we have always
considered the molecule to be in its equilibrium configuration. This was not
necessary but it made it easier to draw the figures. Also we have given figures
and equations, and it is a good idea to use both in order to have a full under-
standing of and ability to use the molecular symmetry group. In this section
we are going to look at the effect of each of the two operations used in Problem
2-4 in more detail, both with figures and equations, and we are going to apply
them to an ethylene molecule that is not in its equilibrium configuration.

Fig. 2-4. An ethylene molecule. The shaded circles represent an instantaneous nuclear
arrangement (i.e., a “snapshot” of the rotating-vibrating molecule), and the open circles the

appropriate equilibrium nuclear arrangement.
+
ei represents an electron i above the plane of

the page.

In Fig. 2-4 the shaded circles show the instantaneous positions of the four
hydrogen nuclei and two carbon nuclei in an ethylene molecule that is rotat-
ing and vibrating in space; the open circles show the appropriate equilibrium

nuclear positions, and
+

ei represents electron i above the plane of the page (ēi
would represent electron i below the plane of the page). For simplicity we have
chosen to keep all the nuclei in the plane of the page. We can write the instan-
taneous coordinates of the nuclei and electrons in the space fixed (X,Y, Z) axis
system (the origin is at the common center of mass of the instantaneous and
equilibrium configuration molecules) as [X1, Y1, Z1, . . . , X6, Y6, Z6;Xi, Yi, Zi],
where the electrons are labeled i.

We wish to consider the effects of the operations (12)(34)∗ and (13)(24)(56)
of the molecular symmetry group of ethylene. Equation (2-17) and Fig. 2-5
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show the effect of the (12)(34)∗, and Eq. (2-18) and Fig. 2-6 show the effect of
(13)(24)(56), on the nuclear and electronic coordinates.

(12)(34)∗[X1, Y1, Z1, X2, Y2, Z2,X3, Y3, Z3, X4, Y4, Z4, X5, Y5, Z5,

X6, Y6, Z6;Xi, Yi, Zi] = [−X2,−Y2,−Z2,−X1,−Y1,−Z1,

−X4,−Y4,−Z4,−X3,−Y3,−Z3,

−X5,−Y5,−Z5,−X6,−Y6,−Z6;

−Xi,−Yi,−Zi], (2-17)

and

(13)(24)(56)[X1, Y1, Z1, X2, Y2,Z2, X3, Y3, Z3, X4, Y4, Z4, X5, Y5, Z5,

X6, Y6, Z6;Xi, Yi, Zi] = [X3, Y3, Z3, X4, Y4, Z4, X1, Y1, Z1,

X2, Y2, Z2, X6, Y6, Z6, X5, Y5, Z5;

Xi, Yi, Zi]. (2-18)

Fig. 2-5. The effect of applying the operation (12)(34)∗ to the ethylene molecule of
Fig. 2-4, ēi represents electron i below the plane of the page.

If the molecule were in its equilibrium configuration then because of the cen-
trosymmetric nature of the molecule we would have

X1 = −X4, Y1 = −Y4, Z1 = −Z4, X2 = −X3, Y2 = −Y3,
Z2 = −Z3, X5 = −X6, Y5 = −Y6 and Z5 = −Z6,

(2-19)

so that the effects of (12)(34)∗ and (13)(24)(56) on the nuclear coordinates
would be the same. This can be seen by inserting Eq. (2-19) into the right
hand side of Eq. (2-17) and comparing with Eq. (2-18), or by looking at the
positions of the open circles in Figs. 2-5 and 2-6. The electronic coordinates
are inverted by (12)(34)∗ but not by (13)(24)(56).
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Fig. 2-6. The effect of applying the operation (13)(24)(56) to the ethylene molecule of
Fig. 2-4.

2.4 SUMMARY

In this chapter and the previous one the complete nuclear permutation (CNP)
group and the complete nuclear permutation inversion (CNPI) group of a
molecule have been defined. The effects of the elements of these groups, and
of products of these elements, on nuclear and electronic coordinates in space
(and on functions of these coordinates) has been explained.

BIBLIOGRAPHICAL NOTES

Hougen (1963). This paper shows how the inversion operation that is now called E∗

[following Longuet-Higgins (1963)] is dealt with in discussing the transformation properties
of molecular coordinates.
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The Molecular Symmetry

Group

The molecular symmetry group is defined. In a preamble we outline the way
that groups are used in molecular physics, and point out that we could use
the CNPI group as defined in Chapter 2. However, there are drawbacks, and
we show how the use of a subgroup, which is the molecular symmetry group,
overcomes these drawbacks. We define the terms rigid and nonrigid molecule,
and give examples of molecular symmetry groups for them. We include a special
discussion of weakly bound cluster molecules, sometimes called ‘van der Waals
molecules’.

3.1 PREAMBLE

This is a summary of results that will be developed later.

Every group has a specific set of irreducible representations with names such
as A1, Bg, E′, and F2 (Chapter 5). In the same way as we label a state
according to its parity by determining the effect of E∗ on the wavefunction of
the state [see Eqs. (2-3)-(2-8)], we can label a state according to the irreducible
representations of a symmetry group of the molecule in question by determining
the effect of the elements of the group on the wavefunction (Chapter 6). A
symmetry group of a molecule is a group whose elements commute with the
Hamiltonian of the molecule; using somewhat looser language the elements of
a symmetry group of a molecule do not change the energy of the molecule.
This does not seem to have anything to do with the customary use of the
word ‘symmetry’ which is concerned with the geometrical shape of an object,
and this point is discussed in Chapter 4. Different molecules have different
symmetry groups, and different symmetry groups have different irreducible
representations which are given in character tables (see Appendix A). The
irreducible representation labels (called symmetry labels) are straightforward
to determine and once we have labeled the energy levels in this way the molecule
becomes much easier to understand. The elements of the CNPI group of a
molecule all commute with the Hamiltonian of the isolated molecule in free
space, and thus the CNPI group of a molecule is a symmetry group of that

28



3.2. The drawbacks of using the CNPI group 29

molecule (Chapter 7). We could use the irreducible representations of the
CNPI group of a molecule to label its energy levels, but this is not always a
clever thing to do. It is usually better to use a subgroup of the CNPI group
called the molecular symmetry group.

The definition of the molecular symmetry (MS) group is easier to appreci-
ate after we have considered the question “what do we do with the symmetry
labels”? In general terms we use them to label energy levels that can be dis-
tinguished in the experimental results that we are interpreting, and we do
not need to do more. We can say that if our symmetry group permits this
then it is a sufficiently large symmetry group and it provides sufficient symme-
try labeling. The molecular symmetry group, in conjunction with the spatial
three-dimensional pure rotation group K(spatial) [to be discussed in the next
chapter], allows this. To be more specific, we use the symmetry labels to de-
termine nuclear spin statistical weights (Chapter 8), and to identify all zero
order levels that can and cannot interact as a result of considering (a) the ef-
fect of previously neglected terms in the complete Hamiltonian (Chapter 13),
or (b) the effect of applying an external perturbation such as an electric or
magnetic field. We also use the symmetry labels to decide which states of the
molecule can be connected by transitions in the presence of electromagnetic
radiation (Chapter 14). We can use the molecular symmetry group and the
group K(spatial) for these purposes.

3.2 THE DRAWBACKS OF USING THE CNPI GROUP

Let us consider the number of elements in the CNPI group. For a series of
molecules the order of the CNPI group (twice the order of the CNP group) is
as follows:

H2 2!× 2 = 4, C2H6 2!× 6!× 2 = 2880,
H2O 2!× 2 = 4, C2H5OH 2!× 6!× 2 = 2880,
BF3 3!× 2 = 12, C6H6 6!× 6!× 2 = 1036800,
CH3F 3!× 2 = 12, CH3COCH2CH2OH 4!× 8!× 2!× 2 = 3870720,
CH4 4!× 2 = 48, C6H5CH3 7!× 8!× 2 ≈ 4× 108.
C2H4 2!× 4!× 2 = 96, (C6H6)(H2O)2 6!× 10!× 2!× 2 ≈ 1010.
SF6 6!× 2 = 1440, C60 60!× 2 ≈ 1082.

Clearly the order of the CNPI group can be very large,1 and it only depends
on the chemical formula of the molecule; the structure of the molecule is unim-
portant.

As well as being very large the CNPI group almost invariably produces a
symmetry classification of the levels of a molecule in which there are system-
atic multiple labels. The CNPI group of methane G48 (see Table A-29) has 10
irreducible representations and it provides a convenient example. Using G48

it turns out that the rotation-vibrational energy levels of a methane molecule
would be labeled as being of one of the following five types: A+

1 ⊕A−
1 , A+

2 ⊕A−
2 ,

1The exact value of 60! is given on page 15.
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E+⊕E−, F+
1 ⊕F−

1 , or F+
2 ⊕F−

2 , where the ‘+’ and ‘−’ superscripts are the
parity labels given by the effect of the operation E∗. Such “double” labels
indicate an accidental degeneracy. Such systematic degeneracies are not really
accidental but we call them accidental here since they are not required by the
symmetry of the CNPI group. These degeneracies, which we will now call struc-
tural degeneracies , are caused by the presence of more than one version [Bone,
Rowlands, Handy and Stone (1991)] of the equilibrium structure, in a given
electronic state of a molecule. We will first explain what we mean by ‘versions
of the equilibrium structure’, and then show how structural degeneracy arises.

The idea of versions of an equilibrium structure can be explained using the
methane molecule as an example. In Fig. 3-1a a methane molecule is shown
with the nuclei in the equilibrium configuration for the ground electronic state.
If we deform the molecule through the planar configuration (Fig. 3-1b) we can
invert the molecule to obtain the form shown in Fig. 3-1c. The configurations
in Figs. 3-1a and 3-1c are the nuclear configurations at two identically shaped
deep minima in the potential energy surface VN [see Chapter 9] of the ground
electronic state, and the configuration shown in Fig. 3-1b represents a saddle
point in VN between the minima. Figs. 3-1a and 3-1c show the two possible
versions of the methane molecule in its equilibrium configuration. Different ver-
sions of the equilibrium structure arise not only in molecules, such as methane,
in which they can be interchanged by inversion, but also rather commonly in
molecules such as ethane (H3CCH3) in which they can be interchanged by tor-
sion. There are other, less common, ways for them to arise, as we shall see
when we consider the ethylene molecule. Introducing some other terminology
that we will use, we can say that when a molecule contorts from one version to
another it undergoes a degenerate rearrangement.

Fig. 3-1. A methane molecule in two dif-
ferent symmetrically equivalent equilibrium struc-
tures, (a) and (c), which can be interconverted
by a deformation through the planar configuration
shown in (b).

To distinguish between the different versions of the equilibrium structure of
a molecule it is necessary to label the nuclei. Having labeled the nuclei of a
molecule in its equilibrium structure, we determine the number of versions of
the equilibrium structure by finding out how many distinct forms can be ob-
tained by permuting the labels on identical nuclei with and without inverting
the molecule. Versions are such that to interconvert them one cannot merely ro-
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tate the molecule in space but one must deform the molecule across a potential
barrier.

For the methane molecule there are only two versions of the equilibrium
structure as we can see once we have labeled the protons (see Fig. 3-2). We
call the versions in Figs. 3-2a and 3-2b the A (for anticlockwise) version and the
C (for clockwise) version, respectively, since in the A (C) version 1→ 2→ 3 is
anticlockwise (clockwise) looking in the C → H4 direction.

Fig. 3-2. The two versions of the equilibrium
structure of a methane molecule. They are distin-
guishable because we have numbered the protons.
The version in (a) is called the anticlockwise (A)
version in the text because 1→ 2→ 3 is anticlock-
wise when viewed in the C→ H4 direction, and (b)
is the clockwise (C) version.

The ethylene molecule was considered in Chapters 1 and 2, and it presents
a further example of structural degeneracy. Labeling the protons one to four
and the carbon nuclei five and six in an ethylene molecule, we see that in its
electronic ground state there are altogether 12 distinct numbered versions of
the equilibrium structure (shown schematically in Fig. 1-3 on page 18). To
interchange pairs of these versions we either have to twist one CH2 group
relative to the other, or we have to break bonds while re-forming new ones.

To understand structural degeneracy, and how it arises when there are ver-
sions of the equilibrium structure, we need only have a qualitative apprecia-
tion of the solution of the vibrational Schrödinger equation. For the methane
molecule we can choose either structure A or C in Fig. 3-2 as the equilib-
rium configuration for the purpose of defining the vibrational displacements.
Depending upon which structure (A or C) we choose we obtain vibrational

wavefunctions Φ
(n)
A and energies E

(n)
A , or Φ

(n)
C and E

(n)
C , where n = 1, 2, 3, . . . ,

for the successive eigenstates. If, as is true in methane, the barrier in VN
between the minima A and C is very high then the wavefunctions Φ

(n)
A are

localized in the A minimum and the wavefunctions Φ
(n)
C in the C minimum,

with no effective penetration of either into the other minimum. In other words
the molecular vibrations just occur in the region around each minimum. Since
the two minima in VN for methane have the same shape (they are symmetri-

cally equivalent) the energies E
(n)
A and E

(n)
C will be identical (and identical to

the observed vibrational energies E(n)). Thus each observed vibrational energy

level will be doubly degenerate, corresponding to the energies E
(n)
A and E

(n)
C ,

and this is structural degeneracy.

If there are n versions of the global minimum (at the equilibrium structure)
in the potential function VN for a molecule, with no effective penetration (tun-
neling) of the barriers between these minima by the local wavefunctions, then
each level will be n-fold structurally degenerate. When tunneling occurs the
degeneracy is split, and this happens if the barrier is not high relative to the
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vibrational energy. In actual fact there will always be some tunneling, since
potential energy barriers are not infinitely high, but often the experimental
resolution is not high enough to detect the splitting. This is the case at the
moment for methane. Structural degeneracy is not required by the symmetry of
the CNPI group since the symmetry group is the same regardless of the height
of the barrier to tunneling, and the possibility of the splitting must therefore be
allowed for by the symmetry labels obtained using the CNPI group. A molecule
for which no observable tunneling between minima in VN occurs [whether these
minima be symmetrically equivalent or not; see answer (vi) to Problem 3-1 on
page 39] is said to be rigid, and one for which observable tunneling occurs is
said to be nonrigid. It is important to realize that this definition of a rigid
molecule still allows nonzero vibrational amplitudes and it allows centrifugal
distortion.

No experimental splittings, torsional or otherwise, resulting from tunneling
through the barriers that separate the 12 versions of ethylene (see Fig. 1-3) have
been observed; the barriers in the ground electronic state potential function
that separate these 12 versions are for all practical purposes insuperable and
the molecule is, therefore, a rigid molecule. To determine the vibrational energy
level pattern of ethylene we would only need to consider one numbered version
and the shape of the one deep minimum containing that version in the potential
energy surface VN. Each of the twelve versions would have identical vibrational
energy levels and these would match the observed vibrational energy levels
of the molecule. Thus each of the vibrational energy levels of ethylene in its
electronic ground state has a twelve-fold structural degeneracy.

Fig. 3-3. The two versions of an unsymmetri-
cal bent SO2 molecule.

Structural degeneracy is present in nearly all molecules that contain identical
nuclei. The lower the structural symmetry of a molecule the more versions of
the equilibrium structure there will be, and the structural degeneracy increases
at a dramatic rate with the size of the molecule. Simple symmetrical molecules
such as SO2 or BF3 in their ground electronic states have no structural degen-
eracy since for each there is only one distinct numbered version. However, it is
possible that SO2 has unequal bond lengths at equilibrium in an excited elec-
tronic state; if true this means that in this excited electronic state there would
be two distinct numbered versions of the molecule at equilibrium, as shown in
Fig. 3-3, and each level would be structurally doubly degenerate if there was
no tunneling between the versions. If there were an excited electronic state
of BF3 in which the molecule were planar with three unequal bond lengths at
equilibrium, with no observable tunneling splittings, then each level would have
a structural degeneracy of six. In methane the vibrational levels of a nonplanar
electronic state with four unequal equilibrium bond lengths and no tunneling
splittings, would have a structural degeneracy of 48.
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We see that, although mathematically correct, the use of the CNPI group
has the drawbacks of often being incredibly large and of often producing a
symmetry labeling in which accidental degeneracies occur in a systematic fash-
ion. We only need the chemical formula of a molecule in order to set up the
CNPI group, and although we often know, or can guess, the equilibrium struc-
ture of a molecule and the tunneling possibilities, this information is not used
in setting up the group. This information is used in setting up the molecular
symmetry group, and the molecular symmetry group does not suffer from these
drawbacks.

3.3 THE DEFINITION OF THE MOLECULAR SYMMETRY (MS)
GROUP

To appreciate the definition of the molecular symmetry (MS) group let us
consider the problem of calculating the vibrational energies of the methyl fluo-
ride molecule. The potential energy surface VN for the methyl fluoride molecule
in its ground electronic state has two deep minima centered at the anticlockwise
(A) and clockwise (C) labeled versions shown in Figs. 3-4a and 3-4b, respec-
tively. To determine the vibrational energy levels a mathematician might insist
that we should determine the eigenvalues of the vibrational Hamiltonian using
the complete double minimum potential energy surface. However, experience
tells us that there will be no observable splittings as a result of tunneling be-
tween the A and C versions for the vibrational levels that we study. Thus for all
practical purposes we can determine the vibrational energy levels of the methyl
fluoride molecule by solving the vibrational equation for the energy levels in
one minimum, appropriate for the A version, say, with the complete neglect of
the potential energy surface in the region of the other minimum. Vibrational
interactions or external perturbations will only connect one A version level with
another A version level in the absence of inversion tunneling. The C version
will provide a duplicate set of energy levels and interactions so that the methyl
fluoride molecule has twofold structural degeneracy.

Fig. 3-4. The two versions of a methyl fluo-
ride molecule at equilibrium where (a) is the anti-
clockwise (A) version and (b) is the clockwise (C)
version.

We can completely understand the rotation-vibration energy levels and all
possible interactions within the ground electronic state of methyl fluoride (apart
from inversion tunneling) by considering only one version of the molecule.
Hence we need only make a symmetry labeling of the levels of one version
to obtain a sufficient symmetry labeling of the levels of the molecule. To do
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this we just need the CNPI group of one version of the molecule, i.e., the group

{E, (123), (132), (12)∗, (23)∗, (13)∗}; (3-1)

this group, called C3v(M), was introduced in Eq. (2-13) in the answer to Prob-
lem 2-2. The C3v(M) group in Eq. (3-1) is the molecular symmetry group of
methyl fluoride when inversion tunneling splittings are not observed. Elements
in the CNPI group of methyl fluoride that interconvert the A and C versions,
such as (12) or (123)∗, are not present in the MS group and constitute what
are called [Longuet-Higgins (1963)] unfeasible elements of the CNPI group of
methyl fluoride; we could equally well call them useless elements of the CNPI
group. The use of the word ‘unfeasible’ for a permutation or permutation-
inversion caused some controversy in the early days after Longuet-Higgins’
paper; it seemed to suggest a ‘pathway’ for such an operation. Thus the al-
ternative word ‘useless’ has some merit. We will, however, continue to use the
word ‘unfeasible’ since it has become entrenched in the literature, and the false
nature of the implication of a pathway is understood by those that use the
groups in molecular spectroscopy.

The MS group of a molecule is obtained by deleting all elements from the
CNPI group of the molecule that are unfeasible; the elements in the MS group
are said to be feasible. An unfeasible element is one that interconverts numbered
equilibrium versions of the molecule when these versions are separated by an
insuperable barrier in the potential energy surface; an insuperable barrier is
one that does not allow observable tunneling to occur through it on the time
scale of the experiment being performed. Tunneling may not be observable if
we use a low resolution experiment yet it may occur if we use a high resolution
experiment. The MS group that we use to analyze the results will then be
different for the two cases since the elements associated with the tunneling are
feasible in the latter (high resolution) case but not in the former (low resolution)
case. If splittings from inversion tunneling were observed in methyl fluoride
(perhaps in highly excited vibrational states), and we wished to symmetry
label the split levels, the MS group of the molecule would become equal to
its CNPI group since all elements of it would be feasible. In the same way
that to set up the point group for a molecule we need to know the equilibrium
geometry, so to set up the MS group we need to know the equilibrium geometry
and the situation with regard to vibrational tunneling.

We will use the terms ‘feasible’ and ‘unfeasible’ in two different ways. The
first way is as discussed above when determining which permutations in the
CNPI group should be retained in the MS group. The second way is rather
closely related and it concerns the labeling of tunneling motions through barri-
ers in the potential function of a molecule. If such tunneling motions (degener-
ate rearrangements) produce observable splittings or shifts then such motions
will be called feasible, and if they do not produce observable splittings or shifts
then they will be called unfeasible. We call geometries that are accessible
along feasible tunneling paths ‘accessible geometries’; thus the planar geome-
try of ammonia is accessible. All these definitions, of course, depend on the
resolution of the experiment being used to study the molecule in question.
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For the ethylene molecule the CNPI group has 96 elements and is the direct

product S
(H)
4 ⊗ S

(C)
2 ⊗ E (see Problem 2-3). The CNPI group of one of the

versions (a), (b), (c), or (d) shown in Fig. 1-3 can be used as the MS group
of ethylene, and it consists of the eight elements given in Eq. (2-15). If we
wish to use one of the numbered versions (e), (f), (g), or (h) in Fig. 1-3, in the
vibrational problem, then the MS group we use is

{E, (13)(24), (12)(34)(56), (14)(23)(56),

E∗, (13)(24)∗, (12)(34)(56)∗, (14)(23)(56)∗}, (3-2)

whereas if we want to use one of the numbered versions (i), (j) (k) or (l) in
Fig. 1-3 the appropriate MS group is

{E, (14)(23), (12)(34)(56), (13)(24)(56),

E∗, (14)(23)∗, (12)(34)(56)∗, (13)(24)(56)∗}. (3-3)

To solve the vibrational problem we use one version of the ethylene molecule,
and the MS group is the one appropriate for that version. Regardless of which
version we chose we obtain an identical energy level pattern and symmetry
labeling.

Note that for a planar molecule the inversion operation E∗ is always feasible,
and the MS group is the direct product of the group of feasible permutations
and the inversion group E = {E,E∗}.

The MS group is thus defined for a particular electronic state (and numbered
version) of a molecule with regard to the experimental observation or nonob-
servation of tunneling splittings. It therefore uses knowledge of the molecular
structure and potential energy surface to obtain a symmetry group that is much
smaller than the CNPI group (in most cases), but which provides a sufficient
symmetry labeling of the observed levels. We return to the methane molecule
with which we began this discussion. Omitting unfeasible elements from the
CNPI group G48 gives the molecular symmetry group Td(M) (see Table A-14)
having five irreducible representations. Using this group the rotation-vibration
levels are labeled A1, A2, E, F1 or F2 and there is no redundant double la-
beling as obtained using G48. This labeling, in combination with the labeling
obtained from the group K(spatial), is sufficient to understand the symmetry
aspects of all intermolecular interactions and external perturbations with the
exception of effects arising from inversion tunneling. If in some ultra-high res-
olution experiment inversion doublets were observed for methane then there
would be ten rather than five distinguishable states (as far as nuclear permu-
tation inversion symmetry were concerned) and to distinguish them one would
need to use G48 since there would no longer be degeneracies between the states
of opposite parity.

One systematic way to determine the MS group of a molecule is first to
label the nuclei and then to write down the elements of the CNPI group of the
molecule. The next stage is to draw all the distinct versions of the molecule
at equilibrium (by permuting the labels on identical nuclei with and without
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inverting the molecule) and to form sets of these versions that one wishes to
be connected by observable tunneling effects. To obtain the MS group it is
then necessary to consider one particular set and to delete from the CNPI
group of the molecule any elements that convert the versions in that set to
the versions in other sets. Different sets may have different MS groups [for
example, see the groups in Eqs. (2-15), (3-2), and (3-3)]. For large CNPI
groups this method for determining the MS group is very clumsy, and a more
efficient way is described in the Appendix of Bone, Rowlands, Handy and Stone
(1991). In this approach one first writes down the versions and then determines
the permutations and permutation inversions of one of the versions. By then
determining the permutations that interconnect versions between which there
is feasible tunneling one can rather quickly arrive at all the elements of the
MS group. In the determination of larger MS groups it is useful to know
that they can be written as the product of subgroups (see Section 5.7 and the
Bibliographical Notes to Chapter 5).

Problem 3-1. Set up the MS groups of the following molecules in their
ground electronic states: (i) CH2F2, (ii) HN3, (iii) BF3, (iv) NF3, (v) CH4, (vi)
trans C(HF)CHF, and (vii) C2H2. Each of these molecules is such that either
it does not possess more than one version of the equilibrium structure or, if it
does, no observable tunneling between them occurs. Hence, they are all rigid
molecules.

Fig. 3-5. The two versions of the equilibrium structure of a CH2F2 molecule.

Fig. 3-6. The effect of the operation E∗ on the version of CH2F2 given in Fig. 3-5a.

Answer. (i) CH2F2. We choose to label the protons 1 and 2, and the fluorine
nuclei 3 and 4, so that the CNPI group is

{E, (12), (34), (12)(34), E∗, (12)∗, (34)∗, (12)(34)∗}. (3-4)



3.3. The definition of the MS group 37

There are only two versions of the equilibrium structure as shown in Fig. 3-5,
and no tunneling between these versions is observed. The version in Fig. 3-5a
has 2-3-4 clockwise when looking in the C → H1 direction and the version in
Fig. 3-5b has them anticlockwise. The permutations (12) and (34) interconvert
the versions and are thus unfeasible, whereas (12)(34) is feasible since it does
not interconvert the versions. The operation E∗ interconverts the versions
(see Fig. 3-6 and note that the version in Fig. 3-6b is identical to the version
in Fig. 3-5b; i.e., it is the anticlockwise version) so that E∗ is unfeasible. The
operations (12)∗ or (34)∗ do not interconvert the versions and are both feasible.
The operation (12)(34)∗ does interconvert the versions and is unfeasible. Thus
the MS group of either version of CH2F2 is the group

{E, (12)(34), (12)∗, (34)∗}. (3-5)

(ii) HN3. We choose to label the nitrogen nuclei 1, 2, and 3 so that the
elements of the CNPI group are

{E, (12), (23), (13), (123), (132), E∗, (12)∗, (23)∗, (13)∗, (123)∗, (132)∗}. (3-6)

Fig. 3-7. The six versions of the equivalent equilibrium structure of an HN3 molecule.

The versions of the equilibrium structure are shown in Fig. 3-7. There is
no observable tunneling between these versions. It is easy to see that all the
permutations interconvert versions. For example, we determine that the version
in Fig. 3-7a is transformed as follows:

(12)(a) = (c), (23)(a) = (b), (13)(a) = (f),

(123)(a) = (d), and (132)(a) = (e). (3-7)

The inversion E∗ is feasible since it does not interconvert versions but all per-
mutations accompanied by the inversion are unfeasible. Thus the MS group of
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HN3 is

{E,E∗} (3-8)

(iii) BF3. We label the three fluorine nuclei 1, 2, and 3 and hence the CNPI
group is the same as that of HN3 given in Eq. (3-6). However, in its equilibrium
configuration BF3 is planar with three equal BF bonds, and as a result there
are no different versions of the equilibrium structure; all operations of the CNPI
group are feasible. Thus the MS group of BF3 is the same as its CNPI group
and there is no structural degeneracy. The H2O molecule is another example
of a simple molecule having no structural degeneracy for which the MS group
is equal to the CNPI group.

(iv) NF3. Labeling the three fluorine nuclei 1, 2, and 3 we obtain the CNPI
group of Eq. (3-6) as for HN3 and BF3. For this pyramidal molecule there are
two versions of the equilibrium structure as shown in Fig. 3-8. To interconvert
these versions we must invert the molecule, and inversion splittings are not
observed. Deleting elements from the CNPI group that interconvert these
versions we obtain the MS group of NF3 as

{E, (123), (132), (12)∗, (23)∗, (13)∗}. (3-9)

Fig. 3-8. The two versions of the equilibrium
structure of an NF3 molecule.

(v) CH4. Labeling the four protons 1, 2, 3, and 4 we can write down the

CNPI group of the molecule as the direct product of the CNP group S
(H)
4

containing 4! = 24 elements and the inversion group E ; this has 48 elements.
As discussed earlier in this chapter there are two distinct numbered versions
(the A and C versions of Fig. 3-2) and inversion tunneling is not observed. Any
operation, such as (12), in which one pair of protons is permuted interconverts
the versions and is hence unfeasible. Any cyclic permutation of three protons is
clearly feasible, and the inversion E∗ is equally clearly unfeasible. From these
three results we can rather quickly deduce the MS group of CH4 by making
use of the following rules:

(a) any operation that is the product of a feasible operation and an unfeasible
operation is itself unfeasible, and

(b) any operation that is the product of two feasible operations is itself
feasible.
For an example of the use of (a) we can look at the product

(123)(34) = (1234). (3-10)

The operation (34) converts the version A to version C (since it is an unfeasible
operation) and (123) then sends C to C (since it is feasible), so the product of
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these two operations sends A to C and is unfeasible. For methane any cyclic
permutation of all four protons is unfeasible. An example of rule (b) is provided
by the product

(123)(234) = (12)(34). (3-11)

The operation (234) converts A to A and then (123) converts A to A, so that
the product converts A to A and is feasible. We can see this latter result
another way by looking at this operation as the product (12)(34), and this is
the successive application of two unfeasible operations: (34)A = C, and (12)C
= A, so that the product sends A to A and is feasible. We can thus appreciate
a third rule:

(c) For molecules with only two distinct numbered versions the product of two
unfeasible operations is itself a feasible operation. For molecules having more
than two distinct numbered versions the product of two unfeasible operations
may, or may not, be feasible.

For methane we deduce that all cyclic permutations of three protons and
all permutations consisting of two successive pair transpositions are feasible
whereas all pair transpositions, and cyclic permutations of all four protons are
unfeasible. Since E∗ is unfeasible we can use rules (a) and (c) to deduce that the
product of a pair transposition and E∗ or the product of a cyclic permutation
of all four protons and E∗ is feasible. The MS group of methane thus consists
of the following 24 elements:

E (123) (12)(34) (1234)∗ (12)∗

(132) (13)(24) (1243)∗ (13)∗

(124) (14)(23) (1324)∗ (14)∗

(142) (1342)∗ (23)∗

(134) (1423)∗ (24)∗

(143) (1432)∗ (34)∗

(234)
(243)

(3-12)

(vi) trans C(HF)CHF. Numbering the protons 1 and 2, the carbon nuclei 3
and 4, and the fluorine nuclei 5 and 6, we obtain the CNPI group as the direct
product

{E, (12), (34), (56), (12)(34), (12)(56), (34)(56), (12)(34)(56)}⊗ E . (3-13)

All four versions of the equilibrium structure are given in Fig. 3-9. It is impor-
tant to realize that a structure such as given in Fig. 3-10 is not symmetrically
equivalent to those in Fig. 3-9 since it is not obtained from any of them by
relabeling identical nuclei with or without inverting the molecule. The struc-
ture in Fig. 3-10 is the cis structure of the molecule and is related to the trans
structure by twisting the molecule over a potential barrier. The distinction
between structure and version is discussed by Bone, Rowlands, Handy and
Stone (1991). In this molecule the ground electronic state potential energy



40 3. The Molecular Symmetry Group

surface has four versions for the trans structure and four versions for the cis
structure at a different energy from that of the trans structure. The shape of
the potential energy surface around the cis and trans minima will be different
and the vibrational energy level patterns of the cis and trans structures will be
different. For trans C2H2F2 the feasible elements are easy to determine and
the MS group consists of

{E, (12)(34)(56), E∗, (12)(34)(56)∗}. (3-14)

Fig. 3-9. The four versions of the equi-
librium (trans) structure of the C(HF)CHF
molecule.

The MS group of cis C2H2F2 is the same as that of trans C2H2F2 and if
cis-trans tunneling occurs the MS group is still the same. The tunneling is
not between versions of the equilibrium structure, so although it makes the
molecule nonrigid it does not cause a splitting of any structural degeneracy
and it does not enlarge the MS group.

Fig. 3-10. A numbered version of the cis structure of the
C(HF)CHF molecule.

(vii) C2H2. In the acetylene molecule HCCH we number the protons 1 and 2
and the carbon nuclei 3 and 4; the CNPI group is the group of eight elements
given in Eq. (3-4). The operations (34), (12), (34)∗, and (12)∗ are unfeasible
and the MS group is

{E, (12)(34), E∗, (12)(34)∗}. (3-15)

For any symmetrical linear molecule the MS group consists of the four elements
E, (p), E∗, and (p∗), where (p) is the simultaneous transposition of all pairs of
identical nuclei symmetrically located about the molecular mid-point. For any
unsymmetrical linear molecule (such as HCN) the MS group is {E,E∗}.



3.3. The definition of the MS group 41

Problem 3-2. Set up the MS groups of the following nonrigid molecules
in their ground electronic states: (i) NH3 allowing for inversion tunneling; (ii)
C2H4 and (iii) H2O2 allowing for torsional tunneling in each case.

Answer. (i) NH3 with inversion tunneling. Numbering the protons 1, 2, and
3 the CNPI group is as for HN3 given in Eq. (3-6), and there are two versions
of the equilibrium structure as for NF3 (see Fig. 3-8). Allowing for the effects
of inversion tunneling in setting up the MS group we must include as feasible
elements permutations and permutation inversions that interconvert versions
across the inversion barrier. Thus the MS group of inverting NH3 is the same
as its CNPI group and this is the same as the MS group of planar BF3.

(ii) C2H4 with torsional tunneling. The CNPI group of ethylene is the direct

product S
(H)
4 ⊗ S

(C)
2 ⊗ E with 96 elements as discussed before. In Fig. 1-3 on

page 18 the 12 versions of the equilibrium structure of an ethylene molecule in
its ground electronic state are drawn schematically. Grouping these into sets
within which the versions are connected by torsional tunneling we obtain the
six sets [(a),(b)], [(c),(d)], [(e),(f)], [(g),(h)], [(i),(j)], and [(k),(l)] from Fig. 1-3.
Let us consider the set [(a),(b)]. Examples of elements that convert the versions
in this set into versions in other sets are (13), (56), (24), and (234), and these
are hence unfeasible elements of the CNPI group for the set [(a),(b)]. Elements
such as (12) and (34) are feasible, and combining these with the elements of
the MS group of nontorsionally tunneling ethylene in the versions (a) and (b)
[see Eq. (2-15)] we obtain the MS group of the torsionally tunneling versions
in set [(a), (b)] of Fig. 1-3 as

{
E (12) (12)(34) (13)(24)(56) (1324)(56)

(34) (14)(23)(56) (1423)(56)

}
⊗ E . (3-16)

The MS group for the set [(c), (d)] is the same as this. The MS group for the
set [(e), (f)] or the set [(g), (h)] is the group

{
E (13) (13)(24) (12)(34)(56) (1234)(56)

(24) (14)(23)(56) (1432)(56)

}
⊗ E , (3-17)

and the MS group for the set [(i), (j)] or the set [(k), (l)] is the group

{
E (14) (14)(23) (12)(34)(56) (1243)(56)

(23) (13)(24)(56) (1342)(56)

}
⊗ E . (3-18)

Since we only consider a single set of versions of the equilibrium structure con-
nected by allowed tunneling, and neglect the others, in a vibrational analysis,
the fact that there are different MS groups poses no problems as long as we
are careful to use the one appropriate to the particular set considered. These
groups lead to identical energy level labelings of the appropriate sets.

(iii) H2O2 with torsional tunneling. The equilibrium structure of H2O2 in
its ground electronic state is nonplanar with a dihedral angle of approximately
120◦, as shown in Fig. 3-11. Labeling the protons 1 and 2, and the oxygen
nuclei 3 and 4, we can label the nuclei of the configuration of Fig. 3-11 in the
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two ways shown in (a) and (b) of Fig. 3-12. A nonsuperposable version of the
equilibrium configuration is obtained from that of Fig. 3-11 by inverting it, and
the two ways of labeling this configuration are shown in (c) and (d) of Fig. 3-12.
There are thus four versions of the equilibrium structure of H2O2 in its ground
electronic state. If there were no observable tunneling between these structures
each vibrational level would have a fourfold structural degeneracy and the MS
group would be

{E, (12)(34)}. (3-19)

Allowing for torsional tunneling the interconversions (a) ↔ (c) and (b) ↔ (d)
of Fig. 3-12 are feasible, and we have two sets of structures, [(a),(c)] and [(b),
(d)]. The MS group for either of these sets is

{E, (12)(34), E∗, (12)(34)∗}. (3-20)

In H2O2 torsional tunneling is observed and the MS group is as given in
Eq. (3-20).

Fig. 3-11. The H2O2 molecule in its equilib-
rium configuration; (a) is a view from the side and
(b) is an end on view.

Fig. 3-12. The four versions of the equilibrium
structure of an H2O2 molecule shown viewed end
on. The oxygen atom O4 is behind the oxygen atom
O3 in the four figures.

The H2S2 molecule has a similar equilibrium structure to that of H2O2, with
a dihedral angle of about 90◦. Except in ultrahigh resolution Lamb-dip exper-
iments [Mittler, Yamada and Winnewisser (1990) and references therein] H2S2

has no observable torsional tunneling in its ground state, and thus for normal
spectroscopic work on this state its MS group is as given in Eq. (3-19); no per-
mutation inversion elements are present. A molecule having no permutation
inversion elements in its MS group has optically active versions and H2S2 is a
simple example of this.
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3.4 WEAKLY BOUND CLUSTER MOLECULES

Beginning with the pioneering work of Harry Welsh and his colleagues at
the University of Toronto in the 60’s and early 70’s [Watanabe and Welsh
(1964), Kudian, Welsh and Watanabe (1965), Kudian and Welsh (1971), and
McKellar and Welsh (1971,1972)] the high resolution spectroscopic study of
weakly bound molecular clusters, often called van der Waals molecules, has
grown into a topic of widespread interest and importance. We define a weakly
bound molecular cluster as a complex formed in the gas phase (or in a molecular
beam) between two or more stable neutral monomers; the monomers can be
atoms or molecules. We will call the monomer units within the cluster moieties
so that we are free to use the word molecule for the cluster itself without
ambiguity. By far the most widely studied molecules of this type are dimers:
there are homogeneous dimers (having identical moieties) such as (H2)2, (HF)2,
(H2O)2, and (NH3)2, and heterogeneous dimers (having dissimilar moieties)
such as Ar−H2, Ar−HCl, OCO−HF, and C6H6−H2O. Larger clusters are also
the subject of many investigations, and systems such as Arn, Nan, (H2O)n,
NaCl(H2O)n and C6H6(H2O)n are of special importance.

These molecules are not well described as having an equilibrium structure
about which small amplitude vibrations occur, although they obviously do have
an equilibrium structure (and usually many versions of it). In the equilibrium
structure the bonds (called ‘van der Waals’ bonds) connecting the atoms of
different moieties are much longer than a covalent electron pair chemical bond,
and they have relatively low dissociation energies and weak angular rigidity.
As a result torsional motions about them, large scale bending of one or more of
them, and even the concerted breaking with the forming of new van der Waals
bonds can occur. An example of the latter occurs in the feasible tunneling of
the HF dimer between the versions H1F2−H3F4 and F2H1−F4H3, where the
F2−H3 bond breaks as the new H1−F4 bond forms; this motion was discovered
by Dyke, Howard and Klemperer (1972). As a result of these feasible tunnel-
ing motions weakly bound molecular clusters are usually extremely nonrigid,
and provide systems for which the molecular symmetry group has achieved
widespread application.

The molecular symmetry group of a weakly bound cluster molecule could
be set up in the general manner described above for any molecule (rigid or
nonrigid) by identifying the feasible elements of the CNPI group. However, for
these systems as the number of moieties increases the CNPI group can become
truly gigantic. Even more disconcerting is the fact that the potential energy
surface of such clusters can have a huge number of minima (not necessarily
all symmetrically equivalent) with a large number and variety of saddle points
connecting them. Finding the equilibrium structure and determining the fea-
sible degenerate rearrangements can be a difficult task. The determination of
the MS groups of such molecules thus becomes a special case. Some modeling
of the topology of the potential energy surface using theoretical calculations is
virtually a prerequisite for all but the simplest systems in order that one can
gain insight into the equilibrium structure, the possible tunneling pathways and
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the relevant tunneling splittings. Minima other than those at the global min-
imum of the potential function (i.e., other than at versions of the equilibrium
structure) may also be important for the analysis of the spectrum.

For a weakly bound cluster molecule it is frequently necessary to consider the
subgroup of the CNPI group obtained by deleting only elements that involve
unfeasible contortions of each of the moieties; we call this group the full cluster
tunneling (FCT) group. This group is obtained from the CNPI group of the
molecule by deleting all elements that correspond to degenerate rearrangements
involving a path identical to one that would be unfeasible in an isolated moiety.
Thus in the methane-argon dimer the FCT group would be the same as the MS
group of the methane moiety and E∗ would be unfeasible; this group happens
to be the MS group of the dimer. However, sometimes the MS group of the
cluster molecule is a subgroup of the FCT group.

The first example of a weakly bound cluster molecule that we consider is
the hydrogen dimer2 (H2)2. We label the protons H1H2−H3H4. This is an
example of a dimer in which the van der Waals bond (which we can draw
for this molecule as connecting the mid-points of the moieties) is only weakly
anisotropic so that all angular orientations of each moiety with respect to the
bond are feasible. Thus all elements of the CNPI group are feasible except
those such as (13) that involve the breaking and re-forming of the covalent
H−H bonds of the moieties, and the MS group is the FCT group; this is given
by

{
E (12) (12)(34) (13)(24) (1324)

(34) (14)(23) (1423)

}
⊗ E . (3-21)

For the isotopomer (HD)2 we label the nuclei H1D2−H3D4. Since H and D
nuclei are not identical the permutations (12) and (34) cannot be present in
the symmetry group and so the MS group is

{E, (13)(24), E∗, (13)(24)∗}. (3-22)

Such a weakly anisotropic intermoiety bond as is present in the hydrogen
dimer usually only occurs for bonds to rare gas or H2 moieties. A more typical
example is the HF dimer already mentioned above. For the HF dimer the two
versions of the equilibrium structure are approximately as shown in Figs. 3-13a
and 3-13c, and the structure at the saddle point transition state between them
is as shown in Fig. 3-13b. The tunneling motion between these versions in-
volves the breaking and forming of a van der Waals bond at the transition
state. Dyke, Howard and Klemperer (1972) discovered that this tunneling is
feasible (producing a splitting of 0.65 cm−1) in a very important microwave
spectroscopy study, and this means that the MS group is the FCT group given
in Eq. (3-22) above (when we number the nuclei H1F2−H3F4).

The water dimer [Dyke and Muenter (1974), Dyke (1977), Dyke, Mack and
Muenter (1977)] is an example with more than one feasible degenerate rear-
rangement path. Numbering the protons 1 and 2, and the oxygen nucleus 5,

2This dimer is discussed at greater length in Section 16.5.1.
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H1

F2 H3 F4
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F4
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(a)
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Fig. 3-13. An HF dimer molecule in its two different versions of the equilibrium struc-
ture, (a) and (c), which can be interconverted by a tunneling through the symmetrical tran-
sition state shown in (b).

on one water moiety, and the protons 3 and 4, and the oxygen nucleus 6, on
the other, then the FCT group is essentially the same as that for the hydrogen
dimer:

{
E (12) (12)(34) (13)(24)(56) (1324)(56)

(34) (14)(23)(56) (1423)(56)

}
⊗ E . (3-23)

This group is the same as the MS group G16 of ethylene. If tunnelings between
all versions of the equilibrium structure (except those involving the breaking of
the covalent OH bonds in the moieties) are feasible then this is the MS group.
However, to see if this is the case, and to use the group, we need to study
the situation further with the help of a theoretical study of the effects of the
various tunneling processes [Coudert and Hougen (1988,1990)] and some ab
initio calculations [Smith, Swanton, Pople, Schaefer and Radom (1990)]. The
shape of the equilibrium structure is determined to be as shown approximately
in Fig. 3-14; this is very much like the HF dimer in that there is a hydrogen
bond between the moieties with one moiety being the hydrogen bond donor
(one of its protons forms the hydrogen bond) and the other moiety being the
hydrogen bond acceptor.

By studying Fig. 3-14 we determine that there are eight versions of the
equilibrium structure (ignoring the possibility of breaking the covalent OH
bonds in the moieties): each of the four protons in turn can be the hydrogen
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Fig. 3-14. The equilibrium
structure of the water dimer

H

H

H OO

donor
moiety

acceptor
moiety

hydrogen bond

H

bonding proton, and for each of these four choices there are two choices for
the labeling of the protons in the acceptor moiety.3 The eight versions of the
equilibrium structure are shown in Fig. 3-15, and we label these versions (1) to
(8) as in Fig. 4 of Coudert, Lovas, Suenram and Hougen (1987).

We have not drawn all these versions the same way around in order that the
degenerate rearrangements that closely parallel the one occurring in the HF
dimer should be apparent. The four solid double headed arrows [such as that
which connects (1) and (4)] show the degenerate rearrangement with the low-
est hindering barrier, and this is essentially a rotation of the acceptor moiety
about its two-fold axis. This has a barrier of about 200 cm−1, and is called
the acceptor-tunneling path. The eight dashed double headed arrows [such as
that which connects (1) and (5)] show the degenerate rearrangement that par-
allels that in the HF dimer. In this rearrangement the acceptor moiety rotates
into the hydrogen bond while, in a geared fashion, the donor moiety rotates
out. This has a barrier of about 300 cm−1, and is called the donor-acceptor
interchange path. The four broad double headed arrows [such as that which
connects (1) with (2)] shows the degenerate rearrangement that involves the
concerted rotation of the donor moiety (to exchange which of its protons par-
ticipates in the hydrogen bond) and inversion at the O atom of the acceptor
moiety. This has a barrier of about 650 cm−1, and is called the donor-tunneling
or bifurcation path. We could imagine different situations depending on the fea-
sibility or not of the various degenerate rearrangements, and depending on the
experimental resolution with which the rotation-vibration energy levels were
measured. If all degenerate rearrangements were unfeasible the water dimer
would be a rigid molecule and the MS group of versions (1) to (4) would be

3If there were no plane of symmetry in the equilibrium structure (achieved if the structure
at equilibrium were obtained by rotating the acceptor moiety slightly about the hydrogen
bond in Fig. 3-14) there would be 16 versions. This is in keeping with the general remark
made on page 32 that the number of versions of the equilibrium structure goes up as the
symmetry of the equilibrium structure goes down.
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Fig. 3-15. The eight different versions of the equilibrium structure of a water dimer
molecule, (1) through (8), which can be interconverted by the various tunneling rearrange-
ments indicated by the double headed arrows.

{E,(34)∗}, whereas that of versions (5) to (8) would be {E,(12)∗}. Each of the
eight versions would have the same rotation-vibration energy levels. Ignoring
the structural degeneracy resulting from bond breaking in the moieties each
level would have an eight-fold structural degeneracy. If the acceptor-tunneling
path (solid arrows) were considered feasible but the other degenerate rearrange-
ments still unfeasible then (34) would become feasible for versions (1) through
(4), and (12) would become feasible for versions (5) through (8). The MS group
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of versions [(1),(4)] and [(2),(3)] would become {E, (34), E∗, (34)∗} and the MS
group of versions [(5),(8)] and [(6),(7)] would become {E, (12), E∗, (12)∗}. The
molecular energy levels would now have a resolved splitting into two levels each
of which would have a four-fold structural degeneracy remaining because of the
unfeasibility of the other degenerate rearrangements. If the donor-acceptor in-
terchange path were also considered to be feasible then all eight minima would
be accessible to each other and in this circumstance the MS group would be
the FCT group given in Eq. (3-23). No further splittings would be possible
although the tunnelings caused by other paths [such as the donor-tunneling
path] would modify the splittings caused by the acceptor-tunneling and donor-
acceptor interchange paths just considered. The experimental situation in this
molecule is that with the normal resolution of microwave spectroscopy all these
possible splittings are resolved and the MS group that one needs to label the
distinguishable energy levels is the FCT group given in Eq. (3-23).

Although in the light of the experimental observations and the ab initio
calculations it is not the case, it would be instructive for the reader to determine
the MS group in the event that the donor-tunneling and acceptor-tunneling
paths were feasible but the donor-acceptor interchange were not. Permutations
that interchange the moieties would not be feasible in this case.

As an example of a dimer having a rather large number of versions of its
equilibrium structure, and also having more than one degenerate rearrange-
ment path, we consider the benzene-water dimer. We base this discussion on
the theoretical calculations of Gregory and Clary (1996). We label the pairs
of bonded CH nuclei of the benzene moiety 1, 2, ..., 6 cyclically, and the pro-
tons on the water moiety 7 and 8. The equilibrium structure of the dimer can
be approximately described as having one OH bond of the water moiety per-
pendicular to the plane of the benzene moiety with the H atom of that bond
pointing at the center of the ring; the benzene ring acting as a hydrogen bond
acceptor (see Fig. 3-16; H8, which forms the hydrogen bond is below the oxygen
atom in this figure). There are 24 versions of the equilibrium structure of this
molecule.

(H )O      H8 7

6

5

4

3

2

1

Fig. 3-16. A version of the equilibrium structure of the benzene-water dimer.
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For the benzene-water dimer the internal rotation about the hydrogen bond
has a very low six-fold barrier, and thus this internal rotation tunneling will
produce a large splitting; this means that permutations such as (123456),
(135)(246) and (14)(25)(36) are feasible. This rearrangement connects six ver-
sions of the equilibrium structure, and there are four distinct sets of six such
versions depending on which H forms the hydrogen bond, and on which face
of the benzene molecule accepts this hydrogen bond. There is an intermediate
barrier to the tunneling motion that involves the exchange of the water moi-
ety hydrogen bonds; in this motion there is a rotation of the H2O so that the
hydrogen atoms involved in the hydrogen bond are exchanged. Considering
this motion to be feasible means that the permutation (78) is feasible. A third
degenerate rearrangement that is possible on this surface is the reverse ring
tunneling that involves a concerted rotation of both moieties so that the other
face of the benzene ring is involved in the hydrogen bond. This motion is hin-
dered by a high barrier and can be considered unfeasible. Thus permutations
such as (12)(36)(45) and (15)(24), and the inversion E∗, are unfeasible. In this
circumstance the 24 versions of the equilibrium configuration divide into two
distinct sets of 12; within each set of 12 tunneling is feasible, but tunneling is
unfeasible between the minima of the two sets. With these considerations the
MS group of the benzene-water dimer is of order 24. This group, G24, is the
direct product of the group C6v(M) with elements





E (123456) (135)(246) (14)(25)(36) (26)(35)∗ (14)(23)(56)∗

(165432) (153)(264) (31)(46)∗ (25)(34)(61)∗

(42)(51)∗ (36)(45)(12)∗



 .

(3-24)

and the group

{E, (78)}. (3-25)

G24 is half the size of the FCT group which would be given by the direct
product G24 ⊗ E . The FCT group would be the MS group if the reverse ring
tunneling were also feasible. If we chose to consider the hydrogen exchange
tunneling and the reverse ring tunneling as both being unfeasible then the MS
group would simply be the group C6v(M) given in Eq. (3-24). This is the MS
group of the benzene-argon dimer [see van der Avoird (1993)]. If there were no
feasible degenerate rearrangements, i.e., if the molecule were rigid, then the MS
group of the version of the benzene-water cluster molecule given in Fig. 3-16
would be the Cs(M) group

{E, (14)(23)(56)∗}. (3-26)

In the Bibliographical Notes of Chapter 16 we list several recent review arti-
cles that cover various aspects of the study of weakly bound cluster molecules.
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3.5 THE MS GROUP FOR LEVELS OF MORE
THAN ONE ELECTRONIC STATE

So far in this chapter we have set up the MS group in order to classify
the rotation-vibration levels of a single electronic state4 of a molecule. The
electronic wavefunctions of a molecule depend on the nuclear coordinates, and
for a particular electronic state, we can classify the electronic wavefunction, and
hence rovibronic wavefunctions, in the MS group of that electronic state. It is
sometimes necessary to consider rovibronic levels of more than one electronic
state in a given problem; for example, we might want to consider interactions
between rovibronic levels belonging to different electronic states or to consider
electric dipole transitions between electronic states. In these circumstances we
must generalize our definition of the MS group so that it will be appropriate
for classifying simultaneously the rovibronic levels of more than one electronic
state.

Clearly, just as for the purposes of classifying the levels of a single electronic
state, we could use the CNPI group for classifying the levels of all electronic
states of a molecule. However, we wish to use the smallest group necessary for
a sufficient symmetry labeling of the levels, and this group is the MS group.
The definition of the MS group given earlier for one electronic state can be
applied when we wish to study simultaneously more than one electronic state
by generalizing the concept of feasibility. The generalization is to say that an
unfeasible element of the CNPI group interconverts versions of the equilibrium
structure of one of the electronic states being considered when these structures
are separated by an insuperable potential energy barrier and when they cannot
be interconverted by transitions to and from any of the other electronic states
being considered.

An example of the application of this extended definition is to the deter-
mination of the MS group appropriate in the study of the V ← N electronic
transition in ethylene [see Merer and Watson (1973), and Watson, Siebrand,
Pawlikowski and Zgierski (1996)]. The ethylene molecule is planar in the equi-
librium structure of the N ground electronic state, as we have discussed above,
but in the V excited electronic state it is nonplanar at equilibrium with one
CH2 twisted at 90◦ relative to the other about the C-C bond. The MS group of
the numbered ground state version in Fig. 1-3a is given in Eq. (2-15). Within
the ground state this numbered version has negligible tunneling into the other
numbered versions. However, by transitions to and from the V state the version
in Fig. 1-3a can be converted into the version in Fig. 1-3b. Thus the elements
(12) and (34) are feasible here and are in the MS group for use in simultane-
ously classifying the levels of the N and V electronic states of ethylene: these
elements are unfeasible for either of the electronic states taken by themselves.
Hence the MS group for use in simultaneously classifying the levels of the N
and V states is the group given in Eq. (3-16). The excited R electronic state
of ethylene is nonplanar and in a study of the R←X band system the same

4See Chapter 9 for a discussion of electronic states.
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MS group is required [see Merer and Schoonveld (1969)]. The symmetry of
ethylene, and the use of that symmetry in understanding the V -N resonant
Raman spectrum, is discussed in Section 15.4.6.

3.6 SUMMARY

The CNPI group of a molecule can be used to label its energy states with
irreducible representation labels. However, for a molecule in an electronic state
in which there are two or more versions of the equilibrium structure, between
which tunneling produces no observable splittings, this classification scheme is
more detailed than necessary. To symmetry label the energy levels as much
as is necessary, that is in order to distinguish between energy levels that are
distinguishable experimentally, it is sufficient to use a particular subgroup of
the CNPI group. This subgroup, called the molecular symmetry (MS) group,
is obtained from the CNPI group by deleting all unfeasible elements. If we are
only interested in considering a single electronic state of a molecule then an un-
feasible element is one that interconverts versions of the equilibrium structure
that are separated by an insuperable barrier in the potential energy function
(on the time scale of the experiment); feasible elements maintain an equilib-
rium version as itself or interconvert versions between which tunneling (such
as by torsion or inversion) produces observable splittings. Rigid molecules are
defined to be molecules for which all such tunneling rearrangements are unfea-
sible; nonrigid molecules have at least one feasible tunneling rearrangement.
Weakly bound cluster molecules (often called van der Waals molecules) form
a special class, and such molecules are treated separately. If we are interested
in considering two or more electronic states of a molecule at once, because we
wish to study interactions or transitions between them, then the definition of
a feasible element must be extended to include elements that connect versions
that can be interconverted by transitions to and from any of the other electronic
states being considered.
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Rotation Groups and

Point Groups

The MS group of a molecule is a symmetry group because the molecular en-
ergy is invariant to its elements. Macroscopic objects have symmetry because
of their geometrical shape, and this type of symmetry is based on entirely dif-
ferent principles from that of energy invariance. This type of symmetry is also
used to set up symmetry groups of molecules; these groups are called rotation
groups and point groups. The way one applies these geometrical symmetry
groups to molecules is explained, and the relationship between them and the
MS group is discussed.

4.1 ROTATIONAL SYMMETRY AND THE ROTATION GROUP

In Fig. 4-1a we show an equilateral triangular prism, and in Fig. 4-1b a
box, the “prism box,” into which the prism exactly fits when the lid is closed.
There are six ways in which the prism can be placed to fit into the prism
box depending on which of the two triangular faces is down and on which of
the three triangle vertices is in a given corner of the box; there are thus six
equivalent spatial orientations of an equilateral triangular prism. Similarly a
solid cube can be placed inside a “cube box” that exactly fits it in any one
of 24 different ways. The number of different ways that a solid body can be
placed into a box that exactly fits it is a measure of the rotational symmetry
of the object, and a cube has more rotational symmetry than an equilateral
triangular prism.

To be more specific about the rotational symmetry of an object we introduce
rotational symmetry axes and rotational symmetry operations . As drawn in
Fig. 4-1 the equilateral prism can be dropped straight into the prism box. If
the prism is rotated by 2π/3 or 4π/3 radians about an axis passing vertically
through the center of the triangular faces it can again be dropped straight
into the prism box; such an axis is termed a rotational symmetry axis, and the
rotations through 2π/3 or 4π/3 radians about the axis are rotational symmetry
operations. A rotational symmetry operation of a solid object is a rotation of
the object, about an axis passing through its center of mass, that leaves the
object in an equivalent spatial orientation; the axis about which the rotation

52
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Fig. 4-1. (a) An equilateral triangular prism and (b) the “prism box” into which it
exactly fits when the lid is closed.

takes place is called a rotational symmetry axis. To specify the rotational
symmetry axes of the prism we label the vertices and introduce a, b, c, and
d axes as shown in Fig. 4-2. Each of the a, b, c, and d axes is a rotational
symmetry axis and the rotational symmetry operations are

C2a a rotation through π radians about the a axis,
C2b a rotation through π radians about the b axis,
C2c a rotation through π radians about the c axis,
C3d a rotation through 2π/3 radians in a right handed sense about the d

axis (this takes vertex 1 to where vertex 3 was), and
C2

3d a rotation through 4π/3 radians in a right handed sense about the d
axis.

Including the identity operation E (that of doing no rotation) with these five
operations, and defining multiplication of these operations to be their successive
application, we obtain the rotational symmetry group [or rotation group] D3:

D3 = {E,C2a, C2b, C2c, C3d, C
2
3d}. (4-1)

Fig. 4-2. The axis and vertex labeling convention used for an
equilateral triangular prism. The (+d) indicates that the d axis is
pointing up out of the page.

D3 is the rotational symmetry group of an equilateral triangular prism. The
multiplication table1 for the elements of D3 is given in Table 4-1. The reader

1We define the axes to move with the prism (i.e., ‘body-fixed’) when it is rotated. If the
axes remain fixed in space the multiplication table will be different; see Eq. (10-94).
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is urged to check that this table is correct, and to use it to prove that D3 is
a group by testing that the four group axioms (given on page 14) are obeyed.
As an example of an entry in the table we show, in Fig. 4-3, that

C2
3dC2a = C2b. (4-2)

The application of each of the six operations of the D3 group to the equi-
lateral triangular prism produces the six different ways that the prism can be
placed into the prism box. The operations C2a, C2b, and C2c are twofold rota-
tion operations , since if done twice they are equivalent to E, and the operation
C3d is a threefold rotation operation. The a, b, and c axes are called twofold
rotation axes and the d axis is a threefold rotation axis; rotation axes must pass
through the center of mass of the object. An equilateral triangular prism is said
to have D3 rotational symmetry or to belong to the D3 rotational symmetry
group.

Table 4-1

The multiplication table of the rotation group D3
a

E C2a C2b C2c C3d C2
3d

E: E C2a C2b C2c C3d C2
3d

C2a: C2a E C3d C2
3d C2b C2c

C2b: C2b C2
3d E C3d C2c C2a

C2c: C2c C3d C2
3d E C2a C2b

C3d: C3d C2c C2a C2b C2
3d E

C2
3d: C2

3d C2b C2c C2a E C3d

a Each entry represents the result of first ap-
plying the operation at the top of the column
and then applying the operation at the left end
of the row. The axes are body-fixed.

Fig. 4-3. Diagram to show that C2
3dC2a = C2b in the D3 rotation group of Eq. (4-1).

The (−d) indicates that the d axis is pointing down into the page. The axes are body-fixed.

The rotational symmetry of an object is obtained by determining the number
and type of rotational symmetry axes that are present. An object having one n-
fold rotational symmetry axis, and no other rotational symmetry axes, has Cn
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rotational symmetry. For example, a square based pyramid has C4 rotational
symmetry and the C4 rotation group has elements {E, C4, C4

2, C4
3}, where

the rotations are about the vertical axis of the pyramid. An object having one
n-fold rotation axis, and n twofold rotation axes perpendicular to it, has Dn

rotational symmetry. The rotation group of a regular tetrahedron has order 12
and is called T, and that of a cube has order 24 and is called O.

The rotation group of a sphere consists of all rotations about any axis that
passes through the center of mass of the sphere. We can specify a given rotation
operation by specifying the direction of the axis of rotation relative to the space
fixed axis system, for which we need two angles (α and β, say), and by specifying
the amount of the rotation about this axis, for which we need another angle (γ,
say). To each rotation there corresponds a set of values of these parameters,
where we have the restrictions (required so that we only go over space once)

0 ≤ α ≤ 2π, 0 ≤ β ≤ π, 0 ≤ γ ≤ 2π. (4-3)

This group is called the three-dimensional pure rotation group K, and it has
an infinite number of elements, i.e., it is an infinite group. An infinite group
whose elements are specified by continuously variable parameters, as is the case
here (the parameters being α, β, and γ) is said to be a continuous group. Two
other continuous rotation groups are the C∞ and D∞ groups. The C∞ group
is the rotation group of a cone and the D∞ group is the rotation group of a
cylinder.

4.2 THE ROTATION GROUP SYMMETRY OF MOLECULES

In the application of rotation groups to molecules only three rotation groups
are used: D2, D∞, and K. The group K is used in two ways: either as
the molecular three-dimensional pure rotation group, which we denote K(mol),
or as the spatial three-dimensional pure rotation group K(spatial). The group
K(mol) consists of all rotations of a molecule about all axes passing through the
molecular center of mass and fixed to the molecule, and the group K(spatial)
consists of all rotations of a molecule about all axes passing through the molec-
ular center of mass and fixed in space. These two groups are different and are
used in different ways.

The energy of any isolated molecule in free space (where there are no external
electric or magnetic fields) is not altered by rotating all the electrons and nuclei
in the molecule about an axis fixed in space that passes through the center of
mass of the molecule; the energy of an isolated molecule is therefore invariant to
all the operations of the group K(spatial). Using the definition of a “symmetry
group” to mean a group of elements that do not change the energy of a molecule
(just as we do when we call the CNPI group or the MS group a symmetry
group), the group K(spatial) is a symmetry group for any isolated molecule in
field free space. The use of this group is the basis for our labeling of molecular
energy levels with angular momentum quantum numbers, and this is looked
into further in Section 7.3.2. As far as rotation groups consisting of rotation



56 4. Rotation Groups and Point Groups

operations about molecule fixed axes (which we call molecular rotation groups)
are concerned we use the group K(mol) for classifying the rotational states of
spherical top molecules (such as methane), the group D∞ for classifying the
rotational states of symmetric top molecules (such as methyl fluoride), and the
group D2 (sometimes called V) for classifying the rotational states of all other
molecules (asymmetric top molecules such as water). The use of these groups
will be discussed in Section 12.6.

4.3 REFLECTION SYMMETRY AND THE POINT GROUP

In Fig. 4-4 a pyramid with an equilateral triangular base is drawn; this
three-dimensional figure will be used to introduce the concept of a point group.
The pyramid has threefold rotational symmetry about the d axis, and it also

Fig. 4-4. An equilateral triangular based pyramid with the
axes used in describing its symmetry.

has reflection symmetry in the ad, bd, and cd planes. A reflection symmetry
operation for a three-dimensional object is a reflection of the object through
a plane (a reflection symmetry plane) that leaves the object in an equivalent
spatial orientation; the plane will pass through the center of mass of the object
and this center point will be common to all rotational symmetry axes and
reflection symmetry planes (hence the name point group). The point group
of a three-dimensional object consists of all rotation symmetry operations, all
reflection symmetry operations, and of all possible products of such operations
(although the individual rotation and reflection operations that make up a
rotation-reflection product symmetry operation do not necessarily have to be
symmetry operations). The point group of the pyramid in Fig. 4-4 is called
C3v, and it consists of the rotation operations E, C3d, and C2

3d, plus the
operations of reflection in the planes ad, bd, and cd ; we will call these reflection
symmetry operations σad, σbd, and σcd. The operations E, C3d, and C2

3d form
the rotational subgroup of C3v; the rotational subgroup of the point group of
an object consists of E and of all the rotational symmetry operations in the
group (it is the rotational symmetry group of the object).

In naming the point groups we use the Schönflies notation, and the possible
names in this notation are:

Cs(= C1v = C1h = S1),Ci(= S2),Cn,Dn,Cnv,Cnh(= Sn with n odd),

Dnd,Dnh,Sn(n even),T,Td,O,Oh, I, Ih, and Kh,
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where n is an integer (for continuous point groups it is infinity). Each of these
point groups consists of a certain definite set of symmetry operations (rotations,
reflections, and rotation-reflections), and any three-dimensional object can be
classified as belonging to one of these point groups. The point group symmetry
of an object is determined from the following:

Cn one n-fold rotation axis,
Cnv one n-fold rotation axis and n reflection planes containing this axis,
Cnh one n-fold rotation axis and one reflection plane perpendicular to

this axis,
Dn one n-fold rotation axis and n twofold rotation axes perpendicular

to it,
Dnd those of Dn plus n reflection planes containing the n-fold rotation

axis and bisecting the angles between the n twofold rotation axes,
Dnh those of Dn plus a reflection plane perpendicular to the n-fold

rotation axis,
Sn one alternating axis of symmetry (about which rotation by 2π/n

radians followed by reflection in a plane perpendicular to the axis is
a symmetry operation).

The point groups Td, Oh, and Ih consist of all rotation, reflection, and rotation-
reflection symmetry operations of a regular tetrahedron, cube, and icosahedron,
respectively (the rotational subgroups of these point groups are called T, O,
and I, respectively). The point group Kh consists of all the rotation, reflection,
and rotation-reflection symmetry operations of a sphere.

4.4 THE POINT GROUP SYMMETRY OF MOLECULES

If a molecule has a unique equilibrium nuclear configuration then we can
determine the point group symmetry of the equilibrium molecular structure.
For example, the nuclei of a CH3F molecule in the equilibrium configuration of
its electronic ground state form a structure with C3v point group symmetry; the
C-F bond being the threefold rotation axis and the H-C-F planes the reflection
planes. The CH3F molecule is said to have C3v point group symmetry in its
electronic ground state.

Problem 4-1. What is the point group symmetry of the ethylene molecule
in its electronic ground state (see Fig. 1-2 on page 17)?

Answer. The equilibrium molecular structure of the ethylene molecule has
three twofold rotation axes: one (the z axis) along the C-C bond, one (the y
axis) perpendicular to the z axis and in the molecular plane, and one (the x
axis) that is perpendicular to both the z and y axes. The xy, yz, and xz planes
are reflection symmetry planes so that the point group symmetry is D2h. The
elements in the D2h point group of ethylene are (where i is the product C2zσxy)

{E,C2x, C2y, C2z , i, σxy, σyz , σxz}. (4-4)
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Examples of some molecular point group symmetries are:

Cs the HDO molecule (a monodeuterated water molecule),
C2v the H2O molecule,
C2h the trans C(HF)C(HF) molecule (trans-1,2-difluoroethylene),
C3v the CH3F molecule,
C∞v the HCN molecule,
D2d the CH2CCH2 molecule (allene),
D2h the CH2CH2 molecule (ethylene),
D3d the CH3CH3 molecule in its “staggered” conformation (ethane),
D3h the BF3 molecule,
D6h the C6H6 molecule (benzene),
D∞h the CO2 molecule,
Td the CH4 molecule (methane),
Oh the SF6 molecule, and
Ih the C60 molecule (buckminsterfullerene).

In setting up these groups we treat the molecule as a macroscopic object
that is static at its equilibrium geometry. However, in applications the groups
are used (in a similar way to the way we use the MS group) to label molecular
states where these states arise from a quantum mechanical treatment of the
dynamics of the molecule. The criteria used to set up the point group, and the
way we use it, seem to be totally at odds with each other. However, by starting
from the MS group of a molecule, and neglecting the effect of its elements on
the rotational and nuclear spin coordinates, we will discover what the elements
of a point group really are when applied to interpret the quantum mechanical
dynamics of a molecule. They do not involve bodily rotations of the molecule,
with or without reflection of the complete molecule in a plane, as a naive
interpretation suggests, and we introduce the name ‘molecular point group‘
to distinguish it from the geometrically defined point group of a macroscopic
object.

4.5 RELATING ROTATION GROUPS, POINT GROUPS
AND MS GROUPS

Each operation of the MS group of a molecule can affect the coordinates
of the nuclei and electrons in the molecule. It is convenient to represent the
molecular coordinates2 as being of several types:

(a) The vibrational and electronic (vibronic) coordinates. These are the vi-
brational displacement coordinates of the nuclei away from their positions at
equilibrium, the coordinates of the electrons in the molecule fixed (x, y, z) axis
system, and the electron spin coordinates,

2The molecule fixed xyz axes and the Euler angles that we mention here will be discussed
at length in Chapter 10.
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(b) The rotational coordinates. These are three angles (the Euler angles θ, φ
and χ) that specify the orientation of the molecule (i.e., the orientation of the
molecule fixed xyz axes) in space, and
(c) The nuclear spin coordinates.

Each operation O of the MS group will in general change all these coordinates,
and we can write

O = OaObOc. (4-5)

In Eq. (4-5) Oa is an operation that produces the change in vibronic coordinates
caused by O,Ob is an operation that produces the change in the rotational
coordinates caused by O, and Oc is an operation that produces the nuclear
spin permutation caused by O. Any of these operations could be an identity
operation for which we use the notation E,R0, and p0, respectively. The three
operations Oa, Ob and Oc commute with each other so the order in which they
are written is immaterial in describing the effect of O. We break down the
effect of an MS group operation in this way because it helps us to relate it to
the effect of molecular point group operations and molecular rotation group
operations.

We will use the water molecule as an example, and its MS group is the group
C2v(M) = {E, (12), E∗, (12)∗}, where we label the protons 1 and 2. For the
water molecule it can be shown (as we will now see) that Eq. (4-5) for each
operation of the MS group can be written as follows:

E = ER0p0, (4-6a)

(12) = C2xRx
πp12, (4-6b)

E∗ = σxzRy
πp0, (4-6c)

and

(12)∗ = σxyRz
πp12, (4-6d)

where p12 permutes the spins of H1 and H2.
In Figs. 4-5, 4-6, and 4-7 we represent the effect of the operations O, Oa, Ob,

and Oc on the water molecule for O = (12), E∗, and (12)∗, respectively [see also
Bunker and Papoušek (1969)]. In each molecular figure the three black dots
represent the instantaneous position of the oxygen nucleus and of the hydrogen
nuclei in a rotating and vibrating water molecule. The solid arrows passing
through the protons represent the space quantized nuclear spins. The open
circles represent the positions of the nuclei in the equilibrium configuration
from which the molecule is distorted and (x, y, z) are the molecule fixed axes.3

The ‘e’ is an electron with its spin marked by an arrow through it, and the +
or − above the ‘e’ indicates whether the electron is above or below the plane
of the paper.

3In each molecular figure the location of the molecule fixed (x, y, z) axes, and of the
molecule in its equilibrium configuration, is obtained from the instantaneous nuclear coordi-
nates by applying the Eckart equations (see Section 10.2).
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Fig. 4-5. The effect of the successive operations C2x, Rx
π, and p12 on a distorted water

molecule and the equivalence of this to the permutation (12). The molecule fixed (x, y, z)
axes are right handed in all figures.

Figure 4-5 depicts Eq. (4-6b). It shows the successive effects of (a) the molec-
ular point group operation C2x which is defined as rotating the vibrational
displacements and electronic coordinates about the x axis through π radians,
followed by (b) the molecular rotation operation Rx

π which is a bodily rotation
of the molecule about the molecule fixed x axis through π radians, and (c) the
operation p12 which is the permutation of the nuclear spins. Doing the oper-
ations C2x, Rx

π and p12 successively is equivalent to the nuclear permutation
(12), and the effect of the MS group operation (12) is also shown in Figure 4-5.
Figures 4-6 and 4-7 are similar representations of Eqs. (4-6c) and (4-6d). It is
very important to notice that the orientation of the molecule fixed axes and
the nuclear spins are unaffected by any molecular point group operation.

For nonlinear rigid molecules it turns out that if we determine the expression
for each element of the MS group according to Eq. (4-5) then the group of all
operations Oa will be the molecular point group. The operations Ob will occur
in the molecular rotation group of the molecule, but the group of all operations
Ob will sometimes be only a subgroup of the molecular rotation group. It so
happens that for the water molecule the group of all operations Ob (i.e., the
group {R0, Rx

π, Ry
π, Rz

π}) is the molecular rotation group (D2) for the water
molecule. The operations Oc will be in a group whose elements only permute
the spins (but not the coordinates) of the nuclei; we do not discuss this group
(this nuclear spin permutation group could be used for classifying nuclear spin
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Fig. 4-6. The effect of the successive operations σxz and Ry
π on a distorted water

molecule, and the equivalence of this to the inversion E∗. The molecule fixed (x, y, z) axes
are right handed in all figures.

Fig. 4-7. The effect of the successive operations σxy , Rz
π , and p12 on a distorted water

molecule, and the equivalence of this to the permutation-inversion operation (12)∗. The
molecule fixed (x, y, z) axes are right handed in all figures.
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states). It seems quite amazing that setting up the MS group as the subgroup
of all feasible elements of the CNPI group leads to a group for a nonlinear
rigid molecule where the effects of the elements on the vibronic variables is
exactly duplicated by the effect of the elements of the molecular point group
that was derived by considering the geometry of the equilibrium structure of
the molecule. But that is the way it is. The relation between the MS group
and the molecular point group will be discussed more in Section 12.6.2.

The point group of a centrosymmetric molecule, such as ethylene, contains
the point group operation i, and this operation merits special attention. In
the molecular symmetry group of a centrosymmetric molecule there is always
present an operation that we will call Ôi; the operation Ôi is a permutation
inversion operation that can be written as

Ôi = (AA′)(BB′)(CC′) · · · (NN′)∗ (4-7)

where AA′,BB′,CC′, . . . ,NN′ are all pairs of identical nuclei that, in the equi-
librium configuration, are located symmetrically about the nuclear center of
mass. For the ethylene molecule labeled as in Table A-9 we have

Ôi = (14)(23)(56)∗, (4-8)

for the ethane molecule labeled as in Table A-13 we have

Ôi = (14)(26)(35)(78)∗, (4-9)

and for the carbon dioxide molecule labeled as in Table A-18 we have

Ôi = (12)∗. (4-10)

The operation Ôi does not change the positions in space of the nuclei when
they are in the equilibrium configuration of the centrosymmetric molecule
and as a result the operation Ôi does not change the Euler angles. The vi-
bronic coordinates are inverted and the nuclear spins of the pairs of nuclei
AA′,BB′,CC′, . . . ,NN′ are interchanged by Ôi. Thus the molecular symmetry
group operation Ôi and the molecular point group operation i are related by
[compare with Eq. (4-6c)]

Ôi = iR0p(AA′)(BB′)(CC′)···(NN′), (4-11)

where p(AA′)(BB′)(CC′)...(NN′) is the permutation of the nuclear spins. The point
group operation i is not the same as the operation E∗ and it does not give the
parity label of the state; it gives the g or u label on the vibronic states of a
centrosymmetric molecule.

Linear molecules are special. The point group of an unsymmetrical linear
molecule such as HCN is the group C∞v, and that of a symmetrical linear
molecule such as CO2 is D∞h; these groups are of infinite order. However,
the MS group of an unsymmetrical linear molecule is {E,E∗}, and that of a
symmetrical linear molecule is {E, (p), E∗, (p)∗} where (p) is the permutation
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of all pairs of identical nuclei that, in the equilibrium configuration, are sym-
metrically located about the center of the molecule [see the answer to Problem
3-1 (vii) on page 40]. Clearly for a linear rigid molecule the point group and
the MS group do not have the same number of elements. This means that
while the rovibronic states (rotation levels) are labeled using the MS group,
the vibronic states are labeled using the point group. To obtain one group that
can be used for both purposes requires that we introduce the ‘extended MS
group of a linear molecule’, and this is discussed in Section 17.4.

Equation (4-5) can be reversed so that the molecular point group operation
is the subject, i.e.,

Oa = OO−1
c O−1

b . (4-12)

We can now generalize the concept of the molecular point group to nonrigid
molecules that have no unique point group symmetry. We call the group that is
a generalization of the molecular point group the molecular vibronic group and
its elements are obtained as follows. Having obtained the MS group (or, when
necessary, the extended MS group of a nonrigid molecule as we discuss in Chap-
ter 15), each element O is converted to an element of the molecular vibronic
group by undoing (or just neglecting) the changes in Euler angles and the per-
mutation of the nuclear spins that it causes. This is achieved in Eq. (4-12)
where O−1

b “removes” the Euler angle change and O−1
c “removes” the nuclear

spin permutation. For a rigid non-linear molecule this would be the way to
obtain the molecular point group, and Eq. (4-12) provides a way of introducing
the molecular point group after beginning by defining the MS group. In gen-
eral the molecular vibronic group is used to classify vibrational and electronic
states and to study vibronic interactions without having to bother about the
Euler angles or the nuclear spins.

As well as introducing the vibronic group as a generalization of the molecular
point group for the classification of the vibronic states of nonrigid molecules we
can also introduce the molecular rotation-contortion group as a generalization
of the molecular rotation group. The molecular rotation-contortion group is a
group of elements each of which transforms the rotational and contortional vari-
ables and which commutes with the rotation–contortion Hamiltonian Ĥrc [see
Eq. (15-5)]. This group can be obtained from the MS (or extended MS) group
by neglecting the effect of each element on the vibronic coordinates and nuclear
spin coordinates. Such groups have been used by microwave spectroscopists for
many years [see, for example, Myers and Wilson (1960)], and a general discus-
sion is given of their determination by Bauder, Meyer, and Günthard (1974);
these latter authors call such groups isometric groups.

We have been very careful to distinguish between ‘the point group’ and ‘the
molecular point group’; the former is a group of overall rotations with and with-
out complete reflection of a rigid body, and the latter is a group of rotations
with and without reflection of electronic coordinates and vibrational displace-
ments in a molecule. In the development of the idea of the MS group the papers
by Hougen are crucial [Hougen (1962c,1963)]. For nonlinear rigid molecules he
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introduced ‘the full point group’ by combining appropriate rotation operations
with each element of the molecular point group (which itself only affects vi-
bronic coordinates) for the purpose of classifying rovibronic states. This has
lead to an unfortunate ambiguity in the literature as to what a ‘point group’
is. Some authors use the term ‘point group’ for what we call the MS group.
This is unfortunate since it is important to distinguish carefully between what
we call the MS group and what we call the molecular point group. If one looks
at what the elements of the MS group do to a molecule then it really does
not seem very logical to call them elements of a point group. For example, in
Fig. 4-7 the effect of the MS group operation (12)∗ is depicted. This is quite
clearly not simply a reflection of the molecule in the xy plane. Also when one
considers nonrigid molecules there is no way that the MS group can be called
a point group, and so this nomenclature lacks the necessary generality.

Following on from this ambiguous use of the term ‘point group’ is the so-
called “rotational subgroup of the point group” that is said to be used in
determining the nuclear spin statistical weights of the levels of rigid nonlinear
molecules. The real rotational subgroup of the molecular point group consists
only of the rotation operations from the point group, e.g., it is {E,C2x} for the
C2v group for the water molecule. Such operations do not permute nuclei and
so the statistical formulas that are used to determine nuclear spin statistical
weights cannot be applied to their result. However, what is called the “rota-
tional subgroup of the point group” is really the permutation subgroup of the
molecular symmetry group. The use of this group, and the use of the molecular
symmetry group, in determining statistical weights is discussed in Chapter 8.
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Representations

and Character Tables

Matrices and matrix groups are introduced, and the concepts of isomorphism
and homomorphism are defined. Matrix groups form representations of other
groups, and we focus particular attention on the definition of irreducible and
inequivalent representations. We discuss the class structure and character table
of a group. Direct and semidirect group products are defined, and we discuss
the special structure of the character table of a direct product group. Cor-
relation tables and reverse correlation tables are explained at the end of the
chapter.

5.1 MATRICES AND MATRIX GROUPS

It is necessary to understand what matrices are and to be able to multiply
them together in order to be able to work with matrix groups, and we summa-
rize some important definitions here. A matrix is an array of numbers (called
elements) arranged in rows and columns; for example

D =

[
2 3
4 5

]
(5-1)

is a matrix. The matrix in Eq. (5-1) has two rows and two columns, and since
it has the same number of rows as columns it is said to be a square matrix;
matrices are not necessarily square. An n × n square matrix (having n rows
and n columns) is said to be n-dimensional. In a general matrix, A say, the
element occurring at the intersection of the ith row and j th column is called
Aij . In the matrix in Eq. (5-1) we have

D11 = 2, D12 = 3,
D21 = 4, D22 = 5.

(5-2)

In applying group theory to molecules it is often be necessary to multiply
matrices together, and we must explain how the product of two matrices is
defined. The product of an n ×m matrix A (having n rows and m columns)

65
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and an m× q matrix B in the order AB is an n× q matrix C where the ij th
element of C is given by

Cij =

m∑

k=1

AikBkj . (5-3)

Notice that for the multiplication AB to be defined the number of columns in
A must be equal to the number of rows in B. The product of an n× n square
matrix A with a column matrix (to the right of A) of n elements is another
column matrix with n elements. The product of an n × n square matrix A
with a row matrix (to the left of A) of n elements is another row matrix with
n elements. Three examples follow to help in the understanding of this:

A square matrix times a square matrix,

[
1 2
3 4

] [
5 6
7 8

]
=

[
1× 5 + 2× 7 1× 6 + 2× 8
3× 5 + 4× 7 3× 6 + 4× 8

]
=

[
19 22
43 50

]
. (5-4)

A square matrix times a column matrix,

[
1 2
3 4

] [
5
7

]
=

[
1× 5 + 2× 7
3× 5 + 4× 7

]
=

[
19
43

]
. (5-5)

A row matrix times a square matrix,

[
1 2

] [ 5 6
7 8

]
=
[

1× 5 + 2× 7 1× 6 + 2× 8
]

=
[

19 22
]
. (5-6)

We can also take the product in Eq. (5-4) the other way around to get:

[
5 6
7 8

] [
1 2
3 4

]
=

[
5× 1 + 6× 3 5× 2 + 6× 4
7× 1 + 8× 3 7× 2 + 8× 4

]
=

[
23 34
31 46

]
. (5-7)

We see that matrix multiplication, like permutation multiplication or the mul-
tiplication of the elements of rotation groups or point groups, is not necessarily
commutative. However, matrix multiplication is associative.

If we multiply an n-dimensional square matrix A by an n-dimensional square
matrix E having 1 in all diagonal positions (Eii = 1), and zero in all off-diagonal
positions (Eij = 0 for i 6= j), the result is still A. That is the matrix E plays
the role in matrix multiplication that unity plays in the ordinary algebraic
multiplication of numbers, and such a matrix is called an n-dimensional unit
matrix. Borrowing the language of ordinary algebraic multiplication we say
that if the product of two n×n matrices is the n-dimensional unit matrix then
one matrix is the inverse of the other. For example,



− 1

2

√
3
2

−
√
3
2 − 1

2






− 1

2 −
√
3
2

√
3
2 − 1

2


 =

[
1 0
0 1

]
, (5-8)
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and the matrices on the left hand side in this equation are, therefore, the
inverse of each other. These two matrices are also equal to the transpose of
each other, where the transpose of a matrix A, say, is obtained by interchanging
each element Aij with the element Aji, and the matrix is written Ã. Thus from
Eq. (5-1) we have

D̃ =

[
2 4
3 5

]
. (5-9)

If a matrix is equal to its transpose then the matrix is symmetric, and if a
matrix is equal to the inverse of its transpose then the matrix is orthogonal.
Each of the two matrices on the left hand side in Eq. (5-8) is orthogonal.

The Hermitian conjugate (or conjugate transpose) A† of a matrix A is ob-
tained by taking the complex conjugate of the transpose of the matrix. Thus

A† = (Ã)∗ (5-10)

and

(A†)ij = A∗
ji. (5-11)

A matrix that is equal to its Hermitian conjugate is Hermitian and a matrix
that is equal to the inverse of its Hermitian conjugate is unitary.

The sum of the diagonal elements of a square matrix is the trace of the
matrix; the Greek letter chi (χ) is used for it. From Eqs. (5-1) and (5-9) we
have

χ(D) = χ(D̃) = 7. (5-12)

The determinant of an n × n square matrix A is given by

|A| =
∑

(−1)hA1r1A2r2A3r3 . . . Anrn , (5-13)

where the summation is over all n! possible permutations of the order of the
ri. The (n!)/2 terms in the sum involving an even permutation of the order of
the ri from the order 123 . . . n have h even, and the (n!)/2 terms involving an
odd permutation have h odd. For the matrix D in Eq. (5-1) the determinant
involves two terms: the first is D11D22 having h even, and the second is D12D21

having h odd. Thus we have

|D| =
∣∣∣∣

2 3
4 5

∣∣∣∣ = (2× 5)− (3× 4) = −2. (5-14)

In Table 5-1 we summarize all the definitions introduced in this section.
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Table 5-1

Summary of definitions used in matrix algebra

Notation Meaning

Transpose Ã (Ã)ij = Aji

Symmetric matrix A = Ã, i.e., Aij = Aji

Hermitian conjugate A† (A†)ij = A∗
ji = (Ã)∗ij

Hermitian matrix A = A†, i.e., Aij = A∗
ji

Unit matrix E Eij = 0 if i 6= j and
Eij = 1 if i = j

Inverse A−1 AA−1 = A−1A = E

Orthogonal matrix A−1 = Ã, i.e., (A−1)ij = Aji

Unitary matrix A−1 = A†, i.e., (A−1)ij = A∗
ji

Diagonal matrix Aij = 0 if i 6= j
Trace χ of matrix A χ =

∑

i Aii

Determinanta of matrix A |A| =
∑

(−1)hA1r1A2r2A3r3 . . . Anrn

Kronecker delta δ δij = 0 if i 6= j and
δij = 1 if i = j

a To use this equation see the text following Eq. (5-13).

Problem 5-1. Consider the following two-dimensional square matrix,

M =




1√
2

i√
2

− i√
2

1√
2


 , (5-15)

where i2 = −1. Is this matrix unitary? What is the trace of this matrix?

Answer. To test if M is unitary we must see if

MM † = E, (5-16)

where E is the 2× 2 unit matrix. To form M † we form the transpose of M and
take the complex conjugate.

M̃ =




1√
2
− i√

2

i√
2

1√
2


 (5-17)

and

M † = (M̃)
∗

=




1√
2

i√
2

− i√
2

1√
2


 . (5-18)

We see that

M † = M (5-19)
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and therefore M is Hermitian. Testing Eq. (5-16) we have

MM † =




1√
2

i√
2

− i√
2

1√
2







1√
2

i√
2

− i√
2

1√
2


 =

[
1 i
−i 1

]
. (5-20)

Thus

MM † 6=
[

1 0
0 1

]
, (5-21)

and M is not unitary. The trace of M is the sum of the diagonal elements, i.e.,

χ(M) =
∑

j

Mjj = 1/
√

2 + 1/
√

2 =
√

2. (5-22)

We can define a matrix group. A matrix group is a set of square matrices (all
with the same dimension) that obey the group axioms; in a matrix group the
operation of multiplication is matrix multiplication and the identity is the unit
matrix. The following set of six matrices is an example of a two-dimensional
matrix group, and we call the group Γ3 (the subscript 3 has no special signifi-
cance but it is a useful notation in this chapter):





[
1 0
0 1

]
,

[
1 0
0 −1

]
,



− 1

2

√
3
2

√
3
2

1
2


 ,



− 1

2 −
√
3
2

−
√
3
2

1
2


 ,



− 1

2

√
3
2

−
√
3
2 − 1

2


 ,



− 1

2 −
√
3
2

√
3
2 − 1

2







, (5-23)

The reader can form the multiplication table of this group and confirm that
the four group axioms are satisfied. From Eq. (5-8) we see that the last two
matrices in this group are the inverse (or reciprocal) of each other. The first four
matrices in the group are symmetric, and since they are also self-reciprocal they
are orthogonal. In this matrix group, therefore, all the matrices are orthogonal.

5.2 ISOMORPHISM AND FAITHFUL REPRESENTATIONS

In Eqs. (1-46) and (4-1) we introduce the groups S3 (a permutation group)
and D3 (a rotation group), respectively. These groups, together with the matrix
group Γ3 of Eq. (5-23), are used to explain the concept of isomorphism. We can
make the following one-to-one correspondences between the elements of the S3

and D3 groups

E − E,
(12)− C2a, (23)− C2b, (13)− C2c,

(123)− C3d, (132)− C2
3d.

(5-24)
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Each element in S3 has a partner in the D3 group according to Eq. (5-24). We
have chosen the partners in Eq. (5-24) in a special way so that if we replace each
element of S3 in the multiplication table for S3 (Table 1-1) by its partner in
the D3 group [according to Eq. (5-24)] then we obtain the multiplication table
of the D3 group (see Table 4-1). These two multiplication tables have the same
structure, and the S3 and D3 groups are therefore said to be isomorphic. For
example, in the S3 group we have the product [see Eq. (1-22)]

(132)(23) = (13), (5-25)

from which, by replacing each element by its partner according to Eq. (5-24),
we obtain

C2
3dC2b = C2c, (5-26)

and this is true (see Table 4-1). Formally two groups are isomorphic if the ele-
ments of one (A,B,C, . . . ) correspond to (or can be mapped onto) the elements
of the other (Ā, B̄, C̄, . . . ) in a one-to-one fashion (A − Ā, B − B̄, C − C̄, . . . )
so that from AB = C it can be inferred that ĀB̄ = C̄, etc. Clearly isomor-
phic groups must have the same order, but groups of the same order are not
necessarily isomorphic. The best way to test if two groups are isomorphic is
to look at their multiplication tables and to check that everywhere A occurs in
the one, Ā occurs in the other, similarly for B and B̄, etc.

The matrix group Γ3 introduced in Eq. (5-23) is isomorphic to both the S3

and D3 groups, and the mapping is as follows:

S3 : E (12) (23)
D3 : E C2a C2b

Γ3 :

[
1 0
0 1

] [
1 0
0 −1

]


− 1

2

√
3
2

√
3
2

1
2




S3 : (13) (123) (132)
D3 : C2c C3d C2

3d

Γ3 :



− 1

2 −
√
3
2

−
√
3
2

1
2






− 1

2

√
3
2

−
√
3
2 − 1

2






− 1

2 −
√
3
2

√
3
2 − 1

2


 .

(5-27)

A matrix group that is isomorphic to another group is said to form a faithful
representation of that group. Thus the matrix group Γ3 forms a faithful rep-
resentation of the S3 and D3 groups. Using the mapping of Eq. (5-27), we see
that Eqs. (5-25) and (5-26) map onto the product



− 1

2 −
√
3
2

√
3
2 − 1

2






− 1

2

√
3
2

√
3
2

1
2


 =



− 1

2 −
√
3
2

−
√
3
2

1
2


 , (5-28)
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and Eq. (1-23) maps onto the product


− 1

2

√
3
2

√
3
2

1
2






− 1

2 −
√
3
2

√
3
2 − 1

2


 =




1 0

0 −1


 , (5-29)

in the matrix group. The multiplication table of this matrix group can be
obtained by replacing each element in the multiplication table of the S3 group
in Table 1-1 (or of the D3 group in Table 4-1) by its partner in the matrix
group using the mapping of Eq. (5-27).

5.3 HOMOMORPHISM AND UNFAITHFUL REPRESENTATIONS

Homomorphism is similar to isomorphism except that instead of the cor-
respondence being a one-to-one correspondence between elements of groups
having the same order, it is a many-to-one correspondence between elements
of groups having different orders. The larger group is said to be homomorphic
onto the smaller group. For example, the group D3 is homomorphic onto the
S2 group {E, (12)} with the following correspondences:

D3: E C3d C2
3d︸ ︷︷ ︸ C2a C2b C2c︸ ︷︷ ︸

S2: E (12)
(5-30)

If, in the multiplication table of D3 (Table 4-1), the elements E, C3d, and
C2

3d are replaced by E (of S2), and C2a, C2b, and C2c by (12), we obtain the
multiplication table of S2 (nine times over).

Many-to-one mappings of S3 and D3 onto two one-dimensional matrix groups
can be made. These two groups are

Γ1 : {1} (5-31)

and

Γ2 : {1,−1}. (5-32)

These are one-dimensional matrix groups, and matrix multiplication is simply
ordinary algebraic multiplication in this case. The homomorphic mapping of
S3 and D3 onto these matrix groups is shown below.

D3 : E C2a C2b C2c C3d C2
3d

S3 : E (12) (23) (13) (123) (132)

Γ1 : 1 1 1 1 1 1
Γ2 : 1 −1 −1 −1 1 1

(5-33)

If a group is homomorphic onto a matrix group then the matrix group is said
to form an unfaithful representation of the group; thus Γ1 and Γ2 each form
unfaithful representations of S3 and D3.
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5.4 EQUIVALENT AND IRREDUCIBLE REPRESENTATIONS

We have introduced the three representations Γ1, Γ2, and Γ3 of the groups
S3 and D3. We can use these representations in two different ways to construct
others, but these three are special in that they are irreducible and also all other
irreducible representations of S3 and D3 are equivalent to these. We must now
define the terms irreducible and equivalent, and show how other representations
can be formed from these three.

5.4.1 Equivalent representations

One way of forming a new representation from the Γ3 representation involves
forming an equivalent representation. We could subject each of the matrices of
the representation Γ3 to the same similarity transformation, i.e., post multiply
each matrix of Γ3 by a 2×2 matrix, A say, and then premultiply each result by
the inverse of A; thus a matrix Mr in Γ3 would be changed to A−1MrA and,
since matrix multiplication is associative,

(A−1MrA)(A−1MsA) = A−1Mr(AA
−1)MsA = A−1MrMsA. (5-34)

The new matrix group is isomorphic to Γ3 with the mapping of Mr onto
A−1MrA, etc. The new set of matrices is, therefore, also isomorphic to S3

and D3 and it forms a faithful representation of them. Two representations
related by a similarity transformation are said to be equivalent, and for our
applications in molecular physics equivalent representations are usually not
distinguished.

Problem 5-2. Post multiply each matrix of Γ3 by the matrix

A =

[
1 1
3 4

]

and premultiply by

A−1 =

[
4 −1
−3 1

]
.

Test that the new representation is isomorphic to Γ3. What do you notice
about the traces of each of the matrices in the new representation compared
to those of the matrices in the group Γ3?

Answer. The new matrix group obtained from Γ3 in the order that the
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matrices are given in Eq. (5-27) is








1 0

0 1


 ,




7 8

−6 −7


 ,



− 7

2 + 11
√
3

2 −4 + 15
√
3

2

3− 4
√

3 7
2 − 11

√
3

2


 ,



− 7

2 − 11
√
3

2 −4− 15
√
3

2

3 + 4
√

3 7
2 + 11

√
3

2


 ,



− 1

2 + 13
√
3

2
17

√
3

2

−5
√

3 − 1
2 − 13

√
3

2


 ,



− 1

2 − 13
√
3

2 − 17
√
3

2

5
√

3 − 1
2 + 13

√
3

2







. (5-35)

These matrices look complicated compared to those that make up the represen-
tation Γ3, but it is straightforward (although tedious) to show by working out
the multiplication table, that this matrix group is isomorphic to the group Γ3.
This matrix group, therefore, forms a representation of the S3 and D3 groups.
Equation (1-23), for example, maps onto



− 7

2 + 11
√
3

2 −4 + 15
√
3

2

3− 4
√

3 7
2 − 11

√
3

2






− 1

2 − 13
√
3

2 − 17
√
3

2

5
√

3 − 1
2 + 13

√
3

2


 =




7 8

−6 −7


 .

(5-36)

Part of the reason why the matrices in Γ3 look simpler than those in the new
representation of Eq. (5-35) is that each of the matrices in Γ3 is orthogonal. In
fact it is possible to choose a similarity transformation so that all the matrices in
any representation are unitary, and this is always done. Unitary representations
are used in the application of representation theory to molecules.

The trace of a matrix in a representation is called the character [but still
denoted χ] of the matrix. In the new representation of Eq. (5-35) each matrix
has the same character as its partner in the group Γ3. It is left as an exercise
for the reader to show that a similarity transformation does not change the
character of a matrix, i.e., that the characters of Mr and A−1MrA are identical.
As a result we see that equivalent representations have the same characters.

5.4.2 Irreducible representations

Another way of forming a new representation of S3 or D3 from the represen-
tations Γ1, Γ2, and Γ3 is by combining them to form what is called a reducible
representation. For example, the representations Γ2 and Γ3 can be combined
to form the following reducible three-dimensional representation [where the
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matrices are in the same order as in Eq. (5-27)]:




1 0 0

0 1 0

0 0 1



,




1 0 0

0 −1 0

0 0 −1



,




− 1
2

√
3
2 0

√
3
2

1
2 0

0 0 −1



,




− 1
2 −

√
3
2 0

−
√
3
2

1
2 0

0 0 −1



,




− 1
2

√
3
2 0

−
√
3
2 − 1

2 0

0 0 1



,




− 1
2 −

√
3
2 0

√
3
2 − 1

2 0

0 0 1



. (5-37)

Each of the matrices in the representation given in Eq. (5-37) is said to be
block diagonal . A block diagonal matrix is such that the nonzero elements
occur in blocks along the diagonal of the matrix, and in Eq. (5-37) each matrix
consists of an upper left 2× 2 block and a lower right 1× 1 block, with zeros in
the off diagonal positions that connect the elements in one block with those of
the other. Block diagonal matrices can consist of more than two blocks along
the diagonal, for example the matrix




1 2 3 0 0 0 0
0 5 6 0 0 0 0
7 4 8 0 0 0 0
0 0 0 6 5 0 0
0 0 0 4 3 0 0
0 0 0 0 0 8 9
0 0 0 0 0 1 2




is also block diagonal and consists of a 3 × 3 block and two 2 × 2 blocks. The
reader can use Eq. (5-3) to prove that the product of two block diagonal ma-
trices having the same block structure produces a third block diagonal matrix
that has the same block structure. The representation in Eq. (5-37) is said to
be in block diagonal form, and in such a representation all the matrices must
have the same block structure as each other.

The representation of S3 or D3 in Eq. (5-37) has characters that are the sum
of the characters of the Γ2 and Γ3 representations. If we were to subject the
representation to a similarity transformation, to form an equivalent represen-
tation, the characters would be the same. If we know the characters of the
representations Γ2 and Γ3, then by inspecting the characters of this reducible
representation (or one that is equivalent to it) we are able to determine how it
has been built up.

The fact that the representation in Eq. (5-37) (which we call Γsum) is made
up by combining the Γ2 and Γ3 representations is symbolically expressed by
writing

Γsum = Γ2 ⊕ Γ3. (5-38)
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For an element R, say, of the D3 or S3 group the character in Γsum is given by
the sum of the characters of the Γ2 and Γ3 representations, i.e.,

χΓsum [R] = χΓ2 [R] + χΓ3 [R] , (5-39)

where χΓi [R] is the character in the representation Γi of the matrix DΓi [R]
that maps onto the element R of the symmetry group.

A representation that cannot be brought into block diagonal form by any
similarity transformation applied simultaneously to all the matrices of the rep-
resentation is said to be irreducible, and for a finite group there are a finite
number of inequivalent irreducible representations. It can be shown that the
matrix elements DΓi [R]mn and DΓj [R]m′n′ of the matrices in the irreducible
representations Γi and Γj of any group satisfy the following orthogonality rela-
tion:

∑

R

DΓi [R]
∗
mn

√
li
h
DΓj [R]m′n′

√
lj
h

= δijδmm′δnn′ , (5-40)

where h is the order of the group, li and lj are the dimensions of the irreducible
representations Γi and Γj , respectively, and the sum is over all elements R
in the group. From Eq. (5-40) it follows that the characters of irreducible
representations are orthogonal, i.e.,

∑

R

χΓi [R]
∗
χΓj [R] = hδij (5-41)

for two irreducible representations Γi and Γj .
It turns out that the representations Γ1, Γ2, and Γ3, in Eqs. (5-33) and (5-27),

are the only inequivalent irreducible representations of the groups D3 and S3

[see the discussion following Eq. (5-50)]. Therefore, any representation Γ of D3

or S3 can be written

Γ = a1Γ1 ⊕ a2Γ2 ⊕ a3Γ3, (5-42)

and the characters satisfy

χΓ[R] = a1χ
Γ1 [R] + a2χ

Γ2 [R] + a3χ
Γ3 [R], (5-43)

where the ai are integers.

5.5 REDUCTION OF A REPRESENTATION

Irreducible (and inequivalent) matrix representations play a special role in
molecular physics since we are able to use them to label molecular states. This
provides a very useful characterization of the state, and in applications we
frequently obtain a reducible representation which we need to reduce to its
irreducible components. The way that a given representation of a group is
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reduced to its irreducible components depends only on the characters of the
matrices in the representation and on the characters of the matrices in the
irreducible representations of the group. For most of the groups of interest to
us, the characters of the irreducible representations have been tabulated; such
a table is called the character table of the group.

To reduce a representation to its irreducible components we can sometimes
guess the answer by using Eq. (5-43), but in general we proceed as follows.
Suppose that the reducible representation is Γ and that the irreducible rep-
resentations of the group involved are Γ1, Γ2, Γ3, . . . . We desire to find the
integral coefficients ai, where

Γ = a1Γ1 ⊕ a2Γ2 ⊕ a3Γ3 ⊕ · · · (5-44a)

and

χΓ[R] =
∑

j

ajχ
Γj [R], (5-44b)

with the sum running over all the irreducible representations of the group.
Multiplying Eq. (5-44b) on the right by χΓi [R]∗ and summing over R it follows
from the character orthogonality relation [Eq. (5-41)] that the ai are given by

ai =
1

h

∑

R

χΓ[R]χΓi [R]∗, (5-45)

where h is the order of the group and R runs over all the elements of the
group. Since the reduction of a representation depends only on the characters
this means that representations having the same characters must be equivalent
and that the characters serve to distinguish inequivalent representations.

If we put i = j in Eq. (5-41) we see that for an irreducible representation
∑

R

∣∣χΓi [R]
∣∣2 = h, (5-46)

which can be used as a test for the irreducibility of a representation. Another
result of importance is that the sum of the squares of the dimensions of the
irreducible representations of a group is equal to the order of the group, i.e.,

∑

i

li
2 = h, (5-47)

where the sum is over all irreducible representations of the group; this equation
can be used to test if we have all the irreducible representations of a group.

5.6 CONJUGATE ELEMENTS AND CLASSES

The elements of a group can be divided up into a number of classes, and this
important idea will now be defined using a matrix group. In a matrix group
we can take one matrix, Mr say, and form the product

M−1
s MrMs = Mp (5-48)
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with each of the other matrices Ms in the group. A few moments’ thought
shows that each of the matrices Mp obtained will also be in the group; from the
group axioms both MrMs and M−1

s are in the group and hence M−1
s (MrMs)

must also be in the group. Further, since a similarity transformation, such as is
performed on Mr in Eq. (5-48), does not change the character of a matrix, then
Mr and Mp will have the same character. Two matrices in a matrix group that
are related, as are Mr and Mp in Eq. (5-48), by a similarity transformation
involving another matrix (Ms here) of the group are said to be conjugate and
are said to be in the same class .

In any group, whether a matrix group or not, we can divide the elements up
into classes. Two elements A and B in a group are said to be in the same class
if there exists an element, C say, in the group such that

C−1AC = B. (5-49)

In the S3 group there are three classes,

E, [(12), (23), (13)], and [(123), (132)]. (5-50)

Because of the isomorphism [resulting in “parallel” versions of Eq. (5-49)], the
class structures of D3 and Γ3 are the same as that of S3. It can be shown that
there are the same number of irreducible (and inequivalent) representations
of a group as there are classes in the group. There are, therefore, only three
irreducible representations for the groups D3 or S3, and these are Γ1, Γ2, and
Γ3 given in Eqs. (5-27) and (5-33).

Problem 5-3. The internal displacement coordinates (bond stretching and
angle bending coordinates including a redundancy) of the BF3 molecule can be
shown to generate (in a way to be explained in the next chapter) a representa-
tion Γ of the S3 group (this group contains all fluorine nuclei permutations and
we label the fluorine nuclei 1, 2, and 3). The characters of this representation
are as follows

R : E (12) (23) (13) (123) (132)

χΓ[R] : 7 1 1 1 1 1
(5-51)

Use Eq. (5-45) to reduce this representation into the irreducible representations
of the S3 group. You can check that the answer is correct by testing to see if
Eq. (5-44b) is satisfied.

Answer. Using Eq. (5-45) with

Γ = a1Γ1 ⊕ a2Γ2 ⊕ a3Γ3

we have

a1 = (1/6){χΓ[E]χΓ1 [E]∗ + χΓ[(12)]χΓ1 [(12)]∗ + χΓ[(23)]χΓ1 [(23)]∗ + · · · }
= (1/6)(7× 1 + 1× 1 + 1× 1 + 1× 1 + 1× 1 + 1× 1)

= 2, (5-52)

a2 = (1/6)[7× 1 + 1× (−1) + 1× (−1) + 1× (−1) + 1× 1 + 1× 1]

= 1, (5-53)
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and

a3 = (1/6)[7× 2 + 1× 0 + 1× 0 + 1× 0 + 1× (−1) + 1× (−1)]

= 2. (5-54)

Thus

Γ = 2Γ1 ⊕ Γ2 ⊕ 2Γ3. (5-55)

We now test to see if this is correct by using Eq. (5-44b). For the operation E
Eq. (5-44b) gives

χΓ = 7 = 2× 1 + 1× 1 + 2× 2 (5-56)

which is correct. For the operations (12), (23), or (13) Eq. (5-44b) gives

χΓ = 1 = 2× 1 + 1× (−1) + 2× 0 (5-57)

which is correct, and for the operations (123) and (132) Eq. (5-44b) gives

χΓ = 1 = 2× 1 + 1× 1 + 2× (−1) (5-58)

which is also correct.
The class structure in a CNP group is simple to determine since it is easy

to show that all permutations having the same shape (i.e., consisting of the
same number of independent transpositions, independent cycles of three, inde-
pendent cycles of four, etc.) are in the same class. The class structure of the
S3 group, given in Eq. (5-50), is an example. For the complete electron per-

mutation group S(e)
n of an n-electron molecule this observation leads to Young

tableau, and these are discussed in Section 9.4.5 in connection with electronic
wavefunction calculations. The class structure of a CNPI group follows from
that of the CNP group since E∗ is in a class on its own. For example, the class
structure of the CNPI group of CH3F [see Eq. (2-12)] is

E (12) (123) E∗ (12)∗ (123)∗

(23) (132) (23)∗ (132)∗

(13) (13)∗
(5-59)

and this group, therefore, has six irreducible representations.
The class structure of a subgroup of a permutation group, or a subgroup of a

CNPI group (such as an MS group), is not so easily determined and Eq. (5-49)
must be used. However, in an Abelian group multiplication is commutative (as
discussed after Problem 1-7 on page 15) so that each element has to be in a
class on its own. When multiplication within a group is commutative the right
hand side of Eq. (5-49) can never be anything else except A, i.e., if A and C
commute

C−1AC = C−1CA = A. (5-60)

In Problem 1-7 the subgroup {E, (123), (132)} of the group S3 was obtained
and this is an Abelian group; hence each of the three elements is in a class of
its own. Similarly the MS group of ethylene D2h(M), in Eq. (2-15), is Abelian
so that this group has eight classes and eight irreducible representations.
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5.7 GROUP PRODUCTS

Often a large group G can be expressed as a ‘group product’ of two of its
subgroups A and B:

G = A×B. (5-61)

This equation indicates that if all elements of A are multiplied by all elements
of B, then all elements of G are obtained once and only once.

For example, the CNPI group of CH3F [see Eqs. (2-12) and (5-59)], which
we will call GCNPI

mf (for methyl fluoride) here, can be written as a product of
the two subgroups

A = {E, (12), (23), (13), (123), (132)} (5-62)

and

B = {E,E∗}. (5-63)

From Eq. (5-59) it is seen that both subgroups consist of whole classes of the
product group GCNPI

mf . The group A contains the three classes given in the
first three columns of Eq. (5-59), and the group B consists of the two classes
containing E and E∗, respectively.

If H is a subgroup of the group G, and H consists of whole classes of G, we
say that H is an invariant subgroup of G. Thus, the groups A and B are both
invariant subgroups of GCNPI

mf .
If, in Eq. (5-61), A and B are both invariant subgroups of G, then the group

product is the direct product discussed in connection with Eq. (1-53), and it
can be shown that all elements of A commute with all elements of B. That is,
in the present example we have

GCNPI
mf = A⊗B. (5-64)

The group S3, whose class structure is given in Eq. (5-50), can be written as
the product

S3 = {E, (123), (132)}× {E, (12)}. (5-65)

Comparison with Eq. (5-50) shows that {E, (123), (132)} is an invariant sub-
group of S3, but that {E, (12)} is not. The product given in Eq. (5-65) is called
a semidirect product . If, in Eq. (5-61), A is an invariant subgroup of G, but B

is not, we say that G is the semidirect product of A and B and write

G = A S B. (5-66)

In the present example, we have

S3 = {E, (123), (132)} S {E, (12)}. (5-67)

Semidirect products are discussed further in Appendix 16-1, and used in Sec-
tion 16.5.2 for developing symmetrized basis functions of the ammonia dimer.
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5.8 CHARACTER TABLES

For a given group the characters of the irreducible representations are tabu-
lated in a character table. In a character table the elements in the same class
are grouped together, since they all have the same character in each irreducible
representation, and only one element in each class is given but the number
of elements in each class is indicated. The character table of the S3 group is
given in this way in Table 5-2 and the irreducible representations are labeled
Γ1, Γ2, and Γ3 following our earlier usage. Groups that are isomorphic to each
other have the same character table; the groups S3, D3, C3v, and C3v(M)
are isomorphic to each other and, therefore, they all have the same character
table. The character tables of many MS groups are given in Appendix A. For
all groups there is one irreducible representation, such as Γ1 in S3, that has
character +1 for all operations of the group. This representation is called the
totally symmetric representation and is denoted Γ(s) in the text; it is variously
called A, Ag, A′, A1 etc. in the character tables in Appendix A.

Table 5-2

The character table of the S3 groupa

E (12) (123)
S3:

1 3 2

Γ1: 1 1 1
Γ2: 1 −1 1
Γ3: 2 0 −1

a One representative element in each
class is given, and the number written below
each element is the number of elements in
the class.

The character tables of a group can be determined using the following general
procedure. Knowing the multiplication table and the class structure of a group
it is possible to multiply all the elements in one class Ci by (on the right) all
the elements in another class Cj , and it is always so that the resultant elements
can be arranged into classes. Let us suppose that the set of elements in the
class Ck occurs cijk times in the product so that we can write

CiCj =
∑

k

cijkCk, (5-68)

where the sum is over all classes in the group and each Cl means all the elements
in that class (note that cijk = cjik). Having determined the coefficients cijk,
the characters can be found from the relation

rirjχiχj = χ[E]
∑

k

cijkrkχk (5-69)
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which holds for every representation of the group where ri is the number of
elements in class Ci. The examples given in Chapter 18 should make the
application of this technique clear [see, for example, Eqs. (18-16)-(18-23)].

5.8.1 The character tables of MS groups

Using the definition given in Chapter 3 we can set up the MS group for
any molecule of interest. To apply the definition we need knowledge of (or
we must estimate) the relation of the experimental resolution to the size of
each possible tunneling splitting of the energy levels in the molecule. For a
rigid nonlinear molecule we have named these MS groups by the name of the
appropriate point group followed by (M). For example, the MS group of H2O in
its ground electronic state is called C2v(M). For nonrigid molecules the accepted
convention is to name the MS group Gn where n is the order of the group.
There can be more than one non-isomorphic group of a given order, and so the
Gn notation is not unique. However, this has not caused problems in practice
since relatively few of such groups are needed in molecular spectroscopy.

To make use of the MS group we need its character table. For a rigid non-
linear molecule the character table of the MS group is the same as that of
the point group, because of their isomorphism, and all these character tables
are well known. The sensible consensus has emerged of naming the irreducible
representations of these MS groups by the same names as used for the point
groups. However, it is important to realize that the MS group and molecu-
lar point group are not identical as discussed in Chapter 4. For very many
nonrigid molecules the character table of the appropriate MS group Gn has
been determined. For a selection of molecules, rigid and nonrigid, the MS
group character tables are given in Appendix A. No consensus has emerged
for a system of notation to be used for the irreducible representations of MS
groups Gn, but a unique notation has emerged for most groups. For G16 there
are two extant notations used for the irreducible representations, and we call
them Γ(LH) and Γ(MW). The Γ(LH) notation is that originally proposed by
Longuet-Higgins (1963) in his application to the hydrazine molecule. This no-
tation is used for the water dimer by Dyke (1977) and Coudert and Hougen
(1988,1990). The Γ(MW) notation is that introduced for the ethylene molecule
[see Table I of Merer and Watson (1973)], and it is also used by Bunker (1979)
for the hydrogen dimer.

5.8.2 The character tables of direct product groups

If a group G is the direct product of two invariant subgroups A and B [see
Section 5.7]

G = A⊗B, (5-70)

then the irreducible representations of G are obtained in a simple manner
from those of A and B. The group A has nA classes and thus nA irreducible
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representations Γ
(A)
1 , Γ

(A)
2 , Γ

(A)
3 , . . . , Γ

(A)
nA ; B has nB classes and thus nB

irreducible representations Γ
(B)
1 , Γ

(B)
2 , Γ

(B)
3 , . . . , Γ

(B)
nB . Since G is the direct

product of A and B we know that all elements of A commute with all elements
of B. Because of this, we obtain the elements in a class of G by selecting one
class from A and one class from B, and then combining all the elements in
the class from A with all elements in the class from B. That is, G has nAnB

classes and nAnB irreducible representations. It is straightforward to show [see
Section II.6.8 of Jansen and Boon (1967)] that the irreducible representations
of G can be labeled as

Γ
(G)
ij =

(
Γ
(A)
i ,Γ

(B)
j

)
, (5-71)

where i = 1, 2, 3, . . . , nA and j = 1, 2, 3, . . . , nB. If we denote an arbitrary
element of G as R = R(A)R(B), where R(A) is an element of A and R(B)

an element of B, then the character under R associated with the irreducible

representation Γ
(G)
ij of G is given by

χΓ
(G)
ij [R] = χΓ

(A)
i

[
R(A)

]
χΓ

(B)
j

[
R(B)

]
, (5-72)

where the characters χΓ
(A)
i [R(A)] and χΓ(B)

[R(B)] belong to the irreducible rep-

resentations Γ
(A)
i and Γ

(B)
j , respectively. The irreducible representation Γ

(G)
ij

is l
(A)
i l

(B)
j -fold degenerate, where l

(A)
i is the dimension of Γ

(A)
i and l

(B)
j that of

Γ
(B)
j .
If we know the irreducible representations of the groups A and B, it is obvi-

ously easy to determine the irreducible representations of their direct product
G from Eqs. (5-71) and (5-72). As an example we consider the groups Cs(M),
C3v(M), and D3h(M), whose character tables are given by Tables A-2, A-6,
and A-10, respectively. We have

D3h(M) = C3v(M)⊗Cs(M)

= {E, (123), (132), (12)∗, (23)∗, (13)∗} ⊗ {E,E∗}. (5-73)

Comparison of Tables A-2, A-6, and A-10 shows that the irreducible represen-
tations of D3h(M) are related to those of C3v(M) and Cs(M) as [Eq. (5-71)]:
A1

′ = (A1, A
′), A1

′′ = (A2, A
′′), A2

′ = (A2, A
′), A2

′′ = (A1, A
′′), E′ = (E,A′),

and E′′ = (E,A′′).

5.9 CORRELATION TABLES

The correlation rule, as it applies to showing how the irreducible represen-
tations of a group correlate to those of a subgroup, is well known and easy to
understand. Suppose we have labeled the energy levels1 of a molecule using

1The idea of labeling molecular energy levels using irreducible representations of a sym-
metry group is introduced in the preamble to Chapter 3.
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the irreducible representation labels of the CNPI group G and that we wish to
label them in the MS group H which is a subgroup of G. The symmetry labels
obtained using the irreducible representations of H, can be deduced from those
of G once the correlation of the irreducible representations of G to those of H
is known.

To appreciate how this correlation is determined let us consider that the
group G, of order g, has elements {G1, G2, . . . , Gg} and that its subgroup H

of order h < g, has elements {H1, H2, . . . , Hh}. Further suppose that H1 =
G1, H2 = G2, . . . , Hh = Gh. Any irreducible matrix representation, Γα, say, of
G will provide a matrix representation of H by considering only the matrices
corresponding to the elements G1, G2, . . . , Gh of G. This matrix representation
of H will in general be reducible and the irreducible representation, Γi, say, of

H will occur a
(α)
i times where [from Eq. (5-45)]

a
(α)
i =

1

h

h∑

r=1

χΓα [Hr]χΓi [Hr]∗, (5-74)

and χΓα [Hr] and χΓi [Hr] are the characters in the representations Γα and Γi

for the operation Hr = Gr. We can represent this reduction by writing

Γα = a
(α)
1 Γ1 ⊕ a(α)2 Γ2 ⊕ · · · =

∑

i

a
(α)
i Γi. (5-75)

Equation (5-75) shows how the irreducible representation Γα of G correlates
with the irreducible representations (Γi) of H; if a molecular wavefunction
transforms as Γα in G it will transform as the right hand side of Eq. (5-75) in

H, where the a
(α)
i are obtained from Eq. (5-74).

As an example of this let us consider the correlation of the irreducible rep-
resentations of the CNPI group of ethylene G96, where

G96 = S
(H)
4 ⊗ S

(C)
2 ⊗ E , (5-76)

with the irreducible representations of the MS group D2h(M) of a rigidly planar
ethylene molecule in the configuration at the top of the character table for
the group D2h(M) given in Table A-9. The character tables of the groups

S
(H)
4 ,S

(C)
2 , and E are given in Table 5-3 and the character table of G96 can be

deduced from these by multiplication (see Section 5.8.2). The 20 irreducible
representations of G96 are labeled Γα

β where Γ = A,B,E, F, or G according

to the character of the representation under the elements of S
(H)
4 , α = s or a

as the character is positive or negative under (56), and β = + or − as the
character under E∗ is positive or negative. The correlation of the irreducible
representations of G96 with those of the D2h(M) group can be obtained by
using Eqs. (5-74) and (5-75) and the correlation table is given in Table 5-4.
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Table 5-3

The groups S
(H)
4 , S

(C)
2 and E for ethylenea

E (12) (12)(34) (123) (1234)

S
(H)
4 :

1 6 3 8 6

A: 1 1 1 1 1
B: 1 −1 1 1 −1
E: 2 0 2 −1 0
F : 3 1 −1 0 −1
G: 3 −1 −1 0 1

S
(C)
2 : E (56) E: E E∗

s: 1 1 +: 1 1
a: 1 −1 −: 1 −1

a Here the CNPI group G96 is given by S
(H)
4 ⊗ S

(C)
2 ⊗ E.

Examples of the results of using Eq. (5-74) are

a
(Fs

+)
B1u

= a
(Fs

+)
B3g

= a
(Fs

+)
B2u

= 1, (5-77)

with all other a
(Fs

+)
i = 0, and

a
(Es

−)
Au

= 2, (5-78)

with all other a
(Es

−)
i = 0. From these equations we can use Eq. (5-75) to obtain

Fs
+ = B1u ⊕B2u ⊕B3g (5-79)

and

Es
− = 2Au. (5-80)
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Table 5-4

Correlation table for the CNPI group of ethylene (G96) to
the MS group D2h(M)

G96 D2h(M) G96 D2h(M)

As
+ Ag As

− Au

Bs
+ Ag Bs

− Au

Es
+ 2Ag Es

− 2Au

Fs
+ B1u ⊕B2u ⊕B3g Fs

− B1g ⊕ B2g ⊕B3u

Gs
+ B1u ⊕B2u ⊕B3g Gs

− B1g ⊕ B2g ⊕B3u

Aa
+ B1u Aa

− B1g

Ba
+ B1u Ba

− B1g

Ea
+ 2B1u Ea

− 2B1g

Fa
+ Ag ⊕B2u ⊕B3g Fa

− Au ⊕B2g ⊕ B3u

Ga
+ Ag ⊕B2u ⊕B3g Ga

− Au ⊕B2g ⊕ B3u

Problem 5-4. Determine the correlation table of the CNPI group of NF3,
given in Eq. (3-6), with the MS group of the molecule, given in Eq. (3-9). These
groups are called D3h(M) and C3v(M), respectively, and their character tables
are given in Tables A-6 and A-10 (see also Section 5.8.2).

Answer. The group D3h(M) has six irreducible representations, A1
′, A2

′,
E′, A1

′′, A2
′′, and E′′, and the group C3v(M) has three, A1, A2, and E. The

representation A1
′ of D3h(M) has character +1 under each operation and hence

correlates with the representation A1 of C3v(M). Similarly A2
′′ of D3h(M) has

character +1 under the operations E, (123), (132), (12)∗, (23)∗, and (13)∗ so
that it correlates with A1 of C3v(M). The representations A2

′ and A1
′′ each

have characters 1, 1, 1,−1,−1, and −1 under the operations E, (123), (132),
(12)∗, (23)∗, and (13)∗, respectively, and so each correlates with the represen-
tation A2 of C3v(M). Finally E′ and E′′ of D3h(M) each have characters 2,
−1, −1, 0, 0, and 0 under E, (123), (132), (12)∗, (23)∗, and (13)∗, respectively.
and so each correlates with the representation E of C3v(M). Thus, for exam-
ple, a pair of functions transforming as E′ or E′′ in D3h(M) transform as E in
C3v(M).

5.9.1 Reverse correlation tables and induced representations

We can equally well discuss the correlation of the irreducible representations
in the other direction, i.e., from the MS group H to the CNPI group G, and
this is useful when we want to consider the effect of small tunneling splittings.
Suppose we have symmetry labeled a level as Γi in H. We wish to know what
the symmetry of the level would be if all tunneling splittings were allowed for
and the CNPI group G used. It has been shown by Watson (1965) that the
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symmetry in G, which we call Γ(Γi) is given by

Γ(Γi) =
∑

α

a
(α)
i Γα (5-81)

in terms of the irreducible representations Γα of G, where the a
(α)
i are as given

in Eq. (5-74). The representation Γ(Γi) is the representation of G induced by
the representation Γi of the subgroup H. Thus given the symmetry species of
a level in the group H and the correlation table relating the irreducible repre-
sentations of G to H, we can use the correlation table backwards to determine
the symmetries of the levels in the larger group G.

We can use the correlation table of the D2h(M) and G96 groups of ethylene as
an example. For ethylene the rotation-vibration levels of the ground electronic
state can be labeled using the eight irreducible representation labels of the
D2h(M) group since there are no tunneling splittings. If we wished to use the
G96 group to classify the levels then the species of each level could be obtained
from the species in D2h(M) by using Table 5-4 backwards. For example, a level
of species Au in D2h(M) will have species Γ(Au) in G96 where

Γ(Au) =
∑

α

a
(α)
AuΓα (5-82)

and Γα are the irreducible representations of G96. From Table 5-4 we have

a
(Es

−)
Au

= 2, a
(As

−)
Au

= a
(Bs

−)
Au

= a
(Fa

−)
Au

= a
(Ga

−)
Au

= 1, (5-83)

and all other a
(α)
Au are zero. Thus

Γ(Au) = As
− ⊕Bs

− ⊕ 2Es
− ⊕ Fa

− ⊕Ga
−. (5-84)

To obtain the representation in G96 induced by the irreducible representations
of D2h(M) we use the normal correlation table backwards and the reverse
correlation table obtained for D2h(M) → G96 is given in Table 5-5.

Table 5-5

Reverse correlation table for D2h(M) to the CNPI group of ethylene (G96)

D2h(M) G96 D2h(M) G96

Ag As
+ ⊕ Bs

+ ⊕ 2Es
+ Au As

− ⊕ Bs
− ⊕ 2Es

−

⊕ Fa
+ ⊕ Ga

+ ⊕ Fa
− ⊕ Ga

−

B1g Aa
− ⊕ Ba

− ⊕ 2Ea
− B1u Aa

+ ⊕ Ba
+ ⊕ 2Ea

+

⊕ Fs
− ⊕ Gs

− ⊕ Fs
+ ⊕ Gs

+

B2g Fs
− ⊕ Gs

− ⊕ Fa
− ⊕ Ga

− B2u Fs
+ ⊕ Gs

+ ⊕ Fa
+ ⊕ Ga

+

B3g Fs
+ ⊕ Gs

+ ⊕ Fa
+ ⊕ Ga

+ B3u Fs
− ⊕ Gs

− ⊕ Fa
− ⊕ Ga

−
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We are now in a position to appreciate the utility of the MS group. In the
ethylene molecule no tunneling splittings are observed in the ground electronic
state energy levels, and the MS group is D2h(M). Using this group the rotation-
vibration energy levels are labeled according to the irreducible representation
labels Ag, Au, B1g, etc. If we used the CNPI group G96 to label the levels then a
level labeled Ag in D2h(M) would be labeled (As

+⊕Bs
+⊕2Es

+⊕Fa
+⊕Ga

+),
and so on according to Table 5-5 for each of the eight possible irreducible
representation labels of D2h(M). We see that according to the CNPI group
classification each nondegenerate level of ethylene [in D2h(M)] is twelvefold
degenerate and there is a lot of “accidental” degeneracy. Since no tunneling
splittings are observed we have no use for the symmetry labels of the individual
split levels, and a classification that distinguishes between the eight possible
symmetry types without allowing for the splitting is enough. This is what
the MS group, D2h(M) in this case, provides. Notice from Table 5-5 that the
twelvefold structural degeneracy is not completely resolvable by tunneling; the
Ag, B1g, Au, and B1u levels in D2h(M) can only at most be split into six levels
by tunneling and the B2g, B3g, B2g, and B3u levels into four. In an excited
electronic state of ethylene it may be that torsional tunneling is observable, in
which case the MS group would be the group G16 (see Table A-25). Part of the
structural degeneracy would then be allowed for in the symmetry classification
but not all of it; only that part capable of experimental resolution.

Problem 5-5. Using the D2h(M) group (see Table A-9) there are eight
symmetry types for the rotation-vibration levels of nontunneling planar ethy-
lene. Determine the successive correlations of these species to the species of the
groups G16 (see Table A-25) and G96 by using the correlation tables of G16

to D2h(M) and of G96 to G16. The G16 group allows for torsional tunneling,
and we use the Γ(MW) notation for its irreducible representations.

Answer. To determine the reverse correlation D2h(M)→ G16 we must first
determine the correlation G16 → D2h(M). Using the character tables in Ta-
bles A-9 and A-25 this is straightforward, and the correlation table obtained is
given in the left hand half of Table 5-6. The reverse correlation table, obtained
by using the correlation table backwards according to Eq. (5-81), is given in
the right hand half of Table 5-6. We see that levels of symmetry B2g, B3g, B2u,
and B3u cannot be split by torsional tunneling. The correlation table and re-
verse correlation table for G96 → G16 is given in Table 5-7; the plus and minus
signs correlate unchanged since E∗ is present in both groups. These reverse
correlation tables can be combined to show the successive reverse correlations
D2h(M) → G16 → G96. For example, a level of Ag symmetry in D2h(M)
correlates with G16 and G96 species as follows:

Ag →
{
A1

+ → As
+ ⊕ Es

+ ⊕ Fa
+

B1
+ → Bs

+ ⊕ Es
+ ⊕Ga

+.
(5-85)

Such a connected reverse correlation would be useful if one were interested in
the effect of successive tunnelings. The reader can easily construct a similar



88 5. Representations and Character Tables

reverse correlation table for C2(M) → G4 → G8 for the H2O2 molecule (see
Tables A-4, A-21, A-23, and B-4(v)).

Table 5-6

Correlation and reverse correlation tables for
the D2h(M) and G16 groups of ethylenea

G16 D2h(M) D2h(M) G16

A1
+ Ag Ag A1

+ ⊕B1
+

A2
+ B1u B1g A2

− ⊕ B2
−

B1
+ Ag B2g E−

B2
+ B1u B3g E+

E+ B2u ⊕B3g

Au A1
− ⊕ B1

−

A1
− Au B1u A2

+ ⊕B2
+

A2
− B1g B2u E+

B1
− Au B3u E−

B2
− B1g

E− B2g ⊕B3u

a We use the Γ(MW) notation for the ir-
reducible representations of G16.

Such connected reverse correlation tables are particularly useful for weakly
bound cluster molecules. This is because in such molecules several different
degenerate rearrangements can or cannot be feasible, and as a result several
different MS groups have to be considered. As an example we consider the
water dimer that was discussed in Chapter 3. For the water dimer we consider
three different MS groups: Cs(M) = {E, (34)∗}, G4 = {E, (34), E∗, (34)∗}, and
G16 given in Eq. (3-23). The MS group Cs is appropriate for version (1) of the
water dimer given in Fig. 3-15 if no degenerate rearrangements are feasible (i.e.,
if it is a rigid molecule). The MS group G4 is appropriate if only the acceptor
tunneling degenerate rearrangement is feasible [which interconverts versions (1)
and (4) in Fig. 3-15], and G16 is the MS group if both the acceptor tunneling
and donor-acceptor interchange tunneling are feasible (in which case all eight
versions in Fig. 3-15 are accessible to each other). The character tables are
given in Table A-2 [with (34)∗ replacing E∗] for the Cs group, in Table A-21
[with (34) replacing (12)(34), and (34)∗ replacing (12)(34)∗] for the G4 group,
and in Table A-25 for the G16 group. The reverse correlations are [where we
use the Γ(LH) notation for the irreducible representations of the G16 group
and the Γ3 notation for the group G4]

A′ →
{
B1 → A2

− ⊕B2
− ⊕ E−

A1 → A1
+ ⊕B1

+ ⊕ E+,
(5-86)

A′′ →
{
B2 → A2

+ ⊕B2
+ ⊕ E+

A2 → A1
− ⊕B1

− ⊕ E−.
(5-87)
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Table 5-7

Correlation and reverse correlation tables for
the G16 and G96 groups of ethylenea

G96 G16 G16 G96

As
+ A1

+ A1
+ As

+ ⊕ Es
+ ⊕ Fa

+

Bs
+ B1

+ A2
+ Ba

+ ⊕ Ea
+ ⊕ Gs

+

Es
+ A1

+ ⊕ B1
+ B1

+ Bs
+ ⊕ Es

+ ⊕ Ga
+

Fs
+ B2

+ ⊕E+ B2
+ Aa

+ ⊕ Ea
+ ⊕ Fs

+

Gs
+ A2

+ ⊕ E+ E+ Fs
+ ⊕Gs

+ ⊕ Fa
+ ⊕Ga

+

Aa
+ B2

+

Ba
+ A2

+

Ea
+ A2

+ ⊕ B2
+

Fa
+ A1

+ ⊕ E+

Ga
+ B1

+ ⊕E+

As
− B1

− A1
− Bs

− ⊕ Es
− ⊕ Ga

−

Bs
− A1

− A2
− Aa

− ⊕ Ea
− ⊕ Fs

−

Es
− A1

− ⊕B1
− B1

− As
− ⊕ Es

− ⊕ Fa
−

Fs
− A2

− ⊕E− B2
− Ba

− ⊕ Ea
− ⊕ Gs

−

Gs
− B2

− ⊕ E− E− Fs
− ⊕Gs

− ⊕ Fa
− ⊕Ga

−

Aa
− A2

−

Ba
− B2

−

Ea
− A2

− ⊕B2
−

Fa
− B1

− ⊕ E−

Ga
− A1

− ⊕E−

a We use the Γ(MW) notation for the irreducible rep-
resentations of G16.

It is left as an exercise for the reader to determine the reverse correla-
tions Cs(M) → C6v(M) → G24 → G24 ⊗ E for the benzene-water dimer [see
Eqs. (3-24)-(3-26); the character table of the C6v(M) group is given in Ta-
ble A-7, and the character table of the G24 group is given in Table A-27]. In
doing this the simplification occurring when direct product groups appear in
this manner in the chain will be realized.2

BIBLIOGRAPHICAL NOTES

Matrices

Margenau and Murphy (1956). In Chapter 10 matrices and matrix algebra are discussed.

2After having determined the reverse correlations see Eqs. (8-47) and (8-48).
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Soldán (1996, 1997). Product decomposition is used to analyze the permutation-inversion
groups for molecules with two coaxial rotors, including the extended molecular symmetry
groups discussed in Chapters 15 and 17.



6

The Symmetry Labeling

of Molecular Energy Levels

An approximate time independent Schrödinger equation for a molecule is
introduced, and the effect of a nuclear permutation and the inversion E∗ on this
equation is discussed. Symmetry operations and symmetry groups are defined
with respect to this Hamiltonian, and it is shown how molecular wavefunctions,
and products of them, generate representations of a symmetry group of the
Hamiltonian. As a result we can label energy levels with representation labels
and use these labels to distinguish energy levels. The general use of these labels
in determining which pairs of levels can interact with each other in certain
circumstances is discussed, and the vanishing integral rule is derived.

6.1 A MOLECULAR SCHRÖDINGER EQUATION IN (X,Y, Z)
COORDINATES

With some simplifying approximations we can write the classical nonrela-
tivistic energy of a molecule in free space as the sum of the kinetic energies of
the nuclei and electrons and of the electrostatic interactions between them. Ne-
glecting the translational motion of the molecule and expressing the energy in
terms of the coordinates and momenta (rather than in terms of the coordinates
and velocities) we obtain this approximate classical energy in Hamiltonian form
H0; using the (X,Y, Z) coordinate system (with origin at the molecular center
of mass) we have:1

H0 =
1

2

∑

r

Pr
2

mr
+
∑

r<s

CrCse
2

4πǫ0Rrs
, (6-1)

where r, s run over all the nuclei and electrons in the molecule, particle r has
mass mr and charge Cre (the mass of an electron is me and its charge is −e),
and the momentum of particle r is Pr; we can write

Pr
2 = mr

2(Ẋr
2 + Ẏr

2 + Żr
2) = P 2

Xr
+ P 2

Yr
+ P 2

Zr
, (6-2)

1The factor 4πǫ0 (where ǫ0 is the permittivity of vacuum) occurs in the denominator of
the potential energy so that this expression is in SI units; see Eq. (12) in Section 7.3 of Mills,
Cvitaš, Homann, Kallay, and Kuchitsu (1993).
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where Ẋr = dXr/dt and t is time. In Eq. (6-1) the distance between the
particles r and s is written Rrs and

Rrs = [(Xr −Xs)
2 + (Yr − Ys)2 + (Zr − Zs)

2]1/2. (6-3)

In Eq. (6-1) we use Cre for the charge rather than the more customary Zre to
avoid confusion with the coordinate Zr.

From the basic postulates of quantum mechanics the allowed stationary state
energies of a molecule with classical energy given by Eq. (6-1) are the eigen-
values En in the time independent Schrödinger equation

Ĥ0Ψn = EnΨn, (6-4)

where the eigenfunctions Ψn are single valued functions of the coordinates of
the nuclei and electrons in the molecule, and the quantum mechanical Hamil-
tonian operator [or simply Hamiltonian] Ĥ0 is obtained from H0 in Eq. (6-1)
by replacing the Cartesian momenta PXr , etc., by the operators P̂Xr , etc.,
according to the prescription

P̂Xr = −iℏ∂/∂Xr, etc., (6-5)

where ℏ = h/2π and h is Planck’s constant. We obtain

Ĥ0 = −ℏ2

2

∑

r

∇r
2

mr
+
∑

r<s

CrCse
2

4πǫ0Rrs
, (6-6)

where

∇r
2 = (∂2/∂Xr

2 + ∂2/∂Yr
2 + ∂2/∂Zr

2). (6-7)

The effect of the electron spin magnetic moment, and of the possible mag-
netic and electric moments of each nucleus, will be to add further electric and
magnetic interaction terms to the energy in Eq. (6-1) and hence to the Hamil-
tonian operator in Eq. (6-6). Even without worrying about these terms the
use of an axis system with origin at the molecular center of mass leads to a
slightly more complicated Hamiltonian than Ĥ0 after we discard the transla-
tional energy, and this is discussed in Chapter 7. For the general arguments we
wish to make in this chapter we neglect all these extra terms. Equation (6-6)
is an approximate molecular Hamiltonian operator, and in this chapter we use
representation theory to label the energy levels (eigenstates) of this particular
approximate Hamiltonian in order to show how the process of labeling energy
levels works.

6.2 THE EFFECTS OF NUCLEAR PERMUTATIONS AND THE
INVERSION ON THE SCHRÖDINGER EQUATION

We will consider the Schrödinger equation, Eq. (6-4), for a molecule in which
nuclei 1 and 2 are identical, having mass m and charge Ce. In these circum-
stances we can write the Hamiltonian operator of Eq. (6-6) as

Ĥ0 = Ĥ0(1, 2) + Ĥ0(rest), (6-8)
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where

Ĥ0(1, 2) = − ℏ2

2m
(∇1

2 +∇2
2) +

C2e2

4πǫ0R12
+
∑

r 6=1,2

CCre
2

4πǫ0

(
1

R1r
+

1

R2r

)
.

(6-9)

Ĥ0 (rest), therefore, does not involve the coordinates or momenta of nuclei 1
and 2. The Schrödinger equation, Eq. (6-4), for the molecule is

[Ĥ0(1, 2) + Ĥ0(rest)]Ψn(X1, Y1, Z1, X2, Y2, Z2,W )

= EnΨn(X1, Y1, Z1, X2, Y2, Z2,W ), (6-10)

where W stands for the coordinates of all the other nuclei and of all the elec-
trons in the molecule.

We wish to examine the effect of permuting nuclei 1 and 2, i.e., the effect of
the operation (12), on the Schrödinger equation given in Eq. (6-10). The effect
of (12) on the right hand side of the Schrödinger equation can be written

(12)EnΨn(X1, Y1, Z1, X2, Y2, Z2,W )

= En(12)Ψn(X1, Y1, Z1, X2, Y2, Z2,W ) (6-11)

= EnΨn(X2, Y2, Z2, X1, Y1, Z1,W ) (6-12)

= EnΨ(12)
n (X1, Y1, Z1, X2, Y2, Z2,W ). (6-13)

Equation (6-11) simply results from the fact that En is a constant, indepen-
dent of the coordinates of nuclei 1 and 2, and hence unaffected by (12). Equa-
tion (6-12) shows the effect of (12) on Ψn, and the value of the function at
the point (X1, Y1, Z1, X2, Y2, Z2, W ) in configuration space is changed to its
value at the point (X2, Y2, Z2, X1, Y1, Z1, W ). Equation (6-13) introduces

Ψ
(12)
n as a new function whose value at the point (X1, Y1, Z1, X2, Y2, Z2, W )

is the same as the value of Ψn at the point (X2, Y2, Z2, X1, Y1, Z1, W ) [see
Section 1.1.1].

The effect of (12) on the left hand side of Eq. (6-10) can be written

(12)

{
− ℏ2

2m
(∇1

2 +∇2
2) +

C2e2

4πǫ0R12
+
∑

r 6=1,2

CCre
2

4πǫ0

(
1

R1r
+

1

R2r

)

+ Ĥ0(rest)

}
Ψn(X1, Y1, Z1, X2, Y2, Z2,W )

=

{
− ℏ2

2m
(∇2

2 +∇1
2) +

C2e2

4πǫ0R21
+
∑

r 6=1,2

CCre
2

4πǫ0

(
1

R2r
+

1

R1r

)

+ Ĥ0(rest)

}
(12)Ψn(X1, Y1, Z1, X2, Y2, Z2,W ), (6-14)

that is,

(12)[Ĥ0(1, 2) + Ĥ0(rest)]Ψn(X1, Y1, Z1, X2, Y2, Z2,W )

= [Ĥ0(2, 1) + Ĥ0(rest)](12)Ψn(X1, Y1, Z1, X2, Y2, Z2,W ). (6-15)
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Since nuclei 1 and 2 have the same mass and charge Ĥ0(2,1) is identical to
Ĥ0(1,2), and we can write

(12)[Ĥ0(1, 2) + Ĥ0(rest)]Ψn(X1, Y1, Z1, X2, Y2, Z2,W )

= [Ĥ0(1, 2) + Ĥ0(rest)](12)Ψn(X1, Y1, Z1, X2, Y2, Z2,W ). (6-16)

The right hand side of Eq. (6-16) becomes

[Ĥ0(1, 2) + Ĥ0(rest)]Ψn(X2, Y2, Z2, X1, Y1, Z1,W )

= [Ĥ0(1, 2) + Ĥ0(rest)]Ψ(12)
n (X1, Y1, Z1, X2, Y2, Z2,W ). (6-17)

Equation (6-16) shows that the effect of (12)Ĥ0 on any function Ψn is the same
as the effect of Ĥ0(12) when 1 and 2 are identical. Thus the operation (12)
commutes with this particular Hamiltonian operator Ĥ0 and we can write the
operator equation

(12)Ĥ0 = Ĥ0(12). (6-18)

In general the molecular Hamiltonian operator given in Eq. (6-6) will commute
with any operation that is a permutation of identical nuclei (and similarly with
any permutation of the electrons). As a direct result of Eq. (6-18) we have [by
equating the right hand side of Eq. (6-17) with Eq. (6-13)]

Ĥ0Ψ(12)
n (X1, Y1, Z1, X2, Y2, Z2,W ) = EnΨ(12)

n (X1, Y1, Z1, X2, Y2, Z2,W ),
(6-19)

and the operation (12) has converted Ψn to a new function Ψ
(12)
n which is also

an eigenfunction of Ĥ0 with eigenvalue En. In general we can say that any
operation R that commutes with the molecular Hamiltonian will convert an
eigenfunction of the Hamiltonian to a new function having the same eigenvalue
and such an operation is called a symmetry operation of the Hamiltonian. A
symmetry group of a Hamiltonian is a group of symmetry operations of the
Hamiltonian. We sometimes say that the Hamiltonian is invariant to a sym-
metry operation in the sense that if R is a symmetry operation the effect of R
on Ĥ (not considering any function that Ĥ acts on) is to leave Ĥ unchanged.

We can easily see that the inversion E∗ will also commute with the Hamil-
tonian operator given in Eq. (6-6). This depends on results such as those now
given in Eqs. (6-20) and (6-23).

E∗ ∂2

∂X1
2 Ψn(X1, Y1, Z1, . . . ) =

∂2

∂X1
2E

∗Ψn(X1, Y1, Z1, . . . ) (6-20)

=
∂2

∂X1
2 Ψn(−X1,−Y1,−Z1, . . . ) (6-21)

=
∂2

∂X1
2 ΨE∗

n (X1, Y1, Z1, . . . ) (6-22)
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and

E∗R−1
rs Ψn(X1, Y1, Z1, . . . ) = R−1

rs E
∗Ψn(X1, Y1, Z1, . . . ) (6-23)

= R−1
rs Ψn(−X1,−Y1,−Z1, . . . ) (6-24)

= R−1
rs ΨE∗

n (X1, Y1, Z1, . . . ). (6-25)

Equation (6-20) follows from ∂2/∂(−Xi)
2 = ∂2/∂X2

i , and Eq. (6-23) follows
from the fact that Rrs [see Eq. (6-3)] depends only on the squares of the
differences of the Cartesian coordinates and does not change if the signs of
all the coordinates change (obviously the distances between the particles are
unaffected by inverting the molecule).

Since any permutation of identical nuclei P commutes with Ĥ0, and E∗

commutes with Ĥ0, it must be that PE∗ = E∗P = P ∗ commutes with Ĥ0,
i.e.,

P ∗Ĥ0 = PE∗Ĥ0 = PĤ0E∗ = Ĥ0PE∗ = Ĥ0P ∗. (6-26)

Thus all the elements of the CNPI (or MS) group of a molecule will commute
with the molecular Hamiltonian given in Eq. (6-6) and the CNPI (or MS)
group is therefore a symmetry group of that Hamiltonian. Any element R of
the CNPI (or MS) group of a molecule will convert an eigenfunction Ψn of
Ĥ0 into a new eigenfunction ΨR

n of Ĥ0 having the same eigenvalue as Ψn. To
proceed further we discuss the cases of nondegenerate and degenerate energy
levels separately. A molecular state with energy E is said to be degenerate if
more than one linearly independent eigenfunction of the molecular Hamiltonian
has eigenvalue E.

6.2.1 Nondegenerate levels

If En is a nondegenerate eigenvalue of Ĥ0, belonging to eigenfunction Ψn,

then we see from Eq. (6-19) that Ψ
(12)
2 = (12)Ψn is also an eigenfunction of Ĥ0

with eigenvalue En. For this to be true we must have

Ψ(12)
n = cΨn, (6-27)

where c is a constant, since Ψn is the only eigenfunction of Ĥ0 with eigenvalue
En (it is nondegenerate by definition). We can evaluate c as follows: Writing

(12)Ψn = cΨn, (6-28)

and applying (12) to both sides, we obtain

(12)2Ψn = (12)cΨn. (6-29)

Since (12)2 is the identity and (12) commutes with c (a constant) this equation
can be rewritten as

Ψn = c(12)Ψn (6-30)
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= c2Ψn, (6-31)

i.e., c2 = 1, and therefore

c = ±1. (6-32)

A nondegenerate eigenfunction of Ĥ0 for a molecule in which 1 and 2 are
identical nuclei is thus either invariant (c = +1) to (12) or is changed in sign
(c = −1) by (12). Alternatively we can say that for a molecule in which 1 and
2 are identical nuclei the value of a nondegenerate eigenfunction Ψn at each
point (X1, Y1, Z1, X2, Y2, Z2, W ) in configuration space is either equal to,
or equal to the negative of, its value at each point (X2, Y2, Z2, X1, Y1, Z1,
W ). Some of the nondegenerate eigenfunctions will be unaffected by (12), i.e.,
symmetric under (12), and all the others will be changed in sign by (12), i.e.,
antisymmetric under (12). We cannot determine which will be symmetric and
which antisymmetric except by looking at the functions in detail.

A simple example of this is afforded by the function sin(X1 −X2) which is
antisymmetric under (12):

(12) sin(X1 −X2) = sin(X2 −X1) = − sin(X1 −X2). (6-33)

Alternatively cos(X1−X2) is symmetric under (12). The functions sin(X1−X2)
and cos(X1 −X2), and the functions used in Problems 6-1, 6-2, and 6-3 that
follow, are not eigenfunctions of a molecular Hamiltonian; these functions are
introduced simply as convenient functions for studying transformation proper-
ties.

To introduce some more of the definitions that are used we can take (12)
together with the identity E to make the S2 group. The S2 group has two
irreducible representations, which we call Γ1 and Γ2, and the character table
of S2 is given in Table 6-1. A function that is symmetric under (12) is said
to generate (or form a basis for) the representation Γ1 of the S2 group, since
application of either E or (12) to a symmetric function produces (+1) times the
function, and the representation Γ1 has (+1) as its elements both under E and
(12). A function that is antisymmetric under (12) generates the numbers (+1)
and (−1) under the operations E and (12), respectively, and thus generates
the representation Γ2. Symmetric functions would then be said to be of Γ1

symmetry in the S2 group, while antisymmetric functions are of Γ2 symmetry.

Table 6-1

The character table of the S2 group

S2: E (12)

Γ1: 1 1
Γ2: 1 −1
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In deriving Eq. (6-32) from Eq. (6-28) for the effect of (12) on Ψn it was
important that (12)2 = E. An arbitrary operation R that commutes with the
Hamiltonian need not be self-reciprocal like this and in general we haveRm = E
where m need not be 2. In this case we determine that for a non-degenerate
eigenfunction

RmΨn = cmΨn = Ψn, (6-34)

i.e.,

c =
m
√

1. (6-35)

For example, the operation (123) is such that (123)3 = E, and nondegenerate
eigenfunctions of a Hamiltonian that commutes with (123) will be multiplied
by 1, ω = exp(2πi/3), or ω2 by the effect of (123).

In general any nondegenerate eigenfunction of the Hamiltonian will generate
a one-dimensional representation of a symmetry group of the Hamiltonian (as
is proved in Appendix 6-1 at the end of this chapter) and we say that we
can classify the nondegenerate eigenfunction according to the one-dimensional
representations of the symmetry group. We pay special attention to the effect
of E∗ by saying that an eigenfunction that is symmetric under it is of positive
parity whereas one that is antisymmetric under it is of negative parity.

Problem 6-1. Consider the following functions for the water molecule,
where 1 and 2 label the protons,

Ψ1 = sin(X1 −X2 + Y1 − Y2 + Z1 − Z2),

Ψ2 = cos(X1 −X2 + Y1 − Y2 + Z1 − Z2),

and

Ψ3 = sin(X1 +X2 + Y1 + Y2 + Z1 + Z2).

Each of these functions generates a one-dimensional representation of the CNPI
group C2v(M) of the water molecule (see Table 6-2); determine which repre-
sentations are generated.

Table 6-2

The character table of the CNPI group
C2v(M) of the water moleculea

C2v(M): E (12) E∗ (12)∗

A1: 1 1 1 1
A2: 1 1 −1 −1
B1: 1 −1 −1 1
B2: 1 −1 1 −1

a Protons labeled 1 and 2.
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Answer. To determine the representation for which each Ψi forms a basis we
must determine the coefficients cRi , where

EΨi = cEi Ψi, (6-36)

(12)Ψi = c
(12)
i Ψi, (6-37)

E∗Ψi = cE
∗

i Ψi, (6-38)

and

(12)∗Ψi = c
(12)∗

i Ψi. (6-39)

The representation generated is then [cEi , c
(12)
i , cE

∗

i , c
(12)∗

i ]. Clearly

cEi = 1, (6-40)

since E does nothing to the functions. Also we have

c
(12)∗

i = c
(12)
i cE

∗

i , (6-41)

since the cRi form a one-dimensional representation. As a result of Eqs. (6-40)

and (6-41) we only have to determine c
(12)
i and cE

∗

i for each Ψi in order to
determine the representation that the function generates.

We look first at Ψ1.

(12)Ψ1 = (12) sin(X1 −X2 + Y1 − Y2 + Z1 − Z2)

= sin(X2 −X1 + Y2 − Y1 + Z2 − Z1)

= (−1)Ψ1 (6-42)

and

E∗Ψ1 = E∗ sin(X1 −X2 + Y1 − Y2 + Z1 − Z2)

= sin(−X1 +X2 − Y1 + Y2 − Z1 + Z2)

= (−1)Ψ1. (6-43)

Collecting the results for Ψ1 we have

cE1 = +1, (6-44a)

c
(12)
1 = −1, (6-44b)

cE
∗

1 = −1, (6-44c)
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and

c
(12)∗

1 = c
(12)
1 cE

∗

1 = +1, (6-44d)

so that the representation generated by Ψ1 is [+1,−1,−1,+1], i.e., B1, in the
CNPI group of the water molecule.

We next look at the function Ψ2:

(12)Ψ2 = cos(X2 −X1 + Y2 − Y1 + Z2 − Z1) = (+1)Ψ2 (6-45)

and

E∗Ψ2 = cos(−X1 +X2 − Y1 + Y2 − Z1 + Z2) = (+1)Ψ2, (6-46)

and the function Ψ2 generates the A1 representation of the CNPI group.
Finally we look at Ψ3.

(12)Ψ3 = sin(X2 +X1 + Y2 + Y1 + Z2 + Z1) = (+1)Ψ3 (6-47)

and

E∗Ψ3 = sin(−X1 −X2 − Y1 − Y2 − Z1 − Z2) = (−1)Ψ3, (6-48)

and the function Ψ3 generates the representation A2. The functions Ψ1, Ψ2,
and Ψ3 are thus of symmetry B1, A1, and A2, respectively; Ψ1 and Ψ3 are of
negative parity whereas Ψ2 is of positive parity.

6.2.2 Degenerate levels

If En is an l -fold degenerate eigenvalue of the molecular Hamiltonian with
eigenfunctions Ψn1, Ψn2, . . . , Ψnl, then the effect of a symmetry operation
R on one of these functions will be to convert it to a linear combination of
these l functions. This must be true since the function that results by applying
R to any one of these functions still has eigenvalue En [see Eq. (6-19) and
the discussion after it], and the most general function of this type is a linear
combination of these functions.

From the above remarks we see that the effect of R can be written2 using
matrix notation as

RΨni =

l∑

j=1

D[R]ijΨnj , (6-49)

where i = 1, 2, . . . , l. For example, choosing i = 1, we have the effect of R on
Ψn1 as:

RΨn1 = D[R]11Ψn1 +D[R]12Ψn2 + · · ·+D[R]1lΨnl. (6-50)

2Note the order of the subscripts on D[R], and see the Bibliographical Notes concerning
the alternative definition used in Wigner (1959).
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The D[R]ij are numbers and D[R] is a matrix of these numbers; the matrix
D[R] is generated by the effect of R on the l functions Ψni. We can visualize
Eq. (6-49) as a column matrix RΨn being equal to the product of a square
matrix D[R] and a column matrix Ψn, i.e.,

R

[
Ψn

]
=

[
D[R]

][
Ψn

]
. (6-51)

Each operation in a symmetry group of the Hamiltonian will generate such an
l × l matrix, and it is shown in Appendix 6-1 that if three operations of the
group P1, P2, and P12 are related by

P1P2 = P12 (6-52)

then the matrices generated by application of them to the Ψni [as described by
Eq. (6-49)] will satisfy

D[P1]D[P2] = D[P12]. (6-53)

Thus the matrices will have a multiplication table with the same structure
as the multiplication table of the symmetry group and hence will form an l -
dimensional representation of the group.

A given l -fold degenerate state may generate a reducible or an irreducible
l -dimensional representation of the symmetry group considered. If the repre-
sentation is irreducible then the degeneracy is said to be necessary, i.e., imposed
by the symmetry of the Hamiltonian. However, if the representation is reducible
then the degeneracy between the different states is said to be accidental, and
it is not imposed by the symmetry of the Hamiltonian.3

Suppose that, for the given l -fold degenerate energy level En, we choose a
different set of l linearly independent functions, i.e., use Φnk instead of Ψni,
where

Φnk =

l∑

i=1

AkiΨni (6-54)

and A is an orthogonal matrix. Such a transformation is called an orthogonal
transformation, and if the Ψni are eigenfunctions of the Hamiltonian with eigen-
value En then the Φnk will also be eigenfunctions having the same eigenvalue.
The eigenfunctions for a given degenerate energy level are therefore arbitrary
to the extent of an orthogonal transformation. The question arises: Which rep-
resentation of the symmetry group of the Hamiltonian will the new functions
Φnk generate? The matrix representing the operation R that is generated by
the new functions Φnk will be given by

RΦnk =

l∑

r=1

D̄[R]krΦnr. (6-55)

3But it might indicate that a symmetry operation for the Hamiltonian has been forgotten.
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Applying R to both sides of Eq. (6-54) we obtain

RΦnk =

l∑

i=1

AkiRΨni. (6-56)

Using Eq. (6-49) we can write Eq. (6-56) as

RΦnk =

l∑

i=1

Aki

l∑

j=1

D[R]ijΨnj . (6-57)

The inverse of Eq. (6-54) can be written as

Ψnj =

l∑

r=1

(A−1)jrΦnr (6-58)

and substituting this equation into Eq. (6-57) we obtain

RΦnk =

l∑

i=1

Aki

l∑

j=1

D[R]ij

l∑

r=1

(A−1)jrΦnr (6-59)

=
∑

i,j,r

AkiD[R]ij(A
−1)jrΦnr. (6-60)

From Eqs. (6-60) and (6-55) we obtain the matrix equation

D̄[R] = AD[R]A−1. (6-61)

Thus the matrix representation generated by the Φn, containing D̄, is obtained
from that generated by the Ψn by performing the similarity transformation of
Eq. (6-61) with the matrix A, and these representations are, therefore, equiv-
alent. This means that the representation generated by the eigenfunctions of
a particular degenerate energy level is unique (apart from a similarity trans-
formation) and can be unambiguously reduced to its irreducible components.
Therefore, each energy level can be labeled according to the irreducible repre-
sentations of the symmetry group, and this is an important characteristic of
use in distinguishing the energy levels.

Using l mutually orthogonal functions4 to describe an l -fold degenerate level
it can be shown that the matrix representation obtained will be unitary, i.e.,

D[R−1]ij = D[R]∗ji. (6-62)

We always use orthonormal wavefunctions and hence always obtain unitary
representations of the symmetry group.

4Two functions Ψni and Ψnj are orthogonal if the product Ψni
∗Ψnj , integrated over all

configuration space, vanishes. A function Ψ is normalized if the product Ψ∗Ψ integrated over
all configuration space is unity. An orthonormal set contains functions that are normalized
and orthogonal to each other.
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6.3 PROJECTION OPERATORS

We frequently consider a set of functions, Φ1, . . . ,Φr, say, which generates a
reducible representation Γ of a symmetry group, i.e., for a particular operation
R of the group we have

RΦn =

r∑

m=1

DΓ[R]nmΦm, (6-63)

where the DΓ[R] are the matrices of the reducible representation Γ. We wish to
determine which linear combinations of the functions Φn transform according
to the irreducible representations Γi that make up Γ. To do this we use a
projection operator .5 Each irreducible representation of the group has different
projection operators, and we need to know the elements of the irreducible
representation matrices DΓi [R] in order to be able to construct the projection
operators. Written in their most general form, the projection operators used
here are particular combinations of the operations in the group defined by the
equation

PΓi
mm =

li
h

∑

R

DΓi [R]∗mmR, (6-64)

where li is the dimension of Γi, h is the order of the group, DΓi [R]mm is a diag-
onal element of the matrix DΓi [R] in the irreducible representation Γi as used
in the orthogonality relation Eq. (5-40), and the sum is over all operations in
the group. As shown in Appendix 6-2 the required functions Ψim are obtained
by applying the projection operator PΓi

mm to a function Φn which transforms
according to the reducible representation Γ:

PΓi
mmΦn =

li
h

∑

R

DΓi [R]∗mmRΦn

=
li
h

∑

R,k

DΓi [R]∗mmD
Γ[R]nkΦk

= Ψim. (6-65)

The functions Ψim, m = 1, 2, 3, . . . , li, transform according to

RΨim =

li∑

s=1

DΓi [R]msΨis, (6-66)

and generate the matrices DΓi [R] [see Eq. (6-49)]. The function Ψim trans-
forms irreducibly as the m’th row of Γi. Some examples of the application of

5The general definition of a projection operator requires it to be Hermitian [see Eq. (6-152)]

and idempotent. An idempotent operator P̂ is such that P̂ 2 = P̂ . The particular projection
operators discussed here fulfill these conditions.
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projection operators are given in Problems 6-2 and 6-3. If in the reduction of
the representation Γ generated by the functions Φn the irreducible representa-
tion Γi does not occur then the effect of PΓi on Φn will be to give zero; i.e.,
the projection operator annihilates Φn. The reader can test this by applying
the operator PA1 to any of the three functions Ψa, Ψb, or Ψc in Problem 6-2
which follows.

For a one-dimensional irreducible representation Γi, the representation ma-
trices DΓi [R] have only one element DΓi [R]11 = χΓi [R], the character for the
operation R. In this case, we can write the projection operator as

PΓi =
1

h

∑

R

χΓi [R]∗R. (6-67)

For an li-fold degenerate irreducible representation we can define

PΓi =

li∑

m=1

PΓi
mm =

li
h

∑

R

χΓi [R]∗R. (6-68)

When applied to the function Φn, the projection operator PΓi for a degen-
erate irreducible representation will produce a function belonging to Γi, but
the transformation properties of this function under the operations R will not
be known. However, to construct this projection operator we only need the
characters of the irreducible representations.

An operator related to the projection operator PΓi
mm is the so-called transfer

operator

PΓi
mt =

li
h

∑

R

DΓi [R]∗mtR, (6-69)

where t 6= m so that this operator involves the off-diagonal elements of the
matrices DΓi [R]. We show in Appendix 6-2 that if we have already determined
a function Ψim which belongs to the m’th row of Γi, then by applying PΓi

mt to
this function

PΓi
mtΨim = Ψit, (6-70)

we can generate a function Ψit which belongs to the t’th row of Γi.

Problem 6-2. The character table of the MS group C3v(M) of the CH3F
molecule is given in Table 6-3. We label the irreducible representations A1, A2,
and E. Suppose that Ψa, Ψb, and Ψc are threefold degenerate orthonormal
eigenfunctions for CH3F where

Ψa = X1, Ψb = X2, and Ψc = X3,

where the protons are labeled 1, 2, and 3. Which representation of the C3v(M)
group do these three functions generate? Reduce the representation obtained
to its irreducible components, and find the combinations of the functions that
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generate these irreducible representations by using the projection operator tech-
nique. Equations (1-11)-(1-13) and (2-9)-(2-10) will be of use in solving this
problem. In this artificial example we are, for the sake of clarity, taking the
functions Xi (the nuclear coordinates) as being normalized and orthogonal to
each other; it would be more correct to take three identical (normalized and or-
thogonal) functions of X1, X2, and X3 instead of X1, X2, and X3, respectively.

Table 6-3

The character table of the MS group
C3v(M) of the methyl fluoride

moleculea

C3v(M): E (123) (12)∗

(132) (23)∗

(13)∗

A1: 1 1 1
A2: 1 1 −1
E: 2 −1 0

a The protons are labeled 1 2, and 3.

Answer. We must determine the 3×3 matrices D[R] generated by the effect
of the operations R of the C3v(M) group on the three functions (Ψa,Ψb,Ψc).
We consider (123) and (12)* in detail with the help of Eqs. (1-12) and (2-9).

(123)Ψa = (123)X1 = X3 = Ψc, (6-71)

(123)Ψb = (123)X2 = X1 = Ψa, (6-72)

and

(123)Ψc = Ψb, (6-73)

so that

(123)




Ψa

Ψb

Ψc


 =




Ψc

Ψa

Ψb


 =




0 0 1
1 0 0
0 1 0




︸ ︷︷ ︸
D[(123)]




Ψa

Ψb

Ψc


 . (6-74)

Also,

(12)∗Ψa = (12)∗X1 = −X2 = −Ψb, (6-75)

(12)∗Ψb = −Ψa, (6-76)

and

(12)∗Ψc = −Ψc, (6-77)
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so that

(12)∗




Ψa

Ψb

Ψc


 =



−Ψb

−Ψa

−Ψc


 =




0 −1 0
−1 0 0

0 0 −1




︸ ︷︷ ︸
D[(12)∗]




Ψa

Ψb

Ψc


 . (6-78)

Similarly the operations (132), (23)∗, and (13)∗ generate the matrices



0 1 0
0 0 1
1 0 0


 ,



−1 0 0

0 0 −1
0 −1 0


 , and




0 0 −1
0 −1 0
−1 0 0


 , (6-79)

respectively, and E generates the 3 × 3 unit matrix. These matrices form a
representation of the C3v(M) group as the reader can test by forming their
multiplication table. The characters of this representation are

χ[E] = 3, χ[(123)] = χ[(132)] = 0,

χ[(12)∗] = χ[(23)∗] = χ[(13)∗] = −1. (6-80)

By inspection of Table 6-3, or by using Eq. (5-45), we see that this representa-
tion reduces to A2 ⊕ E.

The combinations of the functions Ψa, Ψb, and Ψc that are of species A2 and
E are found by using projection operators. An unnormalized combination of
species A2 is given by

Φ′(A2) =

{
1

6

∑

R

χA2 [R]∗R

}
Ψa, (6-81)

where the operator in the braces is the A2 projection operator PA2 from
Eq. (6-67). Operating with PA2 on Ψa we have

Φ′(A2) =
1

6

{
(+1)× EΨa + (+1)× (123)Ψa + (+1)× (132)Ψa

+ (−1)× (12)∗Ψa + (−1)× (23)∗Ψa + (−1)× (13)∗Ψa

}

=
1

6

{
(+1)Ψa + (+1)Ψc + (+1)Ψb + (−1)(−Ψb)

+ (−1)(−Ψa) + (−1)(−Ψc)

}

=
1

3
(Ψa + Ψb + Ψc). (6-82)

Normalizing we obtain

Φ(A2) = (Ψa + Ψb + Ψc)/
√

3 = (X1 +X2 +X3)/
√

3. (6-83)
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The same function would be obtained if we applied PA2 to Ψb or Ψc. The
reader should notice that PA1 annihilates Ψa,Ψb, or Ψc since the representa-
tion generated by these functions does not contain A1.

In order that we can use the projection operators PE
11 and PE

22 [Eq. (6-64)]
and the transfer operators PE

12 and PE
21 [Eq. (6-69)], we must determine a group

of representation matrices DE [R] for the irreducible representation E. It so
happens that we already know such a matrix group from Chapter 5. The MS
group C3v(M) is isomorphic to the permutation group S3 defined in Chapter 1
[see Table 1-1], and the correspondence between the elements is as follows

S3 : E (123) (132) (12) (23) (13)

C3v(M) : E (123) (132) (12)∗ (23)∗ (13)∗.
(6-84)

The reader should prove this by showing that the multiplication table of C3v(M)
can be obtained from that of S3 [Table 1-1] by simply replacing (12), (23), and
(13) by (12)∗, (23)∗, and (13)∗, respectively. In Eq. (5-27) we have given a
group Γ3 of 2 × 2 matrices; this group is isomorphic to S3 so that it is also
isomorphic to C3v(M) with the following mapping:

C3v(M) : E (123) (132)

Γ3 :

[
1 0
0 1

]


− 1

2

√
3
2

−
√
3
2 − 1

2






− 1

2 −
√
3
2

√
3
2 − 1

2


 .

C3v(M) : (12)∗ (23)∗ (13)∗

Γ3 :

[
1 0
0 −1

]


− 1

2

√
3
2

√
3
2

1
2






− 1

2 −
√
3
2

−
√
3
2

1
2




(6-85)

The reader can also check that the traces of these matrices are equal to the char-
acters of the E irreducible representation in Table 6-3; the matrices obviously
form the desired group of representation matrices DE [R]. From Eq. (6-64) we
have

PE
11 =

1

3

∑

R

DE [R]∗11R, (6-86)
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and operating with this operator on Ψa yields

Φ′
1(E) =

1

3

{
(+1)× EΨa + (−1/2)× (123)Ψa + (−1/2)× (132)Ψa

+ (+1)× (12)∗Ψa + (−1/2)× (23)∗Ψa + (−1/2)× (13)∗Ψa

}

=
1

3

{
(+1)Ψa + (−1/2)Ψc + (−1/2)Ψb + (+1)(−Ψb)

+ (−1/2)(−Ψa) + (−1/2)(−Ψc)

}
=

1

2
(Ψa −Ψb), (6-87)

which on normalizing gives

Φ1(E) = (X1 −X2)/
√

2. (6-88)

From Eq. (6-70) we see that we can obtain the partner function of Φ1(E),
Φ2(E), by applying the transfer operator PE

12 [Eq. (6-69)] to Φ1(E):

PE
12Φ1(E) =

1

3

{
(0)× EΦ1(E) + (

√
3/2)× (123)Φ1(E)

+ (−
√

3/2)× (132)Φ1(E) + (0)× (12)∗Φ1(E)

+ (
√

3/2)× (23)∗Φ1(E) + (−
√

3/2)× (13)∗Φ1(E)

}

=
1

3

{
(
√

3/2)(1/
√

2)(Ψc −Ψa) + (−
√

3/2)(1/
√

2)(Ψb −Ψc)

+ (
√

3/2)(1/
√

2)(−Ψa + Ψc) + (−
√

3/2)(1/
√

2)(−Ψc + Ψb)

}

= (1/
√

6)(2Ψc −Ψa −Ψb). (6-89)

This function is normalized. We thus have

Φ2(E) =
1√
6

(2X3 −X1 −X2). (6-90)

The two functions Φ1(E) and Φ2(E) belong to the first and second rows,
respectively, of the irreducible representation E of the C3v(M) group. We can
also obtain a function belonging to the second row of E by letting PE

22 operate
on Ψa, and the result is

PE
22Ψa = −(2X3 −X1 −X2)/6 = − 1√

6
Φ2(E). (6-91)
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This function differs from Φ2(E) by a factor of −1/
√

6. This factor is an expan-
sion coefficient in the expansion of Ψa in terms of the symmetrized functions
[Φ(A2),Φ1(E),Φ2(E)] [i.e., the expansion coefficient An,im in Eq. (6-181)].

The reader can test that the three functions Φ(A2) and [Φ1(E),Φ2(E)], trans-
form separately as A2 and E by applying the operations of the C3v(M) group
to them (see Appendix 6-3).

6.3.1 Projection operators for a direct product group

The projection operator formalism discussed in Section 6.3 takes on a par-
ticularly simple form for direct product groups [see Sections 5.7 and 5.8.2]. For

an irreducible representation Γ
(G)
ij [see Section 5.8.2] of a group G, which is the

direct product of two invariant subgroups A and B as given by Eq. (5-70), the
projection operator in Eq. (6-68) has the form

PΓ
(G)
ij =

l
(A)
i l

(B)
j

ab

∑

R

χΓ
(G)
ij [R]

∗
R

=
l
(A)
i l

(B)
j

ab

∑

R(A),R(B)

χΓ
(A)
i

[
R(A)

]∗
χΓ

(B)
j

[
R(B)

]∗
R(A)R(B)

=

(
l
(A)
i

a

∑

R(A)

χΓ
(A)
i

[
R(A)

]∗
R(A)

)(
l
(B)
j

b

∑

R(B)

χΓ
(B)
j

[
R(B)

]∗
R(B)

)
.

(6-92)

In Eq. (6-92), a is the order of A and b is the order of B. Each element of G is
written as R = R(A)R(B), where R(A) is an element of A and R(B) an element of

B. The irreducible representation Γ
(G)
ij = (Γ

(A)
i ,Γ

(B)
j ) [Eq. (5-71)], where Γ

(A)
i

(with dimension l
(A)
i ) and Γ

(B)
j (with dimension l

(B)
j ) are irreducible represen-

tations of A and B, respectively, with characters χΓ
(A)
i [R(A)] and χΓ

(B)
j [R(B)].

In the derivation of Eq. (6-92) we have made use of the facts that G has the

order ab and that the irreducible representation Γ
(G)
ij is l

(A)
i l

(B)
j -fold degenerate.

We have also inserted the expression in Eq. (5-72) for the characters associated

with Γ
(G)
ij . Comparison of the last line in Eq. (6-92) with Eq. (6-68) shows

that the projection operator PΓ
(G)
ij is the product of two projection operators,

one for the irreducible representation Γ
(A)
i of A and one for the irreducible

representation Γ
(B)
j of B. The two projection operators commute because all

elements in A commute with all elements in B [see Sections 5.7 and 5.8.2]. The

form of PΓ
(G)
ij implies that in order for a wavefunction to transform irreducibly

in G according to Γ
(G)
ij it must transform irreducibly in A and B simultaneously

according to the irreducible representations Γ
(A)
i and Γ

(B)
j , respectively. A

derivation slightly more involved than that given here shows that the projection
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operators PΓi
mm [which involve elements of the representation matrices rather

than the characters; see Eq. (6-64)] for a direct product group also factorize in
the manner given in Eq. (6-92). That is, we can ‘symmetrize’ wavefunctions in
G by ‘symmetrizing’ them separately in A and B when G is the direct product
of A and B. We use this result several times in the book [see, for example,
Table 16-11].

6.4 THE SYMMETRY OF A PRODUCT

Given an s-fold degenerate state of energy En and symmetry Γn, with eigen-
functions Φn1,Φn2, . . . ,Φns, and an r -fold degenerate state of energy Em and
symmetry Γm, with eigenfunctions Φm1,Φm2, . . . ,Φmr, we wish to determine
the symmetry Γmn of the set of functions Ψij = ΦniΦmj , where i = 1, 2, . . . , s
and j = 1, 2, . . . , r. There will be s× r functions of the type Ψij . The matrices
DΓn and DΓm in the representations Γn and Γm, respectively, are obtained
from

RΦni =
s∑

k=1

DΓn [R]ikΦnk (6-93)

and

RΦmj =

r∑

l=1

DΓm [R]jlΦml, (6-94)

where R is an operation of the symmetry group. To obtain the matrices in the
representation Γnm we write

R[ΦniΦmj ] =

s∑

k=1

r∑

l=1

DΓn [R]ikD
Γm [R]jlΦnkΦml (6-95)

and we can write this as

RΨij =

s,r∑

k,l=1,1

DΓnm [R]ij,klΨkl. (6-96)

From this we see that the s× r dimensional representation Γnm generated by
the s× r functions Ψij has matrices with elements given by

DΓnm [R]ij,kl = DΓn [R]ikD
Γm [R]jl, (6-97)

where each element of DΓnm is indexed by a row label ij and a column label
kl, each of which runs over s× r values. The ij, ij diagonal element is given by

DΓnm [R]ij,ij = DΓn [R]iiD
Γm [R]jj , (6-98)
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and the character of the matrix is given by

χΓnm [R] =

s,r∑

i,j=1,1

DΓnm [R]ij,ij =

s,r∑

i,j=1,1

DΓn [R]iiD
Γm [R]jj

= χΓn [R]χΓm [R]. (6-99)

We can therefore calculate the character, under a symmetry operation R, in the
representation generated by the product of two sets of functions, by multiplying
together the characters under R in the representations generated by each of the
sets of functions. We write Γnm symbolically as

Γnm = Γn ⊗ Γm, (6-100)

where the characters satisfy Eq. (6-99) in which usual algebraic multiplication
is used. Knowing the character in Γnm from Eq. (6-99) we can then reduce the
representation to its irreducible components using Eq. (5-45). Suppose Γnm

can be reduced to irreducible representations Γ1, Γ2, and Γ3 according to

Γn ⊗ Γm = 3Γ1 ⊕ Γ2 ⊕ 2Γ3. (6-101)

In this circumstance we say that Γnm contains Γ1,Γ2, and Γ3; since Γn ⊗ Γm

contains Γ1, for example, we write

Γn ⊗ Γm ⊃ Γ1. (6-102)

Problem 6-3. Determine the representation generated by the product
Φ(A2)× [Φ1(E),Φ2(E)] where these functions are given in Eqs. (6-83), (6-88),
and (6-90). If we introduce

θa(E) = (Y1 − Y2)/
√

2 and θb(E) = (2Y3 − Y1 − Y2)/
√

6

what is the symmetry of the product

[Φ1(E),Φ2(E)]× [θa(E), θb(E)]?

Also determine the symmetry of the product

[Φ1(E),Φ2(E)] × [Φ1(E),Φ2(E)].

Answer. The functions formed by multiplying Φ(A2) and [Φ1(E), Φ2(E)]
are Φ(A2) Φ1(E) and Φ(A2) Φ2(E). These will transform according to a rep-
resentation Γ(1), say, where by using Eq. (6-99) we deduce that the characters
in Γ(1) are as follows:

χΓ(1)

[E] = χA2 [E]× χE [E] = 1× 2 = 2, (6-103)

χΓ(1)

[(123)] = χA2 [(123)]× χE [(123)] = 1× (−1) = −1, (6-104)
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and

χΓ(1)

[(12)∗] = χA2 [(12)∗]× χE [(12)∗] = (−1)× 0 = 0. (6-105)

We have chosen one element from each class in the C3v(M) group and we see
that the representation generated is the irreducible representation E. We write

A2 ⊗ E = E. (6-106)

We deduce that [Φ(A2)Φ1(E),Φ(A2)Φ2(E)] transforms according to the E rep-
resentation of the C3v(M) group.

When we multiply [Φ1(E),Φ2(E)] and [θa(E), θb(E)] together we obtain the
four functions [Φ1θa,Φ1θb,Φ2θa,Φ2θb] and these functions will form the basis
for the representation Γ(2), say, where [using Eq. (6-99)] the characters in this
representation are given by

χΓ(2)

[E] = χE [E]× χE [E] = 4, (6-107)

χΓ(2)

[(123)] = χE [(123)]× χE [(123)] = 1, (6-108)

and

χΓ(2)

[(12)∗] = χE [(12)∗]× χE [(12)]∗ = 0. (6-109)

Thus Γ(2) has characters [4, 1, 0]. This reduces to A1 ⊕A2 ⊕ E and we write

E ⊗ E = A1 ⊕A2 ⊕ E. (6-110)

It is left as an exercise for the reader to show, by using projection operators,
that the combinations of the product functions that transform irreducibly are

(Φ1θa + Φ2θb) : A1, (6-111)

(Φ1θb − Φ2θa) : A2, (6-112)

and

[(Φ1θa − Φ2θb), (Φ1θb + Φ2θa)] : E. (6-113)

The three symmetric product functions Φ1θa,Φ2θb and (Φ1θb + Φ2θa) generate
the representation A1⊕E, and the antisymmetric product function, defined as
(Φ1θb − Φ2θa), generates the representation A2.

We now consider the product [Φ1(E),Φ2(E)]× [Φ1(E),Φ2(E)]. This product
gives us the functions [Φ1Φ1,Φ1Φ2,Φ2Φ1,Φ2Φ2] and we might expect, from
Eq. (6-110), that these four functions would transform as A1⊕A2⊕E. However,
Φ1Φ2 = Φ2Φ1, and there are only three independent functions in the product.
From Eq. (6-112) we see that the antisymmetric product function vanishes, and
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the three independent functions in the product (of necessity symmetric product
functions) transform as A1 ⊕ E.

We can extend the product by introducing the functions

Ψa(E) = (Z1 − Z2)/
√

2, (6-114)

and

Ψb(E) = (2Z3 − Z1 − Z2)/
√

6, (6-115)

and we can form the product [Φ1,Φ2]× [θa, θb]× [Ψa,Ψb]. These eight functions
generate the representation

E ⊗ E ⊗ E = E ⊗ (A1 ⊕A2 ⊕ E) = A1 ⊕A2 ⊕ 3E. (6-116)

On the other hand if we form the product [Φ1,Φ2]×[Φ1,Φ2]×[Φ1,Φ2] we obtain
the four independent functions Φ1Φ1Φ1,Φ1Φ1Φ2,Φ1Φ2Φ2, and Φ2Φ2Φ2; these
four functions transform as A1 ⊕ A2 ⊕ E.

The solution to Problem 6-3 provides examples of the symmetric product rep-
resentation and the antisymmetric product representation of a representation
with itself. The symmetric product of a doubly degenerate representation, E,
say, of any group is the representation generated by the functions Φ1θa,Φ2θb
and (Φ1θb + Φ2θa), where (Φ1, Φ2) and (θa, θb) are each of species E; the
antisymmetric product is generated by (Φ1θb − Φ2θa). In the group C3v(M)
the product representation E ⊗E is reducible into the sum of A1 ⊕E and A2,
where the former is the symmetric product and the latter is the antisymmetric
product. We write the symmetric product as

[E]2 = [E ⊗ E] = A1 ⊕ E (6-117)

and the antisymmetric product as

{E}2 = {E ⊗ E} = A2. (6-118)

In general the product of any doubly degenerate representation E with itself
is reducible to the sum of the symmetric product representation [E ⊗ E] and
the antisymmetric product representation {E⊗E} where the characters in the
symmetric product are given by

χ[E⊗E][R] =
1

2
((χE [R])2 + χE [R2]), (6-119)

and the characters in the antisymmetric product are given by

χ{E⊗E}[R] =
1

2
((χE [R])2 − χE [R2]). (6-120)

The characters in the symmetric nth power of E (i.e., the symmetry of the set
of n + 1 independent functions obtained by taking the nth power of a pair of
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E functions) can be obtained from the characters in the symmetric (n − 1)th
power of E by using (where E is doubly degenerate)

χ[E]n [R] =
1

2
(χE [R]χ[E]n−1

[R] + χE [Rn]). (6-121)

An example with n = 3 is given at the end of the solution to Problem 6-3.
In Eqs. (6-119)-(6-121), χE [Rn] is the number obtained by determining the
character in E under the operation P = Rn. The symmetric nth power of a
representation is used in determining the species of vibrational wavefunctions
in Chapter 12 [see Eqs. (12-58) and (12-60)].

In considering the symmetry of a product there is one especially important
result, namely that the product representation Γ of two irreducible represen-
tations6 Γ∗

n and Γm contains the totally symmetric representation Γ(s) once if
Γn = Γm, otherwise the product does not contain Γ(s). This can be proved as
follows. The character under the operation R in the representation Γ is given
by

χΓ[R] = χΓn [R]∗χΓm [R] (6-122)

from Eq. (6-99). The number of times the totally symmetric representation
occurs is given by

aΓ
(s)

=
1

h

∑

R

χΓ[R] (6-123)

from Eq. (5-45) since χΓ(s)

[R] = 1 for all R. Substituting Eq. (6-122) into
Eq. (6-123) we obtain

aΓ
(s)

=
1

h

∑

R

χΓn [R]∗χΓm [R]. (6-124)

Using Eq. (5-41) we derive

aΓ
(s)

= δnm, (6-125)

i.e.,

aΓ
(s)

= 1 if Γn = Γm

or

aΓ
(s)

= 0 if Γn 6= Γm.

6Γn
∗ is the irreducible representation whose matrices Dn[R]∗ are the complex conjugates

of the matrices of Γn. If Γn is an irreducible representation then so is Γn
∗, although if the

Dn[R] are real then Γn ≡ Γn
∗.
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As an example with imaginary characters, the character table of the C3 group
is given in Table 6-4 and we see that

E+
∗ ⊗ E+ = A1 (6-126)

but

E+ ⊗ E+ = E−, (6-127)

since ω∗= ω2 and (ω2)∗= ω. Two representations (such as E+ and E− in
C3) which have imaginary characters, and whose characters are the complex
conjugates of each other, are said to be separably degenerate for reasons that
we will appreciate in Chapter 7 when we discuss the operation of time reversal.

Table 6-4

The character table of the C3 groupa

C3: E C3 C2
3

A1: 1 1 1
E+: 1 ω ω2

E−: 1 ω2 ω

aω = exp(2πi/3) and ω3 = 1.

6.5 THE USE OF SYMMETRY LABELS AND THE
VANISHING INTEGRAL RULE

As a result of the discussion given after Eq. (6-61) we see that we can label
molecular energy levels according to the irreducible representations of a sym-
metry group of the molecular Hamiltonian. The use of the symmetry labels
that we put on energy levels is that they enable us to tell which of the levels
can interact with each other as a result of adding some previously unconsidered
term Ĥ ′ to the molecular Hamiltonian Ĥ0. The term Ĥ ′ may be part of the
exact Hamiltonian that was ignored initially for convenience, or it may be the
result of applying an external perturbation such as an electric or magnetic field
or electromagnetic radiation.

Let us suppose that the Hamiltonian Ĥ0 (Ĥ ′ having been neglected) has
normalized eigenfunctions Ψ0

m and Ψ0
n, with eigenvalues E0

m and E0
n, respec-

tively, and that Ĥ0 commutes with the group of symmetry operations G =
{R1, R2, . . . , Rh}. Ĥ0 will transform as the totally symmetric representation
Γ(s) of G, and we let Ψ0

m,Ψ
0
n and Ĥ ′ generate the representations Γm, Γn,

and Γ′ of G, respectively. The complete set of eigenfunctions of Ĥ0 form a ba-
sis set for determining the eigenfunctions and eigenvalues of the Hamiltonian
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Ĥ = (Ĥ0 + Ĥ ′), and we can define the Hamiltonian matrix H in this basis set
to be a matrix with matrix elements Hmn given by the integrals

Hmn =

∫
Ψ0

m
∗
(Ĥ0 + Ĥ ′)Ψ0

ndτS = δmnE
0
n +H ′

mn, (6-128)

where

H ′
mn =

∫
Ψ0

m
∗
Ĥ ′Ψ0

ndτS (6-129)

and dτS is the volume element in the space of the coordinates X1, Y1, Z1, . . . of
the particles in the molecule (i.e., dτS = dX1 dY1 dZ1 · · · ). The eigenvalues E
of Ĥ can be determined (as we will see in the next section) from the Hamiltonian
matrix by solving the secular equation

|Hmn − δmnE| = 0. (6-130)

In solving the secular equation (this is called diagonalizing the Hamiltonian
matrix) it is important to know which of the off-diagonal matrix elements
H ′

mn vanish since this will enable us to simplify the equation.
We can use the symmetry labels Γm and Γn on the levelsE0

m and E0
n, together

with the symmetry Γ′ of Ĥ ′, to determine which H ′
mn elements must vanish.

We write the integrand of H ′
mn as

f(S) = Ψ0
m

∗
Ĥ ′Ψ0

n, (6-131)

where S is a general point with coordinates (X1, Y1, Z1, . . . ). Suppose that the
operation Rq of G moves S to a point S′ with coordinates (X ′

1, Y ′
1 , Z ′

1, . . . ); the
volume element at S′, dτS′ = dX ′

1 dY
′
1 dZ

′
1 · · · , must be equal to the volume

element dτS at S for such a coordinate transformation. From Eqs. (1-18)-(1-19)
we have

Rqf(S) = f(S′) = fRq (S), (6-132)

and since integration is carried out over all points S or S′ (and since dτS′ = dτS)
we have

∫
f(S)dτS =

∫
f(S′)dτS′ =

∫
fRq (S)dτS =

∫
[Rqf(S)]dτS . (6-133)

Thus

h

∫
f(S)dτS =

∫ [∑

q

Rqf(S)

]
dτS , (6-134)

where there are h operations Rq in the group G (i.e., the order of the group G

is h). We can therefore write

H ′
mn =

∫
Ψ0

m
∗
Ĥ ′Ψ0

ndτS = h−1

∫ [∑

q

Rq(Ψ0
m

∗
Ĥ ′Ψ0

n)

]
dτS . (6-135)
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We will use this equation to determine if H ′
mn must vanish. The function

Ψ0
m

∗
Ĥ ′Ψ0

n generates the product representation Γm
∗ ⊗ Γ′ ⊗ Γn = Γ′

mn (Ψ0
m

∗

has symmetry Γm
∗), and we consider the situation in which this does not

contain the totally symmetric representation Γ(s), i.e.,

Γm
∗ ⊗ Γ′ ⊗ Γn 6⊃ Γ(s). (6-136)

The Γ(s) projection operator in the group G is [see Eq. (6-67)]

PΓ(s)

=
1

h

∑

q

Rq, (6-137)

and if Eq. (6-136) is satisfied then Γ(s) will not occur in Γm
∗ ⊗Γ′ ⊗Γn so that

PΓ(s)

(Ψ0
m

∗
Ĥ ′Ψ0

n) = 0, (6-138)

i.e.,

∑

q

Rq(Ψ0
m

∗
Ĥ ′Ψ0

n) = 0. (6-139)

Combining Eqs. (6-139) and (6-135) we see that the integral H ′
mn will vanish

if Eq. (6-136) is satisfied, i.e., if Γ′
mn does not contain Γ(s). Thus

∫
Ψ0

m
∗
Ĥ ′Ψ0

ndτ = 0

if

Γm
∗ ⊗ Γ′ ⊗ Γn 6⊃ Γ(s). (6-140)

This is the vanishing integral rule. If Ĥ ′ is totally symmetric in G then H ′
mn

will vanish if

Γm
∗ ⊗ Γn 6⊃ Γ(s), (6-141)

i.e., [from Eq. (6-125)], if

Γm 6= Γn. (6-142)

It would be an accident if H ′
mn vanishes although Γ′

mn ⊃ Γ(s), but see the
footnote on page 100.

For an lm-fold degenerate irreducible representation Γm the vanishing inte-
gral rule can be extended. The eigenfunctions of Ĥ0 with Γm symmetry can be
written as Ψ0

mt, t = 1, 2, 3, . . . , lm. These functions transform irreducibly as
given in Eq. (6-66), generating the lm × lm representation matrices DΓm [R].
The function Ψ0

mt transforms as the t’th row of Γm. By an extension of the
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arguments given above [see, for example, Section 4-9 of Tinkham (1964)] it can
be shown that if Ĥ ′ is totally symmetric in G, the integral

∫
Ψ0

mt
∗
Ĥ ′Ψ0

mudτ = 0 (6-143)

if t 6= u. The vanishing integral rule states that matrix elements such as that in
Eq. (6-143) will vanish unless Ψ0

mt and Ψ0
mu transform according to the same

irreducible representation Γm. However, even when this condition is satisfied,
the two functions must transform as the same row of Γm for the matrix element
to be nonvanishing.

6.6 DIAGONALIZING THE HAMILTONIAN MATRIX

We will now consider the secular equation [Eq. (6-130)] in more detail and
demonstrate the importance of the vanishing integral rule. The eigenfunctions
Ψ0

n and eigenvalues E0
n of the Hamiltonian operator Ĥ0 in Eq. (6-128) are such

that

Ĥ0Ψ0
n = E0

nΨ0
n, (6-144)

and eigenfunctions belonging to different eigenvalues must be orthogonal to
each other. We choose the degenerate eigenfunctions so that they are mutually
orthogonal and we assume that all functions are normalized. In these circum-
stances we can set up the Hamiltonian matrix H0 using the eigenfunctions Ψ0,
and the matrix elements will be given by (where we write the volume element
simply as dτ here)

H0
mn =

∫
Ψ0

m
∗
Ĥ0Ψ0

ndτ = δmnE
0
n. (6-145)

The H0 matrix is diagonal in the eigenfunctions Ψ0 of Ĥ0, and the diagonal
elements are the eigenvalues of Ĥ0.

Let us suppose that the Ψ0 functions introduced above are not eigenfunctions
of the Hamiltonian operator Ĥ = Ĥ0 + Ĥ ′. This means that

ĤΨ0
n 6= εΨ0

n, (6-146)

where ε is a constant, but rather that

Ĥ

(
∑

n

CjnΨ0
n

)
= Ej

(
∑

n

CjnΨ0
n

)
, (6-147)

where the Ψ0 functions form a complete set of basis functions. We wish to
solve the set of simultaneous differential equations, Eq. (6-147), involving all
Ej to obtain the eigenvalues Ej and eigenfunctions

Ψj =
∑

n

CjnΨ0
n (6-148)
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of the Hamiltonian Ĥ . Multiplying Eq. (6-147) on the left by Ψ0
m

∗
and inte-

grating over configuration space we obtain

∑

n

CjnHmn = Ej

∑

n

Cjn

∫
Ψ0

m
∗
Ψ0

ndτ = Ej

∑

n

Cjnδmn, (6-149)

where

Hmn =

∫
Ψ0

m
∗
ĤΨ0

ndτ. (6-150)

The matrix H with elements Hmn is Hermitian [see Table 5-1], i.e.,

Hmn = H∗
nm, (6-151)

because Ĥ is a Hermitian operator . In general, an operator Ô is said to be
Hermitian if

∫
Ψi

∗ÔΨj dτ =

∫ (
ÔΨi

)∗
Ψj dτ (6-152)

for all wavefunctions Ψi and Ψj . For Ô = Ĥ we obviously obtain Eq. (6-151)
from Eq. (6-152). It follows from the postulates of quantum mechanics that the
operators representing real quantities such as energy and angular momentum
are Hermitian.

As an aside we mention here that for an arbitrary operator Ô, we define the
Hermitian conjugate operator Ô† so that the equation

∫
Ψi

∗Ô†Ψj dτ =

∫ (
ÔΨi

)∗
Ψj dτ (6-153)

is fulfilled for all wavefunctions Ψi and Ψj. This definition is such that the

matrix of (Ô†)ij elements is the Hermitian conjugate of the matrix of Ôij

elements (see Table 5-1). For a Hermitian operator Ô we have Ô† = Ô from
Eq. (6-152). It is left as an exercise for the reader to show that if Â and B̂
are two Hermitian operators that do not commute (i.e., the commutator [Â, B̂]
= ÂB̂ − B̂Â 6= 0), then the operators ÂB̂ and B̂Â are not Hermitian, but
instead (ÂB̂)† = B̂Â and (B̂Â)† = ÂB̂; however, ÂB̂ + B̂Â is Hermitian.
From Eq. (6-153) we can write

∫ (
ÔΨi

)∗
ÔΨj dτ =

∫
Ψ∗

i Ô
†ÔΨj dτ. (6-154)

If Ô†Ô is the identity operator then Ô is said to be unitary (see Table 5-1 for
the definition of a unitary matrix) and we can write

∫ (
ÔΨi

)∗
ÔΨj dτ =

∫
Ψ∗

i Ψj dτ. (6-155)
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However, if Ô is such that

∫ (
ÔΨi

)∗
ÔΨj dτ =

(∫
Ψ∗

i Ψj dτ

)∗
=

∫
Ψ∗

jΨi dτ, (6-156)

then Ô is said to be antiunitary. The product of an antiunitary operator and
a unitary operator has to be antiunitary, and the product of two antiunitary
operators has to be unitary. It is easy to appreciate that the operation of
complex conjugation, K̂ say, is antiunitary since

∫ (
K̂Ψi

)∗
K̂Ψj dτ =

∫
ΨiΨ

∗
j dτ =

∫
Ψ∗

jΨi dτ. (6-157)

The only symmetry operation we consider that is antiunitary is the time rever-
sal operation (see Section 7.4).

Returning to Eq. (6-149); we rewrite it as

∑

n

(Hmn − δmnEj)Cjn = 0. (6-158)

The matrix of elements Cjn is orthogonal (since the eigenfunctions Ψj are also
required to be mutually orthogonal) so that Cjn = (C−1)nj , and we can write
Eq. (6-158) as the matrix product

∑

n

(Hmn − δmnEj)(C
−1)nj = 0. (6-159)

Since the determinants of matrices [see Eq. (5-13)] multiply together in the same
way as the matrices themselves we see that, apart from the useless solution of
all (C−1)nj being zero, we obtain the solution of Eqs. (6-158) and (6-159) as
the secular equation

|Hmn − δmnEj | = 0. (6-160)

In general an l-dimensional Hamiltonian matrix leads to a secular equa-
tion with l eigenvalues. Substituting the eigenvalues Ej one at a time into
Eq. (6-159) gives l simultaneous equations (as m = 1 to l) for the (C−1)nj , and
we obtain the elements in the jth column of the matrix C−1. Since (C−1)nj =
Cjn these coefficients form the jth row of the C matrix and are the coefficients
of the basis functions Ψ0

n in the eigenfunction Ψj .
Let us introduce the diagonal matrix Λ where Λjj = Ej and Λij = 0 if i 6= j.

Substituting this into Eq. (6-159) we obtain the equation

∑

n

Hmn(C−1)nj = (C−1)mjΛjj (6-161)

which in matrix notation is

HC−1 = C−1Λ,
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i.e.,

CHC−1 = Λ. (6-162)

Thus the similarity transformation of the Hamiltonian matrix H using the
matrix of eigenfunction coefficients C produces the diagonal matrix Λ of eigen-
values of H.

The value of the vanishing integral theorem is that it allows the matrix
H to be block diagonalized. This occurs if we order the eigenfunctions Ψ0

n

according to their symmetry when we set up H. Let us initially consider the
case when Γ′ = Γ(s). In this case all off-diagonal matrix elements between
Ψ0

n basis functions of different symmetry will vanish, and the Hamiltonian
matrix will block diagonalize with there being one block for each symmetry
type of Ψ0

n function.7 To diagonalize a block diagonal matrix according to
Eq. (6-162) it follows from the definition of matrix multiplication that the
C and C−1 matrices must be block diagonal in the same fashion. From the
fact that the C matrix is block diagonal like the H matrix we see that each
eigenfunction of Ĥ will only be a linear combination of Ψ0

n functions having
the same symmetry in G (G being the symmetry group of Ĥ0). Thus the
symmetry of each eigenfunction Ψj of Ĥ in the group G will be the same as
the symmetry of the Ψ0

n basis functions that make it up (G is a symmetry
group of Ĥ when Γ′ = Γ(s)), and each block of a block diagonal matrix can be
diagonalized separately, which is a great simplification. The symmetry of the
Ψj functions can be obtained from the symmetry of the Ψ0

n functions without

worrying about the details of Ĥ ′ and this is frequently very useful. When
Γ′ 6= Γ(s) all off-diagonal matrix elements between Ψ0 functions of symmetry
Γm and Γn will vanish if Eq. (6-136) is satisfied, and there will also be a block
diagonalization of H (it may be necessary to rearrange the rows and columns of
H, i.e., to rearrange the order of the Ψ0

n functions, to obtain H in block diagonal
form). However, now nonvanishing matrix elements occur in H that connect
Ψ0

n functions of different symmetry in G, and as a result the eigenfunctions of
Ĥ may not contain only functions of one symmetry type of G; when Γ′ 6= Γ(s)

the group G is not a symmetry group of Ĥ and its eigenfunctions Ψj cannot
be classified in G. However, the classification of the basis functions Ψ0

n in G

will still allow a simplification of the Hamiltonian matrix.

APPENDIX 6-1: PROOF THAT THE D[R] ARE REPRESENTATIONS

Consider two symmetry operations P1 and P2, and an l-fold degenerate
energy level En with eigenfunctions Ψn1, Ψn2,. . . ,Ψnl. We can write [see

7Because of Eq. (6-143) a block associated with an lm-fold degenerate irreducible rep-
resentation Γm will block diagonalize further into lm sub-blocks, one for each row of Γm.
Each of these lm sub-blocks will have the same eigenvalues so it is sufficient to diagonalize
only one of them. This additional block diagonalization will only be achieved if all sets of
functions Ψ0

mt (t = 1, 2, 3, . . . , lm) belonging to Γm are chosen so that they generate the
same representation matrices DΓm [R] [see Eq. (6-66)]. Such functions can be obtained by
means of the projection operators described in Section 6.3.
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Eqs. (1-18) and (1-19)]

P2Ψnk(X1, X2, . . . ) = Ψnk(X ′
1, X

′
2, . . . ) = ΨP2

nk(X1, X2, . . . ), (6-163)

where

P2Xi = X ′
i. (6-164)

However ΨP2

nk(X1, X2, . . . ) is also an eigenfunction of Ĥ with eigenvalue En so
we can write it as a linear combination of the initial l functions, i.e.,

Ψnk(X1
′, X2

′, . . . ) = ΨP2

nk(X1, X2, . . . ) =
l∑

j=1

D[P2]kjΨnj(X1, X2, . . . ).

(6-165)

Using these results we can write [see Eq. (1-43), for example]

P1P2Ψni(X1, X2, . . . ) = P1Ψni(X1
′, X2

′, . . . ) (6-166)

=

l∑

k=1

D[P1]ikΨnk(X1
′, X2

′, . . . ) (6-167)

=

l∑

k=1

D[P1]ik

l∑

j=1

D[P2]kjΨnj(X1, X2, . . . ) (6-168)

=

l∑

j=1

l∑

k=1

D[P1]ikD[P2]kjΨnj(X1, X2, . . . ). (6-169)

The operation P12 is also a symmetry operation, where

P12 = P1P2, (6-170)

so that

P1P2Ψni(X1, X2, . . . ) = P12Ψni(X1, X2, . . . ) =

l∑

j=1

D[P1 2]ijΨnj(X1, X2, . . . ).

(6-171)

Equating the right hand sides of Eqs. (6-169) and (6-171) we have

D[P1 2]ij =

l∑

k=1

D[P1]ikD[P2]kj . (6-172)

This means that the matrices D obtained in this way form a representation
of the group. (If they are one-dimensional matrices this still holds, and a
one-dimensional representation is obtained.) This is discussed further in the
Bibliographical Notes at the end of this chapter.
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APPENDIX 6-2: PROJECTION OPERATORS

We consider the r functions Φ1, . . . ,Φr that transform according to the re-
ducible representation Γ which can be reduced to the sum of irreducible rep-
resentations Γ1, Γ2, Γ3, etc. Since Γ is reducible we can block diagonalize
all its matrices DΓ[R] by the same similarity transformation, and we let the
orthogonal r × r matrix required be A such that

ADΓ[R]A−1 = DΓ1 [R]⊕DΓ2 [R]⊕DΓ3 [R]⊕ · · · , (6-173)

where the right hand side of this equation is shorthand for an r×r matrix block
diagonalized into irreducible blocks DΓj [R]. The irreducible representation Γj

is lj-dimensional so that DΓj [R] is an lj × lj matrix. We assume that for each
irreducible representation Γj , we have a set of lj functions, Ψjk, k = 1, 2, 3,
. . . , lj , which generate the matrices DΓj [R] as given by Eq. (6-66)

RΨjk =

lj∑

s=1

DΓj [R]ksΨjs. (6-174)

Using Eqs. (6-54)-(6-61) we deduce that we can write each function Φn as a
linear combination of functions Ψjk:

Φn =
∑

j

lj∑

k=1

An,jkΨjk, (6-175)

and the inverse is

Ψjk =
∑

n

[A−1]jk,nΦn. (6-176)

The problem we face is: Given the r functions Φn transforming as the reducible
representation Γ, how do we determine the linear combinations Ψim that trans-
form irreducibly? In the remarks after Eq. (6-65) we stated that the projection
operator PΓi

mm forms such a linear combination (or projects out) from Φn the
Ψim function that belongs to the m’th row of Γi in that it transforms according
to Eq. (6-174). We now show this. We write

PΓi
mmΦn =

li
h

∑

R

DΓi [R]∗mmRΦn (6-177)

=
li
h

∑

R

DΓi [R]∗mmR
∑

j

lj∑

k=1

An,jkΨjk (6-178)

=
∑

j

lj∑

k=1

An,jk
li
h

∑

R

DΓi [R]∗mm

lj∑

s=1

DΓj [R]ksΨjs (6-179)

=
∑

j

lj∑

k=1

An,jk

lj∑

s=1

Ψjs

[
li
h

∑

R

DΓi [R]∗mmD
Γj [R]ks

]
(6-180)
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where Eq. (6-178) follows from Eq. (6-175), and Eq. (6-179) follows from
Eq. (6-174). Substituting the orthogonality relation Eq. (5-40) into Eq. (6-180)
we obtain

PΓi
mmΦn = An,imΨim, (6-181)

since the term in square brackets in Eq. (6-180) is equal to one when i = j and
k = s = m, and zero otherwise. That is, by applying the projection operator
PΓi
mm to Φn we have produced a function that belongs to the m’th row of Γi.

Note that if An,im = 0, so that there is no function belonging to the m’th row
of Γi in the set of Ψjk functions to which Φn reduces, then

PΓi
mmΦn = 0. (6-182)

Even when Γ contains Γi Eq. (6-182) can be true for some of the r functions Φn

but if Γ does not contain Γi then Eq. (6-182) is true for all of the r functions
Φn.

We will now try to apply the transfer operator PΓi
mt defined by Eq. (6-69) to

the function Ψim which belongs to the m’th row of Γi. We have

PΓi
mtΨim =

li
h

∑

R

DΓi [R]∗mtRΨim

=
li
h

∑

R

DΓi [R]∗mt

li∑

s=1

DΓi [R]msΨis

=

li∑

s=1

Ψis

[
li
h

∑

R

DΓi [R]∗mtD
Γi [R]ms

]

= Ψit. (6-183)

We have used Eq. (6-174) together with the orthogonality relation Eq. (5-40).
This is proof of Eq. (6-70).

APPENDIX 6-3: ADDENDUM TO PROBLEM 6-2

To determine the representation of C3v(M) generated by the functions Φ1(E)
and Φ2(E) in Problem 6-2 we proceed as follows:

(123)Φ1(E) = (X3 −X1)/
√

2, (6-184)

and we write

(X3 −X1)/
√

2 = c11Φ1(E) + c12Φ2(E), (6-185)

which can be solved to give

c11 = −1/2 and c12 =
√

3/2 (6-186)
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As expected, c11 = DE [(123)]11, and c11 = DE [(123)]12, where the matrices
DE [R] are given in Eq. (6-85). Similarly

(123)Φ2(E) = c21Φ1(E) + c22Φ2(E) (6-187)

which gives

c21 = −
√

3/2 and c22 = −1/2. (6-188)

so that, again as expected, c21 = DE [(123)]21, and c22 = DE [(123)]22. The
character of the matrix of the cij [or of the DE [(123)]ij] generated by (123) is
thus given by

χ[(123)] = c11 + c22 = −1. (6-189)

We similarly determine that for [Φ1(E),Φ2(E)]

(12)∗Φ1(E) = (−X2 +X1)/
√

2 = Φ1(E), (6-190)

and

(12)∗Φ2(E) = (−2X3 +X1 +X2)/
√

6 = −Φ2(E). (6-191)

These transformation properties are in accordance with the matrix DE [(12)∗]
given in Eq. (6-85). It is seen that

χ[(12)∗] = 0, (6-192)

so that the function pair [Φ1(E),Φ2(E)] is indeed of E symmetry. We can
determine the transformation properties of [Φ1(E),Φ2(E)] under the remain-
ing C3v(M) operations (132), (23)∗ and (13)∗ by using the relations (132) =
(123)(123), (23)∗ = (12)∗ (123), and (13)∗ = (12)∗ (123) (123). It follows from
Eq. (6-172) that we can construct the representation matrices for (132), (23)∗

and (13)∗ by forming the analogous products of the matrices DE [(123)]] and
DE [(12)∗]. Since the group Γ3 is isomorphic to C3v(M), the desired represen-
tation matrices must necessarily be those given in Eq. (6-85).
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The technique used in Wigner’s book to generate matrix representations is different from
that used in the present book. Having defined the effect of the operation R on coordinates
by RXi = Xi

′ in Eq. (11.18a) Wigner defines another operation PR in Eq. (11.19) by
PRf(Xi

′) = f(Xi). Thus Wigner introduces the group of operations PR, which transform
functions, as being distinct from the group of operations R which change the values of
nuclear coordinates and the values of functions of them. The groups {PR} and {R} are
isomorphic. We choose to define the nuclear permutation operations as permuting nuclei and
transforming functions according to Eq. (1-18). (See Bibliographical Notes to Chapter 1).
Wigner generates representation matrices DW[R] (W for Wigner) by using [see Eq. (11.23)
in Wigner’s book]

PRΨni =
∑

j

DW[R]jiΨnj

(note the order of the subscripts) where DW[R] is the matrix representing the operation R
in the group of R operations; compare this with Eq. (6-49) here. Using Wigner’s convention
projection and transfer operators are defined using

PΓi
mm =

li

h

∑

R

DΓi [R−1]∗mmR, (6-193)

and

P
Γi
mt =

li

h

∑

R

DΓi [R−1]∗tmR, (6-194)

which should be compared with Eqs. (6-64) and (6-69).
Bunker and Howard (1983). This paper makes a detailed comparison of the way repre-

sentation matrices are generated here [using Eq. (6-49)] and the way they are generated by
Wigner (1959). It is shown that each method is consistent and correct within itself. As
explained in the Bibliographical Notes of Chapter 1 the use of Wigner’s technique for per-
mutation operations demands that the permutation operations permute particles according
to space fixed position labels which do not move when nuclei are permuted. Similarly for
rotation operations, Wigner’s method would be used for rotations about space fixed axes
(which do not move when rotation operations are applied) whereas the method described
here would be used for rotations about molecule fixed axes (which move when a rotation
operation is applied).



7

The Molecular Hamiltonian

and its Symmetry

The expression for the complete molecular Hamiltonian is given, and sev-
eral groups of operations (involving translations, rotations, permutations and
the inversion) that commute with the Hamiltonian are examined. The energy
levels of the Hamiltonian can be symmetry labeled by using the irreducible rep-
resentations of these groups. The symmetry labels are called true symmetry
labels since they involve the use of true symmetry groups of the Hamiltonian.
Time reversal symmetry is also discussed, and the concept of a near symme-
try group is introduced. In the Bibliographical Notes recent research on the
possible breakdown of the ‘true’ symmetries is summarized.

7.1 THE MOLECULAR HAMILTONIAN

We consider a molecule to be a collection of nuclei and electrons held together
by certain forces and obeying the laws of quantum mechanics. A classical
expression for the energy of the molecule can be derived, and the postulates
of quantum mechanics used to obtain the appropriate quantum mechanical
Hamiltonian and Schrödinger equation. The molecular Hamiltonian operator
Ĥ involves the properties of each of the nuclei and electrons in the molecule.
The properties occurring are

mr the mass of each particle (mr = me for electrons),
Cre the charge of each particle (Cr = −1 for electrons),

g and ŝi the g-factor and spin of each electron i (giving the electron
spin magnetic moments),

gα and Îα the g-factor and spin of each nucleus α (giving the nuclear
spin magnetic moments),

Q
(α)
ab the components of the electric quadrupole moment of each

nucleus α,

and the higher electric and magnetic moments of the nuclei (when present). To
this list of particle properties we could add others such as the polarizability of
each nucleus. The time-independent Schrödinger equation ĤΦ = EΦ provides
a prescription, using the laws that describe the interaction forces between the

126
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particles, for getting the molecular energies E and wavefunctions Φ from the
properties of the nuclei and electrons in the molecule. As well as the particle
properties the Hamiltonian involves the coordinates Rr, the linear momentum
operators P̂r, and the spin angular momentum operators (ŝi and Îα) for all
the particles in the molecule, and we write the Hamiltonian as

Ĥ = (T̂CM + T̂ 0 + T̂ ′
︸ ︷︷ ︸

T̂

) + V + Ĥes + Ĥhfs. (7-1)

We will now discuss the meaning of each of these terms.
We first look at the nonrelativistic kinetic energy operator T̂ in the Hamil-

tonian. This operator is given by

T̂ = −ℏ2

2

l∑

r=1

(∂2/∂Xr
2) + (∂2/∂Yr

2) + (∂2/∂Zr
2)

mr
, (7-2)

where r runs over all the nuclei and electrons in the molecule (the total number
of particles is l), and the coordinates are in an arbitrary space fixed (X, Y,
Z) axis system. We introduce the (X,Y, Z) axis system with origin at the
molecular center of mass, and parallel to the (X, Y, Z) axis system, so that

Xr = Xr + X0, (7-3)

Yr = Yr + Y0, (7-4)

and

Zr = Zr + Z0, (7-5)

where (X0, Y0, Z0) are the coordinates of the molecular center of mass in the
(X, Y, Z) axis system. To separate the translational kinetic energy in Eq. (7-2)
we write T̂ in terms of the 3l coordinates

X0,Y0,Z0, X2, Y2, Z2, . . . , Xl, Yl, Zl, (7-6)

where we have eliminated X1, Y1, and Z1 using

X1 = − 1

m1

l∑

r=2

mrXr, (7-7)

with similar equations for Y1 and Z1. To make the coordinate change we use
the chain rule. To explain the chain rule we consider for convenience the
coordinate change from the coordinates (Q1, Q2, . . . , Qn) to the coordinates
(q1, q2, . . . , qn), where qi = fi(Q1, Q2, . . . , Qn). For this coordinate change the
chain rule gives

∂

∂Qj
=
∑

i

∂qi
∂Qj

∂

∂qi
, (7-8)



128 7. The Molecular Hamiltonian and its Symmetry

and by further differentiation we deduce that

∂2

∂Q2
j

=
∑

k,i

(
∂qk
∂Qj

)(
∂qi
∂Qj

)
∂2

∂qk∂qi
+
∑

i

(
∂2qi
∂Q2

j

)
∂

∂qi
. (7-9)

We use the chain rule in order to obtain T̂ in the coordinates of Eq. (7-6) from
the expression for T̂ given in Eq. (7-2). We obtain the results that

∂2

∂X1
2

=

(
m1

M

)2(
∂2

∂X0
2
− 2

l∑

s=2

∂2

∂X0∂Xs
+

l∑

s,t=2

∂2

∂Xs∂Xt

)
, (7-10)

and for r 6= 1

∂2

∂Xr
2

=

(
mr

M

)2(
∂2

∂X0
2
− 2

l∑

s=2

∂2

∂X0∂Xs
+

l∑

s,t=2

∂2

∂Xs∂Xt

)

+ 2

(
mr

M

)(
∂2

∂X0∂Xr
−

l∑

s=2

∂2

∂Xr∂Xs

)
+

∂2

∂Xr
2
, (7-11)

where M is the total mass of all the electrons and nuclei in the molecule.
Substituting Eqs. (7-10) and (7-11) and the similar equations for the Y and Z
derivatives into Eq. (7-2) we obtain

T̂ = T̂CM + T̂ 0 + T̂ ′, (7-12)

where

T̂CM = −(ℏ2/2M)∇2
CM, (7-13)

T̂ 0 = −(ℏ2/2)

l∑

r=2

(∇2
r/mr), (7-14)

T̂ ′ = (ℏ2/2M)

l∑

r,s=2

∇r · ∇s, (7-15)

∇2
CM = ∂2/∂X0

2 + ∂2/∂Y0
2 + ∂2/∂Z0

2, (7-16)

∇r
2 = ∂2/∂Xr

2 + ∂2/∂Yr
2 + ∂2/∂Zr

2, (7-17)

and

∇r · ∇s = ∂2/∂Xr∂Xs + ∂2/∂Yr∂Ys + ∂2/∂Zr∂Zs. (7-18)

Using P̂r = −iℏ∂/∂Rr we can introduce P̂r in place of the derivatives. The
next term in the molecular Hamiltonian, Eq. (7-1), after the kinetic energy
operator, is the electrostatic potential energy term V , and this is given by

V =

l∑

r<s=1

CrCse
2

4πǫ0Rrs
. (7-19)
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This term involves the interparticle distances Rrs [see Eq. (6-3)] and the elec-
trostatic charges of the particles.

The term Ĥes in the molecular Hamiltonian arises from the interaction of
each of the electron spin magnetic moments with

(a) the magnetic moments generated by the orbital motions of the electrons
(interaction with its own orbital motion is the most important and is called the
electron spin–orbit interaction),

(b) the magnetic moments generated by the orbital motions of the nuclei,
and

(c) the spin magnetic moments of the other electrons (the electron spin-spin
interaction). The third term in Eq. (7-22) involves the Dirac delta function
and represents a Fermi-contact-type interaction.

We write

Ĥes =
gµB

4πǫ0meℏc2

∑

j 6=i

(−e)R−3
ij

[
(Ri −Rj)×

(
P̂i

2
− P̂j

)]
· ŝi (7-20)

+
gµB

4πǫ0ℏc2

∑

α,i

(Cαe)R
−3
iα

[
(Ri −Rα)×

(
P̂i

2me
− P̂α

mα

)]
· ŝi (7-21)

+
g2µB

2

4πǫ0ℏ2c2

∑

j>i

{
(ŝi · ŝj)R−3

ij − 3[ŝi · (Ri −Rj)][ŝj · (Ri −Rj)]R
−5
ij

− 8π

3
δ(Ri −Rj)(ŝi · ŝj)

}
, (7-22)

where α labels the nuclei, and i and j label the electrons; µB is the Bohr
magneton (µB = ℏe/2me), and c is the speed of light.
Ĥhfs is the last term that we consider in the molecular Hamiltonian and

it results from the interactions of the magnetic and electric moments of the
nuclei with the other electric and magnetic moments in the molecule. We call
it the nuclear hyperfine structure term. Nuclei with spin 1/2 or greater have a
nonvanishing magnetic dipole moment. The term Ĥns, which is part of Ĥhfs and
which arises from the interaction of this nuclear spin magnetic moment with the
other magnetic moments in the molecule, can be obtained from the expression
for Ĥes given above1 by replacing the electron labels i and j by the nuclear
labels α and β, replacing α by i, interchanging −e and Cαe, introducing Îα
and Îβ instead of ŝi and ŝj , introducing the nuclear g-factor gα instead of g, and,
finally, introducing mpµN/mα instead of µB where µN is the nuclear magneton
(µN = ℏe/2mp where mp is the proton mass); both gα and 1/mα must then

be put inside the summation over α. Also included in Ĥns is the nuclear
spin-electron spin coupling term, and this is analogous to Eq. (7-22). Nuclei
with spin 1 or greater also have a nonvanishing electric quadrupole moment

1See Eq. (1) in Gunther-Mohr, Townes, and Van Vleck (1954).
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and nuclei with spin 3/2 or greater have a magnetic octupole moment as well;
nuclei with higher spins can have even higher electric and magnetic moments.
The electric moments arise from the non-spherical charge distribution over the
finite volume of each nucleus, and the magnetic moments arise from the motions
of the charges within each nucleus. All of these higher electric and magnetic
moments interact with the charge distribution and charge motion within the
molecule to give rise to further terms in Ĥhfs. Neglecting all but the quadrupole
moment term Ĥquad of these higher terms we can write the nuclear hyperfine
term as

Ĥhfs = Ĥns + Ĥquad, (7-23)

and

Ĥquad = −1

6

∑

α,a,b

Q
(α)
ab V

(α)
ab , (7-24)

where the sum over α is over all nuclei and the sum over a and b is over the
three molecule fixed coordinate directions; Q

(α)
ab is a component of the electric

quadrupole moment of nucleus α, and V
(α)
ab is a component of the gradient of

the electric field at nucleus α from all the other charges in the molecule. Nuclei
with spin zero do not contribute to Ĥhfs since such nuclei have no electric or
magnetic moments. The effects of the terms Ĥes and Ĥhfs are discussed in
Section 13.6.

The sum of the terms V , Ĥes and Ĥhfs describes the electromagnetic inter-
actions between the particles.

From Eq. (7-1) we write the molecular Hamiltonian as

Ĥ = T̂ + V + Ĥes + Ĥhfs (7-25)

= T̂CM + T̂ 0 + T̂ ′ + V + Ĥes + Ĥhfs (7-26)

= T̂CM + Ĥint (7-27)

where Ĥint is the Hamiltonian describing the internal dynamics of the molecule.
The terms in Ĥ are summarized in Table 7-1.

We write the internal dynamics Hamiltonian as

Ĥint = Ĥrve + Ĥes + Ĥhfs, (7-28)

where the spin-free rovibronic Hamiltonian Ĥrve is

Ĥrve = T̂ 0 + T̂ ′ + V. (7-29)

The rovibronic Schrödinger equation is given by

ĤrveΦrve = ErveΦrve. (7-30)
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Table 7-1

The terms in the molecular Hamiltonian Ĥ given in Eq. (7-25)

T̂ Kinetic energy Eq. (7-2)

T̂CM Kinetic energy of the center of mass Eq (7-13)

T̂ 0 Intramolecular kinetic energy Eq. (7-14)

T̂ ′ Cross terms in intramolecular kinetic energy Eq. (7-15)

V Electrostatic potential energy Eq. (7-19)

Ĥes Interaction energy of the electron spin
magnetic moments

Ĥso Electron spin-electron orbit interaction Eq. (7-20)

Ĥsr Electron spin-nuclear motion interaction Eq. (7-21)

Ĥss Electron spin-electron spin interaction Eq. (7-22)

Ĥhfs Interaction energy of the nuclear magnetic and
electric moments Eq. (7-23)

Ĥns Interaction energy of the nuclear spin
magnetic moments

Ĥnso Nuclear spin-electron orbit interaction

Ĥnsr Nuclear spin-nuclear motion interaction

Ĥnss Nuclear spin-nuclear spin interaction

Ĥnses Nuclear spin-electron spin interaction

Ĥquad Interaction energy of the nuclear electric
quadrupole moments with the electric Eq. (7-24)
field gradients

For applications to the study of the energy level spacings for singlet electronic
ground states of molecules with unresolved nuclear hyperfine structure we can
satisfactorily approximate Ĥint by Ĥrve. For the general case we cannot make
this approximation. However, the eigenstates of Ĥrve are the starting point for
any detailed calculation of molecular energies, and the neglected terms (Ĥes

and Ĥhfs) are treated as ‘add-on’ terms giving rise to energy level shifts, fine
structure and hyperfine structure.

7.2 THE FULL SYMMETRY GROUP GFULL OF THE
MOLECULAR HAMILTONIAN

The complete molecular Hamiltonian Ĥ of Eq. (7-1) commutes with (or is
invariant to) all of the following operations:

(a) any translation of the molecule along a space fixed direction,
(b) any rotation of the molecule about a space fixed axis passing through the

center of mass of the molecule,
(c) any permutation of the space and spin coordinates of the electrons,
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(d) any permutation of the space and spin coordinates of identical nuclei,
and

(e) the inversion of the coordinates of all the particles (nuclei and electrons)
in the center of mass of the molecule.

The invariance of Ĥ to these operations is not axiomatic but follows from
the form of the Hamiltonian, and from the nature of space. The uniformity
and isotropy of space is responsible for the symmetries (a) and (b) respectively.
The indistinguishability of identical particles (electrons or nuclei) is responsible
for the symmetries (c) and (d). The nature of the electromagnetic force is
responsible for symmetry (e).

Before we discuss these five types of invariance in more detail it should be
pointed out that we consider the molecule to be in the idealized circumstance
of there being no intermolecular interactions and of there being no external
fields, i.e., an isolated molecule in free space. We will not keep repeating
‘for an isolated molecule in free space’ below when we talk about the various
symmetry operations but it will be understood.

Notice that in the above list of symmetry operations the operations of the
molecular point group (i.e., rotations and reflections of the vibronic variables
in the molecule fixed axis system) do not appear. The reason for this is that
these operations do not commute with the complete molecular Hamiltonian;
the molecular point group is a symmetry group of the vibronic Hamiltonian
but not of the complete molecular Hamiltonian.

7.2.1 Active and passive transformations

The operations (a) and (b) above are described using the so-called active
picture in which the operations are interpreted as involving a translation or
rotation of the whole molecule within the space fixed reference frame. The
effect of these operations on the Hamiltonian is exactly duplicated if we keep
the molecule fixed and translate or rotate the space fixed axes in the opposite
sense; this latter way of interpreting the effect of the operations is called the
passive picture, and it leads to a clearer understanding of the invariance of
the Hamiltonian. For example, instead of moving all the particles so that their
spatial positions are changed from Rr to Rr+A we could move the axes through
−A when the same coordinate changes within the Hamiltonian will occur. It is
immediately clear that a molecule is unaffected if we walk away from it, taking
the space fixed axes with us, or if we walk around the molecule twisting the
space fixed axes as we go. The molecular Hamiltonian must be invariant to all
translations or rotations of the space fixed axis system. Hence the Hamiltonian
is invariant to the translation or rotation of the molecule within the space fixed
axis system.
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7.3 SUBGROUPS OF THE GFULL GROUP

The invariance of Ĥ to a translation of the molecule through A, say (giving
the direction and distance of the shift), results from the fact that Ĥ is un-
changed if we add A to the position vectors of all particles in the molecule.
The terms T̂CM, T̂ 0, T̂ ′, V , Ĥes, and Ĥhfs are unchanged by the addition of A
to the Ri and Rα, and the molecular Hamiltonian is therefore invariant to the
translation through A. Since A can be arbitrary the Hamiltonian is invariant
to any translation and hence to all the elements of the translational group GT.
This is an infinite group consisting of all translations of the whole molecule by
any amount along any direction in space.

The Hamiltonian is unchanged if we rotate the molecule about any space
fixed axis passing through the center of mass of the molecule. Such an operation
does not alter interparticle distances. As a result the molecular Hamiltonian
is invariant to all the elements of the spatial three-dimensional pure rotation
group K(spatial) introduced in Chapter 4.

The molecular Hamiltonian is invariant to any permutation of the electrons.
This operation merely involves interchanging the electron subscripts i, j, k, . . .
on the vectors R, P̂, and s in Ĥ where these vectors have the same coefficients
(these coefficients involve the mass, charge, and g-factor of the electron). The
invariance of Ĥ to a permutation of the electrons follows immediately from
the fundamental fact that all the electrons in a molecule are identical and in-
distinguishable. The molecular Hamiltonian is therefore invariant to all the
operations of the complete electron permutation group which we call S(e)

n (sup-
posing there to be n electrons in the molecule). In the Bibliographical Notes
the result of an experimental test for the indistinguishability of electrons is
referenced.

In the same manner as the Hamiltonian is invariant to any permutation of
electrons it is invariant to any permutation of identical nuclei. This just involves
interchanging the nuclear labels on the quantities R, P̂, Î, Qab, and Vab. This
follows from the indistinguishability of identical nuclei. The Hamiltonian will
therefore be invariant to the elements of the complete nuclear permutation
group GCNP [see Eq. (1-56)]. Since electrons are fundamental particles, whereas
nuclei are not, one can imagine that the indistinguishability of electrons is, in
a sense, stronger than that of identical nuclei. This is discussed further in the
Bibliographical Notes at the end of this chapter and at the end of Chapter 8.

The invariance of the molecular Hamiltonian to the inversion operation E∗

requires examination. The effect of E∗ is to change all position vectors R to
−R and momentum vectors P̂ to −P̂ (these are polar vectors), within the

(X , Y , Z) system, but not to change the spin vectors Îα and ŝi since they are
axial vectors2. An axial vector transforms under E∗ like the angular momentum
vector R× P̂; since R and P̂ are reversed by E∗ the vector product is invariant.
The reader can see that, for example, Ĥes and Ĥns are not altered if R →

2Polar and axial vectors are discussed, for example, on pages 164-165 in Margenau and
Murphy (1956).
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−R, P̂→ −P̂, Î→ Î and ŝ→ ŝ. Examination of the electric quadrupole term
in the Hamiltonian shows it to be invariant under E∗ as are all terms that
arise from intramolecular electromagnetic interactions. The above molecular
Hamiltonian is invariant to the operation E* and hence to the group E =
{E,E∗}. One should not be dogmatic about the invariance of the molecular
Hamiltonian to E∗. The electromagnetic interaction force between nuclei and
electrons in a molecule is invariant to inversion but the the weak interaction
force is not. Hence if the contribution of the weak interaction force has to be
considered then the term in the Hamiltonian that the effect contributes will
not be invariant to E∗. This effect is very small indeed and in all normal
spectroscopic work the effect of this possible term can certainly be neglected
and the Hamiltonian taken as being invariant to E∗. This is discussed further
in the Bibliographical Notes at the end of the chapter.

As a result of the above discussion we can take the molecular Hamiltonian
as being invariant to the elements of the five groups GT, K(spatial), S(e)

n ,
GCNP, and E . Each of these groups is a true symmetry group of the molecular
Hamiltonian. The full Hamiltonian group GFULL will therefore consist of the
elements of each of these groups and of all possible products of the elements.
Thus we can write GFULL as the direct product of these groups:

GFULL = GT ⊗K(spatial)⊗ S(e)
n ⊗GCNP ⊗ E (7-31)

= GT ⊗K(spatial)⊗ S(e)
n ⊗GCNPI, (7-32)

where GCNPI is the complete nuclear permutation inversion group introduced
in Chapter 2.

In Section 5.8.2 we describe how to obtain the irreducible representations of a
direct product group G = A ⊗ B from those of the invariant subgroups A and
B. These results can easily be generalized to a direct product of more than two
subgroups [simply by assuming that B, say, is a direct product, B = C ⊗ D].
It follows from these considerations, and from Eq. (7-32), that we can represent

the irreducible representations of GFULL, ΓFULL say, as (ΓT,Γrot,Γ
(e)
n ,ΓCNPI),

where ΓT, Γrot, Γ
(e)
n , and ΓCNPI are irreducible representations of the invariant

subgroups GT, K(spatial), S(e)
n , and GCNPI, respectively. From the results

of Section 6.3.1 we see that the coordinates and wavefunctions transforming
irreducibly in GFULL are those that simultaneously transform irreducibly in the
four groups GT, K(spatial), S(e)

n , and GCNPI. Consequently, in applications it
is not necessary to use the complete group GFULL, and the subgroups can be
used separately.3

Symmetry labels (i.e., irreducible representation labels) obtained by using
GFULL (or a subgroup of it) will be called true symmetry labels since they
are obtained by using a group of elements that all commute with the exact
molecular Hamiltonian. In particular the symmetry labels obtained by using
the group GCNPI or the molecular symmetry group (a subgroup of GCNPI; see

3However, in the presence of an electric field a slightly different approach is necessary [see
Section 14.5 and Watson (1975)].
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Chapter 3) are true symmetry labels.

7.3.1 The translational group and linear momentum

The molecular Hamiltonian Ĥ [see Eq. (7-27)] can be written as

Ĥ = T̂CM + Ĥint, (7-33)

where the internal Hamiltonian Ĥint does not involve the coordinates (or mo-
menta) of the molecular center of mass. Because of this separation of coordi-
nates in the Hamiltonian we can write the eigenfunctions as

Φ = ΦCM(X0,Y0,Z0)Φint(X2, Y2, Z2, . . . , Xl, Yl, Zl), (7-34)

where

T̂CMΦCM = ECMΦCM, (7-35)

ĤintΦint = EintΦint, (7-36)

and the total energy is given without approximation by

E = ECM + Eint. (7-37)

Thus we can completely separate the translational motion from the internal
motion. The translational wavefunction ΦCM is obtained from Eq (7-35) as

ΦCM = eik·R0 , (7-38)

where R0 is the position vector of the center of mass [with components X0,
Y0, and Z0 in the (X, Y, Z) axis system], kℏ = PCM the classical translational
momentum, and

k2 = 2MECM/ℏ
2. (7-39)

A translational operation RT which changes R0 to R0 + A, say, will not
affect Φint and we can write

RTΦ = RTΦCMΦint = ΦintRTΦCM. (7-40)

Thus to determine the effect of RT on Φ we need only look at the effect of RT

on ΦCM. From Eq. (7-38) we deduce that

RTΦCM = eik·(R0+A) (7-41)

= eik·AΦCM, (7-42)
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so that the effect of a translational operation is determined solely by the k

vector. Labeling the states according to the effect of the operations of GT

is equivalent to labeling the states by the k vector (or translational momen-
tum). The fact that GT commutes with the Hamiltonian means that there
is conservation of linear momentum in an isolated molecule. We generally do
not worry about the translational momentum of molecular states [except as
it concerns the Doppler effect which causes line broadening; see, for example,
Thorne (1974)]. When necessary, translational states are discussed by using
the k vector and by using the law of conservation of momentum rather than by
making explicit use of GT. From now on we will neglect the molecular trans-
lational motion and concentrate on the complete internal motion Hamiltonian
Ĥint and its eigenstates Φint.

7.3.2 The rotation group K(spatial) and angular momentum

The group K(spatial), introduced in Chapter 4, is an infinite (continuous)
group with an infinite number of classes and therefore an infinite number of
irreducible representations. In the same way that the transformation of ΦCM

under the effect of an operation of the group GT depends on the linear mo-
mentum of the state ΦCM so the transformation of Φint under the effect of an
operation of the group K(spatial) depends on the angular momentum of the
state Φint.

Each operation of the group K(spatial) in the passive picture can be viewed
as rotating the axes from (X , Y , Z) to a new orientation (X ′, Y ′, Z ′) and can
be specified by the values of the three angles α, β, and γ in Fig. 7-1 that relate
the orientation of (X ′, Y ′, Z ′) to that of (X , Y , Z). These angles are called
Euler angles and they are restricted according to

0 ≤ α ≤ 2π, 0 ≤ β ≤ π, 0 ≤ γ ≤ 2π. (7-43)

The angles α and γ are measured in the positive (right handed) sense about
the axes Z and Z ′, respectively. The angle γ is measured from the positive
half of the node line ON which marks the intersection of the X , Y and X ′, Y ′

planes. The positive sense of ON is defined so that on rotating a right handed

Fig. 7-1. The definition of the Euler angles
(α, β, γ) that relate the orientation of the (X′, Y ′,
Z′) axis system to that of the (X, Y , Z) axis sys-
tem.
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screw from Z to Z ′ through the angle β the screw travels in the positive sense
along ON. Any operation of the group K(spatial) can be written as [α, β, γ] and
this notation specifies completely the axis rotation that results from application
of the operation. One must be careful to specify whether one is using the active
or passive picture of the rotation operation in explicitly writing down the effect
of the operation.

The irreducible representations of the group K(spatial) are written D(0) (the
totally symmetric representation),D(1), D(2), etc., and in general we writeD(F )

where F is an integer;4 the dimension of each matrix in the representation D(F )

is (2F + 1). We label the rows and columns of each matrix with m′ and m
respectively, wherem′ andm = −F,−F+1, . . . ,+F . The analytical expression

for the elements D
(F )
m′m(α, β, γ) depends on whether the active or passive picture

is used. Using the active picture (in which the functions are rotated) the
expression is as given in Eq. (15.27) in Wigner (1959). To obtain the expression
appropriate in the passive picture (in which the axes are rotated) one should
change the signs of the three angles (α, β and γ) in Wigner’s expression; the
expression appropriate for the passive picture is also given by substituting
Eq. (3.57) into Eq. (3.54) in Zare (1988) with φ, θ and χ replaced by α, β and
γ respectively. More discussion of this point is given in the Bibliographical
Notes at the end of the chapter.

The product of two representations of K(spatial) is given by the following
rule [see, for example, Section 6 ‘The Vector Addition Model’ in Chapter 17 of
Wigner (1959)]:

D(F1) ⊗D(F2) = D(F1+F2) ⊕D(F1+F2−1) ⊕ · · · ⊕D(|F1−F2|). (7-44)

Extending this we can write the product of three representations as

D(F1) ⊗D(F2) ⊗D(F3)

= D(F1+F2+F3) ⊕D(F1+F2+F3−1) ⊕ · · · ⊕D(|(F1+F2)−F3|)

⊕D(F1+F2−1+F3) ⊗D(F1+F2−1+F3−1) ⊕ · · · ⊕D(|(F1+F2−1)−F3|)

⊕ · · ·
⊕D(|F1−F2|+F3) ⊕D(|F1−F2|+F3−1) ⊕ · · · ⊕D(||F1−F2|−F3|). (7-45)

For example

D(1) ⊗D(1) ⊗D(2) = (D(2) ⊕D(1) ⊕D(0))⊗D(2)

= D(4) ⊕D(3) ⊕D(2) ⊕D(1) ⊕D(0)

⊕D(3) ⊕D(2) ⊕D(1)

⊕D(2). (7-46)

In using the group K(spatial) with the vanishing integral rule, Eq. (6-140), it
is important to know that

D(F ′′) ⊗D(1) ⊗D(F ′) ⊃ D(0) (7-47)

4Half integral F will be considered in Chapter 18.
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is only true if F ′′ = F ′ (except F ′ = F ′′ = 0) or F ′′ = F ′ ± 1.

As mentioned above the angular momentum associated with a molecular
state is intimately related to the transformation properties of the molecular
wavefunction in the group K(spatial). Angular momentum will be discussed in
more detail in Section 10.3, but a few words concerning its relation to symmetry
in K(spatial) are appropriate here. The molecular Hamiltonian Ĥint commutes

with the operators F̂2 (the square of the total angular momentum, including the
nuclear and electron spin angular momenta) and F̂Z (a space fixed component
of the total angular momentum) and so these quantities are conserved (like the
energy Eint and the linear momentum PCM) and do not change with time. We
designate the value of the total angular momentum using the quantum number
F , and the value of its space fixed projection using the quantum number mF ;
we can indicate these quantum number values by writing the state function as
Φint(F,mF ). The connection between angular momentum and transformation
properties in the group K(spatial) is such that the molecular wavefunction
Φint(F,mF ) transforms in the group K(spatial) according to the row labeled
mF in the representation D(F ). Hence, the use of K(spatial) to symmetry
label the molecular wavefunctions is equivalent to labeling the states with the
quantum numbers F and mF .

The Hamiltonians Ĥrves (= Ĥrve + Ĥes) and Ĥrve [see Eq. (7-29)] each com-
mute with the elements of the group K(spatial) and with angular momentum
operators. This means that we can introduce angular momentum quantum
numbers for the the functions Φrves and Φrve. The notation for the angular mo-
mentum quantum numbers is such that we write Φrves(J,mJ) and Φrve(N,m).
J is the quantum number for total angular momentum minus the nuclear spin
angular momentum, and N is the quantum number for total angular momen-
tum minus electron and nuclear spin angular momenta. This latter angular
momentum (total minus spin angular momentum) is the rovibronic angular
momentum, and it is due to the orbiting motions of the nuclei and electrons
in the molecule. For Φrve belonging to electronic singlet states (for which J =
N) it is customary in the spectroscopic literature to use J rather than N as
the rovibronic angular momentum quantum number.5 This makes it difficult
to avoid notational problems in some of the general rovibronic equations we
develop later in the book. However, we try to use J as the rovibronic angular
momentum quantum number for singlet states when possible, and when we
feel it will not lead to confusion. Note that the rovibronic angular momentum
N̂, and the angular momentum Ĵ (the sum of N̂ and the electron spin angu-

lar momentum Ŝ), are not conserved quantities of the full Hamiltonian; see
Section 13.6.

7.3.3 Fermi-Dirac and Bose-Einstein statistical formulas

Before considering the electron permutation group, or the complete nuclear

5This unfortunate convention is accepted by IUPAC; see Note (4) on p. 27 of Mills, Cvitaš,
Homann, Kallay, and Kuchitsu (1993).
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permutation group, we introduce a law of nature concerning the effect of the
permutation of identical particles. As discussed in Section 54 of Dirac (1958)
any quantity of physical significance must be unaffected by the permutation
of identical particles. One might say that the Hamiltonian of the universe
commutes with any permutation of identical particles. Thus the permutational
symmetry of each particle is a conserved quantity, and if a particular kind
of particle starts out with a wavefunction that is symmetric with respect to
exchange it will always remain so. Equally if it starts out being antisymmetric
it will always remain so. In a non-relativistic theory this is as far as we can go,
but by experiment it can be seen that there is a connection between the spin
of a particle and the permutation symmetry of its wavefunctions.

To discuss the relation between spin and permutational symmetry it is con-
venient to divide particles (i.e., nuclei and electrons) into two types: fermions,
having half integer spin, and bosons, having integer spin. Thus electrons, pro-
tons, and 13C, 11B, and 17O nuclei, for example, are fermions (having spins
of 1

2 ,
1
2 ,

1
2 ,

3
2 ,

5
2 , respectively), and deuterons and 12C, 10B, and 16O nuclei, for

example, are bosons (having spins of 1, 0, 3, and 0; respectively).6 The law
of nature we introduce here is that any complete internal dynamics molecular
wavefunction Φint is symmetric with respect to exchange of a pair of identi-
cal bosons in the molecule, but it is antisymmetric with respect to exchange
of a pair of identical fermions in the molecule. Fermions are said to obey
Fermi-Dirac statistical formulas and bosons to obey Bose-Einstein statistical
formulas. The fact that the wavefunction is changed in sign by the permutation
of a pair of identical fermions is called the Pauli exclusion principle; it results in
the ‘exclusion’ of states that do not have this transformation property. It was
stated by Pauli (1925) for electrons, and many years later Pauli (1940) gave a
proof of the general law for fermions and bosons using relativistic arguments.
As pointed out in the book Pauli and the Spin-Statistics Theorem, by Duck
and Sudarshan (1997), Pauli’s 1940 proof of the Pauli Exclusion Principle has
shortcomings, as does every later attempted proof. This book also points out
that the ‘Pauli’ Exclusion Principle was first propounded by Stoner (1924).
Wightman (1999) gives a detailed five-page review of Duck and Sudarshan’s
book. It is remarkable that a law of nature so simple to state should be so hard
to prove. In his 1974 book The Story of Spin7 Sin-itiro Tomonaga tells the tale
of the pioneers of physics in their difficult journey towards an understanding
of the nature of spin and its relationship to statistics.

The importance of these statistical formulas is that the complete internal
wavefunctions Φint has to be invariant to any permutation of identical bosons
in the molecule and to any even permutation of identical fermions, but will be
changed in sign by an odd permutation of identical fermions. An even (odd)
permutation can be expressed as an even (odd) number of successively applied

6Do any nuclei have spin 2?
7Now available translated into English by Prof. T. Oka [Tomonaga (1997)].
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pair transpositions (see Problem 1-4 on page 11).

7.3.4 The electron permutation group

In the group S(e)
n of order n! there is one irreducible representation, Γ(e)(A)

say, that has character (+1) under all even permutations and (−1) under all odd
permutations. Since electrons are fermions they obey Fermi-Dirac statistical
formulas and the molecular wavefunction Φint must be changed in sign by
an odd permutation of the electrons. Thus allowed Φint have to transform
according to the representation Γ(e)(A) of S(e)

n . As a result all energy levels

gain the same label Γ(e)(A) from the use of the group S(e)
n , and it would appear

that this group is of no use in helping us either to distinguish between energy
levels or to determine which energy levels can interact with one another.

However, this group is of use when we combine electronic orbital (coordinate)
functions and electronic spin functions in electronic structure calculations. The
use of a Slater determinant (see Sections 9.4.2) as the form for an electronic
basis function is a result of applying this symmetry. Using such basis functions
[which have symmetry Γ(e)(A)] ensures that the electronic wavefunctions finally

obtained have symmetry Γ(e)(A) in the group S(e)
n and thus satisfy the Pauli

exclusion principle. In the symmetric group approach to electronic wavefunc-
tion calculations more extensive use is made of electron permutation groups
(see Section 9.4.5).

One could imagine electronic orbital wavefunction calculations in which one
did not worry about the Pauli exclusion principle. One would have to be
careful when one combined the electronic spin states with such orbital functions
in order to make sure that the Pauli exclusion principle were obeyed. For
example, the ground electronic orbital wavefunction of the hydrogen molecule
cannot be combined with a triplet electronic spin wavefunction; this would put
two electrons in the same orbital state and in the same spin state. In this
situation the electronic (spin and orbit) wavefunction would not change sign
when the two electrons were permuted [it would not have Γ(e)(A) symmetry in

the group S
(e)
2 , and thus it would violate the Pauli exclusion principle]. Such an

electronic state is ‘excluded’ from existing by this symmetry rule. The ground
electronic state of the hydrogen molecule has to be a singlet state and the use
of this symmetry rule dictates the multiplicity of the state.

Notice that the nuclear (rotation-vibration) wavefunctions are unaffected by
any electron permutation, and so these wavefunctions are not involved in the
discussion of electron permutation symmetry. On the other hand electronic
wavefunctions are transformed by the permutation of identical nuclei. This is
because the molecule fixed (x, y, z) axes (which are introduced in Section 10.1.2)
to which the electronic wavefunctions are referred are transformed by such per-
mutations. Also LCAO electronic basis functions (see Section 9.4) are referred
to numbered nuclei and transform when these nuclei are permuted. The trans-
formation properties of the electronic wavefunctions under the effect of nuclear
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permutations will be discussed in Chapter 12.

7.3.5 The complete nuclear permutation group

In a molecule some of the nuclei may have integer spin and obey Bose-
Einstein statistical formulas and some of the nuclei may have half integer spin
and obey Fermi-Dirac statistical formulas. For the group GCNP of a particular
isotopomer of a given molecule there will be one irreducible representation,
which we call ΓCNP(A), that has character (+1) for all nuclear permutations
except those that involve an odd permutation of fermion nuclei for which the
character is (−1). From Bose-Einstein and Fermi-Dirac statistical formulas
we deduce that the wavefunction Φint can only transform according to the
representation ΓCNP(A) of the group GCNP. So this group appears to be of no

use, as we initially thought about the S(e)
n group.

We do not use the group GCNP in the way we used the S(e)
n group. We do not

set up appropriately combined rovibronic (rotation-vibration-electronic) and
nuclear spin basis functions for solving the combined rovibronic and nuclear
spin Hamiltonian. We rather follow the route suggested as a possible way to
use the S(e)

n group in the third paragraph of the above subsection. We solve
the rovibronic problem without any regard for the statistical rules and then
when we combine the rovibronic and nuclear spin wavefunctions we use the
statistical rules to determine which combinations are allowed. This leads to
the determination of the nuclear spin statistical weights which we discuss in
the next chapter. This is essentially the same as the multiplicity restrictions
that the Pauli exclusion principle imposes on the electronic states. However, it
is slightly more complicated than the case with electrons since a molecule can
contain several different types of nuclei having different spins. This, and the
fact that electron spin fine structure is more important that nuclear hyperfine
structure, are the reasons for the different approach.

7.3.6 The inversion group and parity

The group E has two representations which we call + or − depending on
whether the character under E∗ is +1 or −1. The wavefunction Φint can be
+ or − depending on the effect of E* and we label the states with this parity
label. The parity of a state (like its linear momentum, angular momentum,
permutational symmetry and energy) is a conserved quantity and does not
change with time. However, if we include the weak interaction force as a
contributor to the forces between the particles in setting up the molecular
Hamiltonian, as strictly speaking we should because of electroweak unification,8

then the Hamiltonian will not commute with E∗ and parity will then not be a
conserved quantity. This effect is too small to have been seen yet in the study

8The unified treatment of electromagnetic and weak interaction forces which, within the
Standard Model, satisfactorily describes all observed interparticle forces down to distances
of the order of 10−16 cm.
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of molecules, but it has been seen in atoms (see the Bibliographical Notes). For
all practical purposes in molecular spectroscopy we can ignore this symmetry
breaking effect.

7.4 TIME REVERSAL SYMMETRY

In this section we will summarize material that is discussed at length in
Chapter 26 of Wigner (1959), Chapter 15 of Abragam and Bleaney (1970), and

Section 5-16 of Tinkham (1964). The time reversal operation θ̂ reverses all mo-

menta (P̂) including spin angular momenta (ŝ and Î), but not the coordinates
(R), and it leaves the Hamiltonian invariant (for example, Ĥes and Ĥns are

invariant if R→ R, P̂→ −P̂, Î→ −Î, and ŝ→ −ŝ). The symmetry operation

θ̂ has the effect of reversing the direction of motion and spin of the particles in
the molecule. It is special in that it is antiunitary [as shown, for example, in
Section 15.1 of Abragam and Bleaney (1970)], and this means that it has to be
used slightly differently from the other (unitary) symmetry operations.

Unitary and antiunitary operators were defined in Eqs. (6-154)-(6-157), and
it was shown that the operation of complex conjugation, called K̂, is antiuni-
tary. Since the product of two antiunitary operators is unitary the operation
Ô = θ̂K̂ is unitary. Multiplying the equation Ô=θ̂K̂ on the right by K̂, and
using the fact that K̂2 = 1, we obtain the result that

θ̂ = ÔK̂, (7-48)

i.e., θ̂ is the product of a unitary operation and the complex conjugation oper-
ation. By squaring Eq. (7-48) we determine that

θ̂2 = ±1. (7-49)

It can be shown that [see, for example, Section 3.4 in Sachs (1987)]

θ̂Φint(F,mF ) = i2mF Φint(F,−mF ), (7-50)

and, hence

θ̂2Φint(F,mF ) = (−1)2mF Φint(F,mF ). (7-51)

The quantum numbers F and mF are half integral for molecules having an odd
number of particles with half-integral spin, and integral for molecules having an
even number of particles with half-integral spin. Thus θ̂2 = −1 for molecules
having an odd number of particles with half-integral spin, and +1 otherwise.
In the former situation (in which one generally only considers the electrons
although it has to also include nuclei having half-integral spin) the − sign
leads to Kramers’ degeneracy or Kramers’ theorem [Kramers (1930)]. This
states that all energy levels of a system containing an odd number of particles
with half-integral spin must be at least doubly degenerate regardless of how low
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the (unitary) symmetry is. This follows from the fact that if θ̂2Φ = −Φ then

it can be shown that θ̂Φ is orthogonal to Φ. Since θ̂ is a symmetry operation
[see Eq. (6-19) and the remarks after it] θ̂Φ and Φ must have the same energy,
they are orthogonal, and hence the level must be (at least) doubly degenerate.
Kramers’ degeneracy can only be lifted by an external magnetic field, and if
nuclei with half-integral spin cause the degeneracy then one must resolve the
nuclear hyperfine structure for the Kramers’ degeneracy to be revealed.

Symmetry operations are either unitary or antiunitary, and all the symmetry
operations we have dealt with so far are unitary except θ̂, and products of θ̂ with
the unitary operations, which are antiunitary. The operation θ̂ will commute
with all unitary operations of the symmetry group. In Chapters 5 and 6 we
summarize the theory of representations and show how they are used to classify
eigenfunctions of a Hamiltonian. The theory is presented with the (unstated)
assumption that the symmetry operations are unitary. If we include the an-
tiunitary operation θ̂ in the group, so that we now have a unitary-antiunitary
symmetry group of the Hamiltonian, we can still use Eq. (6-49) to generate
matrices for each operation in the group, and the matrices generated will be
unitary because Eq. (6-62) will still apply. However, a matrix obtained in this
way for an antiunitary operation will not, in general, multiply with the ma-
trices obtained for the other operations in the group in the same way that
the antiunitary operation itself multiplies with the other operations; hence the
matrices will not form a representation of the group. Such a set of matrices is
called a corepresentation of a unitary-antiunitary group [Wigner (1932,1959)].
In a corepresentation the unitary operations have a definite character (their
matrices do multiply together in the same way as the unitary operations mul-
tiply together), but the characters under the antiunitary operations depend
on the basis used to generate them. The properties of corepresentations are
widely employed in the study of magnetic solids [see, for example, Dimmock
and Wheeler (1964)], and they are equally applicable to molecules.

Table 7-2

The condensed character table of
the C3 groupa

C3 : E C3, C3
2

A : 1 1
E : 2 −1 sep

aThe full character table is given in Ta-
ble 6-4 on page 114, and the separably degen-
erate irreducible representations E+ and E−

of that group are added to give E.

It turns out that including θ̂ in any symmetry group of the Hamiltonian, and
then using corepresentations, does not lead to any new labels on the energy lev-
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els beyond that provided by the initial symmetry group (but see Chapter 18).
For this reason this symmetry operation is usually ignored in molecular spec-
troscopy. However, the time reversal operation can provide extra information
about whether matrix elements vanish in some circumstances [see, for example,
Watson (1974) whose results are discussed further in Chapter 13 on page 387],
and it can be responsible for extra degeneracies. If in the original symmetry
group there is a pair of irreducible representations, Γ and Γ∗, say, that are
the complex conjugates of each other then, as a result of time reversal symme-
try, an energy level of symmetry Γ will always coincide with an energy level
of symmetry Γ∗ [see, for example, Hougen (1964b)]. For this reason such a
pair of irreducible representations of a symmetry group can be considered to
be degenerate and is called separably degenerate. The representations E+ and
E− of the C3 group (see Table 6-4 on page 114) are separably degenerate. The
character table of such a group can be condensed by adding the characters of
each pair of separably degenerate irreducible representations, and such a con-
densed character table for the C3 group is given in Table 7-2. The operations
C3 and C3

2 are not really in the same class but in the condensed character table
that is how they appear. The fact that E is the sum of separably degenerate
irreducible representations is indicated by writing ‘sep’ in the character table.

7.5 NEAR SYMMETRY

In the absence of external fields, the Hamiltonian Ĥ of an isolated molecule
commutes with the elements of the molecular symmetry group of the molecule
and with the elements of the group K(spatial). Thus these two groups are
true symmetry groups of Ĥ and we can label the molecular states according
to the irreducible representations of these groups; such labels are called true
symmetry labels. On the other hand a near symmetry group of Ĥ is such
that its elements do not commute with Ĥ but rather they commute with an
approximate Hamiltonian Ĥ0; we can consider Ĥ0 as being obtained from Ĥ
by neglecting a small term Ĥ ′. Writing

Ĥ = Ĥ0 + Ĥ ′ (7-52)

then for any element G of the near symmetry group

[G, Ĥ0] = 0 (7-53)

but

[G, Ĥ ] = [G, (Ĥ0 + Ĥ ′)] = [G, Ĥ ′] 6= 0. (7-54)

We can label the eigenstates of Ĥ0 according to the irreducible representations
of the near symmetry group [because Eq. (7-53) is true] and such labels will
be useful near symmetry labels on the exact states (the eigenstates of Ĥ) if the
symmetry breaking effects of Ĥ ′ are small. The term Ĥ ′ can mix eigenstates of
Ĥ0 that have different near symmetry labels (and hence break that symmetry)
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but, of course, it cannot mix states having different true symmetry labels [see
the vanishing integral rule, Eq. (6-140)].

Table 7-3

The true symmetry groups of the Hamiltonian of an isolated moleculea

Fundamental Symmetry
property Symmetry group operationb Symmetry labelc

Uniform space Translation Translation of Linear momentum
group GT the molecule vector k

along a
space fixed
direction

Isotropic space Spatial rotation Rotation of Angular momentum
group K(spatial) the molecule quantum numbers F,mF

about a space
fixed axis

Indistinguishability Electron Permutation of The antisymmetric

of electrons permutation the electrons representation Γ(e)(A)

group S
(e)
n

Indistinguishability Complete nuclear Permutation of The antisymmetric
of identical permutation the identical representation ΓCNP(A)
nuclei group GCNP nuclei

Conservation of Inversion group E Inversion of Parity ±
parityd all particles

through the
molecular
center of
mass

a Time reversal symmetry is omitted.
b Using the active picture.
c The symmetry of the complete wavefunctions in S

(e)
n and GCNP is determined by

Fermi-Dirac and Bose-Einstein statistical formulas to be Γ(e)(A) and ΓCNP(A), respec-
tively. See text.

d This is a property of the strong and electromagnetic interaction forces and it is not
a property of the weak interaction force; it is not a property of space.

A symmetry group, and the symmetry labels obtained with it, are used to
determine which of many possible terms in the Hamiltonian vanish and to
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determine which states are coupled by internally and externally caused pertur-
bations. True symmetry groups give rigorously correct results. Near symmetry
groups give rise to many more restrictions which, although only approximately
true, usually enable us to understand the major perturbation effects. The near
symmetry groups that we consider are molecular rotation groups and molecular
point groups . Their use is discussed in Chapters 12 and 13.

7.6 DISCUSSION

From the above considerations we see that we can label the translational
states ΦCM according to their linear momentum using GT. The internal states
Φint can be labeled with their angular momentum (F,mF ) using K(spatial),
and with their parity (±) using E . The symmetry labels obtained by using the
permutation groups are determined completely by the spin statistical formulas
and all states Φint for a particular molecule gain the same labels [Γ(e)(A),
ΓCNP(A)]. The useful symmetry labels from GFULL on a molecular energy level,
Eint (as opposed to the label on the wavefunction Φint), are (F,±), and each
level is 2F + 1 fold degenerate as mF = −F,−F + 1, . . . ,+F . The symmetry
groups of the Hamiltonian of an isolated molecule in free space are summarized
in Table 7-3.

In setting up electron spin–orbital basis functions to solve the electronic
Hamiltonian we use a determinantal form that ensures that the Pauli exclusion
principle is obeyed; this means that the final electronic states obtained will be
properly symmetrized. This will be discussed in more detail in Section 9.4.2.
When we solve the internal dynamics Hamiltonian we deal with the electronic,
rotation-vibrational and nuclear spin parts separately. We then combine the
electronic and rotation-vibration functions to determine the rovibronic states.
The symmetrization of the final rovibronic-nuclear spin states gives the nuclear
spin statistical weights as discussed in the next chapter. As a result the CNPI
group and the K(spatial) group become useful in labeling the basis functions
and in determining which rovibronic interactions should be considered using
the vanishing integral rule of Eq. (6-140). As explained in Chapter 3 we use the
MS group rather than the CNPI group in applications; the group K(spatial) is
used separately to deal with angular momentum symmetry rules.
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6S and 7S states. The mixing results in a parity-violating electric-dipole transition amplitude
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the above paper.
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Koslov, Porsev, and Tupitsyn (2001). This is an ab initio calculation of the parity non-
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The violation of the indistinguishability of ‘identical’ particles

Drake (1989). In this paper very precise calculations are carried out for states of the He
atom that violate the Pauli Exclusion Principle; they are called ‘paronic’ states. Helium is
the only system of fermions for which detailed calculations are available.

Ramberg and Snow (1990). This experimental paper looks for a breakdown of the Pauli
exclusion principle for electrons and fails to find it. In this experiment electrons are injected
into a current carrying copper strip and a search is made for the X-rays that would be emitted
if one of these electrons were captured by a copper atom and then cascaded down into the 1S
state; the 1S level being already filled with two electrons. No such X-rays were found during
a two month data collecting period in 1988. With a minimal set of assumptions the authors
conclude that this implies that any violation of the Pauli exclusion principle is at a level of
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less than 1.7 × 10−26; thus at this level the electrons are indistinguishable.
Deilamian, Gillaspy, and Kelleher (1995). This paper presents the results of looking for the

paronic state 1s2s 1S0 calculated by Drake (1989, see above). An atomic beam spectrometer
is used and an upper limit of 5×10−6 can be set. This work is more simply interpreted than
the work of Ramberg and Snow.

Physics Today (1996). This summarizes the situation concerning the (negative) experi-
mental search for any violation of the Bose-Einstein statistical formulas for 16O nuclei in the
16O2 molecule. The experimental limit is at a level of around 10−6, and thus at this level
all 16O nuclei are identical. This is further discussed in the Bibliographical Notes at the end
of Chapter 8.

The violation of time reversal symmetry

Christenson, Cronin, Fitch and Turlay (1964). This is an experimental observation of the
decay of the neutral K0 meson. The result requires a violation of CP invariance, i.e., a
violation of the invariance of the product of charge conjugation (C) and parity (P ). Charge
conjugation is the operation of converting every particle into its antiparticle and, like P -
invariance, it is violated by weak interactions. It is believed that the combined operation
of time reversal (called T here), charge conjugation and inversion in any order is an exact
symmetry of any interaction, i.e., that is there is TCP invariance. As a result of TCP
invariance a violation of CP invariance implies a violation of T -invariance. The decay of
the neutral K0 meson is the only known case of the violation of T -invariance and its origin
is not understood; its extent cannot be calculated theoretically. Further it is impossible to
construct a quantum field theory in which the product TCP is violated. If TCP violation
were ever found it would be a monumental theoretical task to understand it. Pages 128 to
135 of Griffiths (1987) discusses CP and TCP violation.

Laerdahl, Saue, Fægri and Quiney (1997). This paper reports the results of making an ab

initio calculation of PT -odd interactions in thallium fluoride.
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Nuclear Spin Statistics

We begin by using the MS group to symmetry label the complete internal
wavefunction and the nuclear spin wavefunctions. This provides a simple ex-
ample of how one applies the MS group. It is shown how nuclear spin statistical
weights arise, and we develop a formula that enables nuclear spin statistical
weights to be determined easily. The concept of a ‘missing’ level is introduced.
It is shown how useful it is to add the nuclear spin statistical weights to cor-
relation tables and reverse correlation tables. The results presented here can
be used to interpret the patterns that are found in the relative intensities of
spectral lines (the so-called ‘intensity alternations’). Such interpretations are
often helpful in determining the equilibrium structure of a molecule, and in
determining which tunneling motions produce observable splittings.

8.1 INTRODUCTION

In Section 7.3.3 we see that as a result of Fermi-Dirac and Bose-Einstein
statistical formulas the symmetry of the complete internal wavefunction Φint,
obtained after separating translation, is restricted. A rovibronic state (having
symmetry Γrve) is only combined with a nuclear spin state (having symme-
try Γns), to form a basis function for expressing Φint, if the product of the
two symmetries is an allowed symmetry for Φint. The number of nuclear spin
states of each symmetry will, in general, differ and hence the number of nu-
clear spin states that can be combined with a given rovibronic state will differ
depending on Γrve. This is the origin of nuclear spin statistical weights. It
can happen that no nuclear spin state exists that has the right symmetry for
combination with a particular rovibronic state and this rovibronic state will
be missing. Such a rovibronic state is a perfectly acceptable eigenstate of the
rovibronic Hamiltonian but it will not occur in nature because of this symmetry
restriction.

149



150 8. Nuclear Spin Statistics

8.2 THE CLASSIFICATION OF THE COMPLETE
INTERNAL WAVEFUNCTION

8.2.1 Using the CNPI group

The complete internal wavefunction Φint can have + or − parity according
to the effect of E∗, i.e.,

E∗Φint = ±Φint. (8-1)

Using the Fermi-Dirac and Bose-Einstein statistical formulas (see Section 7.3.3)
we see that Φint is changed in sign by any nuclear permutation, P(odd), that
involves an odd permutation of nuclei that have half integer spin (fermions).
This means that

P(odd)Φint = −Φint. (8-2)

Alternatively Φint is invariant to a nuclear permutation, P(even), that involves
an even permutation of fermion nuclei regardless of whether the permutation
involves an even or odd permutation of nuclei that have integer spin (bosons),
i.e.,

P(even)Φint = +Φint. (8-3)

Thus, for a particular isotopomer of a given molecule, Φint transforms as one
of two nondegenerate irreducible representations of the CNPI group which we
write as Γ+ or Γ− as the character is +1 or −1 under E∗ (i.e., as the parity is +
or −); the characters under the permutation operations are fixed by Eqs. (8-2)
and (8-3).

We can use the H2O and D2O molecules as examples. For H2O in its CNPI
group C2v(M) (see Table A-5) the operation (12) is an odd permutation of
fermion nuclei and thus it changes the sign of Φint. As a result the symmetry
of Φint is B2 or B1 as the parity is + or − (i.e., Γ+ = B2 and Γ− = B1 for
H2O). Since deuterium nuclei are bosons the operation (12) does not change
the sign of Φint and the symmetry of the complete internal wavefunction of
D2O in C2v(M) is A1 or A2 as the parity is + or − (i.e., Γ+ = A1 and Γ− = A2

for D2O).

Problem 8-1. The CNPI groups of the molecules BF3 and CH4 are given
in Tables A-10 and A-29, respectively. Determine the allowed symmetries of
the complete internal wavefunctions of these molecules using Eqs. (8-1)-(8-3).
Also determine the allowed symmetries for the complete internal wavefunction
of CD4, and the allowed symmetries of the complete internal wavefunctions of
12C2H4 and 13C2H4 in the CNPI group G96 (see Table 5-3).

Answer. For BF3 since the fluorine nuclei are fermions, Φint is changed in
sign by (23) but not by (123) [since (123) is an even permutation of the fluorine
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nuclei; see Eq. (1-26)]. Hence Φint has species A2
′ or A2

′′ in D3h(M) as the
parity is + or −. For CH4 the operations (23) and (1423) are odd permutations
whereas (123) and (14)(23) are even so that Φint is of species A2

+ or A1
− in

G48 as the parity is + or −. For CD4 the complete internal species is A1
+ or

A2
− as the parity is + or −. For 12C2H4 the species of the complete internal

wavefunction is Bs
+ or Bs

− in G96 as the parity is + or −, and for 13C2H4 it
is Ba

+ or Ba
− as the parity is + or −; 12C nuclei are bosons and 13C nuclei

are fermions.

8.2.2 Using the MS group

In Chapter 3 we saw that a considerable simplification without loss of useful
information is obtained by classifying the rovibronic wavefunctions in the MS
group rather than in the CNPI group. When we do this we use rovibronic
wavefunctions that are only evaluated over a small region of vibrational coor-

dinate space; we denote such functions here as Φ
(l)
rve where (l) stands for local.

For a rigid molecule, such as methane or methyl fluoride, the region of vibra-
tional coordinate space considered only contains one version of the equilibrium
structure, whereas for a molecule such as H2O2, in which observable tunneling
effects occur, the region contains more than one version. For methane we have

two parallel sets of rovibronic wavefunctions: Φ
(1A)
rve centered on configuration

A [see Fig. 3-2a], and Φ
(1C)
rve centered on configuration C [see Fig. 3-2b]. Clas-

sifying one of these in the MS group provides a sufficient symmetry labeling of

the energy levels. Similarly we need only consider local functions Φ
(l)
int and need

only classify them in the MS group of the molecule rather than in the CNPI
group.

The classification of Φ
(l)
int in the MS group is straightforward, and one could

use the CNPI group → MS group correlation table to determine the species in
the MS group to which the species Γ± correlate. For the methane molecule the
species Φint in the CNPI group G48 can be either Γ+ = A2

+ or Γ− = A1
−.

The correlation table of G48 to the MS group Td(M) yields the MS species A2

or A1, respectively, for levels that are A2
+ or A1

− in the CNPI group. Thus

Φ
(l)
int functions of methane can have species A1 or A2 in the MS group. For

12C2H4 we have Γ+ = Bs
+ and Γ− = Bs

− in G96, so that from Table 5-4 the

Φ
(l)
int functions of the planar nontunneling molecule in the D2h(M) group can

be Ag or Au, respectively. Similarly for 13C2H4 we have Γ+ = Ba
+ → B1u in

D2h(M) and Γ− = Ba
− → B1g.

We use the notation Γ+
MS and Γ−

MS for the two1 allowed symmetry species

of Φ
(l)
int in the MS group. Rather than determining the two allowed species of

Φ
(l)
int in the MS group from the species in the CNPI group using the correlation

table, we can determine them directly using the rules expressed in Eqs. (8-1)
to (8-3), even if E∗ is unfeasible. Both of these representations satisfy Eqs. (8-2)
and (8-3) for the effect of a permutation; Γ+

MS(Γ−
MS) has character +1(−1) under

1If no P ∗ operations are present Γ+
MS = Γ−

MS.
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P ∗
(even) and character −1(+1) under P ∗

(odd), where P ∗
(even) is the product of E∗

with an even permutation of fermion nuclei and P ∗
(odd) is the product of E∗

with an odd permutation of fermion nuclei.

For example in 12CH4, using the rules in Eqs. (8-2) and (8-3) with Td(M)
we determine from the characters under the permutation operations (123) and

(14)(23), both of which are P(even) operations, that Φ
(l)
int can only transform as

A1 = Γ+
MS or A2 = Γ−

MS. Similarly for 12C2H4 we see that Φ
(l)
int can only be of

symmetry Ag = Γ+
MS or Au = Γ−

MS in D2h(M) since these are the only two rep-
resentations having character +1 for all the permutations [all the permutations
in D2h(M) are P(even) operations for 12C2H4]. For 13C2H4 the permutations
(13)(24)(56) and (14)(23)(56) are odd permutations of fermions (the 13C nuclei)

and hence Φ
(l)
int can only be B1u = Γ+

MS or B1g = Γ−
MS.

For molecules whose MS group contains one or more permutation-inversion

operations we always obtain two allowed species for the Φ
(l)
int functions. For

molecules whose MS group contains no permutation-inversion operations (and
which are, therefore, optically active), such as CHIFCl or H2S2 with unfeasible

internal rotation, the Φ
(l)
int functions can only be of one species in the MS group

and Γ+
MS = Γ−

MS. For example the complete internal wavefunction of H2
32S2

(32S nuclei are bosons) must be changed in sign by the operation (12)(34) of the

C2(M) group (see Table A-4) and hence Φ
(l)
int can only have species B in that

group. The interpretation of this is appreciated if we look at the correlation
of the species Γ+ and Γ− of the CNPI group to the species Γ+

MS and Γ−
MS

in the MS group. If the MS group contains permutation-inversion operations
then Γ+ and Γ− will correlate with the two different nondegenerate irreducible
representation of the MS group that we call Γ+

MS and Γ−
MS respectively. If the

MS group contains no permutation-inversion operations then Γ+ and Γ− will
each correlate with the same nondegenerate irreducible representation of the
MS group and each complete internal state of the molecule has a structural
double degeneracy. Using Φint functions that are not local such a structural
double degeneracy consists of a pair of states of opposite parity. For molecules
with P ∗ operations in the MS group and for which two MS group species are

obtained for Φ
(l)
int, we can identify one of the pair of species as correlating with a

Φint state of + parity (this will have character +1 under P ∗
(even) operations) and

the other as correlating with a Φint state of − parity (this will have character
−1 under P ∗

(even) operations).

8.3 THE CLASSIFICATION OF THE NUCLEAR SPIN
WAVEFUNCTIONS

For nucleus α having spin Iα the possible (2Iα + 1) nuclear spin functions
can be written |Iα,mIα〉, where the projection quantum number mIα takes the
values −Iα,−Iα + 1, . . . ,+Iα. In a molecule containing N nuclei labeled 1, 2,
. . . , N there will be a total of (2I1+1)(2I2+1) . . . (2IN +1) =

∏
(2Ii+1) nuclear

spin functions. We wish to determine the representation of the MS group
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generated by this set of functions. One special property of spin functions is
their invariance to E∗; they all have positive parity and hence the permutation-
inversion operation P ∗=PE∗ has the same effect on a nuclear spin function as
the permutation P .

Before giving the equation for the characters in the representation generated
by all the spin functions of a molecule we will work through an example. We
will determine the species of the nuclear spin states of 14NH3 in the MS group
D3h(M); the character table is given in Table A-10. For NH3 we can construct
the following proton spin functions, where α is the | 12 , 12 〉 ‘spin-up’ nuclear spin
function for a proton, and β is the | 12 ,− 1

2 〉 ‘spin-down’ function:

(mI = 3/2) : ααα = Φ(1)
ns ,

(mI = 1/2) : ααβ = Φ(2)
ns , αβα = Φ(3)

ns , βαα = Φ(4)
ns ,

(mI = −1/2) : αββ = Φ(5)
ns , βαβ = Φ(6)

ns , ββα = Φ(7)
ns ,

(mI = −3/2) : βββ = Φ(8)
ns , (8-4)

where the nuclei are in the order 1, 2, and 3 in these functions, and mI =
m1 + m2 + m3 is the total projection quantum number for the proton spins.

Clearly both Φ
(1)
ns and Φ

(8)
ns are invariant to any operation of the group and have

symmetry A1
′. The three mI = 1

2 spin functions are transformed amongst
themselves by the elements of the group and the representation of D3h(M)
generated by these three functions is

E (123) (23) E∗ (123)∗ (23)∗

3 0 1 3 0 1
(8-5)

where the operations (23) and (23)∗ leave the function Φ
(4)
ns alone but inter-

changes the other two, and the operations (123) and (123)∗ permute all three
functions. This representation reduces to the following irreducible representa-
tions of D3h(M):

A1
′ ⊕ E′. (8-6)

The three mI = − 1
2 spin functions generate the same representation of the MS

group. Thus the representation generated by the eight proton spin functions is

4A1
′ ⊕ 2E′, (8-7)

and the characters are

E (123) (23) E∗ (123)∗ (23)∗

8 2 4 8 2 4
(8-8)

The three nuclear spin functions of the 14N nucleus (I = 1, mI = −1, 0 or
+1) are each invariant to all of the elements of the MS group, and so the total
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representation generated by all 24 possible nuclear spin functions is simply
obtained by multiplying Eq. (8-7) by three:

Γtot
nspin = 12A1

′ ⊕ 6E′, (8-9)

which has characters

E (123) (23) E∗ (123)∗ (23)∗

24 6 12 24 6 12
(8-10)

Each of the characters in this representation can be obtained directly [Landau
and Lifshitz (1977)] by noticing that a contribution of +1 to the character is
made if the permutation P (or permutation-inversion P ∗ = PE∗) permutes
nuclei that have the same value of mI , whereas if the nuclei have different values
of mI then one spin function is changed into another and no contribution to the
character is made. We will use the effect of (23) to show how this observation
can be made use of in developing a simple formula for the characters. We write
a general nuclear spin function in 14NH3 as |spin〉 = |m1,m2,m3,m4〉 where the
N nucleus is labeled 4. There are

∏
(2Ii + 1) = 24 of these |spin〉 functions and

we want to determine how many of them are invariant to the operation (23);
this will be the character under (23) in Γtot

nspin. Clearly all functions in which m2

= m3 will be invariant under (23) and they will be of two types: |m1,
1
2 ,

1
2 ,m4〉

or |m1,− 1
2 ,− 1

2 ,m4〉. The number of types is given by (2I2 + 1) = (2I3 + 1)
= 2. For each of these types m1 can be anything and there are (2I1 + 1) =
2 possibilities for m1. Also m4 can be anything and there are (2I4 + 1) = 3
possibilities for m4. Thus the total number of functions that are left invariant
is (2I2 + 1) times (2I1 + 1)(2I4 + 1), i.e., 2×(2×3)=12. This is the character
under (23) in Γtot

nspin. The general formula for the character χtot
nspin[P ] under the

permutation P (or permutation-inversion P ∗) in Γtot
nspin is thus:

χtot
nspin[P ] =

∏
(2Ia + 1), (8-11)

where Ia is the nuclear spin, and the product contains one factor for each set
of nuclei (including sets of one nucleus) permuted by P . For example, to apply
this to 14NH3 for P = (23) we have three factors in the product: one for H1,
one for H2 and H3 taken together, and one for N:

χtot
nspin[(23)] = [2× (1/2) + 1][2× (1/2) + 1][2× 1 + 1] = 12. (8-12)

To apply this for the operation (123) we have just two factors: one [=(2× 1
2+1)]

for H1, H2 and H3, and one [=(2×1+1)] for N to give a total character of 6.
For the operation E there is obviously one factor of (2I+1) for each nucleus
giving a character of (2× 1

2+1)3(2×1+1)=24.
The nuclear spin functions of 14NH3 involve the total nuclear spin angular

momentum quantum number I. Coupling the three proton spin angular mo-
menta and the 14N spin angular momentum, using Eq. (7-44) repeatedly, we
obtain nuclear spin states having I = 5/2, 3/2 and 1/2 (giving 12 states of
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species 12A1
′), and pairs of states having I = 3/2 and 1/2 (giving 12 states of

species 6E′).
For ND3 each deuterium nucleus has I = 1 and there are 33 = 27 deuteron

spin functions to be combined with the three nitrogen spin functions giving 81
in all. Using Eq. (8-11) for E, (23) and (123) we deduce the characters

E (123) (23) E∗ (123)∗ (23)∗

81 9 27 81 9 27
(8-13)

which reduces to

Γtot
nspin = 30A1

′ ⊕ 3A2
′ ⊕ 24E′. (8-14)

Problem 8-2. Determine the representations of the MS group D2h(M)
(see Table A-9) generated by the nuclear spin wavefunctions of 12C2H4.

Answer. Since 12C nuclei have a spin of zero there is a single nuclear spin
function for each. There are 24 = 16 proton spin functions. Using Eq. (8-11)
we deduce that the 16 nuclear spin functions generate the representation

Γtot
nspin = 7Ag ⊕ 3B3g ⊕ 3B1u ⊕ 3B2u. (8-15)

In the answer to Problem 8-2 we have determined the symmetry species of
the 16 nuclear spin functions of 12C2H4 in the D2h(M) group. We can equally
well classify these functions in the G16 group appropriate if internal rotation
splittings are resolved or even in the CNPI group G96 if we wish. The results
are (see Table A-25)2

Γtot
nspin(G16) = 6A1

+ ⊕B1
+ ⊕ 3B2

+ ⊕ 3E+ (8-16)

and (see Table 5-3)

Γtot
nspin(G96) = 5As

+ ⊕ 3Fs
+ ⊕ Es

+. (8-17)

Although Eq. (8-16) is equally applicable to the dimers (H2)2 and (H2
16O)2,

one should note that the Γ(LH) notation for the irreducible representations of
G16 is customarily used for the water dimer [Dyke (1977), Coudert and Hougen
(1988,1990)].

8.4 THE DETERMINATION OF THE STATISTICAL WEIGHTS

To form a valid basis wavefunction we can only combine a rovibronic state

Φ
(l)
rve having symmetry Γrve in the MS group with a nuclear spin state having

symmetry Γnspin in the MS group if the product of these symmetries contains

2We use the Γ(MW) notation for the irreducible representations of G16 in applications to
the ethylene molecule.
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Γint, where Γint is a species for Φ
(l)
int allowed by the statistical formulas, i.e., we

must have

Γrve ⊗ Γnspin ⊃ Γint. (8-18)

We will use the 12C2H4 ethylene molecule as an example of the application
of this rule. The rovibronic states of ethylene can be classified according to the
eight irreducible representations of the D2h(M) group. The nuclear spin states
have the symmetries given in Eq. (8-15) and the complete internal wavefunction
can only be of either Ag or Au species. To determine the statistical weights
it is convenient to construct a table such as is shown in Table 8-1. In this
table we first complete column 1 with all possible Γrve and then put the pairs
of possible Γint in column 3. We now determine which of the nuclear spin
functions [from Eq. (8-15)] can be combined with each rovibronic function so
that the product of the nuclear spin symmetry and rovibronic symmetry is Ag

or Au; those that combine with Γrve to give a complete internal species of Ag

are put on the left of the semicolon in column 2, and those that combine to give
a complete internal species of Au are put on the right. In this manner column
2 in Table 8-1 under Γnspin is completed. The statistical weights can now be

easily determined as the number of possible Φ
(l)
int of the acceptable symmetry

species that can be obtained from each Φ
(l)
rve by combining with nuclear spin

functions. Tables such as these show which nuclear spin states each rovibronic
state can be combined with.

Table 8-1

The statistical weights of the rovibronic states of 12C2H4 in the D2h(M) group

Statistical Statistical
Γrve Γnspin Γint weight Γrve Γnspin Γint weight

Ag 7Ag;– Ag;Au 7 Au –;7Ag Ag;Au 7
B1g –;3B1u Ag;Au 3 B1u 3B1u;– Ag;Au 3
B2g –;3B2u Ag;Au 3 B2u 3B2u;– Ag;Au 3
B3g 3B3g;– Ag;Au 3 B3u –;3B3g Ag;Au 3

In Tables 8-2 and 8-3 similar statistical weight tables for 12C2H4 using the
groups G16 and G96 are given. In G96 all “a” rovibronic states have zero
statistical weight (i.e., they are missing), since Γnspin and Γint must be “s,”
and these rovibronic states have been omitted from the table. To obtain these
results the direct product tables of the species of the groups are needed, and

these are given in Table 8-4 for3 G16 and in Table 8-5 for S
(H)
4 , from which

that for G96 is easily derived since the subscripts and superscripts multiply as
follows:

3This direct product table is correct for either the Γ(LH) or Γ(MW) notations for the
irreducible representations of G16.
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a⊗ a = s⊗ s = s, a⊗ s = a, +⊗+ = −⊗− = +, and +⊗− = −.
(8-19)

Table 8-2

The statistical weights of the rovibronic states of 12C2H4 in the G16 groupa

Statistical Statistical
Γrve Γnspin Γint weight Γrve Γnspin Γint weight

A1
+ B1

+;– B1
+;A1

− 1 A1
− –;6A1

+ B1
+;A1

− 6
A2

+ 3B2
+;– B1

+;A1
− 3 A2

− –;– B1
+;A1

− 0
B1

+ 6A1
+;– B1

+;A1
− 6 B1

− –;B1
+ B1

+;A1
− 1

B2
+ –;– B1

+;A1
− 0 B2

− –;3B2
+ B1

+;A1
− 3

E+ 3E+;– B1
+;A1

− 3 E− –;3E+ B1
+;A1

− 3

a We use the Γ(MW) notation for the irreducible representations of G16 in
applications to the ethylene molecule.

Table 8-3

The statistical weights of the rovibronic states of 12C2H4 in the G96 group

Statistical Statistical
Γrve Γnspin Γint weight Γrve Γnspin Γint weight

As
+ –;– Bs

+;Bs
− 0 As

− –;– Bs
+;Bs

− 0
Bs

+ 5As
+;– Bs

+;Bs
− 5 Bs

− –;5As
+ Bs

+;Bs
− 5

Es
+ Es

+;– Bs
+;Bs

− 1 Es
− –;Es

+ Bs
+;Bs

− 1
Fs

+ –;– Bs
+;Bs

− 0 Fs
− –;– Bs

+;Bs
− 0

Gs
+ 3F+

s ;– Bs
+;Bs

− 3 Gs
− –;3F+

s Bs
+;Bs

− 3

Table 8-4

The direct product table of
the irreducible representations of G16

a

A1 A2 B1 B2 E

A1: A1 A2 B1 B2 E
A2: A2 A1 B2 B1 E
B1: B1 B2 A1 A2 E
B2: B2 B1 A2 A1 E
E: E E E E A1 ⊕A2 ⊕ B1 ⊕ B2

a We omit the + and − labels since +⊗+ = −⊗−
= +, and +⊗− = −.
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As a result of the facts that nuclear spin wavefunctions have positive par-
ity and that the complete internal wavefunction can have positive or negative
parity without restriction, we could determine the statistical weights of the
levels of any molecule by using the permutation subgroup of the MS group.
This is the subgroup obtained by deleting all permutation-inversion elements
in the MS group. This is in fact the customary way of determining nuclear spin
statistical weights for rigid nonlinear molecules although the group is mislead-
ingly called “the rotational subgroup of the molecular point group.” Since in
studying a molecule we determine the symmetry of the rovibronic levels in the
MS group it is expedient to continue using this symmetry in the determination
of the statistical weights, and that is why we discuss the determination of the
statistical weights using the MS group rather than its permutation subgroup.
The statistical weights of the rotational levels of a state depend on the elec-
tronic, vibrational and rotational symmetries, which are multiplied together to
give Γrve. As a result, intensity alternations in a spectrum can sometimes be
used to determine the electronic symmetry (see the first complete paragraph
on page 298).

Table 8-5

The direct product table of the irreducible representations of S4

A B E F G

A: A B E F G
B: B A E G F
E: E E A⊕ B ⊕ E F ⊕G F ⊕G
F : F G F ⊕G A⊕ E ⊕ F ⊕G B ⊕E ⊕ F ⊕G
G: G F F ⊕G B ⊕ E ⊕ F ⊕G A⊕ E ⊕ F ⊕G

8.4.1 A simple method for determining statistical weights

The technique discussed above for the determination of the statistical weights
becomes laborious to apply as the number of identical nuclei and the order of
the MS group increase. Fortunately there is an alternative method that is
tractable and easy to use even for large molecules. This method allows one to
directly determine the allowed rovibronic states and their weights. The title
of this section may have encouraged the reader to omit reading the previous
section. We hope not since we feel that the previous section gives the reader an
understanding of where the statistical weights come from, and an appreciation
of which nuclear spin states can be combined with a given rovibronic state.

We use the 14NH3 ammonia molecule to illustrate what we are going to do
here to obtain a simple formula for the statistical weights. As we showed in
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Eq. (8-9) the nuclear spin states of 14NH3 span the representation

Γtot
nspin = 12A1

′ ⊕ 6E′, (8-20)

in its MS group D3h(M). From the Pauli exclusion principle the complete inter-
nal wavefunction can have either A2

′ or A2
′′ species. Following the procedure

outlined in the preceding section we determine that the rovibronic (including
inversion) levels have statistical weights as given in Table 8-6. We see that
states of species A1

′ and A2
′′ have a statistical weight of zero and are missing.

A succinct way of giving the statistical weights would be to say that the allowed
rovibronic states span the representation

Γsw
rve = 12A2

′ ⊕ 12A2
′′ ⊕ 6E′ ⊕ 6E′′, (8-21)

where the superscript sw stands for statistical weight. This expression gives
the allowed rovibronic states and the numerical coefficients are their statistical
weights; any symmetry species from the MS group that is absent here corre-
sponds to a missing rovibronic level. There is a simple way of determining
the characters of the representation Γsw

rve from the expression in Eq. (8-11) for
the characters in the representation Γtot

nspin generated by the nuclear spin func-
tions. This simple method is from Section 105 of Landau and Lifshitz (1977)
as corrected by Jonas (1989); see also Jensen and Bunker (1999).

Table 8-6

Statistical weights of rovibronic statesa of NH3

Γrve Statistical weight Γrve Statistical weight

A1
′ 0 A1

′′ 0
A2

′ 12 A2
′′ 12

E′ 6 E′′ 6

a Inversion states are included.

From Eqs. (8-1)-(8-3), and the rest of Section 8.2, we see that the complete
internal wavefunction can only have symmetry Γ+

MS or Γ−
MS in the MS group.

The representation Γ+
MS has character +1 under any even fermion permutation-

inversion P ∗
(even) in the MS group, and character −1 under any odd fermion

permutation-inversion P ∗
(odd) in the MS group. The representation Γ−

MS has
character −1 under any P ∗

(even), and character +1 under any P ∗
(odd). These

two representations have the same character under permutations (+1 under
even fermion permutations and −1 under odd fermion permutations). Thus
the character in the representation Γsw

rve can be written as the sum of two
characters: one appropriate if the complete internal wavefunction transforms
as Γ+

MS in the MS group, and one if it transforms as Γ−
MS. We call the former

(which corresponds to positive parity for the complete internal state) χsw
rve[O]+,
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and the latter (which corresponds to negative parity for the complete internal
state) χsw

rve[O]−, where O is any operation in the MS group. The character we
seek is then written as the sum

χsw
rve[O] = χsw

rve[O]+ + χsw
rve[O]−. (8-22)

If O is any nuclear permutation P operation in the MS group then

χsw
rve[P ]+ = χsw

rve[P ]−. (8-23)

since Γ+
MS and Γ−

MS have the same characters under a permutation operation.
Thus we have

χsw
rve[P ] = 2χsw

rve[P ]+. (8-24)

However, the characters have opposite sign under any permutation-inversion
operation P ∗ in the MS group and so we have

χsw
rve[P

∗]+ = −χsw
rve[P

∗]−. (8-25)

Thus for a permutation-inversion

χsw
rve[P

∗] = 0. (8-26)

The character χsw
rve[P ]+ will be the same as the character χtot

nspin[P ] [see
Eq. (8-11)] if P is an even permutation of fermion nuclei because the represen-
tations generated by the rovibronic and nuclear spin functions must multiply
together to give a component with a +1 as the character under any P(even)

operation (the complete internal wavefunction transforms like that). However,
if P is an odd permutation of fermion nuclei the character χsw

rve[P ]+ will be of
opposite sign to the character χtot

nspin[P ] since they must multiply together to
give a component with a character −1 here. This means that we have

χsw
rve[P ]+ =

∏
(2Ia + 1)(−1)(2Ia)(na−1), (8-27)

where the product contains one factor [as in Eq. (8-11)] for each set of na nuclei
having spin Ia that are permuted by P (including sets of one nucleus for which
na=1). The exponent (2Ia)(na − 1) has been cleverly chosen since 2Ia will
be odd for fermions and a permutation of na nuclei will be odd if (na − 1)
is odd. The product of two odd numbers is an odd number; the product of
two even numbers, or of an odd and even number, is an even number. Thus
only for an odd permutation of fermions will the product (2Ia)(na− 1) be odd,
and the character have the required opposite sign from the character in the
representation Γtot

nspin.
In summary, from Eqs. (8-24) and (8-27), the characters in the representation

Γsw
rve of the MS group that gives the allowed rovibronic states and their nuclear

spin statistical weights are given by

χsw
rve[P ] = 2

∏
(2Ia + 1)(−1)(2Ia)(na−1), (8-28)
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for any nuclear permutation operation P in the MS group,4 where the product
contains one factor for each set of na nuclei having spin Ia permuted by P
(including sets of one nucleus for which na=1). The characters in Γsw

rve are zero
for all the permutation-inversion operations in the MS group.

As an example we will apply Eq. (8-28) to the determination of the nuclear
spin statistical weights for 14NH3 molecule in the MS group D3h(M); we treat
the effect of the elements O = E, (123), and (12) in detail.

For the operation E we have to divide the nuclei into four sets:

a=1. E leaves the proton numbered 1 alone so that n1 = 1 and I1 = 1/2.

a=2. E leaves the proton numbered 2 alone so that n2 = 1 and I2 = 1/2.

a=3. E leaves the proton numbered 3 alone so that n3 = 1 and I3 = 1/2.

a=4. E leaves the nitrogen alone so that n4 = 1 and I4 = 1.

Thus

χsw
rve[E] = 2× {[2× (1/2) + 1](−1)(2×1/2)(1−1)

× [2× (1/2) + 1](−1)(2×1/2)(1−1)

× [2× (1/2) + 1](−1)(2×1/2)(1−1)

× (2× 1 + 1)(−1)(2×1)(1−1)}
= +48. (8-29)

For the operation (123) we have to divide the nuclei into two sets:

a=1. (123) cyclically permutes the three protons so that n1 = 3 and I1 = 1/2.

a=2. (123) leaves the nitrogen alone so that n2 = 1 and I2 = 1.

Thus

χsw
rve[(123)] = 2× {[2× (1/2) + 1](−1)(2×1/2)(3−1)

× (2× 1 + 1)(−1)(2×1)(1−1)}
= +12. (8-30)

For the operation (12) we have to divide the nuclei into three sets:

a=1. (12) leaves nucleus numbered 3 alone so that n1 = 1 and I1 = 1/2.

a=2. (12) permutes nuclei numbered 1 and 2 so that n2 = 2 and I2 = 1/2.

a=3. (12) leaves the 14N nucleus alone so that n3 = 1 and I3 = 1.

Thus

χsw
rve[(12)] = 2× {[2× (1/2) + 1](−1)(2×1/2)(1−1)

× [2× (1/2) + 1](−1)(2×1/2)(2−1)

× (2× 1 + 1)(−1)(2×1)(1−1)}
= −24. (8-31)

4If the MS group contains no permutation-inversion elements (in which case the molecule
will be optically active), then we still use Eq. (8-28) and the factor of two allows for the
double parity degeneracy of Φint.
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Combining the results of Eqs. (8-29)-(8-31) with the fact that the character
of each permutation-inversion is zero leads directly to the allowed rovibronic
species given in Eq. (8-21). The permutation (123) is even and the permutation
(12) is an odd fermion permutation. By studying the results above one can see
how the exponent (2Ia)(na − 1) works. The results in Table B-4 of Appendix
B can be used by the reader to test the application of Eq. (8-28).

Problem 8-3. The spherical top molecules 12CH4 [with the protons la-
beled H1H2H3H4] and 192Os16O4 [with the oxygen nuclei labeled O1O2O3O4]
both have the MS group Td(M) whose character table is given in Table A-14.
Determine the representation Γsw

rve for these two molecules (12C, 192Os, and 16O
nuclei all have I = 0).

Answer. From Table A-14 we see that we must determine the character of
Γsw
rve under the three permutations E, (123), and (14)(23).
When we apply Eq. (8-28) to determine χsw

rve[E] for 12CH4, each nucleus in
the molecule forms a one-member set. The four one-member sets with a = 1,
2, 3, 4 each contains a proton so that I1 = I2 = I3 = I4 = 1/2, and the set with
a = 5 contains the 12C nucleus so that I5 = 0. We calculate χsw

rve[E] = 32 from
Eq. (8-28). For (123), three protons labeled 1, 2, and 3 form a three-member
set with I1 = 1/2, proton 4 forms a one-member set with I2 = 1/2, and the
12C nucleus forms a one-member set with I3 = 0. Thus χsw

rve[(123)] = 8. Under
(14)(23), the two proton pairs (1,4) and (2,3), respectively, each form a two-
member set with I1 = I2 = 1/2, and the 12C nucleus forms a one-member set
with I3 = 0, and we obtain χsw

rve[(14)(23)] = 8. The remaining operations in
Td(M) are P ∗ operations, and for them χsw

rve[P
∗] = 0.

From the calculated characters we determine the reduction of Γsw
rve in terms

of the irreducible representations of Td(M) as

Γsw
rve = 5A1 ⊕ 5A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2, (8-32)

where the coefficients are the nuclear spin statistical weights of 12CH4.
For 192Os16O4, the derivation is analogous to that for 12CH4 above. The

only difference in applying Eq. (8-28) is that instead of four protons with I =
1/2 we now have four 16O nuclei with I = 0. We derive χsw

rve[E] = χsw
rve[(123)]

= χsw
rve[(14)(23)] = 2 and thus

Γsw
rve = A1 ⊕A2. (8-33)

In Os16O4, levels with rovibronic symmetry E, F1, or F2 in Td(M) are missing.

Problem 8-4. The MS group Oh(M) of the octahedral molecule SF6 (with
the F nuclei labeled 1, 2, . . . , 6) is given in Table A-15. Determine the repre-
sentation Γsw

rve for 32SF6 [32S nuclei have I = 0, 19F nuclei have I = 1/2].

Answer. Table A-15 shows that we must determine the character of Γsw
rve

from Eq. (8-28) for the five permutation operations E, (145)(236), (13)(26(45),
(1234), and (13)(24). Under all of these operations, the 32S nucleus forms a
one member set with I = 0. This set always contributes a factor of 1 to the
character of Γsw

rve.
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• Under the operation E the 19F nuclei form six 1-member sets and χsw
rve =

128.

• Under (145)(236), the 19F nuclei form two 3-member sets and χsw
rve = 8.

• Under (13)(26)(45), the 19F nuclei form three 2-member sets and χsw
rve =

−16.

• Under (1234) the 19F nuclei form a 4-member set and two 1-member sets,
so χsw

rve = −16.

• Under (13)(24) the 19F nuclei form two 2-member sets and two 1-member
sets, so χsw

rve = 32.

The remaining operations in Oh(M) are P ∗ operations, and for them χsw
rve[P

∗]
= 0.

From the calculated characters we determine the reduction of Γsw
rve in terms

of the irreducible representations of Oh(M) as

Γsw
rve = 2A1g ⊕ 2A1u ⊕ 10A2g ⊕ 10A2u ⊕ 8Eg

⊕ 8Eu ⊕ 6F1g ⊕ 6F1u ⊕ 6F2g ⊕ 6F2u, (8-34)

where the coefficients are the spin statistical weights of 32SF6.

8.4.2 An example: NCCN

For the linear molecule NCCN (numbering the nuclei N1C3C4N2) symmet-
rical isotopomers have the MS group {E, (12)(34), E∗, (12)(34)∗}, called
D∞h(M), just as for acetylene [see Eq. (3-15)]. The character table is given
in Table A-18 [where the operation (12) should be replaced by (12)(34)], and
we label the irreducible representations Σg

+, Σu
−, Σg

−, and Σu
+. Unsymmet-

rical isotopomers of NCCN have the MS group C∞v(M) = {E,E∗} with the
irreducible representations Σ+ and Σ− [see Table A-17].

We use Eq. (8-28) to derive the spin statistical weights for the four iso-
topomers 14N12C12C14N, 15N12C12C15N, 14N13C13C14N, and 15N12C12C14N.
Letting Iα denote the spin of nucleus α (= 1, 2, 3, 4), then for all four iso-
topomers Eq. (8-28) gives

χsw
rve[E] = 2 (2I1 + 1) (2I2 + 1) (2I3 + 1) (2I4 + 1). (8-35)

The first three isotopomers are symmetrical and the operation (12)(34) is a
symmetry operation. When we apply Eq. (8-28) to determine χsw

rve[(12)(34)]
for these molecules the nitrogen nuclei form one two-member set with spin IN
= I1 = I2, and the carbon nuclei form another two-member set with spin IC
= I3 = I4. Consequently

χsw
rve[(12)(34)] = 2 (2IN + 1) (2IC + 1) (−1)2(IN+IC). (8-36)
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Fig. 8-1. Sections of the P-branch region of the ν0e2 ← ν1e5 vibrational transition in the
isotopomers a: 14N12C12C14N, b: 15N12C12C15N, c: 14N13C13C14N, and d: 15N12C12C14N
[Grecu, Winnewisser, and Winnewisser (1998)]. The lines are marked by their J ′′ values, and
the intensity alternation resulting from the spin statistical weights is easily recognized. The
intensity ratio I[J ′′(even)]/I[J ′′(odd)] is 3/6 for 14N12C12C14N, 3/1 for 15N12C12C15N,
21/15 for 14N13C13C14N, and 6/6 for 15N12C12C14N (see Appendix 8-1 for details).
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The remaining operations in the respective MS groups are P ∗ operations, and
for them χsw

rve[P
∗] = 0.

It is straightforward to apply Eqs. (8-35) and (8-36) to the four isotopomers
listed above (14N nuclei have I = 1, 15N and 13C nuclei have I = 1/2, and 12C
nuclei have I = 0), and the results are summarized in Table 8-7. The table
also gives the reduction of Γsw

rve in terms of the irreducible representations of
the MS group and thus the spin statistical weights for the four molecules.

Table 8-7

The representation Γsw
rve and the statistical weights for rovibronic states of NCCN

isotopomers

E (12)(34) E∗ (12)(34)∗ Γsw
rve

14N12C12C14N: 18 6 0 0 6Σg
+ ⊕ 3Σg

− ⊕ 6Σu
− ⊕ 3Σu

+

15N12C12C15N: 8 −4 0 0 Σg
+ ⊕ 3Σg

− ⊕ Σu
− ⊕ 3Σu

+

14N13C13C14N: 72 −12 0 0 15Σg
+ ⊕ 21Σg

− ⊕ 15Σu
− ⊕ 21Σu

+

15N12C12C14N: 12 - 0 - 6Σ+ ⊕ 6Σ−

The Γsw
rve in Table 8-7 indicate that for these four isotopomers there will be

intensity alternations in their spectra that have ratios of 6/3, 1/3, 15/21 and
6/6, respectively (the last named, 15N12C12C14N, having therefore no intensity
alternation). Fig. 8-1 shows spectra of the four isotopomers exhibiting these
intensity alternations. In Appendix 8-1 the details of the notation used, and
the assignments made on the spectra, are given; they require rather extensive
knowledge of material that is discussed in later chapters.

8.4.3 Another example: 13C60

It is trivial to derive the spin statistical weights for the charismatic molecule
12C60 [Kroto, Heath, O’Brien, Curl, and Smalley (1985)]. All 60 nuclei have
zero spin, and so the molecule has one possible nuclear spin function of Ag

symmetry in the molecular symmetry group Ih(M). The character table of the
icosahedral group Ih(M) is given in Table A-16. The Pauli exclusion principle
requires that the internal wavefunction of 12C60 be invariant under any permu-
tation of 12C nuclei. That is, the internal wavefunction has Ag or Au symmetry
in Ih(M). Levels of 12C60 with Γrve = Ag or Au have a spin statistical weight
of 1, and all other levels are missing.

For the isotopomer 13C60 there are 260 possible nuclear spin functions [13C
has I = 1/2], and the calculation of the spin statistical weights can be made to
appear a formidable problem. We will determine them here using the method
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Fig. 8-2. The labeling of the nuclei used for the 13C60 molecule. The nuclei 1-30 are in
or above the plane of the paper; nuclei 31-60 are in or below this plane.

described in Section 8.4.1. That is, we will determine the representation Γsw
rve

of Ih(M) for the molecule 13C60, and this is rather simple to do.
It would take up a lot of space to display the elements of Ih(M); each of them

involves the 60 indices labeling the nuclei. The reader can use Fig. 8-2 together
with Table A-16 to construct the MS group partners of the operations in the
point group Ih. One of the simpler MS group operations is Ôi, the partner of
the point group inversion operation i [see Eq. (4-7)]. It is given by

Ôi = (1 60)(2 59)(3 58)(4 57) . . . (29 32)(30 31)∗, (8-37)

when the nuclei are labeled as in Fig. 8-2. That is, Ôi is the product of 30
transpositions and the inversion E∗. The group Ih(M) is the direct product
[see Section 5.7] of its permutation subgroup I(M) and the group {E, Ôi}:

Ih(M) = I(M)⊗ {E, Ôi}. (8-38)

Therefore the class structure of Ih(M) is straightforwardly obtained from that of
I(M). Each class in I(M) gives rise to two classes in Ih(M), one that contains the
same elements as the I(M) class, and one that contains the elements obtained
by combining each element in the I(M) class with Ôi [see Section 5.8.2].

The classes Ck of Ih(M) are defined in the footnote of Table A-16. We apply
Eq. (8-28) to the classes containing permutation operations:

• Under the operation E the nuclei form 60 1-member sets and χsw
rve[E] =

2 × 260.
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• The elements in the classes C2 and C3 are all products of 12 five-cycles
(abcde). Thus, the nuclei form 12 five-member sets and Eq. (8-28) yields
2 × 212 for the characters of Γsw

rve.

• The elements in the class C4 are products of 20 three-cycles (abc), so the
nuclei form 20 three-member sets and the character χsw

rve = 2 × 220 for
this class.

• The elements in the class C5 are products of 30 transpositions (ab), so
the nuclei form 30 two-member sets and χsw

rve = 2 × 230.

The operations in the remaining classes of Ih(M) are P ∗ operations, and for
them χsw

rve[P
∗] = 0. The nonvanishing characters of Γsw

rve are thus

E C2 C3 C4 C5
261 213 213 221 231.

(8-39)

We have used the program system MAPLE [see, for example, Monagan, Ged-
des, Labahn, and Vorkoetter (1996)] to calculate the spin statistical weights
as the coefficients C(Γi) in the reduction of Γsw

rve in terms of the irreducible
representation of Ih(M),

Γsw
rve =

∑

Γi

C(Γi)Γi, (8-40)

from Eq. (5-45) as exact, 17-digit integer values. The resulting weights are given
in Table 8-8. These spin statistical weights were first obtained by Balasubra-
manian (1991) using an alternative method [see the Bibliographical Notes].

Table 8-8

The statistical weights of the rovibronic states of 13C60

Γrve Statistical weight

Ag/Au 19 215 358 678 900 736
F1g/F1u 57 646 074 961 907 712
F2g/F2u 57 646 074 961 907 712
Gg/Gu 76 861 433 640 804 352
Hg/Hu 96 076 792 318 656 512

However, in any practical use of the statistical weights concerning intensity
alternations in a spectrum it is inconceivable that results as precise as given in
Table 8-8 will be needed, and a moment’s thought shows a simple way to obtain
statistical weights that are precise enough by inspection. From Eq. (8-39) we see
that the characters under C2, C3, C4, and C5 are negligibly small in comparison
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to the character under E, and so we obtain from Eq. (5-45) the simple result
that

C(Γi) ≈ 1

120
χΓi [E] χsw

rve[E], (8-41)

where χsw
rve[E] = 261 here, so that the statistical weights are in the approxi-

mate ratio of the dimensions χΓi [E] of the irreducible representations, which
is 1:3:3:4:5. This is good to better than 1 part in 107.

Balasubramanian (1991) has obtained the spin statistical weights of 12C60H60

(which has the same weights as 13C60) and 12C60D60. We extend these studies
by considering 13C60H60 and 13C60D60. For these molecules, the characters of
Γsw
rve under the permutation operations of Ih(M) are

E C2 C3 C4 C5
13C60H60 : 2121 225 225 241 261

13C60D60 : 261360 213312 213312 221320 231330.

(8-42)

Reduction of the representations (using the program system MAPLE) produces
the spin statistical weights given in Tables 8-9 and 8-10, respectively. In both
cases [applying Eq. (8-41)] we obtain the very-close-to-exact statistical weight
ratios of 1:3:3:4:5 by inspection.

Table 8-9

The statistical weights of the rovibronic states of 13C60H60

Γrve Statistical weight

Ag/Au 22 153 799 929 748 598 169 960 860 333 637 632
F1g/F1u 66 461 399 789 245 793 356 959 976 865 660 928
F2g/F2u 66 461 399 789 245 793 356 959 976 865 660 928
Gg/Gu 88 615 199 718 994 391 526 920 837 182 521 344
Hg/Hu 110 768 999 648 742 989 696 880 598 004 531 200

Table 8-10

The statistical weights of the rovibronic states of 13C60D60

Γrve Statistical weight

Ag/Au 814 561 299 678 154 291 488 767 806 377 392 301 451 223 040
F1g/F1u 2 443 683 899 034 462 874 466 082 345 208 800 010 378 924 032
F2g/F2u 2 443 683 899 034 462 874 466 082 345 208 800 010 378 924 032
Gg/Gu 3 258 245 198 712 617 165 954 850 151 586 192 309 653 364 736
Hg/Hu 4 072 806 498 390 771 457 443 617 957 959 928 452 664 524 800
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8.5 CORRELATION TABLES WITH STATISTICAL WEIGHTS
ADDED

Correlation tables and reverse correlation tables were introduced in Chap-
ter 5, and we can add nuclear spin statistical weights to such tables. The tables
then becomes useful in the identification of tunneling splitting patterns. The
results in Tables 8-1 and 8-2 have been used to add statistical weights to the
reverse correlation table D2h(M)→ G16 given in Table B-4(vi) in Appendix B.
In Appendix B (Table B-4) reverse correlation tables with statistical weights
are given for ammonia, methanol, methylsilane, acetone, hydrogen peroxide,
ethylene, ethane, and methane [see also Watson (1965)].

Sometimes in complicated tunneling situations it is necessary to consider a
reverse correlation table involving more than one group. The reverse corre-
lation table for the groups C2(M) → G4 → G8 for H2

16O2, with statistical
weights added, can be determined as an example. C2(M) is the MS group if
no tunneling splittings are resolved, G4 is the MS group if internal rotation
tunneling splittings are resolved, and G8 is the CNPI group which allows for
splittings due to the breaking and reforming of the OH bonds.

The allowed species of the complete internal wavefunction in the groups
C2(M), G4, and G8 are 2B (allowing for the parity double degeneracy), B1

or B2, and B1
′′ or B2

′′, respectively. The proton nuclear spin wavefunctions
|m1,m2〉 = | 12 , 12 〉, | 12 ,− 1

2 〉, |− 1
2 ,

1
2 〉, and |− 1

2 ,− 1
2 〉 generate the representations

3A⊕B, 3A1⊕B2, and 3A1
′⊕B2

′′ in the three groups, respectively. The reverse
correlation of rovibronic levels of symmetry A and B in the C2(M) group to
the species of the G4 and G8 groups are determined to be as follows, and the
statistical weights have been added.

A(2)→
{
A1(1) → A1

′(1)⊕A1
′′(0)

A2(1) → A2
′(1)⊕A2

′′(0),
(8-43)

B(6)→
{
B1(3) → B1

′(0)⊕B1
′′(3)

B2(3) → B2
′(0)⊕B2

′′(3).
(8-44)

We see that the final tunneling G4 → G8 (if there were ever a possibility of
resolving it) would not produce any splittings of the observed energy levels
(although it would cause shifts in the levels), since in every case one of the pair
of levels split by the tunneling has zero statistical weight and is missing.

We can add statistical weights to the reverse correlations given in Eqs. (5-86)
and (5-87) for the water dimer and the result [using the Γ(LH) notation for the
irreducible representations of G16] is

A′(16)→
{
B1(12) → A2

−(3)⊕B2
−(6)⊕ E−(3)

A1(4) → A1
+(1)⊕B1

+(0)⊕ E+(3),
(8-45)

A′′(16)→
{
B2(12) → A2

+(3)⊕B2
+(6)⊕ E+(3)

A2(4) → A1
−(1)⊕B1

−(0)⊕ E−(3).
(8-46)
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The reverse correlations with statistical weights added for the benzene-water
dimer using the chain of groups Cs(M) → C6v(M) → G24 → G24 ⊗ E [see
Eqs. (3-24)-(3-26) and Tables A-7 and A-27] is obtained as

A′(256)→





A1(40) →
{
A1s(10) → A1s

+(7)⊕A1s
−(3)

A1a(30) → A1a
+(21)⊕A1a

−(9),

B2(56) →
{
B2s(14) → B2s

+(1)⊕B2s
−(13)

B2a(42) → B2a
+(3)⊕B2a

−(39),

E1(88) →
{
E1s(22) → E1s

+(11)⊕ E1s
−(11)

E1a(66) → E1a
+(33)⊕ E1a

−(33),

E2(72) →
{
E2s(18) → E2s

+(9)⊕ E2s
−(9)

E2a(54) → E2a
+(27)⊕ E2a

−(27),

(8-47)

and

A′′(256)→





A2(40) →
{
A2s(10) → A2s

+(3)⊕A2s
−(7)

A2a(30) → A2a
+(9)⊕A2a

−(21),

B1(56) →
{
B1s(14) → B1s

+(13)⊕B1s
−(1)

B1a(42) → B1a
+(39)⊕B1a

−(3),

E1(88) →
{
E1s(22) → E1s

+(11)⊕ E1s
−(11)

E1a(66) → E1a
+(33)⊕ E1a

−(33),

E2(72) →
{
E2s(18) → E2s

+(9)⊕ E2s
−(9)

E2a(54) → E2a
+(27)⊕ E2a

−(27).

(8-48)

APPENDIX 8-1: THE NCCN SPECTRA

We explain how the values of the statistical weights obtained for the differ-
ent isotopomers of NCCN manifest themselves in the four experimental spectra
shown in Fig. 8-1 [Grecu, Winnewisser, and Winnewisser (1998)]. Each spec-
trum is part of the P branch of the ν0e2 ← ν1e5 vibrational transition. The labels
ν2 and ν5 identify vibrational states of NCCN, and the superscripts give the
value of the l quantum number [see Eq. (17-72)] together with the e/f label
defined in Section 17.5.1. Each vibrational state ν0e2 and ν1e5 has a manifold
of rotational energy levels, labeled by the rotational quantum number J = l,
l + 1, l + 2, l + 3, . . . . Each transition in the P branch of the vibrational
transition ν0e2 ← ν1e5 starts in a rotational level of the vibrational state ν1e5
with the J-value J ′′ and ends in the ν0e2 level with the J-value J ′ = J ′′ − 1.
The complete P branch is the series of transitions with J ′′ = 1, 2, 3, 4, 5, . . . .
The lines in the series are roughly equidistantly spaced, and their wavenumber
decreases with increasing J ′′.
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For symmetrical isotopomers of NCCN with MS group D∞h(M) the rovibra-
tional symmetries are

J even J odd

ν0e2 Σg
+ Σg

−

ν1e5 Σu
+ Σu

−.

(8-49)

For the unsymmetrical isotopomer of NCCN, with MS group C∞v(M), the
rovibrational symmetries are obtained by omitting the ‘g’ and ‘u’ subscripts in
Eq. (8-49). The symmetries in Eq. (8-49) can be deduced from Fig. 17-6; ν0e2
is a vibronic state of Σg

+ symmetry in D∞h(EM) and ν1e5 belongs to the ν15
state of Πu symmetry.

Equation (8-49) shows that transitions in the P branch of the ν0e2 ← ν1e5
vibrational transition involve states of the MS group symmetries

Σg
− ← Σu

+ for J ′′ even, (8-50)

and

Σg
+ ← Σu

− for J ′′ odd. (8-51)

In order that an electric dipole transition can take place, the initial and final
rovibronic states must be combined with the same nuclear spin state [see Chap-
ter 14, in particular the discussion in connection with Eq. (14-29)]. For the P
branch transitions considered here the statistical weight for the symmetrical
isotopomers varies with the evenness or oddness of J ′′. For a given isotopomer
of NCCN we denote the statistical weight for the states involved in transitions
with even J ′′ by g(even), and for transitions with odd J ′′ by g(odd). The
ratio g(even)/g(odd) is 3/6 for 14N12C12C14N, 3/1 for 15N12C12C15N, 21/15
for 14N13C13C14N, and 6/6 for 15N12C12C14N [see Table 8-7 together with
Eq. (8-49)].

The ratio g(even)/g(odd) determines, to a good approximation, the relative
intensities of neighboring lines in the P branch of the ν0e2 ← ν1e5 vibrational
transition. The spectra in Fig. 8-1 give the transmittance as a function of
wavenumber [see Eq. (14-2)]. At the wavenumber location of each allowed ab-
sorption line there is a dip in the transmittance, and the peak value of the dip
is approximately proportional to the spin statistical weight. In Fig. 8-1 we have
marked the individual lines in the P branch of the ν0e2 ← ν1e5 vibrational tran-
sition by their J ′′ values, and it is seen that relative sizes of the transmittance
dips are in good agreement with the g(even)/g(odd) ratios.

The absolute intensities (i.e., the absolute values of the transmittance dips
in Fig 8-1) are not proportional to the statistical weights. For example, the
spectra of 15N12C12C14N and 15N13C13C14N have very similar absolute in-
tensities regardless of the fact that 15N13C13C14N has four times as many
nuclear spin states as 15N12C12C14N. The reason is that the absolute inten-
sity depends of the product of the spin statistical weight and the number of
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molecules populating each nuclear spin state. In 15N13C13C14N there are four
times as many nuclear spin states than in 15N12C12C14N, but each spin state in
15N13C13C14N has a population that is one fourth of the population of a state
in 15N12C12C14N. Consequently the product of spin statistical weight and pop-
ulation factor determining the intensity is the same for the two isotopomers.
This is taken care of in the expression for the absolute intensity by dividing by
the partition function [see Eqs. (14-3) and (14-4)].

BIBLIOGRAPHICAL NOTES

Missing levels

In Edition 1 (on page 310) it was conjectured that missing levels might appear if the nuclei
in a molecule were sufficiently polarized by the electrons in the molecule to observably spoil
I as a quantum number.

The problem has been reconsidered by Prof. G. W. F. Drake who explained to us that the
interchange of nuclei remains an exact symmetry operation even if the nuclei are significantly
polarized by the electrons in a molecule since identical nuclei will be identically polarized;
also no amount of such polarization can turn a fermion into a boson or vice versa. In a
private communication he further told us that what is needed is for there to be some way
in which ‘identical’ nuclei become distinguishable in a molecule, and that Greenberg (1991)
achieves this by introducing parastatistics, which is equivalent (at least in some formulations)
to the postulate of hidden quantum numbers which would make the otherwise identical nuclei
distinguishable. Prof. Drake explained to us that this is just like the considerations that lead
to the idea that quarks have colour.

These ideas make it worthwhile to develop very sensitive methods for trying to see ‘missing’
spectral lines that involve so-called missing levels. For boson nuclei three negative results (at
a spectral sensitivity of about 10−6 ) for the 16O2 molecule have been published [de Angelis,
Gagliardi, Gianfrani, and Tino (1996), Hilborn and Yuca (1996), and Naus, de Lange and
Ubachs (1997); see also Physics Today (1996)]. The infrared spectrum of the C16O2 molecule
is a simple spectrum exhibiting missing lines, and it would be worthwhile to develop highly
sensitive methods in order to try to see them (or at least to provide a very low upper limit
on their existence). Missing lines that result from fermion nuclei in a molecule could also
be looked for, and the spectrum of the NH3 molecule would be a possible example. Stray
fields and intermolecular interactions would presumably be of no consequence in making
such missing spectral lines appear (unlike the situation for lines that appear due to parity
non-conservation). The highest sensitivity achieved to date is5 5 × 10−13 by Ye, Ma and
Hall (1998). In this paper the problems inherent in obtaining high sensitivity are carefully
reviewed, and the possibility of using such high sensitivity methods to look for ‘missing’
levels is mentioned. For recent studies on CO2 see Modugno, Inguscio, and Tino (1998), and
Mazzotti, Cancio, Giusfredi, Inguscio, and De Natale (2001).

Spin statistical weights of icosahedral molecules

Balasubramanian (1981, 1985) has developed a algorithm for obtaining the total repre-
sentation Γtot

nspin generated by all possible nuclear spin functions of a molecule by means of
so-called generalized character cycle indices. This method is applicable to very large, highly
symmetrical molecules and Balasubramanian (1991) has used it to obtain the spin statistical
weights for 13C60, 12C60H60, and 12C60D60. If we are only interested in the spin statistical
weights, the method described in Section 8.4.1, which involves the construction and reduction
of the representation Γsw

rve, is probably easier to apply. For highly symmetric molecules it is
easy to determine the characters of Γsw

rve from Eq. (8-28), and the reduction of this represen-

5See Bibliographical Notes to Chapter 14 for a further discussion of this work.
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tation gives the spin statistical weights directly. However, with Balasubramanian’s method
it is also possible to determine the symmetrized nuclear spin functions. One can also obtain
them using the projection operator technique discussed in Section 6.3.

Harter and Reimer (1992a) [see also the erratum Harter and Reimer (1992b) and the
comment by Balasubramanian (1992)] have calculated the spin statistical weights for 13C60

using a brute-force procedure that involves the generation of the irreducible representations in
the CNP group S60 by means of Young tableau [see Section 9.4.5]. The correlation between
S60 and its subgroup I(M) [which Harter and Reimer call Y ] is then used to obtain the
symmetries of the nuclear spin functions in I(M). The method for calculating spin statistical
weights presented in Section 8.4.1 and the method of Balasubramanian (1981, 1985) are
considerably easier to apply than the procedure of Harter and Reimer.



9

The Born-Oppenheimer

Approximation and the

Electronic Wavefunction

We return to the rovibronic Schrödinger equation given in Eq. (7-30), and
explain how it is solved. We can break down the solution procedure into four
stages which involve (a) setting it up in coordinates that facilitate the separa-
tion of variables in its solution, (b) making approximations so that there is some
separation of variables, (c) solving the approximate and separable Schrödinger
equation obtained, and (d) correcting for the approximations by using varia-
tional techniques or perturbation theory. In order that we can transform to the
most suitable set of coordinates, we initially describe two general techniques for
changing coordinates in a Schrödinger equation, and we apply one of them to
the rovibronic Schrödinger equation. The most important approximation made
for the purpose of solving the rovibronic Schrödinger equation is the Born-
Oppenheimer approximation, and it allows the rovibronic Schrödinger equation
to be solved in a two-step procedure. In the first step the electronic Schrödinger
equation is solved with the nuclei held at fixed positions in space. In the second
step the rotation-vibration Schrödinger equation is solved using the electronic
energy from the first step in the nuclear potential energy function. At the end
of the chapter we discuss the solution of the electronic Schrödinger equation,
and we pay particular attention to the form of the electronic wavefunction.

9.1 THE ROVIBRONIC SCHRÖDINGER EQUATION

The rovibronic Hamiltonian Ĥrve is given in Eq. (7-29). When we insert this,
using Eqs. (7-14), (7-15) and (7-19), into Eq. (7-30), we obtain the following
expression for the rovibronic Schrödinger equation:

{
− ℏ2

2

l∑

r=2

∇2
r

mr
+

ℏ2

2M

l∑

r,s=2

∇r · ∇s +

l∑

r<s=1

CrCse
2

4πǫ0Rrs
− Erve

}

×Φrve(X2, . . . , Zl) = 0, (9-1)

174
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where there are l particles (nuclei and electrons) in the molecule, and Erve and
Φrve are the rovibronic eigenvalues and eigenfunctions, respectively. This is a
(3l− 3) dimensional second order partial differential equation and for l greater
than 2 (i.e., any molecule) this equation cannot be solved explicitly.

To solve the rovibronic Schrödinger equation given in Eq. (9-1) there are
two methods which we will call the direct method and the indirect method .
The direct method is numerical and does not make use of any prior knowledge,
understanding, or intuition that we have about molecules. In one possible direct
numerical procedure that could, in principle, be used we divide each of the
(3l−3) coordinate directionsX2, Y2, Z2, . . . , Zl into a grid of (2n+1) equidistant
points, where n is a very large integer. At these points the coordinate X2 has
the values

X
(h)
2 = h∆, h = −n,−n+ 1,−n+ 2, . . . , n− 1, n, (9-2)

with similar equations for all the other coordinates Y2, Z2, X3, . . . , Zl. In
Eq. (9-2) ∆ is a constant step length. We center a Gaussian function at each

value X
(h)
2 :

gh(X2) = exp

[
−a
(
X2 −X(h)

2

)2]
, (9-3)

where we are free to choose the (positive) value of the parameter a. The
functions g−n(X2), g−n+1(X2), . . . , gn−1(X2), gn(X2) constitute a sequence
of (2n + 1) “Gaussian nipples” distributed along X2 from −n∆ to +n∆. If
we distribute similar functions along all the other coordinate directions Y2, Z2,
X3, . . . , Zl we can model a real wavefunction as

Φrve(X2, . . . , Zl) =
∑

a

ca

l∏

r=2

ghXr
(Xr)ghYr

(Yr)ghZr
(Zr), (9-4)

where a is summed over all (2n+ 1)(3l − 3) sets of points at which the Gaus-
sians are centered (hX2 = −n to +n, . . . , hZl

= −n to +n), and the ca are
expansion coefficients. For modeling a complex wavefunction we need two
parameterized functions of this type, one for the real part and one for the
imaginary part. Equation (9-4) involves numerical approximation, but if we
make ∆ very small and n very large, so that the Gaussian functions are very
closely spaced and at the same time sample a large part of X2, Y2, Z2, . . . , Zl

space, then this will model the wavefunction satisfactorily. We insert Eq. (9-4)
into the Schrödinger equation Eq. (9-1), and solve to determine the rovibronic
energies Erve and the expansion coefficients ca. We would use a slightly modi-
fied version of the matrix diagonalization technique described by Eqs. (6-145)-
(6-162); the modification is made necessary by the fact that the basis functions∏l

r=2 ghXr
(Xr)ghYr

(Yr)ghZr
(Zr) are not normalized and orthogonal. This type

of basis set has been used in actual calculations of molecular rotation-vibration
energies and is known as a distributed Gaussian basis (DGB).
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In a numerical procedure, such as that outlined above, we would solve the
Schrödinger equation in a completely general way, but since the basis functions
we use [the

∏l
r=2 ghXr

(Xr)ghYr
(Yr)ghZr

(Zr) functions] are very different from
the rovibronic eigenfunctions Φrve(X2, . . . , Zl) of the molecule, we will need a
gigantic number of basis functions in the linear combinations of Eq. (9-4) to
represent satisfactorily the eigenfunctions. Consequently, we would have to di-
agonalize an enormously large matrix and the procedure could only be carried
out by means of an extremely powerful computer. To solve Eq. (9-1) numeri-
cally with a precision that is comparable to the best experiment is impossibly
difficult (except for the very lowest eigenstates of three and four particle sys-
tems such as H2

+ and H2) and hence for practical reasons we use the indirect
method. In the indirect method of solving Eq. (9-1) we also represent the rovi-
bronic eigenfunctions Φrve as linear combinations of basis functions in a manner
analogous to Eq. (9-4), but we aim at choosing the basis functions in such a
way that they resemble the eigenfunctions as much as possible. We determine
suitable basis functions by making approximations which simplify the Hamilto-
nian of the molecule. The Hamiltonian can be simplified to an extent where the
Schrödinger equation associated with it can be solved fairly straightforwardly,
analytically and/or numerically. Because of the approximations made, the re-
sulting eigenfunctions, Φ0

rve say, of the simplified Hamiltonian are not the true
rovibronic wavefunctions Φrve, but we can express Φrve as a linear combina-
tion of Φ0

rve functions and determine the expansion coefficients in these linear
combinations, and the energies Erve associated with the wavefunctions Φrve, by
matrix diagonalization as described in Eqs. (6-145)-(6-162). In most cases, the
approximations made in order to obtain the functions Φ0

rve are such that the
spectrum of the simplified molecule will reproduce correctly the gross features
of the true spectrum. This means that the eigenfunctions Φ0

rve of the simplified
Hamiltonian are similar to the true wavefunctions Φrve. Consequently, when
we obtain the wavefunctions Φrve and the corresponding energies by diagonal-
izing a matrix representation of the rovibronic Hamiltonian Ĥrve in a basis of
Φ0

rve functions, the matrix will be relatively small so that it will be easy to
diagonalize it. If we diagonalize the matrix numerically we have solved the
rovibronic Schrödinger equation in a variational calculation. However, because
the basis functions used in setting up the matrix, Φ0

rve, are similar to the eigen-
functions Φrve, it is possible that the matrix will be so close to being diagonal
that we can diagonalize it analytically using perturbation techniques. In the
indirect approach, we first make algebraic approximations and then correct for
the approximations by matrix diagonalization.

Although solving the Schrödinger equation by the indirect method is forced
on us as a practical necessity it has the desirable consequence of allowing us to
understand the solutions. The reason for this is that in the course of making
the approximations we introduce many concepts that give us a physical insight
into the behavior of the nuclei and electrons in the molecule. Some of the more
important concepts introduced are electronic state, molecular orbital, potential
energy surface, equilibrium nuclear structure, and dipole moment function. We
say we understand the solutions in that we can appreciate the pattern of the
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energy levels and form of the wavefunction for a given molecule without solving
Eq. (9-1), and we appreciate in a general way how they will vary from one
molecule to another.

Of the approximations that we make in solving Eq. (9-1) the main one
is the Born-Oppenheimer approximation. As a result of this approximation
we solve the rovibronic Schrödinger equation by first solving the electronic
Schrödinger equation at many fixed nuclear geometries, and then solving the
rotation-vibration Schrödinger equation for the nuclei. In solving the electronic
Schrödinger equation the molecular orbital approximation is usually made; this
leads to a separate Schrödinger equation for each electron and to electronic
wavefunctions that are expressed in terms of one-electron molecular orbital
functions. In solving the rotation-vibration Schrödinger equation we make the
rigid rotor approximation, and we model the vibrational motion in some way,
typically as a system of non-interacting harmonic oscillators, i.e., we make
the harmonic oscillator approximation. The approximate rotation-vibration
Schrödinger equation obtained is separable, and the eigenfunctions are each
the product of a rotational wavefunction in three variables and a vibrational
wavefunction which, in the harmonic oscillator approximation, is the product
of (3N − 6) harmonic oscillator wavefunctions, where there are N nuclei in
the molecule [for a linear molecule the rotational wavefunction involves two
coordinates and the vibrational one involves (3N − 5) coordinates; see Chap-
ter 17]. These approximations are all made on the basis of the phenomenology
of molecular behavior rather than on the basis of an abstract mathematical
study of the partial differential equations involved.

We must be able to correct for the approximations made in the indirect
method of solving Eq. (9-1) if we are to achieve a precise solution. We allow
for anharmonicity, centrifugal distortion, and Coriolis coupling in the rotation-
vibration problem (by using variational theory or perturbation theory) and
for electron correlation in the electronic problem (usually by using variational
theory). Finally corrections may have to be made to allow for the breakdown of
the Born-Oppenheimer approximation. For our purposes of symmetry labeling
molecular energy levels the form of the approximate wavefunctions will be very
important since it is from these that we will obtain the symmetry labels.

Before making the above approximations it is necessary to find the most
appropriate (3l − 3) coordinates for the Schrödinger equation. We change
coordinates in order to facilitate the separation of variables in the equation that
is obtained after making the approximations, and the choice of coordinates is
nearly as important as the choice of approximation, especially for the rotation-
vibration Schrödinger equation. We choose the coordinates with an eye to the
approximations we plan to make. In the present chapter, we discuss general
techniques for changing the coordinates in a Schrödinger equation, and we
transform the rovibronic Schrödinger equation to a form suitable for making
the Born-Oppenheimer approximation. The choice of the most appropriate
coordinates in the rotation-vibration Schrödinger equation is the subject of
Chapter 10.
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9.2 TWO METHODS FOR CHANGING COORDINATES IN A
SCHRÖDINGER EQUATION

Here we discuss two methods for changing coordinates in a Schrödinger equa-
tion, and we use the Schrödinger equation of the hydrogen atom as a convenient
example. The coordinate change will be from Cartesian coordinates to polar
coordinates:

(I) The first method for changing coordinates involves (a) setting up the
classical Hamiltonian in Cartesian coordinates, (b) using the quantum mechani-
cal postulates to derive the quantum mechanical Hamiltonian, and (c) changing
coordinates in the resultant Schrödinger equation using the chain rule. This
method was used in Chapter 7 when we changed from (X1, Y1, Z1,. . . , Xl, Yl,
Zl) to (X0, Y0, Z0, X2, Y2, Z2,. . . , Xl, Yl, Zl) coordinates in order to achieve a
separation of the translational part of the Hamiltonian [see Eqs. (7-2)-(7-18)].

(II) The second method for changing coordinates involves (a) setting up
the classical Hamiltonian in Cartesian coordinates as before, (b) changing co-
ordinates in the classical Hamiltonian expression, and (c) using the quantum
mechanical postulates plus the Podolsky trick to change this to the quantum
mechanical Hamiltonian in the new coordinates. This alternative procedure is
traditionally used in the derivation of the rotation-vibration Hamiltonian of a
polyatomic molecule [see Chapter 11 of Wilson, Decius, and Cross (1955)].

Both methods lead to the same wave equation but when many curvilinear
coordinates are involved it is often much quicker to use Method II.

9.2.1 Method I. Using the chain rule

Using a space fixed (X, Y, Z) axis system for the proton (1) and electron (2)
of a hydrogen atom, the classical energy is given by

E =
m1

2
(Ẋ

2

1 + Ẏ
2

1 + Ż
2

1) +
m2

2
(Ẋ

2

2 + Ẏ
2

2 + Ż
2

2)

− e2

4πǫ0[(X1 −X2)2 + (Y1 −Y2)2 + (Z1 − Z2)2]1/2
. (9-5)

In order to use the quantum mechanical postulates for obtaining the quantum
mechanical Hamiltonian operator we must put E into Hamiltonian form, i.e.,
express it in terms of coordinates and momenta, and this expression is

H =
1

2m1
(P 2

X1
+ P 2

Y1
+ P 2

Z1
) +

1

2m2
(P 2

X2
+ P 2

Y2
+ P 2

Z2
)

− e2

4πǫ0[(X1 −X2)2 + (Y1 −Y2)2 + (Z1 − Z2)2]1/2
, (9-6)

where PX1
= m1Ẋ1, etc. Using the quantum mechanical postulates we replace
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PX1
by −iℏ∂/∂X1 etc. to obtain

Ĥ = − ℏ2

2m1

(
∂2

∂X2
1

+
∂2

∂Y2
1

+
∂2

∂Z2
1

)
− ℏ2

2m2

(
∂2

∂X2
2

+
∂2

∂Y2
2

+
∂2

∂Z2
2

)

− e2

4πǫ0[(X1 −X2)2 + (Y1 −Y2)2 + (Z1 − Z2)2]1/2
(9-7)

and the Schrödinger equation is

ĤΦn(X1,Y1,Z1,X2,Y2,Z2) = EnΦn(X1,Y1,Z1,X2,Y2,Z2). (9-8)

Having obtained the Schrödinger equation, Eq. (9-8), we change coordinates
in it in a manner that allows a separation of the equation into explicitly soluble
parts. The first coordinate change we make is from (X1, Y1, Z1, X2, Y2, Z2) to
(X0, Y0, Z0, X , Y , Z), where the coordinates of the center of mass are (X0, Y0,
Z0) in the (X, Y, Z) axis system, and the coordinates of the electron are (X ,
Y , Z) in an (X , Y , Z) axis system parallel to the (X, Y, Z) axis system but
with origin at (X0, Y0, Z0). We make this coordinate change since we know
that the potential function is independent of the location of the center of mass
so that in these coordinates we are able to separate the translational motion
[see Eq. (7-33)] leaving the Schrödinger equation for the internal motion [see
Eq. (7-36)] as

[
− ℏ2

2m2

(
∂2

∂X2
+

∂2

∂Y 2
+

∂2

∂Z2

)
− e2

4πǫ0(X2 + Y 2 + Z2)1/2

]
Φ

(n)
int (X,Y, Z)

= E
(n)
int Φ

(n)
int (X,Y, Z), (9-9)

where n = 1, 2, 3, . . . labels the different solutions, and we are neglecting
the difference between m2, the mass of the electron, and the reduced mass
m1m2/(m2 + m1), where m1 is the mass of the proton. Since the potential
energy only depends on r, the separation of the proton and electron, we can
separate the variables further by changing from Cartesian coordinates (X,Y, Z)
to polar coordinates (r, θ, φ), where (θ, φ) are the polar angles in the (X,Y, Z)
axis system of the vector pointing from the proton to the electron, i.e.,

X = r sin θ cosφ, (9-10)

Y = r sin θ cosφ, (9-11)

and

Z = r cos θ. (9-12)

This coordinate change in a partial differential equation presents some problems
since it is to a curvilinear coordinate system but this is well understood [see,
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for example, pages 172-178 in Margenau and Murphy (1956)]. The Schrödinger
equation becomes

{
− ℏ2

2m2

[
1

r2
∂

∂r

(
r2
∂

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

r2 sin2 θ

∂2

∂φ2

]

− e2

4πǫ0r

}
Φ

(n)
int (r, θ, φ) = E

(n)
int Φ

(n)
int (r, θ, φ), (9-13)

where the Φ
(n)
int are normalized with

∫ 2π

0

∫ π

0

∫ ∞

0

Φ
(n)∗
int Φ

(m)
int r

2 sin θ dr dθ dφ = δnm. (9-14)

The two important facts about such a coordinate change are the transfor-
mation properties of the differential operator [i.e., the identity of the terms
within the square brackets from Eqs. (9-9) and (9-13)], and the volume ele-
ment for the integration (dτ = dX dY dZ = r2 sin θ dr dθ dφ). The chain rule
[see Eqs. (7-8) and (7-9)] is used in determining the transformations that occur
in the differential operators as a result of a coordinate change, and standard
formulas are used to determine the volume element in the new coordinates [see,
for example, Eq. (5-7) in Margenau and Murphy (1956)].

Equation (9-13) can be separated into a radial (r) part and an angular (θ, φ)
part, and each of these separate Schrödinger equations can be solved explicitly.
In the rovibronic Schrödinger equation of a molecule it is necessary to make
some approximations, after making the coordinate changes, in order to separate
the variables.

9.2.2 Method II. Using the Podolsky trick

The above technique for obtaining the wave equation in polar coordinates for
a hydrogen atom involves changing coordinates in a partial differential equa-
tion. We now discuss the alternative procedure (II) in which we make all the
coordinate changes in the classical Hamiltonian expression.

Changing coordinates from (X1, Y1, Z1, X2, Y2, Z2) to (X0, Y0, Z0, X,Y, Z)
in the classical energy expression of Eq. (9-5) gives

E =
m1 +m2

2
(Ẋ

2

0 + Ẏ
2

0 + Ż
2

0) +
m2

2
(Ẋ2 + Ẏ 2 + Ż2)

− e2

4πǫ0(X2 + Y 2 + Z2)1/2
, (9-15)

where we again neglect the difference between the mass of the electron and
the reduced mass. After writing Ẋ0 = PX0

/(m2 + m1) and replacing PX0
by

P̂X0
= −iℏ∂/∂X0, etc., the first term in Eq. (9-15) leads to the translational

Hamiltonian operator; the remainder is the internal energy Eint. Changing to
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polar coordinates [see Eqs. (9-10)-(9-12)] we obtain

Eint =
m2

2
(ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ)− e2

4πǫ0r
. (9-16)

We must express this in Hamiltonian form, i.e., in terms of the coordinates and
their conjugate momenta, before using the quantum mechanical postulates.
The momentum pi conjugate to the coordinate qi, in a system having kinetic
energy T and potential energy V , is defined by the equation,

pi = ∂(T − V )/∂q̇i. (9-17)

If the system is such that V is independent of the velocities q̇i then V can be
omitted in this equation. In the hydrogen atom the conjugate momenta are

Pr =
∂T

∂ṙ
= m2ṙ, (9-18)

Pθ =
∂T

∂θ̇
= m2r

2θ̇, (9-19)

and

Pφ =
∂T

∂φ̇
= m2r

2φ̇ sin2 θ. (9-20)

Replacing the velocities in Eq. (9-16) by the momenta, using Eqs. (9-18)-(9-20),
we obtain the classical energy in Hamiltonian form as

Hint =
P 2
r

2m2
+

P 2
θ

2m2r2
+

P 2
φ

2m2r2 sin2 θ
− e2

4πǫ0r
. (9-21)

To convert to the quantum mechanical Hamiltonian operator we might think
that we could make the replacements

Pr → P̂r = −iℏ ∂
∂r
, (9-22)

Pθ → P̂θ = −iℏ ∂
∂θ
, (9-23)

and

Pφ → P̂φ = −iℏ ∂

∂φ
, (9-24)

which would give

Ĥint = − ℏ2

2m2

∂2

∂r2
− ℏ2

2m2r2
∂2

∂θ2
− ℏ2

2m2r2 sin2 θ

∂2

∂φ2
− e2

4πǫ0r
. (9-25)
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Equation (9-25) is not the same as the Hamiltonian operator in Eq. (9-13); in
Eq. (9-13) r2 occurs between the ∂/∂r factors and sin θ occurs between the
∂/∂θ factors. This method for changing coordinates has not led to the correct
Schrödinger equation.

We see from the above that although the translational Hamiltonian operator
is obtained correctly from the classical Hamiltonian expression by making the
replacements PX0

= −iℏ∂/∂X0, etc., the internal Hamiltonian operator is not
obtained correctly from the classical expression in Eq. (9-21) by making the
replacement of Pr by −iℏ∂/∂r, etc. The reason for this is that to obtain
the Hamiltonian operator from the classical Hamiltonian expression by using
the quantum mechanical postulates we can only replace the momentum pi by
−iℏ∂/∂qi (where pi is conjugate to qi) if qi is a Cartesian coordinate. In our
case r, θ, and φ are not Cartesian coordinates.

All is not lost, however, since Podolsky (1928) has shown that we can still set
up the classical Hamiltonian in terms of general coordinates qi and conjugate
momenta pi and replace the pi by −iℏ∂/∂qi to obtain the Hamiltonian oper-
ator, as long as we are careful about how we arrange the classical expression.
Working backwards from the correct Hamiltonian operator in qi and −iℏ∂/∂qi
we can see how it is necessary to arrange the way we write the classical Hamil-
tonian in terms of pi and qi so that replacement of pi by −iℏ∂/∂qi will yield
the correct Hamiltonian operator. This recipe, or Podolsky trick , will now be
explained [see also Smith (1934), Section 11-3 in Wilson, Decius, and Cross
(1955), and the Appendix of Watson (1970)].

We can write the classical energy of a system of particles in general coordi-
nates q and velocities q̇ as

E =
1

2

∑

i,j

gij q̇iq̇j + V (qi), (9-26)

where the coefficients gij can be functions of the coordinates qi. Expressing
this in terms of momenta pi conjugate to the coordinates [see Eq. (9-17)] we
obtain the energy in Hamiltonian form as

H =
1

2

∑

i,j

gijpipj + V (qi), (9-27)

where the matrix of gij is the inverse of the matrix of gij . At this stage we
cannot say that the Hamiltonian operator is obtained from this by replacing
pi by −iℏ∂/∂qi, etc. unless all the coordinates are Cartesian. Podolsky (1928)
showed that by rewriting H in the form

H =
1

2
g1/4

∑

i,j

pig
−1/2gijpjg

1/4 + V (qi), (9-28)

where g is the determinant of the matrix of gij , the Hamiltonian operator is
correctly obtained by replacing pi by −iℏ∂/∂qi, etc. Since the momenta and
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coordinates all commute in the classical expressions we see that Eqs. (9-27)
and (9-28) are identical. However, in the derived Hamiltonian operator,

Ĥ =
1

2
g1/4

∑

i,j

(
− iℏ ∂

∂qi

)
g−1/2gij

(
− iℏ ∂

∂qj

)
g1/4 + V (qi), (9-29)

the operators ∂/∂qi and ∂/∂qj will not commute with the coordinates, and so
Eq. (9-29) is not the same as would be obtained by replacing pi by −iℏ∂/∂qi,
etc., in Eq. (9-27).

One final point concerns the volume element in the integration of the eigen-
functions of the Hamiltonian operator in Eq. (9-29). The volume element using
Ĥ of Eq. (9-29) will be dq1 dq2 · · · dqn, but we want to obtain eigenfunctions
normalized with volume element dτ = dX1 dY1 dZ1 · · · in general. We write
this volume element as dτ = sdq1 dq2 · · · dqn, where s is the weight factor in-
volved in the coordinate transformation from Cartesian to general coordinates.
To obtain eigenfunctions normalized with the appropriate volume element we
must write the classical Hamiltonian in the form

H =
1

2
s−1/2g1/4

[
∑

i,j

pig
−1/2gijpj

]
g1/4s1/2 + V (qi), (9-30)

before making the replacements pi = −iℏ∂/∂qi, etc., to give Ĥ . The weight
factor is easy to determine [see Eq. (5-7) in Margenau and Murphy (1956)],
and for the coordinates used in the Hamiltonian for the hydrogen atom

s = r2 sin θ. (9-31)

Problem 9-1. Check that the Podolsky trick works by using it to obtain
the Hamiltonian operator for the hydrogen atom from the classical expres-
sion of Eq. (9-21) and comparing the result with the Hamiltonian obtained in
Eq. (9-13) by the Method I derivation.

Answer. To use the Podolsky trick it is necessary to determine g and to
rewrite the Hamiltonian of Eq. (9-21) in the form of Eq. (9-30). From Eq. (9-21)
we see that

grr = m−1
2 , (9-32)

gθθ = m−1
2 r−2, (9-33)

and

gφφ = m−1
2 (r sin θ)−2; (9-34)

all other elements gij vanish. Using these results, and Eq. (9-31) for the weight
factor s, we deduce that

g = m−3
2 r−4(sin θ)−2, (9-35)
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and that Eq. (9-21) written in the form of Eq. (9-30) is

H =
1

2
[m

−3/4
2 r−2(sin θ)−1]{Pr[m

3/2
2 r2 sin θ]m−1

2 Pr

+ Pθ[m
3/2
2 r2 sin θ]m−1

2 r−2Pθ

+ Pφ[m
3/2
2 r2 sin θ]m−1

2 (r sin θ)−2Pφ}m−3/4
2 − e2/(4πǫ0r). (9-36)

Since this is in the form prescribed by Podolsky we can obtain the Hamiltonian
operator by making the replacements of Eqs. (9-22)-(9-24), which gives

Ĥ = − ℏ2

2m2
r−2(sin θ)−1

[
∂

∂r
r2 sin θ

∂

∂r
+

∂

∂θ
sin θ

∂

∂θ

+
∂

∂φ
(sin θ)−1 ∂

∂φ

]
− e2

4πǫ0r
(9-37)

= − ℏ2

2m2

[
1

r2
∂

∂r

(
r2
∂

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)

+
1

r2 sin2 θ

∂2

∂φ2

]
− e2

4πǫ0r
. (9-38)

This is the same as the Hamiltonian operator given in Eq. (9-13) that was
obtained by Method I.

Problem 9-2. Change coordinates in Eq. (9-1) so that the coordinates of
all particles are referred to an (ξ, η, ζ) axis system parallel to the (X,Y, Z) axis
system but with origin at the nuclear center of mass.

Answer. The coordinate change we are making is from the (3l− 3) coordi-
nates (X2, Y2, Z2, . . . , Zl) to the (3l − 3) coordinates (ξ2, η2, ζ2, . . . , ζl), and
since this involves only Cartesian coordinates we will make the coordinate
change directly in the Schrödinger equation using the chain rule (i.e., using
Method I).

In the molecule, particles labeled 1, 2, . . . , N are nuclei and particles labeled
N + 1, N + 2, . . . , N + n are electrons; there are N nuclei, n electrons, and
N + n = l. The (Xi, Yi, Zi) and (ξi, ηi, ζi) coordinates of a particle in the
molecule are related by

ξi = Xi −XNCM, ηi = Yi − YNCM, and ζi = Zi − ZNCM, (9-39)

where (XNCM, YNCM, ZNCM) are the coordinates of the nuclear center of mass
in the (X,Y, Z) axis system. If we let MN be the total mass of all the nuclei
in the molecule then we have

ξi = Xi +
me

MN

l∑

r=N+1

Xr, (9-40)
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with similar equations for ηi and ζi (in the following equations we will only
write down the equations involving ξi since those involving ηi and ζi are then
obvious). From the chain rule, Eq. (7-8), we have

∂

∂Xr
=

l∑

i=2

∂ξi
∂Xr

∂

∂ξi
, (9-41)

where r 6= 1, and using Eq. (9-40) this gives

∂

∂Xr
=

l∑

i=2

(
δir +

me

MN
δer

)
∂

∂ξi
, (9-42)

where δir is the Kronecker delta, and we have introduced δer which is such that
δer = 1 if r labels an electron (i.e., r = N + 1, N + 2, . . . , l), and δer = 0 if r
labels a nucleus (i.e., r = 2, . . . , N). Further application of the chain rule gives

∂2

∂X2
r

=
∂2

∂ξ2r
+

2me

MN
δer

l∑

j=2

∂2

∂ξr∂ξj
+

(
me

MN

)2

δer

l∑

i,j=2

∂2

∂ξi∂ξj
, (9-43)

and

∂2

∂Xr∂Xs
=

∂2

∂ξr∂ξs
+
me

MN

[
δes

l∑

j=2

∂2

∂ξr∂ξj
+ δer

l∑

i=2

∂2

∂ξi∂ξs

]

+

(
me

MN

)2

δerδes

l∑

i,j=2

∂2

∂ξi∂ξj
, (9-44)

where r, s 6= 1. Summing these expressions and making use of the reductions
occurring because of δer and δes we obtain (where M = MN + nme)

l∑

r,s=2

∂2

∂Xr∂Xs
=

(
M

MN

)2 l∑

i,j=2

∂2

∂ξi∂ξj
(9-45)

and

l∑

r=2

1

mr

∂2

∂X2
r

=
l∑

i=2

1

mi

∂2

∂ξ2i
+

2

MN

l∑

i=N+1

l∑

j=2

∂2

∂ξi∂ξj
+
nme

M2
N

l∑

i,j=2

∂2

∂ξi∂ξj
.

(9-46)

Combining these two equations we have

−
l∑

r=2

1

mr

∂2

∂X2
r

+
1

M

l∑

r,s=2

∂2

∂Xr∂Xs

= −
l∑

i=2

1

mi

∂2

∂ξ2i
+

1

MN

[ N∑

i,j=2

∂2

∂ξi∂ξj
−

l∑

i,j=N+1

∂2

∂ξi∂ξj

]
. (9-47)
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Using this equation together with the similar ones involving the Y , Z, η, and
ζ coordinates we obtain the rovibronic wave equation in this new coordinate
frame as

[T̂e + T̂N + V (RN, relec)− Erve]Φrve (RN, relec) = 0. (9-48)

where

T̂e = − ℏ2

2me

l∑

i=N+1

∇2
i −

ℏ2

2MN

l∑

i,j=N+1

∇i · ∇j , (9-49)

T̂N = −ℏ2

2

N∑

i=2

∇2
i

mi
+

ℏ2

2MN

N∑

i,j=2

∇i · ∇j , (9-50)

∇2
i =

∂2

∂ξ2i
+

∂2

∂η2i
+

∂2

∂ζ2i
, (9-51)

∇i · ∇j =
∂2

∂ξi∂ξj
+

∂2

∂ηi∂ηj
+

∂2

∂ζiζj
, (9-52)

and

V (RN, relec) =

l∑

r<s=1

CrCse
2

4πǫ0Rrs
(9-53)

In Eq. (9-48), we have indicated explicitly that the electrostatic potential en-
ergy function V and the rovibronic wavefunctions Φrve depend on the nuclear
coordinates RN = (ξ2, η2, ζ2, ξ3, η3, ζ3, . . . , ξN , ηN , ζN ) and on the electronic
coordinates relec = (ξN+1, ηN+1, ζN+1, ξN+2, ηN+2, ζN+2, . . . ξl, ηl, ζl). The ki-
netic energy is completely separable into an electronic part T̂e and a nuclear
part T̂N in these coordinates. Further, the electronic kinetic energy can be
written

T̂e = T̂ 0
e + T̂ ′

e, (9-54)

where T̂ 0
e and T̂ ′

e are the first and second terms, respectively, on the right hand
side of Eq. (9-49).

9.3 THE BORN-OPPENHEIMER APPROXIMATION

As discussed above, in general it is impossibly difficult to solve the rovibronic
Schrödinger equation [Eq. (9-48)] without first making simplifying approxima-
tions. The most important simplification is the Born-Oppenheimer approxi-
mation. In Chapter 2 of Lefebvre-Brion and Field (1986) a good account is
given for a diatomic molecule of the terms neglected in the Born-Oppenheimer
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approximation. In making the Born-Oppenheimer approximation we assume
that the motions of the electrons are unaffected by the motions of the nuclei
and, on the periodic time scale of their motion, only depend on the nuclear
positions. Thus, in this approximation the wavefunctions Φelec and energies
Velec that describe the electronic motion are obtained from the Schrödinger
equation that results after neglecting the nuclear kinetic energy term (and Vnn,
the nuclear-nuclear repulsion part of the electrostatic potential energy V ) in
Eq. (9-48), i.e., from

[T̂ 0
e + V (RN, relec)− Vnn (RN)]Φelec (RN, relec) = Velec (RN) Φelec (RN, relec) ,

(9-55)

where the nuclear-nuclear repulsion term is given by

Vnn (RN) =
∑

α<α′

CαCα′e2

4πǫ0Rαα′

(9-56)

with α and α′ running over the N nuclei. In Eq. (9-55), we have neglected the
term T̂ ′

e in Eq. (9-54). It gives rise to a coupling of the electronic motions but
this kinetic energy correlation term is a nuclear mass dependent contribution
that is of the same order of magnitude as terms neglected in making the Born-
Oppenheimer approximation. This kinetic energy coupling term can therefore
be neglected in all but the most precise work where it contributes to the adi-
abatic correction [see Eq. (13-172)] to the Born-Oppenheimer potential energy
function that we discuss below. In Eq. (9-55) the nuclear coordinates are held
fixed at constant values of RN. The Hamiltonian on the left hand side of the
Schrödinger equation Eq. (9-55) describes a situation where the electrons move
and the nuclei are stationary; each electron is influenced by the electrostatic
fields from the other electrons and from the nuclei. The energy Velec and the
wavefunction Φelec depend on the chosen arrangement of the nuclei in space
[defined by RN], so that as indicated in the equation, Velec and Φelec involve
the nuclear coordinates RN as parameters. We solve Eq. (9-55) at each nuclear
geometry RN to obtain Velec and Φelec.

Using this approximation for the electronic motion we see that from the point
of view of the nuclei the electronic energy Velec acts as a contribution to the
potential energy; the total potential in which the nuclei move is the sum of
Velec and Vnn. To move the nuclei from a configuration having Velec + Vnn low
to one in which Velec + Vnn is high requires work. The Schrödinger equation
for the nuclear (rotation-vibration) motion is, therefore, given by

[
T̂N + Velec (RN) + Vnn (RN)

]
Φrv (RN) = E0

rveΦrv (RN) , (9-57)

where E0
rve is the rovibronic energy in the Born-Oppenheimer approximation.

The function Velec (RN) + Vnn (RN) is called the Born-Oppenheimer potential
energy function. The approximate and separable rovibronic wavefunction Φ0

rve

is given by

Φ0
rve = Φelec (RN, relec) Φrv (RN) (9-58)
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from Eqs. (9-55) and (9-57).
Alternatively, we can obtain Eq. (9-57) by inserting the wavefunction of

Eq. (9-58) in Eq. (9-48) and neglecting the effect of the operator T̂N on the
electronic wavefunction Φelec (RN, relec). That is, with

T̂N [Φelec (RN, relec) Φrv (RN)] = Φelec (RN, relec)
[
T̂NΦrv (RN)

]
(9-59)

we obtain E0
rve = Erve, so that if Eq. (9-59) were fulfilled, the rovibronic en-

ergy obtained in the Born-Oppenheimer approximation would be the exact
rovibronic energy. This equation is not fulfilled exactly because T̂N involves
differentiation with respect to the nuclear coordinates [Eq. (9-50)], and Φelec

depends on these coordinates. The approximation inherent in Eq. (9-59) is
usually acceptable for isolated ground electronic states for which the effects
of the neglected terms on the molecular energies are observed experimentally
only in the finer details of the isotope effects on the molecular parameters [Wat-
son (1980)]. When electronic states are close together (compared to rotation-
vibration energy separations) the Born-Oppenheimer approximation can break
down severely. This will be discussed further in Chapter 13. The rotation-
vibration Schrödinger equation for a bound electronic state is written so that
the zero of energy is the minimum value of Velec, which we call the electronic
energy Eelec, and we have

[T̂N + VN]Φrv = ErvΦrv, (9-60)

where

VN = Velec + Vnn − Eelec and Erv = E0
rve − Eelec. (9-61)

As a result of making the Born-Oppenheimer approximation we have re-
duced the problem of solving the (3l − 3)-dimensional rovibronic Schrödinger
equation, Eq. (9-48), to one of solving two differential equations: the electronic
Schrödinger equation, Eq. (9-55), involving 3n electronic coordinates, and the
rotation-vibration Schrödinger equation, Eq. (9-60), involving 3N − 3 nuclear
coordinates. We proceed to approximate each of these equations so that they
separate into soluble partial differential equations, and we obtain approximate
electronic and rovibrational wavefunctions, Φ0

elec and Φ0
rv.

9.4 THE ELECTRONIC WAVEFUNCTIONS

9.4.1 Molecular orbitals

From Eq. (9-55) the electronic Schrödinger equation is obtained as

ĤelecΦelec = VelecΦelec, (9-62)



9.4. The electronic wavefunctions 189

where Φelec and Velec are the eigenfunctions and eigenvalues of

Ĥelec = − ℏ2

2me

∑

i

∇2
i +

∑

i<j

e2

4πǫ0Rij
−
∑

α,i

Cαe
2

4πǫ0Riα
. (9-63)

In Eq. (9-63) i and j run over the n electrons and α runs over the N nuclei. To
solve Eq. (9-62) we make approximations in order to separate the variables. If
we neglect the second term in Eq. (9-63) (that is, we neglect the interaction be-
tween the electrons) we reduce Ĥelec to an approximate electronic Hamiltonian
Ĥ0

elec that is separable into the sum of n one-electron Hamiltonians, i.e.,

Ĥ0
elec =

∑

i

{
− ℏ2

2me
∇2

i −
∑

α

Cαe
2

4πǫ0Riα

}
=
∑

i

ĥi. (9-64)

As a result of this separation of variables the eigenfunctions and eigenvalues of
Ĥ0

elec are formally given as

Φ
(p)
elec = φa(r1)φb(r2) · · ·φλ(rn) (9-65)

and

V 0
elec = εa + εb + · · ·+ ελ, (9-66)

where

ĥφk(r) = εkφk(r), (9-67)

and r are the electronic coordinates in the (ξ, η, ζ) axis system. The super-

script (p) in Φ
(p)
elec indicates that this function is obtained as a product of the

one-electron functions φk(r). The φk(r) and the εk depend on the nuclear co-
ordinates but this is not put in explicitly to avoid complicating the expressions.
The eigenfunctions φk(r) and eigenvalues εk of ĥ are called molecular orbitals
(MO’s) and molecular orbital energies , respectively. To determine them we
solve Eq. (9-67) for the motion of an electron in the electrostatic field of a
given arrangement of the nuclei.

9.4.2 Electron spin and the Slater determinant

The above electron orbital functions can be combined with electron spin
functions to form appropriate basis functions. An electron has a spin of 1/2
and its projection quantum number takes the values ±1/2; the two possible
spin functions for an electron are written α(σ) = | 12 , 12 〉 and β(σ) = | 12 ,− 1

2 〉,
respectively, where σ is the spin coordinate of the electron. In order to impose
the Pauli exclusion principle (see page 139) some ab initio methods for solving
Eq. (9-62) [see, for example, Hehre, Radom, Schleyer, and Pople (1986), or
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Hinchcliffe (1988)] use an electronic basis wavefunction given by the Slater
determinant [Slater (1929)]

Φ0
elec(r1, σ1, r2, σ2, . . . , rn, σn)

=
1√
n!

∣∣∣∣∣∣∣∣∣

φa(r1)α(σ1) φa(r1)β(σ1) φb(r1)α(σ1) . . . φλ(r1)β(σ1)
φa(r2)α(σ2) φa(r2)β(σ2) φb(r2)α(σ2) . . . φλ(r2)β(σ2)

...
...

...
...

...
φa(rn)α(σn) φa(rn)β(σn) φb(rn)α(σn) . . . φλ(rn)β(σn)

∣∣∣∣∣∣∣∣∣
,

(9-68)

where σi is the spin coordinate of electron i, and the φk(ri) are the electron
orbital functions from Eqs. (9-65) to (9-67). Alternative so-called spin-free
techniques that do not use Slater determinants are discussed in Section 9.4.5.
The interchange of two rows of the determinant in Eq. (9-68) is equivalent to
the exchange of the spatial coordinates ri and the spin coordinates σi of two
of the electrons in the set 1, 2, 3, . . . , n. From the properties of determinants
[see Eq. (5-13)] this will cause the function to change its sign and the Pauli
exclusion principle is thus satisfied. We note also that a given molecular orbital
φk(r) can occur at most twice in the Slater determinant. If it occurs twice [in
which case we say that it is doubly occupied ], it must occur once multiplied by
the α spin function and once multiplied by the β spin function. If we attempt
to let a molecular orbital be triply occupied in a Slater determinant, it would
be necessary to have the orbital occur twice multiplied by α, or twice multiplied
by β. The resulting determinant would have two identical columns, and such a
determinant has the value zero and cannot be used to represent the electronic
wavefunction. Such states are excluded by the Pauli exclusion principle.

We can easily show that the Slater determinant Φ0
elec is an eigenfunction

of Ĥ0
elec given in Eq. (9-64). The determinant is a linear combination of n!

orbital products of the type given in Eq. (9-65); each of these products is an
eigenfunction of Ĥ0

elec, and all products correspond to the same eigenvalue,
the sum of molecular orbital energies given by Eq. (9-66). We take the Slater
determinant as our zero order approximation of the electronic wavefunction.
The one-electron products φk(r)α(σ) and φk(r)β(σ) are called spin–orbitals .
We describe the wavefunction Φ0

elec in Eq. (9-68) as the electron configuration
having, for example, two electrons in orbital φa, two electrons in orbital φb,
and so on. It is evident that Φ0

elec in Eq. (9-68) will transform according to the
Pauli allowed irreducible representation Γ(e)(A) in the Electron Permutation

Group S(e)
n [see Chapter 7].

The approximation made in obtaining Eqs. (9-66) and (9-68) as solutions
to Eq. (9-62) is drastic. The second term in Eq. (9-63) represents the mutual
electrostatic repulsion of the electrons, and this has a large modifying effect
on the electronic energies and wavefunctions. As a result of it the motions of
the electrons are not independent of each other, as they would be if described
by Φ0

elec in Eq. (9-68); the motions of the electrons are correlated . However,
the eigenfunctions Φ0

elec are useful for making a symmetry classification of the
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eigenfunctions of Ĥelec and for describing them [see Chapter 12].

9.4.3 Self consistent field calculations

The theoretical method outlined here, in which we neglect completely the
electron-electron interaction represented by the second term in Eq. (9-63), is
referred to as the independent particle model . We can improve the description
of the electronic motion relative to the independent particle model by making a
so-called Self Consistent Field (SCF) [or Hartree-Fock (HF)] calculation. In an
SCF calculation, we take the electronic wavefunction ΦSCF

elec to be represented
by a single Slater determinant [Eq. (9-68)]. The molecular orbitals φk(r) used
in constructing the Slater determinant are expanded in terms of basis functions
χµ(r):

φk(r) =

Nb∑

µ=1

cµkχµ(r), (9-69)

where the cµk are expansion coefficients to be determined in the SCF calcu-
lation. We say that we write the molecular orbital φk(r) as LCAO’s [Linear
Combinations of Atomic Orbitals].

The basis functions χµ(r) can, for example, be chosen as Slater-type orbitals
(STO’s); these functions are very similar to the eigenfunctions of a one-electron
atom and are labeled in the same way: 1s, 2s, 2px, etc. The first three Slater-
type orbitals are given by

χ1s

(
r(α)

)
=

√
ζ31
π

exp
(
−ζ1r(α)

)
, (9-70)

χ2s

(
r(α)

)
=

√
ζ52

96π
r(α) exp

(
−ζ2r(α)/2

)
(9-71)

and

χ2px

(
r(α)

)
=

√
ζ52

32π
x(α) exp

(
−ζ2r(α)/2

)
. (9-72)

In these equations, the coordinates (x(α), y(α), z(α)) refer to an axis system with
axes parallel to the (ξ, η, ζ) system but with origin in nucleus α;

r(α) =

√(
x(α)

)2
+
(
y(α)

)2
+
(
z(α)

)2
.

These coordinates are appropriate for a Slater-type orbital localized on nucleus
α. The STO’s contain the parameters ζ1, ζ2, etc., which are held constant
during the SCF calculation. Their values for different elements are found in
basis set “recipes” given in the ab initio literature [see, for example, Dunning
and Hay (1977) or Huzinaga (1984)]; these parameters have been optimized in
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some way, for example in an SCF calculation for a free atom of the element
in question. In such a calculation, the basis functions χµ(r) are taken to be
the atomic orbitals used in constructing a Slater determinant to represent the
electronic wavefunction for the atom, and the basis set parameters are obtained
as described below to give the best description of the electronic motion.

The most used basis functions are Gauss-type orbitals (GTO’s) (or Gaussian
orbitals) [Gaussian functions were introduced by Boys (1950)]. A general GTO
localized on nucleus α is given by

gnxnynz

(
r(α), ζGTO

)
= Nnxnynz

(
x(α)

)nx
(
y(α)

)ny
(
z(α)

)nz

× exp

[
−ζGTO

(
r(α)

)2]
, (9-73)

where nx, ny, nz are non-negative integers, Nnxnynz is a normalization con-
stant, and ζGTO is a parameter. The Gauss-type orbitals with nx = ny = nz

= 0 are called s-orbitals, those with nx + ny + nz = 1 are called p-orbitals,
those with nx + ny + nz = 2 are called d-orbitals, and so on. From a physical
point of view these function are less suitable basis functions than the STO’s,
because they are less similar to the eigenfunctions of a one-electron atom, but
the GTO’s allow certain integrals needed in the SCF calculation (see below) to
be calculated in a much simpler and more efficient way than by use of STO’s.

The so-called “contracted Gaussians” constitute a third possibility for choos-
ing the basis functions χµ(rr). These functions are defined as linear combina-
tions of the “primitive Gaussians” given in Eq. (9-73):

χµ(r(α)) =
∑

nxnynz

d(µ)nxnynz
gnxnynz

(
r(α), ζGTO

)
(9-74)

The coefficients dnxnynz [and the “exponents” ζGTO] are not varied in the SCF
calculation; they are kept fixed at “standard” values that can be found in the
ab initio literature. For example, the coefficients can be chosen so that the
function in Eq. (9-74) approximates a Slater type orbital as closely as possible.

In carrying out the SCF calculation, we make use of the variation princi-
ple [see, for example, Hinchcliffe (1988) or Szabo and Ostlund (1982)]. The
variation principle says that if V GS

elec is the exact eigenvalue of the Schrödinger
equation in Eq. (9-62) for the electronic ground state [i.e., V GS

elec is the smallest
eigenvalue that solves Eq. (9-62)], then for an arbitrarily chosen trial electronic

wavefunction Φ
(trial)
elec we have

〈
Φ

(trial)
elec

∣∣∣Ĥelec

∣∣∣Φ(trial)
elec

〉
≥ V GS

elec. (9-75)

The expectation value on the left hand side of Eq. (9-75) will be equal to V GS
elec

if and only if the trial wavefunction Φ
(trial)
elec = ΦGS

elec, the eigenfunction of Ĥelec

corresponding to the eigenvalue V GS
elec. In the SCF calculation we take the trial

wavefunction Φ
(trial)
elec to be a Slater determinant Φ0

elec [Eq. (9-68)] constructed
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from molecular orbitals that are expanded as given in Eq. (9-69). Since we
know from Eq. (9-75) that the smallest attainable value of the expectation

value
〈

Φ0
elec

∣∣∣Ĥelec

∣∣∣Φ0
elec

〉
will give the best approximation for the energy of

the electronic ground state, we then determine the expansion coefficients cµk
[µ = 1, 2, 3, . . . , Nb; k = 1, 2, 3, . . . , λ] of Eq. (9-69) so as to minimize this
expectation value.

In order for the expectation value
〈

Φ0
elec

∣∣∣Ĥelec

∣∣∣Φ0
elec

〉
to attain its minimum

value, with the set of molecular orbitals φk(r) [Eq. (9-69)] being normalized and
orthogonal, the set of expansion coefficients cµk must fulfill the Roothaan-Hall
equations

Nb∑

ν=1

(Fµν − ǫkSµν) cνk = 0, µ = 1, 2, . . . , Nb. (9-76)

Here, Fµν is an element of the Nb × Nb Fock matrix . If, for example, we have
an even number of electrons n = 2λ, and the Slater determinant used as a trial
function has λ doubly occupied orbitals φ1, φ2, φ3, . . . , φλ [that is, each of
these λ orbitals is used twice in the Slater determinant, once with α spin and
once with β spin], then the Fock matrix elements are given by

Fµν = Hcore
µν +

Nb∑

µ′=1

Nb∑

ν′=1

Pµ′ν′

{
(µν|µ′ν′)− 1

2
(µν′|µ′ν)

}
, (9-77)

with the density matrix element

Pµν = 2

λ∑

k=1

c∗µkcνk, (9-78)

the one-electron integral

Hcore
µν =

∫
χµ(r)∗ĥχν(r)dξdηdζ (9-79)

and the two-electron integral

(µν|µ′ν′) =

∫ ∫
e2 χµ(r1)∗χµ′(r2)∗χν(r1)χν′(r2)

4πǫ0
√

(ξ1 − ξ2)2 + (η1 − η2)2 + (ζ1 − ζ2)2

× dξ1dη1dζ1dξ2dη2dζ2. (9-80)

With a basis set of Slater-type orbitals, the computation of the two-electron
integrals in Eq. (9-80) is very cumbersome, whereas it can be carried out rather
efficiently in a basis set of Gauss-type orbitals. This is the reason for the
success of Gauss-type orbitals as basis functions in SCF calculations. Finally,
the overlap integral Sµν in Eq. (9-76) is given by

Sµν =

∫
χµ(ri)

∗χν(ri)dξidηidζi. (9-81)
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The Roothaan-Hall equations in Eq. (9-76) have the same analytical form
as the eigenvalue problem of Eq. (6-158). [In Eq. (6-158), we have Smn =
δmn because the basis set employed is normalized and orthogonal; the basis
functions χµ(r) used here are not necessarily mutually orthogonal.] Thus, the
expansion coefficients cµk are formally the components of the eigenvectors of
the Fock matrix. We cannot, however, simply solve Eq. (9-76) as an eigenvalue
problem because the Fock matrix elements depend on the expansion coefficients
cµk through the density matrix elements Pµ′ν′ [Eqs. (9-77) and (9-78)], and so
we resort to an iterative procedure.

The quantities Hcore
µν , (µν|µ′ν′), and Sµν depend on known operators and

known basis functions χµ(r); they can be calculated once and for all and stored
for later use at the beginning of the SCF calculation. We guess a set of start-
ing values for the expansion coefficients cµk. These starting values could, for
example, be obtained from an SCF calculation carried out at a neighboring
nuclear geometry, but if no such results are available, it will often be sufficient
to set all cµk = 0 in this initial step. With the set of starting values for the
cµk, we can calculate values for the Fock matrix elements Fµν from Eqs. (9-77)
and (9-78) and insert these in the Roothaan-Hall equations (9-76). With these
values of Fµν , the Roothaan-Hall equations constitute a standard eigenvalue
problem which we can solve to obtain values of the ǫk and the cµk. These
new values of the cµk will not be equal to our starting values [if they were,
we would have had the incredible luck to guess a set of solutions right away],
and so we insert them in Eqs. (9-77) and (9-78) to obtain new values for the
Fock matrix element, we insert these in Eq. (9-76) and solve to obtain new
values for the ǫk and the cµk. If we keep repeating this procedure, the cµk will
eventually become self-consistent in the sense that they do not change when
we run further cycles of the iteration. The self-consistent expansion coefficients
cµk, with their associated orbital energies ǫk, obviously constitute the solutions
of the Roothaan-Hall equations. Once self-consistency has been obtained, the
SCF approximation to the energy of the electronic ground state, V SCF

elec , can be
computed as

V SCF
elec =

1

2

Nb∑

µ=1

Nb∑

ν=1

Pµν

(
Fµν +Hcore

µν

)
. (9-82)

In order to obtain the total Born-Oppenheimer potential energy function VN
to be used in Eq. (9-60), we add to Velec the term Vnn defined in Eq. (9-56).

Compared to the independent particle model, the SCF theory to some extent
accounts for the energy associated with electron-electron interaction since the
second term in Eq. (9-63), which represents the potential energy resulting from
electrostatic interaction between the electrons, has been taken into account in

the calculation of the expectation value
〈

Φ0
elec

∣∣∣Ĥelec

∣∣∣Φ0
elec

〉
minimized in the

SCF calculation. This term gives rise to the integrals (µν|µ′ν′) of Eq. (9-81).
Thus the SCF theory is a significant improvement over the independent particle
model. However, the SCF description of the electron-electron interaction is
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incomplete. We are using a single Slater determinant to represent the electronic
wavefunction, and this form of the wavefunction is only appropriate for non-
interacting particles.

We can improve the SCF solution by increasing the number of basis functions
χµ(r) used in the self-consistent field equations; using a complete set of basis
functions leads to the so-called Hartree-Fock limit .

9.4.4 Configuration interaction calculations

The simplest possible way, from a formal point of view, of obtaining better
solutions to Eq. (9-62) is to carry out Configuration Interaction (CI) calcula-
tions. We first note that the solution of the Roothaan-Hall equations (9-76)
will, of necessity, produce Nb different eigenvectors of the Fock matrix, (c1k,
c2k, c3k, . . . , cNbk), k = 1, 2, 3, . . . , Nb. Each eigenvector defines one molecular
orbital [Eq. (9-69)], and so the SCF calculation provides us with Nb different
molecular orbitals. However, in order to construct the one Slater determinant
that represents the electronic ground state wavefunction in the SCF theory, we
normally need far fewer orbitals. For example, for an even number of electrons
n = 2λ we only need the λ orbitals with the lowest values of ǫk to construct
the Slater determinant if we let each orbital be doubly occupied, and in a re-
alistic SCF calculation we choose Nb ≫ λ. The orbitals required to construct
the Slater determinant representing the electronic ground state wavefunction
are called occupied orbitals ; the “superfluous” orbitals that do not appear in
this determinant are called virtual orbitals . We use the virtual orbitals to con-
struct substituted determinants from the single SCF determinant representing
the electronic ground state wavefunction. A substituted determinant, ΦSCF,q

elec

say [where q is an index labeling the substitutions], is obtained from the SCF
determinant by replacing a number of occupied orbitals φi(r), φj(r), φk(r), . . .
by the same number of virtual orbitals φa(r), φb(r), φc(r), . . . . We speak about
single substitutions, double substitutions, triple substitutions, etc., depending on
how many occupied orbitals we have replaced by virtual orbitals.

In a CI calculation, we construct the matrix representation of the electronic
Hamiltonian Ĥelec in a basis of substituted determinants and diagonalize this
matrix as described in Eqs. (6-145)-(6-162). That is, in the CI theory we
represent the electronic wavefunction as a superposition of Slater determinants

ΦCI,n
elec =

p∑

q=1

anqΦ
SCF,q
elec , (9-83)

where n is an index numbering the CI solutions, and the coefficients anq, and

the energies V CI,n
elec , are obtained from the diagonalization of the matrix rep-

resentation of Ĥelec. With Nb molecular orbitals available, we can construct
a finite number of substituted determinants. If we use all these determinants
in constructing the matrix representation of Ĥelec to be diagonalized, we say
that we are carrying out a full CI calculation. Owing to computer limitations
full CI calculations will only be feasible for molecules with very few electrons.
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Normally, we make limited CI calculations in which we use only a subset of all
the determinants that could be constructed. There exist many computational
methods for carrying out limited CI calculations; they differ mainly in the
strategies employed for selecting, among all the possible substituted determi-
nants, “important” determinants to be included in the summation of Eq. (9-83).
Obviously, in order to do a CI calculation we must first do an SCF calculation.
Therefore, the two calculations are often referred to as one SCF-CI calculation.
We note that the CI wavefunction ΦCI,n

elec will necessarily transform according
to the Pauli allowed irreducible representation Γ(e)(A) in the Electron Permu-

tation Group S(e)
n . This is a trivial consequence of the fact that all the Slater

determinants ΦSCF,q
elec transform according to this representation.

The lowest calculated CI energy, V CI,0
elec say, is necessarily larger than the true

energy of the electronic ground state V GS
elec. This is a consequence of the varia-

tion principle. Equation (9-75) holds also if we take the the trial wavefunction

to be the CI wavefunction ΦCI,0
elec for the electronic ground state. However, if

we number the CI energies [i.e., the eigenvalues of the matrix representation

of Ĥelec in the basis of substituted determinants] V CI,0
elec , V CI,1

elec , V CI,2
elec , . . . in

ascending order, V CI,n
elec will be larger or equal to the true energy of the n’th

excited state and will thus provide an approximate value for this energy. This
is MacDonald’s theorem [MacDonald (1933)].

We will denote an electronic wavefunction as Φ
(e,S,mS)
elec . The function could

be an eigenfunction of Ĥelec obtained in an SCF-CI calculation as described
above, or it could be obtained by another method. We label the eigenfunction
by S (the quantum number specifying the total electron spin angular momen-
tum of the state) and mS (the quantum number specifying the space fixed
projection of the total electron spin angular momentum). We can do this since

the operators Ŝ2 (the square of the total electron spin angular momentum)
and Ŝζ (the ζ component of the total electron spin) commute with Ĥelec [see
Eqs. (10-95) and (10-96)]. The index e numbers the electronic states with given
(S,mS) values. The multiplicity, or spin degeneracy, of an electronic state is
2S + 1; for S = 0 we have a singlet state, for S = 1/2 we have a doublet state,
for S = 1 we have a triplet state, and so on.

In practical ab initio calculations, the input data are the Cartesian (ξ, η, ζ)
coordinates of the nuclei [i.e., the components of the vector RN]. These coor-
dinates are customarily given in atomic units . The atomic unit of length is the
bohr

a0 =
4πǫ0ℏ

2

mee2
, (9-84)

where a0 ≈ 5.3 × 10−11 m. The result of an ab initio calculation will be a
value of the Born-Oppenheimer potential energy function Velec + Vnn, and this
quantity will normally be expressed in atomic units of energy. The atomic unit
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of energy is the hartree

Eh =
e2

4πǫ0a0
, (9-85)

where Eh ≈ 4.4 × 10−18 J, or Eh/(hc) ≈ 2.2 × 105 cm−1 (c is the speed of light
in vacuum). The computed value of Velec + Vnn is the energy measured relative
to a situation in which all of the particles (nuclei and electrons) in the molecule
are stationary and at an infinite distance from each other. The electronic
Schrödinger equation, Eq. (9-62), does not explicitly involve the fundamental
constants ℏ, me, and e, when it is expressed in atomic units.

The SCF-CI technique yields results [i.e., potential energy curves VN] that
are very close to the experimentally derived quantities for small molecules. In
order to solve the electronic Schrödinger equation Eq. (9-62) exactly the SCF-
CI calculation would have to be taken to two limits: (a) We must reach the
Hartree-Fock limit in the SCF part of the calculation, meaning that we must
allow for infinitely many basis functions in the expansion of Eq. (9-69), and (b)
We must do a full CI calculation with the infinitely many substituted deter-
minants resulting from the SCF calculation, i.e., we must allow for infinitely
many terms in the expansion of Eq. (9-83). In actual calculations we will fall
short of both limits.

A recent review of CI theory by Shavitt (1998) points out that the CI method
has important limitations. One problem is its very slow convergence. Shavitt
(1998) states that in recent years CI has been supplanted to a considerable
extent by modern many-body methods, particularly coupled cluster methods
[CCSD, CCSD(T), CCSDT]. Reviews of coupled cluster theory are given by
Scuseria and Lee (1995), Bartlett (1995), and Gauss (1998). As discussed
by Noga, Klopper and Kutzelnigg (1997), one important reason for the slow
convergence of a CI calculation is that the analytical form of the electronic
wavefunction given by Eq. (9-83) has difficulty describing the volume of con-
figuration space in the vicinity of a point where two electrons have the same
spatial coordinates. Around such a point, the wavefunction forms a so-called
“cusp” which cannot be easily mimicked by the SCF-CI wavefunction. In order
to obtain faster convergence of the CI calculation, other analytical forms for the
wavefunction have been suggested. One such method, which has proved suc-
cessful for small molecules [see, for example, Klopper, Quack, and Suhm (1996)]
is the so-called CC-R12 method, which introduces terms explicitly depending
on electron-electron distances in the analytical expression for the wavefunction.
For a two-electron molecule the CC-R12 method would replace Eq. (9-83) by
the unnormalized wavefunction

ΦCC-R12,n
elec =

r12
a0

ΦSCF,q′

elec +
∑

q

anqΦSCF,q
elec , (9-86)

where one selected Slater determinant ΦSCF,q′

elec is multiplied by r12, the distance



198 9. The Born-Oppenheimer Approximation

between the two electrons.

9.4.5 Electron permutation groups and Young tableau

As far as nuclear permutation symmetry is concerned we rarely set up and use
complete nuclear permutation groups, preferring instead to use the MS group
for the reasons discussed in Chapter 3. However, in the symmetric group ap-
proach to performing CI calculations the complete electron permutation group
Sn for a molecule with n electrons is used. This group is called the symmetric
group; see Chapter 13 of Wigner (1959). The symmetric group approach is one
of the ways of solving large scale configuration interaction calculations of elec-
tronic wavefunctions, and in it the basis states are labeled using the irreducible
representations of the symmetric group. In this technique one does not use
Slater determinants but orbital and spin basis functions are formally built up
separately in a way that ensures that both bases generate irreducible represen-
tations of the symmetric group (the spin functions also being eigenfunctions of

Ŝ2 and Ŝζ). In principle these functions are combined to form spin-orbital func-
tions that have the symmetry Γ(e)(A) [see Table 7-3]. Two representations of
the symmetric group whose product contains Γ(e)(A) are said to be “associate”
or “dual” (they must be of the same dimension). In fact by using these ideas
appropriately one does not actually ever need to construct the spin functions
since the orbital functions are formed in the appropriate way for the multiplic-
ity of the state under consideration; the spin is carried along by implication. In
this way one gets a spin-free or spin-adapted formalism that greatly simplifies
the problem. The study of how to set up this spin-adapted formalism using the
symmetric group forms a field rather like angular momentum theory; it has an
appealing self-contained algebra, and laborious calculations can be simplified
by using it in an appropriate way. To delve deeply into this subject would take
us too far from the scope of the book. However, the symmetric group approach
does involve molecular symmetry and permutations (albeit permutations of the
electrons), so some discussion is warranted. Also as larger and larger weakly
bound cluster molecules are studied with rotational resolution, it will become
necessary to use very large MS groups for the analysis of the spectrum (see, for
example, the ammonia dimer discussed in Section 16.5.2). It may be that some
of the techniques used in the symmetric group approach to the CI problem are
of use in dealing with the nuclear permutation symmetry of rovibronic states
in such cases. A comprehensive treatment of the use of the symmetric group in
quantum chemistry studies of atoms, molecules and solids is given by Pauncz
(1995).

It all starts from the observation that the class structure of a symmetric
group can be determined by inspection since all permutations of the same shape
(i.e., consisting of the same number of independent transpositions, independent
cycles of three, independent cycles of four, etc.) are in the same class (see
Section 5.6); the proof of this is left as an exercise for the reader. For example
the 120 elements of the symmetric group S5 divide up into seven classes, and
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the elements in these classes have the following shapes:

E, (xx), (xx)(xx), (xxx), (xxx)(xx), (xxxx), and (xxxxx). (9-87)

The number of classes in the symmetric group Sn is given by the partition
number of n, i.e., the number of ways of writing n as the sum of integers. For
example, for n = 5 we can write

5 = 1 + 1 + 1 + 1 + 1, 2 + 1 + 1 + 1, 2 + 2 + 1, 3 + 1 + 1,

3 + 2, 4 + 1, or 5, (9-88)

so that the partition number of 5 is 7. The parallel between this partitioning
of the number 5 and the shapes of the permutations in each class in Eq. (9-87)
is obvious. Since the number of irreducible representations in a group is equal
to the number of classes we can immediately deduce the number of irreducible
representations in Sn once we have the partition number of n. For example,
the group S5 has seven irreducible representations.

Based on the partitioning of the number n we can introduce Young tableau.
The fifth partition in Eq. (9-87) [i.e., (xxx)(xx)] is called [3,2] and it can be
written in the form of a Young diagram (or ‘shape’ or ‘pattern’):

If we assign the numbers 1, 2, . . . n in any order to the boxes in a Young
diagram we obtain a Young tableau; the standard tableau are obtained if the
numbers are in ascending order going from left to right and going from top to
bottom. The complete set of standard tableau for n = 5 and partition [3,2] are

4 5

1 2 3

3 5

1 2 4

2 5

1 3 4

3 4

1 2 5

2 4

1 3 5

where they are ordered according to the last-letter sequence; in this order they

are named T
[3,2]
1 , T

[3,2]
2 , . . . , T

[3,2]
rmax (where rmax = 5 for [3,2]), respectively. The

“last-letter” in this example is the number 5, and the “last-letter sequence”
is determined according to the following prescription: we order the tableau so
that those with 5 in the last position in the last row come before those with 5
in the last position of the penultimate row; those with 5 in the last position in
the last row are ordered with respect to the position of 4, and so on.

The standard tableau are of importance because each partition can be put
into correspondence with an irreducible representation of Sn (the number of
standard tableau, rmax, for that partition gives the dimension of the related ir-
reducible representation). A simple notation for the irreducible representations
of Sn, based on the partition to which it corresponds, is used; for example, the
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irreducible representation of S5 that corresponds to the above standard tableau
is called D[3,2]. Irreducible representations that are the dual of each other [i.e.,

that multiply together to give a representation containing Γ(e)(A)] have stan-
dard tableau that are the ‘transpose’ of each other.

As an example of the relationships that can be visualized using the tableau
we consider the correlation of D[3,2] to the irreducible representations of the
subgroup S4. This correlation (or subduction) is given by

D[3,2] → D[3,1] ⊕D[2,2]. (9-89)

and it can be deduced by deleting the 5-box from each T
[3,2]
r . D[3,1] in S4

corresponds to the tableau

4

1 2 3

3

1 2 4

2

1 3 4

and D[2,2] in S4 corresponds to the tableau

3

1 2

4 2

1 3

4

This type of connection forms an important part of the algebra of the tableau
and of the related irreducible representations. It becomes possible to classify
functions of given permutational symmetry according to chains of irreducible
representations using the subduction Sn → Sn−1 → . . . → S1. Such a “ge-
nealogical” classification is valuable in CI calculations when vast numbers of
configuration functions need to be sorted and processed. An important as-
pect of this work is the construction of appropriate projection operators (see
Section 6.3), called Young operators , that are special linear combinations of
the permutations in the group chosen to generate a function that transforms
irreducibly when they act on an arbitrary function.

The character tables of the S2 and S4 groups are given in Table 5-3, and of the
S3 group in Table 5-2. The character table of the S5 group is given in Table 9-1.
We label the irreducible representations according to the conventions used for
MS groups. The reader can determine the rmax for each partition in Eq. (9-87)
(by determining how many standard tableau there are for each partition) and
test if they give the dimensions of the irreducible representations of S5. The
irreducible representations Γ1 and Γ2 are the dual of each other in S5 (where
Γ = A, G or H); for example, an orbital wavefunction of G1 symmetry is
allowed by the Pauli exclusion principle to combine with a spin function of G2

symmetry to give a spin-orbital of Γ(e)(A) = A2 symmetry.
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Table 9-1

The character table of the group S5

E (12) (12)(34) (123) (12)(345) (1234) (12345)

1 10 15 20 20 30 24

A1 : 1 1 1 1 1 1 1
A2 : 1 −1 1 1 −1 −1 1
G1 : 4 2 0 1 −1 0 −1
G2 : 4 −2 0 1 1 0 −1
H1 : 5 1 1 −1 1 −1 0
H2 : 5 −1 1 −1 −1 1 0
I : 6 0 −2 0 0 0 1

a One representative element in each class is given, and the
number written below each element is the number of elements in
the class.

Closely related to the symmetric group approach, but conceptually very dif-
ferent, is the unitary group approach. In general, both approaches are designed
to handle the spin symmetry of the problem, as well as to provide efficient
ways of performing the required computations, but computer programs based
on these two approaches are entirely different. The unitary group U(n) con-
sists of all unitary transformations that lead from one orthonormal basis in n
orbitals to another, and it uses Weyl tableau rather than Young tableau. The
unitary group approach is good not only for CI but for any formalism based on
using spin-adapted functions, and recently it has been developed for coupled
cluster (CCSD) calculations. The book by Pauncz (1995) discusses the unitary
group approach as well as the symmetric group approach.

9.5 SUMMARY

In order that we can solve the rovibronic Schrödinger equation for a molecule
it is usually a practical necessity that we make the Born-Oppenheimer approx-
imation. In this approximation we start by solving, in an ab initio calculation,
the Schrödinger equation for the electrons of the molecule moving relative to
fixed nuclei. The ab initio calculation must, at least in principle, be carried out
for all possible nuclear geometries. It yields the electronic wavefunction and
the Born-Oppenheimer potential energy function for each electronic state. Very
frequently ab initio calculations are made by means of the SCF-CI method,
which we have outlined in the present chapter, and the form obtained for the
electronic wavefunction in this case is given in Eq. (9-83). We denote the

electronic wavefunction as Φ
(e,S,mS)
elec , and we show how it is classified by sym-

metry in Chapter 12. The Born-Oppenheimer potential energy function VN
[see Eq. (9-61)] is used in the rotation-vibration Hamiltonian, and this is the
subject of the next chapter.
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10

The Coordinates and

Momenta in the

Rotation-Vibration

Hamiltonian

The coordinates used in the rotation-vibration Schrödinger equation are in-
troduced for nonlinear rigid molecules. The coordinates are chosen in an at-
tempt to minimize the terms that spoil the separation of the equation into a ro-
tational and (3N−6) vibrational parts. We use the Eckart conditions to define
the (x, y, z) molecule fixed axes (and hence the rovibronic angular momentum
operator components Ĵα, where α = xyz), and the l-matrix to define the normal
coordinates Qr (and conjugate momenta P̂r). The rotation-vibration Hamil-
tonian expressed in terms of Jα, Qr, and P̂r is presented. We do not repeat
the derivation of the rotation-vibration Hamiltonian given in Wilson, Decius
and Cross (1955) and other places. Our aim is to complement that work by
explaining the importance of the choice of the coordinates and momenta.

10.1 INTRODUCTION

After making the Born-Oppenheimer approximation [see Eqs. (9-48)-(9-61)]
we obtain the following Schrödinger equation for the rotation-vibration motion:

(T̂N + VN − Erv)Φrv(ξ2, η2, ζ2, . . . , ζN ) = 0, (10-1)

where

T̂N = −ℏ2

2

N∑

i=2

∇2
i

mi
+

ℏ2

2MN

N∑

i,j=2

∇i · ∇j , (10-2)

∇2
i =

∂2

∂ξ2i
+

∂2

∂η2i
+

∂2

∂ζ2i
, (10-3)

∇i · ∇j =
∂2

∂ξi∂ξj
+

∂2

∂ηi∂ηj
+

∂2

∂ζiζj
, (10-4)

203
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and VN is the internuclear potential energy function obtained after solving the
electronic Schrödinger equation [see Eqs. (9-55) and (9-61)]. The (ξ, η, ζ) axis
system has origin at the nuclear center of mass and is parallel to the space fixed
axis system.

To introduce rotational and vibrational coordinates it is necessary to intro-
duce a set of (x, y, z) axes with origin at the nuclear center of mass and with
an orientation relative to the (ξ, η, ζ) axes defined by the positions of the nu-
clei. These axes should be called ‘nuclear fixed’ but they have come to be
called ‘molecule fixed’ axes; their orientation is determined by the coordinates
of the nuclei only, and the coordinates of the electrons are not involved. The
(x, y, z) and (ξ, η, ζ) axis systems are always chosen to be right handed. For any
placement of the N nuclei in space [i.e., any set of values for the (3N−3) inde-
pendent coordinates ξi, ηi and ζi of the nuclei] there is an unambiguous way of
specifying the orientation of the (x, y, z) axes with respect to the (ξ, η, ζ) axes.
Three equations are required to define the three Euler angles that specify this
orientation, and the equations used are the Eckart equations [Eckart (1935)].
As we will see the rotational basis wavefunctions will be functions of the Euler
angles. In general the Eckart equations optimize the separation of the rota-
tional and vibrational degrees of freedom in the rotation-vibration Schrödinger
equation. The (3N−6) independent coordinates xi−xei , yi−yei , and zi−zei that
are obtained once the (x, y, z) axes have been defined are used to construct
the vibrational normal coordinates [where xei , y

e
i , and zei are the values of the

coordinates at equilibrium]. We must first define the Euler angles.

10.1.1 The Euler angles

Fig. 10-1. The definition of the
Euler angles (θ, φ, χ) that relate the ori-
entation of the molecule fixed (x, y, z)
axes to the (ξ, η, ζ) axes. The origin of
both axis systems is at the nuclear cen-
ter of mass O, and the node line ON is
directed so that a right handed screw is
driven along ON in its positive direc-
tion by twisting it from ζ to z through
θ where 0 ≤ θ ≤ π. φ and χ have the
ranges 0 to 2π. χ is measured from the
node line.

To relate the nuclear and electron coordinates in the (ξ, η, ζ) axis system to
those in the (x, y, z) axis system we use Euler angles. The Euler angles θ, φ,
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and χ are defined in Fig. 10-1 and we follow the convention used in Wilson,
Decius, and Cross (1955). We use θ, φ, and χ to define the orientation of the
(x, y, z) axis system relative to the (ξ, η, ζ) axis system in the same way that
β, α, and γ are used in Fig. 7-1 to relate the orientation of one space fixed axis
system (X ′, Y ′, Z ′) to another space fixed axis system (X,Y, Z). The Euler
angles are restricted to the ranges 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, 0 ≤ χ ≤ 2π. For any
particle in the molecule (nucleus or electron) we can relate its coordinates in
the (ξ, η, ζ) and (x, y, z) axis systems by writing



xi
yi
zi


 =



λxξ λxη λxζ
λyξ λyη λyζ
λzξ λzη λzζ





ξi
ηi
ζi


 , (10-5)

where

λxξ = cos(xOξ), etc., (10-6)

and these are elements of the direction cosine matrix. The direction cosines can
be expressed in terms of the Euler angles as follows [see Table I-1 in Wilson,
Decius, and Cross (1955)]:

λxξ = cos θ cosφ cosχ− sinφ sinχ, λxη = cos θ sinφ cosχ+ cosφ sinχ,
λyξ = − cos θ cosφ sinχ− sinφ cosχ, λyη = − cos θ sinφ sinχ+ cosφ cosχ,
λzξ = sin θ cosφ, λzη = sin θ sinφ,

λxζ = − sin θ cosχ,

λyζ = sin θ sinχ, (10-7)

λzζ = cos θ.

10.1.2 Axis systems

Notice that we have now introduced four Cartesian axis systems:
(a) An (X, Y, Z) axis system fixed in space. This is the space fixed axis

system, and it is used to set up the Hamiltonian initially as the sum of T̂ in
Eq. (7-2) and V in Eq. (7-19).

(b) An (X,Y, Z) axis system parallel to the (X, Y, Z) axis system and with
its origin at the molecular center of mass. The molecular center of mass has
coordinates (X0, Y0, Z0) in the (X, Y, Z) axis system. This axis system is
introduced to facilitate the separation of translation, and after making this
separation the internal dynamics Hamiltonian Ĥint is given by the expression
in Eq. (7-28).

(c) An (ξ, η, ζ) axis system parallel to the (X, Y, Z) and (X,Y, Z) axis sys-
tems and with its origin at the nuclear center of mass. The nuclear center
of mass has coordinates (XNCM, YNCM, ZNCM) in the (X,Y, Z) axis system.
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This axis system is introduced to facilitate the separation of the electronic and
nuclear coordinates in the rovibronic Hamiltonian of Eq. (7-29). The rovi-
bronic Schrödinger equation obtained is given in Eq. (9-48). After making the
Born-Oppenheimer approximation the rotation-vibration Schrödinger equation
in this coordinate system is as given in Eq. (10-1).

(d) An (x, y, z) axis system with its origin at the nuclear center of mass
[as for the (ξ, η, ζ) axis system] and with orientation in the (ξ, η, ζ) system
defined by the nuclear coordinates; the orientation is specified by the values
of the Euler angles (θ, φ, χ). This is the molecule fixed axis system, and it is
introduced to optimize the separation of the Schrödinger equation of Eq. (10-1)
into rotational and vibrational parts with minimal approximation.

10.1.3 Changing to rovibrational coordinates

We have to change coordinates in the Schrödinger equation of Eq. (10-1)
from (ξ2, η2, ζ2, . . . , ξN , ηN , ζN ) to the rotation-vibration coordinates (θ, φ, χ,
Q1, . . . , Q3N−6), where the Qr (the vibrational normal coordinates) are linear
combinations of the nuclear displacement coordinates ∆xi = xi−xei , ∆yi =
yi−yei , and ∆zi = zi−zei .

To begin with it is instructive to look at the effect of this coordinate change on
the electronic kinetic energy operator T̂e; since the Euler angles are independent
of the (ξ, η, ζ) coordinates of the electrons we can make the coordinate change
easily. The electronic kinetic energy operator in the (ξ, η, ζ) axis system is
given by [see Eq. (9-49)]

T̂e = − ℏ2

2me

l∑

i=N+1

∇2
i −

ℏ2

2MN

l∑

i,j=N+1

∇i · ∇j . (10-8)

Using Eq. (10-5) for an electron we have the simple results that

∂xk
∂ξj

= δkjλxξ (10-9)

and

∂2xk
∂ξ2j

= 0, (10-10)

where k, j = N + 1, . . . , l, with similar equations for the derivatives involving
y, z, η, and ζ. Using the chain rule [Eqs. (7-8) and (7-9)], and the fact that
the direction cosine matrix is orthonormal, we can easily derive that

∇2
i =

∂2

∂x2i
+

∂2

∂y2i
+

∂2

∂z2i
, (10-11)

and

∇i · ∇j =
∂2

∂xi∂xj
+

∂2

∂yi∂yj
+

∂2

∂zi∂zj
. (10-12)
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We see that in the molecule fixed (x, y, z) axis system the electronic kinetic
energy operator T̂e for any molecule is given by Eq. (10-8) with substitutions
from Eqs. (10-11) and (10-12). A rotation of the axis system in a manner
defined purely by the nuclear coordinates has not changed the form of T̂e and
the use of the Method I coordinate transformation is very simple.

Let us attempt to follow the same procedure (Method I) for the nuclear
kinetic energy operator T̂N. From Eq. (10-5) for the nuclear coordinates we
have

∂xk
∂ξj

= δkjλxξ +
∂λxξ
∂ξj

ξk +
∂λxη
∂ξj

ηk +
∂λxζ
∂ξj

ζk (10-13)

= δkjλxξ + (xk), (10-14)

where j = 2, . . . , N and k = 2, . . . , l; we have introduced (xk) as an abbrevia-
tion for the last three terms in Eq. (10-13). Similar expressions for (∂yk/∂ξj)
and (∂zk/∂ξj) will involve (yk) and (zk) terms. Using Eq. (7-8) we can write
(for a nucleus j)

∂

∂ξj
=

l∑

k=2

[(
∂xk
∂ξj

)
∂

∂xk
+

(
∂yk
∂ξj

)
∂

∂yk
+

(
∂zk
∂ξj

)
∂

∂zk

]
(10-15)

= λxξ
∂

∂xj
+ λyξ

∂

∂yj
+ λzξ

∂

∂zj

+

l∑

k=2

[
(xk)

∂

∂xk
+ (yk)

∂

∂yk
+ (zk)

∂

∂zk

]
. (10-16)

Without writing the second derivatives it is clear that the terms involving (xk),
(yk), and (zk) result in derivatives with respect to the electron coordinates be-
ing introduced into the expression for T̂N. Hence although by using (ξ, η, ζ)
coordinates we achieve a complete separation of the electronic and nuclear co-
ordinates in the kinetic energy operator (T̂e + T̂N) when we change to (x, y, z)
coordinates (in order to separate the rotational and vibrational coordinates)
we introduce the electronic coordinates back into T̂N. The effect of the nuclear-
electronic coupling terms introduced into T̂N is, however, generally small and a
price well worth paying for the simplification in the rotation-vibration Hamilto-
nian that is obtained by using the (x, y, z) coordinates. From the mathematics
of the coordinate change we see that the derivatives with respect to electron
coordinates occur in T̂N because the (x, y, z) coordinates of the electrons de-
pend on the (ξ, η, ζ) coordinates of the nuclei through the dependence of the
direction cosine matrix elements on the nuclear coordinates. Physically we
are now referring the electrons to the (x, y, z) axis system which rotates with
the nuclei, and the electrons are subject to Coriolis forces in this axis system;
this makes itself felt by the resultant introduction of terms into T̂N coupling
the electronic angular momentum with the rovibronic angular momentum [the
terms involving the electron derivatives in T̂N eventually reduce to this]. It
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is possible to derive the rovibrational Schrödinger equation using a Method I
coordinate change approach [see, for example, Louck (1976)] but traditionally
a Method II approach is used.

A Method II derivation of T̂N in the rotation-vibration coordinates begins
with the following expression for the classical nuclear kinetic energy:

TN =
1

2

N∑

i=1

mi(ξ̇i
2 + η̇i

2 + ζ̇i
2), (10-17)

where we have the restrictions

N∑

i=1

miξi =

N∑

i=1

miηi =

N∑

i=1

miζi = 0, (10-18)

since the (ξ, η, ζ) axis system has origin at the nuclear center of mass. This
classical expression for TN leads to the quantum mechanical expression T̂N given
in Eq. (10-2); see Eqs. (7-2)-(7-18). The Method II derivation of the quantum
mechanical expression for T̂N involves use of the Podolsky trick after having
changed to the rotation-vibration coordinates in the classical expression for TN.
The details are given in Chapter 11 of Wilson, Decius, and Cross (1955). A
simplification of this kinetic energy operator was discovered by Watson (1968).
We will not duplicate this derivation or simplification here. To determine the
effect of symmetry operations on the rotation-vibration wavefunctions we must,
however, understand the coordinates and these will be discussed. The two
central parts of the coordinate change to the rotation-vibration coordinates are
(a) the Eckart equations [Eckart (1935)] which define the Euler angles, and
(b) the l matrix [see, for example, Nielsen (1959)] which defines the normal
coordinates.

10.2 THE ECKART EQUATIONS

The Eckart equations enable us to determine the Euler angles [i.e., the ori-
entation of the molecule fixed (x, y, z) axes] from the values of the coordinates
of the nuclei (ξ2, η2, ζ2, . . . , ξN , ηN , ζN ). To determine the Euler angles from
the nuclear coordinates we need three equations which we might write as

θ = fθ(ξ2, . . . , ζN ), (10-19)

φ = fφ(ξ2, . . . , ζN ), (10-20)

and

χ = fχ(ξ2, . . . , ζN ). (10-21)

Having oriented the (x, y, z) axes in the molecule by using the equations repre-
sented above we can determine the (x, y, z) coordinates of each nucleus in the
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molecule. Such a calculation could be made when the nuclei are in their equi-
librium configuration and we would obtain the equilibrium nuclear coordinates
(xei , y

e
i , z

e
i ) for each nucleus i. For a given distorted nuclear configuration the

displacements ∆xi = (xi − xei ), ∆yi = (yi − yei ), and ∆zi = (zi − zei ) would
be the vibrational displacement coordinates.

We would like to choose fθ, fφ and fχ in Eqs. (10-19)-(10-21) so that if we
were to express the nuclear kinetic energy in terms of the Euler angles and vi-
brational displacements there would be a complete separation into a rotational
part (involving only the Euler angles) and a vibrational part (involving only the
vibrational displacement coordinates). To do this we would have to eliminate
the vibrational angular momentum Jvib in the (x, y, z) axis system; if Jvib were
nonvanishing there would be a Coriolis coupling of it to the rovibronic angular
momentum J which would spoil the separation of variables. The vibrational
angular momentum is given by

Jvib =
∑

i

miri × ṙi, (10-22)

where mi is the mass of the ith nucleus, ri has components (xi, yi, zi) and the
velocity ṙi has components (ẋi, ẏi, żi) in the (x, y, z) axis system. If fθ, fφ and
fχ could be chosen so that the ri and ṙi satisfy

∑

i

miri × ṙi = 0, (10-23)

then there would be no vibrational angular momentum in the (x, y, z) axis
system and no Coriolis coupling terms to spoil the separation of rotation from
vibration.

Unfortunately, with only three equations [Eqs. (10-19)-(10-21)] at our dis-
posal we cannot define θ, φ, and χ so that the resultant (xi, yi, zi) and (ẋi, ẏi, żi)
satisfy Eq. (10-23). However, for a rigid molecule the nuclei do not depart far
from the nuclear equilibrium configuration and to a good approximation we
have

Jvib ≈
∑

i

miri
e × ṙi, (10-24)

where ri
e has components (xi

e, yi
e, zi

e). We can choose fθ, fφ, and fχ so that
the ẋi, ẏi, and żi satisfy

∑

i

miri
e × ṙi = 0, (10-25)

and in the (x, y, z) axis system so defined Jvib and the Coriolis coupling will be
small. Equation (10-25) follows by differentiating with respect to time of the
Eckart equation, which is

∑

i

miri
e × ri = 0. (10-26)
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The three components of this equation are
∑

i

mi(xi
eyi − yiexi) = 0, (10-27)

∑

i

mi(yi
ezi − zieyi) = 0, (10-28)

and
∑

i

mi(zi
exi − xiezi) = 0. (10-29)

Choosing the orientation of the (x, y, z) axes so that Eqs. (10-27)-(10-29) are
satisfied results in Eq. (10-25) being satisfied so that Jvib is small. The origin of
the (x, y, z) axis system is the nuclear center of mass so the nuclear coordinates
must also satisfy

∑

i

miri
e =

∑

i

miri = 0. (10-30)

For the equilibrium nuclear configuration we choose the orientation of the
(x, y, z) axes so that they are the principal axes of inertia in order to simplify
the rotational kinetic energy. The inertia matrix I has the diagonal elements

Iαα =
∑

i

mi

(
β2
i + γ2i

)
(10-31)

(called moments of inertia), where αβγ is a permutation of xyz, and the off-
diagonal elements

Iαβ = −
∑

i

miαiβi (10-32)

(the
∑

imiαiβi are called1 products of inertia), where α 6= β. Using principal
inertial axes the off-diagonal elements Iαβ vanish. Thus the (x, y, z) axes are
located in the equilibrium nuclear configuration so that

∑

i

mixi
eyi

e =
∑

i

miyi
ezi

e =
∑

i

mizi
exi

e = 0. (10-33)

To use the Eckart equations [Eqs. (10-27)-(10-29)] in order to determine the
Euler angles θ, φ, and χ from the nuclear coordinates (ξ2, . . . , ζN ) we proceed
as follows. Expressing the (xi, yi, zi) coordinates in terms of the (ξi, ηi, ζi)
coordinates by using the direction cosine matrix elements λατ [where α = x, y,
or z and τ = ξ, η, or ζ; see Eq. (10-6)] we can write the three Eckart equations
as

[xξ]λyξ + [xη]λyη + [xζ]λyζ − [yξ]λxξ − [yη]λxη − [yζ]λxζ = 0, (10-34)

[yξ]λzξ + [yη]λzη + [yζ]λzζ − [zξ]λyξ − [zη]λyη − [zζ]λyζ = 0, (10-35)

1Note that in Eq. 8 of Section 11-1 of Wilson, Decius and Cross (1955) the products of
inertia are denoted Iαβ .
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and

[zξ]λxξ + [zη]λxη + [zζ]λxζ − [xξ]λzξ − [xη]λzη − [xζ]λzζ = 0, (10-36)

where

[ατ ] =
N∑

i=1

miαi
eτi, (10-37)

with α = x, y, or z and τ = ξ, η, or ζ. Knowing the equilibrium coordinates
of the nuclei in the (x, y, z) axis system [having initially used Eq. (10-33) to
determine xi

e, yi
e, and zi

e] we can use the values of the (ξi, ηi, ζi) coordinates to
determine the values of the [ατ ]. We can then set up the three transcendental
equations, Eqs. (10-34)-(10-36), in the Euler angles using Eq. (10-7). Solving
these equations simultaneously gives the values of the Euler angles as we show
in a numerical example in the next section. The Eckart equations lead to these
three simultaneous transcendental equations in the Euler angles and not to
three simple equations as suggested by Eqs. (10-19)-(10-21).

10.2.1 A numerical example involving the Eckart equations

We will use a numerical example involving the water molecule to demonstrate
the coordinate change (ξ2, . . . , ζN ) to (θ, φ, χ,∆αi), and to show the central
place of the Eckart equations in this coordinate change.

Fig. 10-2. A water molecule in its equilibrium
configuration with molecule fixed (x, y, z) axes at-
tached. The oxygen nucleus is labeled 3.

In Fig. 10-2 we show a water molecule in its equilibrium configuration [we will
take r(OH) = 0.957Å and ∠ (HOH) = 105◦ for the equilibrium configuration of
the water molecule]. The molecule fixed axes of the equilibrium configuration
of a molecule are located as the principal axes of inertia since this diagonalizes
µe = (Ie)

−1
, where Ie has the diagonal elements is the I matrix defined in

Eqs. (10-31) and (10-32), calculated at the equilibrium geometry. This simpli-
fies the rotational kinetic energy as we shall see below. Since each of the three
x, y, and z axes can be identified with any of the three principal axes and the
signs of any of the x, y, and z axes can be reversed all without introducing off-
diagonal elements into µe we have many possible ways of locating the (x, y, z)
axes as principal axes. The three principal axes of a molecule are by convention



212 10. The Rotation-Vibration Coordinates

labeled a, b, and c in such a manner that the moments of inertia about the axes
are in the order Iaa < Ibb < Icc. We can identify the z axis with any of the
three principal axes and depending on whether it is identified with the a, b, or c
axis we name the convention adopted as type I, II, or III. We add a superscript
r or l depending on whether a right or left handed (x, y, z) axis system is used.
For the water molecule we adopt a Ir convention (see Fig. 10-2) in which the z
axis is located so that H2 has a positive z coordinate, the x axis is located so
that the oxygen nucleus has a positive x coordinate, and the y axis is located
so that the axis system is right handed. Using 1 u and 16 u as the hydrogen
and oxygen nuclear masses we determine that (in Å)

x1
e = x2

e = −0.5178, x3
e = 0.06473,

y1
e = y2

e = y3
e = 0, (10-38)

z1
e = −z2e = −0.7592, z3

e = 0,

where we label the oxygen nucleus 3.
As a water molecule moves in space in its equilibrium configuration it is

always easy [using the results in Eq. (10-38)] to determine the orientation of
the (x, y, z) axes and hence the Euler angles. For example, suppose that the
(Xi, Yi, Zi) coordinates of the nuclei in the space fixed (X, Y, Z) axis system
are (in Å)

(0.3733,−0.3626,−0.8031), (0.7529, 0.2949, 0.5118), (0, 0, 0) (10-39)

for nuclei H1, H2, and O3, respectively. Moving to the (ξ, η, ζ) axis system with
origin at the nuclear center of mass [which we determine to have coordinates
(0.0626,−0.00376,−0.0162) in the (X, Y, Z) axis system] we find the (ξi, ηi, ζi)
coordinates to be (in Å)

(0.3107,−0.3588,−0.7869), (0.6903, 0.2987, 0.5280),

and (−0.0626, 0.00376, 0.0162). (10-40)

Knowing the equilibrium nuclear coordinates in the (x, y, z) axis system [from
Eq. (10-38)] we can determine the Euler angles by using the direction cosine
matrix elements [Eq. (10-7)] as follows.

To determine θ we use the fact that all yi
e = 0 and from Eq. (10-7) we obtain

ζi = xei (− sin θ cosχ) + zei cos θ, (10-41)

from which, since x1
e = x2

e, we obtain

(ζ2 − ζ1) = (z2
e − z1e) cos θ, (10-42)

and thus

θ = arccos[(ζ2 − ζ1)/(z2
e − z1e)]. (10-43)
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Since 0 ≤ θ ≤ π we can unambiguously determine θ from Eq. (10-43) by sub-
stituting in the appropriate values for zi

e and ζi from Eqs. (10-38) and (10-40);
we obtain

θ = 30◦. (10-44)

To determine φ we use equations similar to Eq. (10-42) for ξi and ηi, together
with Eq. (10-43) for θ, to derive that

φ = arccos{(ξ2 − ξ1)/[(z2
e − zie)2 − (ζ2 − ζ1)2]1/2} (10-45)

and

φ = arcsin{(η2 − η1)/[(z2
e − z1e)2 − (ζ2 − ζ1)2]1/2}. (10-46)

Since 0 ≤ φ ≤ 2π we need both these equations for an unambiguous determi-
nation of φ. From these equations we determine

φ = 60◦. (10-47)

For the angle χ we obtain

χ = arccos{−ζ3(z2
e − z1e)[(z2e − z1e)2 − (ζ2 − ζ1)2]−1/2/x3

e} (10-48)

and to make an unambiguous determination (0 ≤ χ ≤ 2π) we also use

cos θ cosφ cosχ− sinφ sinχ = (ξ1 + ξ2)/(x1
e + x2

e) (10-49)

to give

χ = 120◦. (10-50)

A water molecule in its equilibrium configuration with this orientation is
drawn in Fig. 10-3.

To determine the Euler angles of a molecule that is not in its equilibrium
configuration we would proceed as in the preceding example if we defined the
(x, y, z) axes as instantaneous principal axes. However for a deformed molecule
it is better [as we have indicated in Eqs. (10-22)-(10-26)] to choose the (x, y, z)
axes to be Eckart axes rather than principal axes. Principal axes are located
so that the three equations Ixy = Iyz = Izx = 0 are satisfied, whereas Eckart
axes are located so that the three Eckart equations Eqs. (10-27)-(10-29) are
satisfied. We see that we need to know the equilibrium (x, y, z) coordinates of
the nuclei in order to be able to locate the Eckart axes when the molecule is
not at equilibrium. We will use the water molecule as a numerical example of
this.

We take a deformed water molecule having r13 = 2.4193 Å, r23 = 0.9452 Å,
and ∠ (HOH) = 103.4◦, and place it so that the (X, Y, Z) coordinates of the
nuclei are

(0.9066,−0.9251,−2.0434), (0.7690, 0.2778, 0.4742), (0, 0, 0) (10-51)
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Fig. 10-3. A water molecule in its
equilibrium configuration oriented with
coordinates given by Eq. (10-40). The
Euler angles (θ, φ, χ) are shown to be
(30◦, 60◦, 120◦) in Eqs. (10-43)-(10-50).

for H1, H2, and O3 respectively. The nuclear center of mass is determined to
be located at (0.0930,−0.0360,−0.0872) in the (X, Y, Z) axis system, so that
the (ξ, η, ζ) coordinates of nuclei 1, 2, and 3 are, respectively

(0.8136,−0.8891,−1.9562), (0.6760, 0.3138, 0.5614),

and (−0.0930, 0.0360, 0.0872). (10-52)

We now wish to use the Eckart equations and the equilibrium coordinates to
determine the Euler angles of this deformed water molecule. The equilibrium
coordinates are known and are given in Eq. (10-38). We use the form of the
Eckart equations given in Eqs. (10-34)-(10-36) in this determination. The [ατ ]
can be calculated from the αi

e in Eq. (10-38) and from the τi in Eq. (10-52);
the λατ are given in terms of the Euler angles in Eq. (10-7). Using these [ατ ]
and λατ Eq. (10-34) becomes

0.8676(cosθ cosφ sinχ+ sinφ cosχ) + 0.3352(− cosθ sinφ sinχ+ cosφ cosχ)

+ 0.8125(sin θ sinχ) = 0, (10-53)

Eq. (10-35) becomes

− 0.1045(cosθ cosφ sinχ+ sinφ cosχ)− 0.9132(− cosθ sinφ sinχ

+ cosφ cosχ)− 1.9114(sin θ sinχ) = 0, (10-54)

and Eq. (10-36) becomes

− 0.1045(cosθ cosφ cosχ− sinφ sinχ) + 0.9132(cosθ sinφ cosχ+ cosφ sinχ)

− 1.9114 sinθ cosχ+ 0.8676 sin θ cosφ− 0.3352 sinθ sinφ

− 0.8125 cosθ = 0. (10-55)

These three simultaneous transcendental equations can be solved numerically
using, for example, the Newton-Raphson method [see Margenau and Murphy
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(1956), page 493], and one solution is

(θ = 30◦, φ = 60◦, χ = 120◦). (10-56)

This is depicted in Fig. 10-4. Other solutions, corresponding to other possible
ways of locating a right handed (x, y, z) axis system as principal inertial axes on
the equilibrium molecule, can also be obtained from the simultaneous solutions
of Eqs. (10-53)-(10-55), but since the orientation of the axes must smoothly
correlate with those of the equilibrium molecule as the distortion is removed
we discard these alternate solutions. We will always discard such solutions in
any later similar determinations, such as in the solution of Eq. (10-67) or in
obtaining the result in Eq. (10-75). From the Euler angles we can determine the
direction cosine matrix elements, and from these and the (ξ, η, ζ) coordinates
of the nuclei we can determine the (x, y, z) coordinates of the nuclei [given in
Eq. (10-68), which follows].

Fig. 10-4. A deformed water
molecule with (ξ, η, ζ) coordinates given
by Eq. (10-52). The Euler angles
are shown to be (30◦, 60◦, 120◦) in
Eqs. (10-53)-(10-56); this results from
using the Eckart equations.

The above method for determining the Euler angles and (x, y, z) nuclear co-
ordinates from the Eckart equations is applicable to any deformed polyatomic
molecule having a unique equilibrium configuration. However, for a triatomic
molecule there is a rather simple way of using the Eckart equations. Equa-
tions (10-27) and (10-28) can be written (since all yi

e = 0) as

3∑

i=1

mix
e
iyi = 0 (10-57)

and

3∑

i=1

miz
e
i yi = 0. (10-58)
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The center of mass condition Eq. (10-30) gives a third equation

3∑

i=1

miyi = 0. (10-59)

These three equations lead directly to the result that

y1 = y2 = y3 = 0. (10-60)

Thus regardless of the extent of the deformation all three atoms lie in the xz

Fig. 10-5. The definition of the angle ε that shows how (x, y, z) axes are oriented on a
deformed water molecule. The origin of the (x, y, z) axes is at the nuclear center of mass.

plane of the molecule fixed axes if all yi
e = 0. We use the third Eckart equation

to determine the orientation of the x and z axes relative to the nuclear frame.
To do this it is convenient to introduce the angle ε between the x axis direction
and the line joining the nuclear center of mass to the oxygen nucleus as in
Fig. 10-5. Using this angle, the cosine rule, and a fair amount of trigonometry
we obtain

x1 = 0.9330 sinε− 2.100 cosε, (10-61)

z1 = −0.9330 cosε− 2.100 sin ε, (10-62)

x2 = −0.9330 sinε− 0.0203 cosε, (10-63)

z2 = 0.9330 cosε− 0.0203 sinε, (10-64)

x3 = 0.1325 cosε, (10-65)

and

z3 = 0.1325 sinε. (10-66)

Substituting these values into Eq. (10-29), and using the equilibrium coordi-
nates from Eq. (10-38), we obtain

−2.652 sinε+ 1.579 cosε = 0, (10-67)
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from which we determine ε = 30.77◦ and that the (x, y, z) nuclear coordinates
are (in Å)

(−1.3270, 0,−1.8757), (−0.4948, 0, 0.7911), (0.1138, 0, 0.0678). (10-68)

Relating these coordinates to the (ξ, η, ζ) coordinates of Eq. (10-52) we can
determine the direction cosine matrix elements and thus the Euler angles [given
in Eq. (10-56)].

Using the above (x, y, z) coordinates and subtracting the equilibrium co-
ordinates [Eq. (10-38)] we determine the Cartesian displacement coordinates
(∆xi,∆yi,∆zi) to be (in Å)

(−0.8092, 0,−1.1165), (0.0230, 0, 0.0319), (0.0491, 0, 0.0678). (10-69)

It is instructive at this stage to imagine that we can pick up the equilibrium
configuration water molecule, with its molecule fixed axes attached, from out
of Fig. 10-2 and insert it into Fig. 10-4 in such a way that its (x, y, z) axes
are coincident with those of the deformed molecule. In this composite figure
the displacements of the nuclei of the deformed molecule away from those of
the equilibrium molecule will be as given in Eq. (10-69). Figure 2-4 can be
viewed as such a composite figure for ethylene. Writing αi = αi

e + ∆αi in
Eqs. (10-27)-(10-29) we deduce three alternative Eckart equations:

N∑

i=1

mi(xi
e∆yi − yie∆xi) = 0, (10-70)

N∑

i=1

mi(yi
e∆zi − zie∆yi) = 0, (10-71)

and

N∑

i=1

mi(zi
e∆xi − xie∆zi) = 0. (10-72)

The Cartesian displacement coordinates must satisfy these three equations
(if we use Eckart axes) as well as the three center of mass equations [from
Eq. (10-30)]

N∑

i=1

mi∆αi = 0, (10-73)

where α = x, y, or z.

Problem 10-1. Make the coordinate transformation from the (ξ, η, ζ) co-
ordinates of Eq. (10-52) to (θ, φ, χ,∆αi) using molecule fixed (x, y, z) axes that
are principal inertial axes rather than Eckart axes.
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Answer. For a triatomic molecule one principal inertial axis is perpendicular
to the plane of the three nuclei. To follow the axis labeling convention adopted
for the molecule in its equilibrium configuration we must choose this axis to be
the y axis; as a result Ixy = Iyz = 0. To determine the directions of the other
principal axes we use the angle ε as introduced in Fig. 10-5, and the principal
axis equation that defines ε is

3∑

i=1

mixizi = 0. (10-74)

Substituting Eqs. (10-61)-(10-66) into this equation we determine that for prin-
cipal axes

ε = 63.63◦. (10-75)

Using this value ε in Eqs. (10-61)-(10-66) we determine the (x, y, z) coordinates
of the three nuclei to be (in Å)

(−0.0967, 0,−2.296), (−0.8448, 0, 0.3965), (0.0588, 0, 0.1187). (10-76)

Using the direction cosine matrix elements to relate these to the (ξ, η, ζ) coor-
dinates we determine the Euler angles to be

(θ, φ, χ) = (30.3◦, 128.3◦, 59.1◦). (10-77)

The (∆xi,∆yi,∆zi) displacements from equilibrium are determined to be (in
Å)

(0.4211, 0,−1.5368), (−0.3270, 0,−0.3627), (−0.0059, 0, 0.1187). (10-78)

Comparing the solution to Problem 10-1 with the results in Eq. (10-56) we see
that the Euler angles are changed drastically when we use principal axes rather
than Eckart axes. In Fig. 10-6 the location of the Eckart axes and principal
axes on this deformed water molecule are compared; in each case an equilibrium
configuration water molecule having the same Euler angles, so that its (x, y, z)
axes are coincident with those of the deformed molecule, is superimposed. We
can appreciate from these figures that this deformation (a stretching of the
OH1 bond) causes a significant rotation of principal axes (see Fig. 10-6b) but
very little rotation of Eckart axes (see Fig. 10-6a). As we move H1 towards
and away from O3 the Eckart axes will hardly move whereas the principal
axes will twist back and forth about the y axis and much rotational motion is
“mixed into” this vibrational motion. It can be shown that if we use principal
axes the rotation-vibration mixing caused by the Coriolis coupling terms in the
Hamiltonian is much larger than if we use Eckart axes; in fact the choice of
Eckart axes generally minimizes these terms as discussed from Eq. (10-22) to
Eq. (10-26). As a result, the separation of T̂N into rotational and vibrational
parts is achieved with minimum approximation using the Eckart axes. This is
why Eckart axes are used.
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Fig. 10-6. (a) The deformed water molecule of Eq. (10-52) (shaded circles) with
molecule fixed Eckart axes (x, y; z) and an appropriately oriented water molecule in its equi-
librium configuration (open circles). (b) The same with molecule fixed principal axes (x, y, z)
and an appropriately oriented water molecule in its equilibrium configuration (open circles).

We can view the choice of axes in mathematical or physical terms. Math-
ematically we are changing the (3N − 3) coordinates from (ξ2, . . . , ζN ) to
(θ, φ, χ,∆αi) where each of the coordinates (θ, φ, χ,∆αi) is a function of the
coordinates (ξ2, . . . , ζN ). We make this coordinate change in such a way that
the rotation-vibration Hamiltonian can be separated with minimum approxi-
mation. The Eckart conditions generally ensure this. Physically we consider
the (θ, φ, χ) coordinates to define the orientation of the molecule fixed axes,
Our coordinate change then defines what we mean by “rotation.” For exam-
ple, if we stretch an OH bond in the water molecule it is obvious by how much
the molecular center of mass has been translated (and therefore how much
translational motion has occurred), but it is a matter of axis system definition
as to how much we consider the molecule (or, equivalently, the molecule fixed
axes) to have rotated. In our numerical example the deformation of a water
molecule from the equilibrium configuration described by the (ξ, η, ζ) nuclear
coordinates of Eq. (10-40) to those of Eq. (10-52) is defined as being a purely
vibrational deformation using Eckart axes, since the Euler angles of the de-
formed configuration are the same as those of the equilibrium configuration.
Using principal axes this is not the case.

In Figs. 4-5 to 4-7 each molecular figure shows a water molecule with the
nuclei (solid circles) deformed away from equilibrium together with an equi-
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librium configuration water molecule and the molecule fixed (x, y, z) axes. To
draw such a figure one starts from the deformed (instantaneous) water molecule
and then determines how to locate the molecule fixed axes and equilibrium
water molecule using the Eckart equations. Starting from the instantaneous
(ξ, η, ζ) coordinates of the nuclei one uses the Eckart equations to determine
the Euler angles. One can imagine that in each of these molecular figures a
microscopic hand puts down the (x, y, z) axes, oriented with these Euler angles,
to which an equilibrium water molecule is attached according to Fig. 10-2, on
the instantaneous deformed water molecule.

10.3 ANGULAR MOMENTUM

One of the central themes of this chapter is the importance of choosing
the right coordinates in which to express the Hamiltonian; we should say co-
ordinates and momenta. After introducing the Euler angles the quantum me-
chanical Hamiltonian will involve the three momentum operators P̂θ=−iℏ∂/∂θ,
P̂φ=−iℏ∂/∂φ, and P̂χ=−iℏ∂/∂χ. It is very helpful to introduce three special
linear combinations of these momentum operators which form the (x, y, z) com-

ponents of the rovibronic (or rotational) angular momentum operator2 Ĵ. The
components of the angular momentum operator have properties that make de-
termining basis wavefunctions and zero order eigenvalues of a Hamiltonian that
involves them rather straightforward. In this section we will briefly summarize
some of the properties of the angular momentum operators and eigenfunctions
without giving proofs. A more complete discussion, with proofs, is given in
Zare (1988) and in the references quoted there.

10.3.1 The rovibronic angular momentum operator

The rovibronic angular momentum operator Ĵ in a molecule gives the angular
momentum that arises from the orbital motion of the nuclei and electrons.
From first principles, presuming there to be l particles (nuclei and electrons)
in the molecule, the component of the rovibronic angular momentum operator
relative to the space fixed ξ axis is given by

Ĵξ = −iℏ
l∑

j=1

(
ηj

∂

∂ζj
− ζj

∂

∂ηj

)
; (10-79)

Ĵη and Ĵζ are given by cyclic rearrangement. Expressing the (ξ, η, ζ) compo-

nents in terms of P̂θ, P̂φ and P̂χ we obtain

Ĵξ = − sinφP̂θ + csc θ cosφP̂χ − cot θ cosφP̂φ, (10-80)

Ĵη = cosφP̂θ + csc θ sinφP̂χ − cot θ sinφP̂φ, (10-81)

2Remember that for the general case (i.e., non-singlet states) we should use N̂ for the
rovibronic angular momentum operator (see footnote on page 138).
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and

Ĵζ = P̂φ. (10-82)

In the molecular Hamiltonian we need expressions for the components of the
rovibronic angular momentum operator relative to the molecule fixed x, y and
z axes, rather than to the space fixed axes, and one might think that equations
analogous to Eq. (10-79), with ξ, η and ζ replaced by x, y and z, could be
used to derive them. This is incorrect. As Van Vleck (1951) points out, the
correct way to obtain the expressions for the molecule fixed components of the
rovibronic angular momentum operator is to first calculate them in the space
fixed reference frame and then to project them onto the molecule fixed axes
using the direction cosine matrix elements [see Eq. (10-5)]. For example,

Ĵx = λxξĴξ + λxηĴη + λxζ Ĵζ . (10-83)

Using this equation and the similar ones for the Ĵy and Ĵz components we
obtain the required relations as follows:

Ĵx = sinχP̂θ − csc θ cosχP̂φ + cot θ cosχP̂χ, (10-84)

Ĵy = cosχP̂θ + csc θ sinχP̂φ − cot θ sinχP̂χ, (10-85)

and

Ĵz = P̂χ. (10-86)

The square of the rovibronic angular momentum is given by

Ĵ2 = Ĵx
2 + Ĵy

2 + Ĵz
2

= Ĵξ
2 + Ĵη

2 + Ĵζ
2. (10-87)

The operator representing the square of the rovibronic angular momentum
Ĵ2 commutes with each of the components of Ĵ about the (ξ, η, ζ) axes. Thus

we can have eigenfunctions that are simultaneously eigenfunctions of Ĵ2 and
any one component; we choose Ĵζ . Further, the rovibronic Hamiltonian Ĥrve

commutes with these operators, and thus the rovibronic wavefunctions Φrve

can be set up as simultaneous eigenfunctions of Ĥrve, Ĵ2 and Ĵζ . From the
commutation relations of the space fixed components of the angular momentum
operator it is possible to show that

Ĵ2Φrve = J(J + 1)ℏ2Φrve, (10-88)

and

ĴζΦrve = mJℏΦrve. (10-89)
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The rovibronic angular momentum quantum number J can have any positive
integer value.3 For a given value of J , the projection quantum number mJ can
have any of the (2J + 1) values −J , −J+1, . . . , +J . Each eigenstate Φrve can
be labeled by the rovibronic angular momentum quantum numbers J and mJ .

The rovibronic Hamiltonian commutes with the operations of K(spatial), as
discussed in Chapter 7, and the eigenfunction Φrve(J,mJ) transforms according
to the row labeled mJ in the irreducible representation D(J) of K(spatial).
Thus these eigenfunctions Φrve transform irreducibly in K(spatial).

Operators can also be set up to transform irreducibly in K(spatial) [or in
K(mol); see Section 13.2.3] and when this is done they are called irreducible
spherical tensor operators. By setting up operators in this way it becomes
easy to evaluate their matrix elements in angular momentum eigenfunctions
using the Wigner-Eckart theorem [see Eq. (14-24)]. This is made use of in Sec-
tion 13.2.3 when we set up the rotation-vibration Hamiltonian of a spherical top
molecule, in Chapter 14 when we determine the line strength of a transition,
and many times in Chapter 16 [see also Chapter 5 of Zare (1988)]. The Hamil-
tonian operator transforms as the irreducible representation D(0) of K(spatial)
since it is invariant to any rotation operation of K(spatial); it is a scalar with
rank zero. An irreducible spherical tensor operator of rank k transforms accord-
ing to D(k) and has 2k+1 components; the dipole moment operator has rank
1, the quadrupole moment has rank 2, the octupole moment has rank 3, and
so on. Since the Hamiltonian is a scalar it is expressible as the sum of scalars.
Some of these scalar terms are built up by contracting two tensor operators of
the same rank. An example is the term in the nuclear hyperfine Hamiltonian
involving the contraction of the nuclear electric quadrupole moment operator
and the operator giving the electric field gradient at that nucleus.

10.3.2 Angular momentum commutation properties

Once we have obtained the Hamiltonian as a function of the (x, y, z) compo-

nents of Ĵ it turns out to be very important in diagonalizing this Hamiltonian
to know their commutation properties. The components of the rovibronic an-
gular momentum about the (x, y, z) axes have different commutation properties
from those of the components about the ξηζ axes. The components about the
space fixed ξηζ axes obey the commutation relations

[Ĵσ, Ĵτ ] = +iℏ
∑

ν

εστν Ĵν , (10-90)

3Angular momentum quantum numbers can also be half-integral. However, the rovibronic
angular momentum quantum number (J for singlet states, but generally called N) is always
integral.
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where σ, τ, ν = ξ, η, or ζ, and

εστν = +1 if στν are cyclic (i.e., ξηζ, ηζξ, or ζξη),

= −1 if στν are anticyclic (i.e., ζηξ, ηξζ, or ξζη),

= 0 otherwise. (10-91)

In contrast, the commutation relations of the components about the x, y and
z axes are given by

[Ĵα, Ĵβ] = −iℏ
∑

γ

εαβγ Ĵγ , (10-92)

where α, β, γ = x, y, or z. The components of the rovibronic angular momen-
tum about axes attached to the molecule (and which rotate as the molecule
rotates) have commutation relations involving the opposite sign from that in
the commutation relations of the components of the rovibronic angular momen-
tum about axes with orientation fixed in space. It is said that the commutation
relations of the molecule fixed components of the rovibronic angular momentum
are ‘anomalous.’ It would be better to say simply that they are ‘different.’

This difference in the commutation relations for the components of Ĵ about
axes whose orientation remains fixed in space [the (ξ, η, ζ) axes], when compared
to those about axes which rotate when the molecule rotates [the (x, y, z) axes],
is not difficult to understand. It is straightforward algebra, and the reader can
easily prove it using the expressions given in Eqs. (10-84)-(10-86). A simple
geometrical analogy can be made by comparing the effect of successive rotations
of a rigid body either about axes having orientation fixed in space, or about
axes fixed to the body. In Fig. 4-3 we show that if we rotate a triangular prism
about body fixed abcd axes we have the result

C2
3dC2a = C2b. (10-93)

If the same starting orientation as used in Fig. 4-3 is used, but the orientation
of the abcd axes are kept fixed in space, then we get the different result that

C2
3dC2a = C2c. (10-94)

Using abcd axes with a fixed orientation in space gives a different multiplica-
tion table for the elements of the rotation group D3 from that obtained using
molecule fixed axes (and given in Table 4-1). We could say that one of the
multiplication tables is anomalous, but we do not.4

This is as much as we are going to say in this chapter about the (x, y, z)
components of the rovibronic angular momentum. In the next chapter we

4The change in the multiplication table has important implications for the way represen-
tations of the group are set up. See Bunker and Howard (1983), and the summary given in
the Bibliographical Notes to Chapters 1 and 6.
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will show how their commutation relations are used to determine rotational
wavefunctions and important angular momentum matrix elements.

10.3.3 Combining angular momentum operators

The nuclei and electrons in a molecule have spin angular momentum, and
the way we combine (or add) these angular momentum operators to the rovi-
bronic angular momentum operator is important. It is convenient to discuss
this matter here even though this chapter is not supposed to be about spin.
We have already mentioned spin in the discussion of the general Hamiltonian
(Chapter 7), in the discussion of nuclear spin statistical weights (Chapter 8),
and in the discussion of the Slater determinant used for the electronic ba-
sis wavefunctions (Chapter 9). We cannot write an equation like Eq. (10-79)
for a spin angular momentum operator, but we can introduce equations like
Eq. (10-87) for the square of a spin angular momentum operator. The spin an-
gular momentum operators, like the rovibronic angular momentum operator,
are all vector operators having components. The notation used for the various
angular momentum operators is as follows:

Îα the spin angular momentum of nucleus α,
ŝi the spin angular momentum of electron i,

Î the total nuclear spin angular momentum in the molecule,

Ŝ the total electron spin angular momentum in the molecule,

T̂ the total spin angular momentum in the molecule,

L̂ the total electronic orbital angular momentum in the molecule,

N̂ the rovibronic angular momentum in the molecule,

Ĵ the sum of rovibronic and electron spin angular momenta, and

F̂ the total angular momentum.
As noted in Chapter 7 it is the accepted convention for electronic singlet states
(when Ĵ = N̂) to use Ĵ for the rovibronic angular momentum, and so we have

used Ĵ for the rovibronic angular momentum operator in the above subsec-
tions; in this subsection we use N̂. Having defined all these various angular
momentum operators we now state some results concerning their eigenvalues
and eigenfunctions, and the way we combine (or add) them.

Equations like Eq. (10-88) and (10-89) apply to all of these angular momen-
tum operators, and we can write the general equations:

Â2|A,mA〉 = A(A+ 1)ℏ2|A,mA〉, (10-95)

and

Âζ |A,mA〉 = mAℏ|A,mA〉, (10-96)

where we use the ket notation |A,mA〉 to symbolize the simultaneous eigenfunc-

tion of the square Â2 and ζ component Âζ of the angular momentum operator

Â. For spins the quantum number A can be integral or half integral, and so
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the quantum numbers I, S, T , J and F can be integral or half integral (N
is always integral). The projection quantum number mA runs over the 2A+1
values −A, −A+1, −A+2, . . . , +A.

Adding (or coupling) vector operators, and constructing linear combinations
of product eigenfunctions, is an important area of angular momentum theory.
By definition

Ĵ = Ŝ + N̂, (10-97)

and as a result each eigenstate |J,mJ〉 describes a compound system that in-
volves both rovibronic and electron spin angular momenta. Such a compound
state can be described by simple (uncoupled) product functions |N,mN 〉|S,mS〉
that are simultaneous eigenfunctions of the four commuting operators N̂2, N̂ζ ,

Ŝ2, and Ŝζ . Or we can form the (coupled) functions |J,mJ〉 that are simul-

taneous eigenfunctions of Ĵ2 [= (N̂ + Ŝ)2], Ĵζ (= N̂ζ + Ŝζ), N̂2, and Ŝ2.
The coupled functions can be written as linear combinations of the uncoupled
functions:

|J,mJ〉 =
∑

mN ,mS

C(NSJ ;mNmSmJ)|N,mN 〉|S,mS〉

=
∑

mN ,mS

(−1)N−S+mJ
√

2J + 1

(
N S J
mN mS −mJ

)
|N,mN 〉|S,mS〉,

(10-98)

where
(

N S J
mN mS −mJ

)

is a 3j-symbol, and C(NSJ ;mNmsmJ ) is called a Clebsch-Gordan coefficient.
These factors are chosen to be real, and the expressions for them are well known;
in any application they would normally be calculated numerically [see, for
example, the Appendix of Zare (1988)]. For the coupled functions the quantum
number J is restricted to the values from |N−S| to N+S, and for each J there
are the (2J+1) values for the projection quantum number mJ . This result
is an expression of Eq. (7-44): the (2N+1) functions |N,mN 〉 transform as
the representation D(N) of the group K(spatial), the (2S+1) functions |S,mS〉
transform as the representation D(S) of the group K(spatial), and the resultant
functions |J,mJ〉 transform as the representation D(N) ⊗ D(S) of the group
K(spatial). The Clebsch-Gordan coefficients form appropriate sums of the
uncoupled functions so that the coupled functions transform irreducibly, and
they can be used to determine the coefficients of the irreducible representations
in the product representation. Any two angular momentum operators generate
coupled or uncoupled eigenfunctions that are related by Eq. (10-98).

The total angular momentum operator F̂ is given by

F̂ = Î + Ŝ + N̂. (10-99)
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and this involves the coupling of three angular momentum operators. However,
now there is more than one way to do the coupling. We could first couple Ŝ

and N̂ to form Ĵ, and then couple Ĵ and Î to form F̂ (the eigenfunctions would

be labeled |I, J, F,mF 〉), or we could first couple Î and Ŝ to form T̂, and then

couple T̂ and N̂ to form F̂ (the eigenfunctions would be labeled |T,N, F,mF 〉).
The two different sets of coupled eigenfunctions are related by

|I, J, F,mF 〉 =
∑

T

√
(2T + 1)(2J + 1)W (ISFN ;TJ)|T,N, F,mF 〉

=
∑

T

(−1)I+S+N+F
√

(2T + 1)(2J + 1)

×
{

I S T
N F J

}
|T,N, F,mF 〉, (10-100)

where
{

I S T
N F J

}

is a 6j-symbol, and W (ISFN ;TJ) is a Racah coefficient (these are sometimes
called recoupling coefficients). These coefficients are discussed further in Zare
(1988), for example. Higher nj-symbols can be defined by considering the
recoupling of more angular momenta.

10.4 THE NORMAL COORDINATES

The classical vibrational kinetic energy expression involves the velocities of
the Cartesian displacement coordinates, and the potential energy depends on
bond length and bond angle displacements from equilibrium. Clearly we have
to find one set of coordinates for both. The most commonly chosen vibrational
coordinates are the normal coordinates which are linear functions of the Carte-
sian displacement coordinates that approximate bond length and bond angle
displacements in the limit of infinitesimal amplitudes. In this section we explain
how the normal coordinates are defined. Whereas the Eckart equations are
used to define the (x, y, z) axes with the aim of minimizing rotation-vibration
coupling in the rotation-vibration Hamiltonian, the normal coordinates are in-
troduced with the aim of minimizing inter-mode coupling in the vibrational
Hamiltonian.

10.4.1 The classical vibrational energy

The derivation of the vibrational Hamiltonian begins with the classical vi-
brational energy, and we have to discuss the kinetic and potential energy ex-
pressions separately. From the seventh term in Eq. (8) in Section 11-1 of the
book by Wilson, Decius and Cross (1955), the classical expression for the vi-
brational kinetic energy in the molecule fixed (x, y, z) axis system is given in



10.4. The normal coordinates 227

terms of the Cartesian displacement coordinate velocities as

Tvib =
1

2

N∑

i=1

mi

[(
d∆xi
dt

)2

+

(
d∆yi
dt

)2

+

(
d∆zi
dt

)2
]
, (10-101)

where mi is the mass of nucleus i. There are six constraints on the ∆αi given
by Eqs. (10-70)-(10-73).

The potential energy function VN [see Eqs. (9-55) and (9-61)] is expressed as
a function of the displacements from equilibrium of the internal coordinates of
the molecule (bond lengths and bond angles). It has the value zero if the nuclei
are in their equilibrium configuration when these displacement coordinates are
zero, and we choose to expand VN as a Taylor series in the displacements of
these internal coordinates from their equilibrium values. We use the symbol
�i for the (3N − 6) independent internal displacement coordinates and write
[see Hoy, Mills and Strey (1972)]

VN =
1

2

∑

ij

fij�i�j +
1

6

∑

ijk

fijk�i�j�k +
1

24

∑

ijkl

fijkl�i�j�k�l + · · · .

(10-102)

The force constants fij , fijk, and fijkl are second, third, and fourth deriva-
tives (at equilibrium) of VN with respect to the coordinates �i. Generally
Eq. (10-102) is not taken beyond quartic terms.

As an example, for a water molecule, there are three internal coordinates �1,
�2, and �3, and we normally choose them as




�1

�2

�3


 =




∆r1
∆r2
∆θ


 =



r1 − re
r2 − re
θ − θe


 , (10-103)

where r1 and r2 are the two OH bond lengths (and re is their common equi-
librium value), and θ = ∠ (HOH) is the bond angle with equilibrium value θe.
That is, for a water molecule, Eq. (10-102) (truncated after the third order
terms) becomes

VN(∆r1,∆r2,∆θ) =
1

2
frr
(
∆r21 + ∆r22

)
+

1

2
fθθ∆θ2 + frr′∆r1∆r2

+ frθ (∆r1 + ∆r2) ∆θ +
1

6
frrr

(
∆r31 + ∆r32

)

+
1

6
fθθθ∆θ3 +

1

2
frrθ

(
∆r21 + ∆r22

)
∆θ

+
1

2
frθθ (∆r1 + ∆r2) ∆θ2 +

1

2
frrr′

(
∆r21∆r2 + ∆r1∆r22

)

+ frr′θ∆r1∆r2∆θ + . . . , (10-104)

where we have taken into account that the two OH bond lengths are equivalent
so that for water, VN is unchanged by the interchange of ∆r1 and ∆r2.
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When we express VN in terms of the internal �i coordinates, the param-
eters of Eq. (10-102) [i.e., the force constants fij , fijk, and fijkl] are isotope
independent in that they are the same for all isotopomers of a given molecule.
The reason is that VN is obtained by diagonalizing the electronic Hamiltonian
[Eq. (9-63)] which does not contain the masses of the nuclei.

The addition of VN from Eq. (10-102) to Tvib from Eq. (10-101) gives the
classical vibrational energy Evib.

10.4.2 The linearized internal coordinates Si

The expressions for VN and Tvib given above depend on different coordinates,
so in order that we can use Evib to generate a quantum mechanical Hamiltonian
for vibration, we must transform to a common set of coordinates. We first note
that in general, the �i are nonlinear functions of the Cartesian displacement
coordinates ∆αk,∆βk, etc., and they are written as

�i =
∑

α

∑

k

Bαk
i ∆αk +

1

2

∑

α,β

∑

k,n

Bαk,βn
i ∆αk∆βn

+
1

6

∑

α,β,γ

∑

k,n,p

Bαk,βn,γp
i ∆αk∆βn∆γp + · · · , (10-105)

where α, β and γ run over x, y and z, and k, n and p run from 1 to N . The
coefficients Bαk

i , Bαk,βn
i , and Bαk,βn,γp

i are elements of the so-called B tensor
and they are given by the first, second, and third derivatives (at equilibrium)
of �i with respect to the Cartesian displacement coordinates. These elements
only depend on the equilibrium molecular geometry; the first derivatives Bαk

i

are the elements of the so-called B matrix [it is a (3N − 6)× 3N -dimensional
matrix].

We now define a set of 3N − 6 linearized internal coordinates Si as

Si =
∑

α

∑

k

Bαk
i ∆αk =

∑

α

∑

k

(
∂�i

∂∆αk

)

eq

∆αk, (10-106)

where we have indicated that the B matrix elements are the derivatives of the
�i coordinates with respect to the ∆αk displacements, taken at the equilibrium
configuration. The coordinate Si is, by definition, given as the first-order Taylor
expansion of �i in terms of the ∆αk, and so for small ∆αk values

Si ≈ �i. (10-107)

The B-matrix elements Bαk
i = (∂�i/∂∆αk)eq can be obtained from purely

geometrical considerations. We consider as an example the water molecule
drawn in Fig. 10-2. For the internal coordinate �1 = ∆r1 = r1 − re, where
r1 is the distance from the hydrogen nucleus labeled 1 to the oxygen nucleus



10.4. The normal coordinates 229

(labeled 3), we have

∆r1 =

√ ∑

α=x,y,z

(α1
e + ∆α1 − α3

e −∆α3)
2 − re, (10-108)

so that for example

Bx 1
1 =

(
∂�1

∂∆x1

)

eq

=
x1

e − x3e√∑
α=x,y,z (α1

e − α3
e)

2
=
x1

e − x3e
re

. (10-109)

Inspection of Fig. 10-2 shows that

Bx 1
1 = − cos

(
θe
2

)
. (10-110)

In general, B-matrix elements can be derived from geometrical arguments of
the type employed here [see Hoy, Mills, and Strey (1972)].

The linearized internal coordinates Si are related to the displacement coor-
dinates ∆αk through the linear equations (10-106), and we aim at using these
relations to transform the kinetic energy in Eq. (10-101) to a form that depends
on the Si coordinates. We must obtain the ∆αk coordinates in terms of the Si.
This cannot be done by inverting Eq. (10-106) in a straightforward manner,
because the 3N displacements ∆αk are not all independent. They fulfill the
center of mass equations (10-73) and the Eckart equations (10-70)-(10-72). We
define three translational coordinates

Tα = M
−1/2
N

N∑

i=1

m
1/2
i (m

1/2
i ∆αi), (10-111)

whereMN is the total mass of all the nuclei in the molecule, and three rotational
coordinates Rx, Ry, and Rz , where

Rx = (µe
xx)1/2

N∑

i=1

m
1/2
i [yi

e(m
1/2
i ∆zi)− zie(m1/2

i ∆yi)], (10-112)

with µe
xx = {

∑
imi[(yi

e)2 + (zi
e)2]}−1 [see below]. The expressions for Ry and

Rz are obtained by cyclically permuting xyz in Eq. (10-112). The numerical
factors in Eqs. (10-111) and (10-112) are convenient for reasons to be discussed
below. The coordinates Si [i = 1, 2, 3, . . . , 3N − 6], Tα, and Rα [α = x, y, z],
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are related to the displacements ∆αk by the matrix equation



S1

S2

S3

S4

...
S3N−6

Tx
Ty
Tz
Rx

Ry

Rz




=




B

. . . . . . . . . . . . .

Bcond







∆x1
∆y1
∆z1
∆x2
∆y2

...
∆xN−1

∆yN−1

∆zN−1

∆xN
∆yN
∆zN




. (10-113)

In Eq. (10-113), B is the (3N−6)×3N -dimensional matrix with elements Bαk
i

= (∂�i/∂∆αk)eq, and Bcond is a 6 × 3N -dimensional matrix whose elements
can be identified from Eqs. (10-111) and (10-112).

We have defined the translational coordinates Tx, Ty, and Tz to be propor-
tional to those three combinations of Cartesian displacement coordinates ∆αi

that vanish as a result of the center of mass condition [Eq. (10-73)], and the
rotational coordinates Rx, Ry, and Rz to be proportional to to those combina-
tions of ∆αi that vanish using Eckart conditions [Eq. (10-70)-(10-72)]. That
is, we can set

Tx = Ty = Tz = Rx = Ry = Rz = 0. (10-114)

The total coefficient matrix of Eq. (10-113), obtained by combining the ma-
trices B and Bcond as indicated in the equation, is 3N × 3N -dimensional [i.e.,
square] and can be inverted. Thus, having inserted Eq. (10-114) in Eq. (10-113),
we can invert this equation to obtain the ∆αk in terms of the Si. With the
resulting relations we can transform the kinetic energy of Eq. (10-101) to make
it depend on the Si coordinates. The result is

Tvib =
1

2

d̃S

dt
G−1 dS

dt
, (10-115)

where S is a (3N−6)-component column vector containing the coordinates S1,

S2, S3, . . . , S3N−6, and d̃S/dt denotes the transpose of dS/dt [see Table 5-1].
In Eq. (10-115), the (3N−6) × (3N−6)-dimensional matrix G−1 is the inverse
of

G = BM−1B̃, (10-116)

where M is a 3N × 3N -dimensional diagonal matrix of the nuclear masses5

with M11 = M22 = M33 = m1, M44 = M55 = M66 = m2, M77 = M88 = M99

= m3, and so on.

5But see the last paragraph in this chapter for the justification of always using atomic
masses here
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From Eqs. (10-102), (10-105) and (10-106) the harmonic potential function
Vharm is given by

Vharm =
1

2

∑

ij

fijSiSj =
1

2
S̃FS, (10-117)

where the (3N − 6) × (3N − 6)-dimensional matrix F contains the quadratic
force constants fij . For a water molecule, this matrix is given by

F =



frr frr′ frθ
frr′ frr frθ
frθ frθ fθθ


 . (10-118)

We now have the expression for the total classical vibrational energy (in the
harmonic approximation) as

E0
vib = Tvib + Vharm =

1

2

d̃S

dt
G−1 dS

dt
+

1

2
S̃FS, (10-119)

in which the kinetic and potential energies are both expressed in terms of the
Si coordinates. This expression is approximate since we have truncated the
expression for the potential energy after the second-order terms. The elements
of the F matrix are the harmonic force constants, and the elements of the G

matrix depend on the atomic masses and the equilibrium bond lengths and
angles. Formulas for G matrix elements are tabulated in Appendix VI of
Wilson, Decius and Cross (1955).

10.4.3 The introduction of the normal coordinates

We now use a standard method from classical mechanics, the GF calculation,
to expressE0

vib as the sum of 3N−6 independent terms, each term depending on
one so-called normal coordinate Qr only. In this way, we can eventually separate
the Schrödinger equation in the harmonic approximation for the vibration of
the molecule into 3N − 6 independent, one-dimensional Schrödinger equations.
The idea is to make a further coordinate transformation defined by

S = LQ (10-120)

where L is a (3N − 6) × (3N − 6)-dimensional coefficient matrix with constant
matrix elements [i.e., the L matrix elements are time-independent], and Q is
a (3N − 6)-component column vector containing the normal coordinates Q1,
Q2, Q3, . . . , Q3N−6. The L matrix is defined so that we can write the kinetic
energy as

Tvib =
1

2

3N−6∑

r=1

(
dQr

dt

)2

=
1

2

d̃Q

dt

dQ

dt
(10-121)



232 10. The Rotation-Vibration Coordinates

and the harmonic potential energy as

Vharm =
1

2

3N−6∑

r=1

λrQ
2
r =

1

2
Q̃ΛQ, (10-122)

where the λr are constants and Λ is a (3N−6) × (3N−6)-dimensional diagonal
matrix with Λrr = λr, r = 1, 2, 3, . . . , 3N − 6.

If we insert Eq. (10-120) in Eq. (10-115) we obtain

Tvib =
1

2

˜(
L
dQ

dt

)
G−1L

dQ

dt
,=

1

2

d̃Q

dt

(
L̃G−1L

) dQ
dt
, (10-123)

and in order that Eq. (10-121) be fulfilled, we must have from Eq. (10-123)

L̃G−1L = E, (10-124)

where E is a (3N − 6) × (3N − 6)-dimensional unit matrix. We can also insert
Eq. (10-120) in Eq. (10-117) for Vharm, and thus for Eqs. (10-117) and (10-122)
to be fulfilled simultaneously, we must have

L̃FL = Λ. (10-125)

From Eq. (10-124) we derive

L̃ = L−1G, (10-126)

which is inserted in Eq. (10-125) to yield

L−1GFL = Λ. (10-127)

This equation is analogous to the matrix eigenvalue equation Eq. (6-162). That
is, λr is the r’th eigenvalue of the matrix GF, and the r’th column of L is the
associated eigenvector. Hence we can solve Eq. (10-127) for L and Λ by means
of standard computational methods for matrix diagonalization. The columns
of the calculated L matrix must be normalized so that [Eq. (10-126)]

LL̃ = G. (10-128)

In terms of the normal coordinates Qr, the classical harmonic vibrational
energy is

E0
vib =

1

2

3N−6∑

r=1

[(
dQr

dt

)2

+ λrQ
2
r

]
. (10-129)

If the molecule were described by the laws of classical mechanics, it would be
able to carry out a vibration where one normal coordinateQr varies periodically
in time, while all the other coordinates Qs, s 6= r, are fixed at zero. This motion
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is called a normal mode. From Eq. (9-17) the classical momentum conjugate
to Qr is given by

Pr =
∂(Tvib − Vharm)

∂Q̇r

= Q̇r, (10-130)

where Q̇r = dQr/dt. Thus in terms of normal coordinates Qr and their conju-
gate momenta Pr the classical harmonic vibrational energy is

E0
vib =

1

2

3N−6∑

r=1

[
P 2
r + λrQ

2
r

]
, (10-131)

and the quantum mechanical harmonic vibrational Hamiltonian is

Ĥ0
vib =

1

2

3N−6∑

r=1

[
P̂ 2
r + λrQ

2
r

]
. (10-132)

where P̂r = −iℏ∂/∂Qr. We will discuss the eigenvalues and eigenfunctions of
this vibrational Hamiltonian in Chapter 11.

The harmonic vibrational Hamiltonian is of course approximate, and we want
to express the complete rotation-vibration Hamiltonian

Ĥrv = T̂N + V̂N (10-133)

in Eq. (9-60) in terms of the Euler angles (actually the (x, y, z) components of
the rovibronic angular momentum) and the normal coordinates. The relation
between the Cartesian displacement coordinates and the normal coordinates is
where the l matrix comes in. This relation is straightforward since we have
already inverted Eq. (10-113) to express the ∆αk coordinates in terms of the
linearized internal coordinates Si, and these depend linearly on the Qr as given
by Eq. (10-120). The linear relationship between the ∆αk and the Qr defines
the l matrix according to




m
1/2
1 ∆x1

...

m
1/2
N ∆zN




=




lαi,r







Q1

...
Q3N−6

Tx
...
Rz




. (10-134)

This equation relates the 3N mass-weighted displacement coordinatesm
1/2
k ∆αk

to a set of 3N coordinates comprising the 3N − 6 normal coordinates Qr, the
three translational coordinates Tx, Ty, and Tz defined by Eq. (10-111), and the
three rotational coordinates Rx, Ry, and Rz defined by Eq. (10-112). It can
be shown that by mass-weighting the displacement coordinates as indicated,
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and by letting the definitions of the translational and rotational coordinates
contain the numerical factors given in Eqs. (10-111) and (10-112), respectively,
we obtain a particularly simple form of the 3N × 3N -dimensional l matrix in
that this matrix becomes orthogonal, satisfying

∑

α

N∑

i=1

lαi,rlαi,s = δrs. (10-135)

We call the six Tα and Rα zero frequency normal coordinates and write

[Rx, Ry, Rz, Tx, Ty, Tz] = [Q3N−5, Q3N−4, . . . , Q3N ]. (10-136)

In connection with Eq. (10-114), we have already argued that the center of
mass condition [Eq. (10-73)] and the Eckart conditions [Eq. (10-70)-(10-72)].
demand that the zero frequency normal coordinates vanish. Hence, we can
rewrite Eq. (10-134) as

∆αi =

3N−6∑

r=1

m
−1/2
i lαi,rQr. (10-137)

The “left” 3N × (3N − 6)-dimensional part of the l matrix [that is, the part
needed in Eq. (10-137)], can be expressed in terms of the matrices encountered
in the GF calculation [Crawford and Fletcher (1951)]. If we denote this 3N ×
(3N − 6)-dimensional matrix block by lQ, we have

lQ = M−1/2B̃G−1L. (10-138)

With Eq. (10-137), we can transform the kinetic energy operator T̂N for the
rotation and vibration to depend on the normal coordinates Qr. We would
like to transform the operator for the potential energy, VN, in an analogous
manner. However, VN is expressed as a function of the internal coordinates �i

[Eq. (10-102)], and we must express these in terms of the normal coordinates
in order that we can carry out the desired transformation. This can be done
by inserting Eq. (10-137) in Eq. (10-105). The result is

�i =
∑

r

LirQr +
1

2

∑

r,s

LirsQrQs +
1

6

∑

r,s,t

LirstQrQsQt + · · ·, (10-139)

where the Lir are the elements of the L matrix. All the expansion coefficients
Lir, Lirs, and Lirst, . . . are said to be elements of the so-called L tensor.
The higher L tensor elements Lirs, Lirst, . . . , can all be expressed in terms
of the Lir [see the discussion above Eq. (20) in Hoy, Mills, and Strey (1972)].
Substituting Eq. (10-139) into Eq. (10-102) yields

VN =
1

2

∑

r,s

ΦrsQrQs +
1

6

∑

r,s,t

ΦrstQrQsQt +
1

24

∑

r,s,t,u

ΦrstuQrQsQtQu + · · ·,

(10-140)
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where

Φrs =
∑

i,j

LirfijLjs (10-141)

and Φrst and Φrstu are given by more complicated expressions involving the
higher order force constants fijk, fijkl, . . . , and the elements of the L tensor.

The quantity Φrs in Eq. (10-141) is an element of the matrix L̃FL, and it
follows from Eq. (10-125) that we have chosen the L matrix elements so that

Φrs = δrsλr, (10-142)

i.e., so that Φrs is diagonal. This gives

VN =
1

2

∑

r

λrQr
2 +

1

6

∑

r,s,t

ΦrstQrQsQt +
1

24

∑

r,s,t,u

ΦrstuQrQsQtQu + · · ·.

(10-143)

The vibrational kinetic energy operator [see Eq. (10-132)] is given without
approximation by

T̂vib =
1

2

∑

r

P̂r
2. (10-144)

The simplicity of the kinetic energy operator is, of course, a direct result of the
fact that the normal coordinates are simple linear functions of the Cartesian
displacement coordinates.

10.4.4 A numerical example involving the normal coordinates

To determine the values of the normal coordinates from the Cartesian dis-
placement coordinates given in Eq. (10-69) we use Eq. (10-137) and to do this
we need the lQ matrix from Eq. (10-138). We can obtain the lQ matrix for the
water molecule from the results in Hoy, Mills, and Strey (1972), and it is such
that we can write Eq (10-137) for a deformed water molecule as




∆x1
∆y1
∆z1
∆x2
∆y2
∆z2
∆x3
∆y3
∆z3




=




−0.3931 0.5414−0.4161
0 0 0

−0.5742−0.4175−0.5423
−0.3931 0.5414 0.4161

0 0 0
0.5742 0.4175−0.5423
0.0491−0.0677 0

0 0 0
0 0 0.0678






Q1

Q2

Q3


 (10-145)

where the ∆αi are in Å and the Qr in u1/2 Å. We can determine the values of
the normal coordinates from this equation; for example, combining Eqs. (10-69)
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and (10-145) we have

∆x1 = −0.3931Q1 +0.5414Q2 −0.4161Q3 = −0.8092,
∆x3 = 0.0491Q1 −0.0677Q2 = +0.0491,

and

∆z3 = 0.0678Q3 = +0.0678.

(10-146)

Inverting these three equations we determine that (in u1/2 Å)

(Q1, Q2, Q3) = (1, 0, 1). (10-147)

Setting each Qi = 1 u1/2 Å in turn in Eq. (10-145) the reader can determine
the Cartesian displacement coordinates and picture the molecular deformation
that each normal coordinate describes.

Thus for the deformed water molecule of Eq. (10-52) (see also Fig. 10-4) we
have made the coordinate transformation from

(ξ2, η2, ζ2, ξ3, η3, ζ3) = (0.6760, 0.3138, 0.5614,−0.0930, 0.0360, 0.0872) in Å
(10-148)

to

(θ, φ, χ,Q1, Q2, Q3) = (30◦, 60◦, 120◦, 1u1/2Å, 0, 1u1/2Å) (10-149)

by using the Eckart equations and the l matrix.

10.5 THE ROTATION-VIBRATION HAMILTONIAN

Using the Eckart equations and the l matrix in changing coordinates in the
classical kinetic energy of Eq. (10-17), introducing the rovibronic angular mo-
mentum components, using the Podolsky trick to convert this to the quantum
mechanical kinetic energy operator, and making Watson’s simplification of this
expression [Watson (1968)] the rotation-vibration kinetic energy operator ex-
pressed in terms of the Ĵα, L̂α, Qr and Pr is obtained as

T̂N =
1

2

∑

α,β

µαβ(Ĵα − p̂α − L̂α)(Ĵβ − p̂β − L̂β) +
1

2

∑

r

P̂r
2 + U, (10-150)

where α = x, y and z, r = 1, 2, . . . , (3N−6), the µ matrix is the inverse of the
I′ matrix given in Eq. 10 on page 278 of Wilson, Decius, and Cross (1955) (the
I′ matrix is almost, but not quite, equal to the instantaneous inertia matrix I

defined in Eqs. (10-31) and (10-32)), Ĵα and Ĵβ are components of the rovi-
bronic angular momentum operator along the molecule fixed axes, and p̂α and
p̂β are referred to as components of the vibrational angular momentum opera-
tor [although they are not quite equal to the quantum mechanical counterparts
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of the components of Jvib given in Eq. (10-22)]. The p̂α are given by

p̂α =
∑

r,s

ζαr,sQrP̂s, (10-151)

where the ζαr,s (Coriolis coupling constants) depend on the l matrix according
to

ζxr,s = −ζxs,r =

N∑

i=1

(lyi,rlzi,s − lzi,rlyi,s) (10-152)

and cyclically for the y and z coefficients. The L̂α are the molecule fixed
components of the electronic angular momentum. The term U is given by

U = −ℏ2

8

∑

α

µαα, (10-153)

and it can be considered as a mass dependent contribution to the potential
energy. The µαβ elements can be expressed as a Taylor series in the Qr [Watson
(1968)] as

µαβ = µe
αβ −

∑

r

µe
ααa

αβ
r µe

ββQr +
3

4

∑

r,s,γ

µe
ααa

αγ
r µe

γγa
γβ
s µe

ββQrQs + · · · ,

(10-154)

where µe
αβ = {[Ie]−1}αβ is an element of the inverse of the moment of inertia

matrix for the molecule in its equilibrium configuration [from Eq. (10-33) only
diagonal elements µe

αα are non-vanishing], and the coefficients aαβr depend on
the equilibrium nuclear geometry, on the nuclear masses, and on the potential
VN. The expression for the potential energy VN is given in Eq. (10-143).

In the rigid rotor approximation we retain only the first term in Eq. (10-154);
for this to be an appropriate approximation the Qr must be of small ampli-
tude. As part of the Born-Oppenheimer separation of nuclear and electronic
coordinates we neglect the electronic angular momenta in T̂N. We neglect the
vibrational angular momenta in T̂N, which will be small as a result of hav-
ing used the Eckart conditions. In the harmonic oscillator approximation we
neglect all but the first term in the expression for VN given in Eq. (10-143).
Making all these approximations leads to the following rigid-rotor harmonic-
oscillator Hamiltonian for the rotation-vibration motion

Ĥ0
rv =

1

2

∑

α

µe
ααĴα

2 +
1

2

∑

r

(P̂r
2 + λrQr

2). (10-155)

This separates into a rigid-rotor Hamiltonian (the first term) and (3N−6) sep-
arate harmonic oscillator Hamiltonians. The eigenfunctions of this separable
Hamiltonian are used as basis functions for diagonalizing the complete rotation-
vibration Hamiltonian.
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As an afterthought it should be mentioned that although nuclear masses
occur in the rotation-vibration Schrödinger equation [in the µ matrix elements
and in the G matrix elements of Eq. (10-116)], it is better to use atomic masses
in calculations in order to allow for the mass of the electrons; in fact, this
partly allows for the breakdown of the Born-Oppenheimer approximation [see,
for example, Eqs. (29)-(37) of Oka and Morino (1961)].
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Papoušek and Aliev (1982). The rotation-vibration-electronic Hamiltonian of a polyatomic

molecule is derived by Method II.

Angular momentum theory

Zare (1988). This is one of many books on angular momentum theory, and it refers
to the others. It does discuss the application of angular momentum theory to molecules.
The most difficult problems one faces in angular momentum algebra always involve ± signs.
There are various places where a phase factor choice has to be made and different authors
choose different ones; thus in making derivations one ‘mixes’ results from different authors
at great peril. It is extremely important to know what phase conventions one is using and
to use them consistently. We follow the phase conventions of Zare’s book. Specifically a
phase factor choice enters into the coupling equation Eq. (10-98), where the 3j symbols
(and Clebsch-Gordan coefficients) are real, and in the definition of the rotational functions
(see Eq. (11-13), noting the occurrence of complex conjugation, and Eq. (11-48)). Also the
relative phases of the spin functions are chosen so that the matrix elements of the appropriate
ladder operators are real and positive. Angular momentum theory is useful since one can
calculate many complicated matrix elements by mindless manipulations involving relatively
few basic equations. This is a result of the fact that we choose one set of 3j symbols (or
Clebsch-Gordan coefficients) and couple all the angular momentum functions with them.

Kleiman, Gordon, Park, and Zare (1998). This book gives the solutions to all the problems
in Zare (1988). It also lists errors in Zare (1988).

Brown and Howard (1976). This important paper discusses the application of spherical
tensor methods to the calculation of matrix elements for molecules. However, be warned that
the first ± sign on the lefthand side of Eq. (14) is a misprint; it should be a ∓ sign.
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The Rotation and

Vibration Wavefunctions

The rotation and vibration basis wavefunctions and energies for a rigid non-
linear molecule are obtained. The functions are rigid rotor rotational wave-
functions and harmonic oscillator vibrational wavefunctions; they are eigen-
functions of the rigid rotor and harmonic oscillator Hamiltonians. For the rigid
rotor we discuss the spherical top, symmetric top and asymmetric top rota-
tional wavefunctions and energies. For the harmonic oscillator we derive both
the one-dimensional and two-dimensional (isotropic) harmonic oscillator vibra-
tional wavefunctions and energies. Important matrix elements involving these
basis functions are determined and tabulated. The commutators of the com-
ponents of the rovibronic angular momentum, and of the vibrational normal
coordinates and conjugate momenta, lead to the definition of ‘ladder opera-
tors’ for both the rotational and vibrational Hamiltonians. The use of these
operators simplifies both the solution of the Schrödinger equations and the de-
termination of the matrix elements. They also make it easy to determine the
transformation properties of the wavefunctions under the effect of symmetry
operations as we will see in Chapter 12.

11.1 INTRODUCTION

From Eqs. (10-143) and (10-150) the rotation-vibration Hamiltonian can be
written [neglecting, as part of the Born-Oppenheimer approximation, the elec-
tronic angular momentum components L̂α and L̂β] as

Ĥrv =
1

2

∑

α

µe
ααĴα

2 +
1

2

∑

r

(P̂r
2 + λrQr

2) (11-1a)

+
1

2

∑

α,β

(µαβ − µe
αβ)(Ĵα − p̂α)(Ĵβ − p̂β) (11-1b)

−
∑

α

µe
ααĴαp̂α +

1

2

∑

α

µe
ααp̂α

2 (11-1c)

+ U +
1

6

∑

r,s,t

ΦrstQrQsQt +
1

24

∑

r,s,t,u

ΦrstuQrQsQtQu + · · · . (11-1d)

239
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Equation (11-1a) is the sum of a rigid rotor Hamiltonian and of (3N−6) har-
monic oscillator Hamiltonians; the rest of the terms in Eq. (11-1) give rise to
the effects of centrifugal distortion [Eq. (11-1b)], vibrational Coriolis coupling
[Eq. (11-1c)], and anharmonicity [Eq. (11-1d)]. In this chapter we will deter-
mine the eigenfunctions of the separable Hamiltonian of Eq. (11-1a). These
wavefunctions will be used to obtain the symmetry labels on the energy levels
in the next chapter.

We write

Ĥ0
rv =

1

2

∑

α

µe
ααĴα

2 +
1

2

∑

r

(P̂r
2 + λrQr

2) (11-2)

and

Ĥ0
rvΦ0

rv = E0
rvΦ0

rv. (11-3)

Because of the separation of the variables in Ĥ0
rv, we have

Φ0
rv = Φrot(θ, φ, χ) Φv1(Q1)Φv2(Q2) · · ·︸ ︷︷ ︸

Φvib(Q1,Q2,...)

(11-4)

and

E0
rv = Erot + Ev1 + Ev2 + · · ·︸ ︷︷ ︸

Evib

, (11-5)

where
[

1

2

∑

α

µe
ααĴα

2

]
Φrot(θ, φ, χ) = ErotΦrot(θ, φ, χ) (11-6)

and

1

2
(P̂r + λrQr

2)Φvr (Qr) = EvrΦvr (Qr). (11-7)

Equation (11-6) is the rigid rotor Schrödinger equation, and (11-7) is the har-
monic oscillator Schrödinger equation.

11.2 THE RIGID ROTOR SCHRÖDINGER EQUATION

We will first determine the eigenfunctions and eigenvalues of the rigid rotor
Schrödinger equation given in Eq. (11-6), and it is useful to consider three
separate cases (linear molecules are discussed in Chapter 17):

(i) The symmetric top molecule, in which two of the µe
αα are equal to each

other,
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(ii) The spherical top molecule, in which all three µe
αα are equal to each

other, and
(iii) The asymmetric top molecule, in which all three µe

αα are different.

We write the rigid rotor Hamiltonian (in cm−1 units) in the principal axis
system as

Ĥrot = ℏ−2(AeĴa
2 +BeĴb

2 + CeĴc
2), (11-8)

where the rotational constants (in cm−1) have been introduced and they are
defined by

Ae = ℏ2µe
aa/(2hc), etc. (11-9)

The principal inertial axes of the equilibrium configuration are labeled a, b,
and c so that the rotational constants are in the order Ae ≥ Be ≥ Ce (see the
discussion given in connection with Fig. 10-2 on page 211).

11.2.1 The symmetric top molecule

From Section 10.3 we see that the operators Ĵ2, Ĵζ , and Ĵz commute with
each other. The simultaneous eigenfunctions of the three operators are straight-
forwardly determined to be the irreducible representation matrices (the so-
called rotation matrices) of the rotation group K discussed in Chapter 7 [see,

for example, Section 3-10 of Zare (1988)]. The eigenvalues of Ĵ2 and Ĵζ are

given in Eqs. (10-88)-(10-89) and the eigenvalue of Ĵz is kℏ, where the molecule
fixed projection quantum number k (like the space fixed projection quantum
number mJ ) runs over the 2J+1 values from −J to +J . Because of the form of
the symmetric top Hamiltonian [see Eq. (11-11) below] it is easy to show that
its eigenfunctions are these same rotation matrices (multiplied by a normaliza-
tion constant). In Edition 1 we outlined the old fashioned way of determining
the eigenfunctions by solving the symmetric top Schrödinger equation. There
is no need to do that.

For a symmetric top molecule either Ae > Be = Ce for a prolate symmetric
top (such as CH3F) or Ae = Be > Ce for an oblate symmetric top (such as
BF3). The rigid rotor Schrödinger equation for a prolate top is

ℏ−2[AeĴa
2 +Be(Ĵb

2 + Ĵc
2)]Φrot(θ, φ, χ) = ErotΦrot(θ, φ, χ). (11-10)

For a prolate top the a axis is chosen as the z axis (Ir convention) so that
Eq. (11-10) becomes

ℏ−2[BeĴ
2 + (Ae −Be)Ĵ

2
z ]Φrot(θ, φ, χ) = ErotΦrot(θ, φ, χ). (11-11)

Using the eigenvalues and eigenfunctions of Ĵ2 and Ĵz we obtain

Erot = BeJ(J + 1) + (Ae −Be)k
2, (11-12)
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and (making the appropriate normalization with the volume element for inte-
gration over the Euler angles being dτ = sin θ dθ dφ dχ)

Φrot(θ, φ, χ) = [(2J + 1)/(8π2)]1/2[D
(J)
mk(φ, θ, χ)]∗

= (−1)m−k[(2J + 1)/(8π2)]1/2[D
(J)
−m−k(φ, θ, χ)]. (11-13)

The three quantum numbers J , k, and m can have the values

J = 0, 1, 2, ...; k = 0,±1,±2, ...± J ; and m = 0,±1,±2, ...,±J. (11-14)

The eigenfunctions depend on all three quantum numbers, but the energy

only depends on the values of J and K = |k|. The function D
(J)
mk(φ, θ, χ)

in Eq. (11-13) is the (m, k) element in the matrix representation D(J) of the
group K for the rotation operation [φ, θ, χ] in the passive picture [see Eqs.
(3.125), (3.54), and (3.57) in Zare (1988)].1 Using this we have

Φrot(θ, φ, χ) = XJkm eimφeikχ

×
{
∑

σ

(−1)σ
(cos 1

2θ)
2J+k−m−2σ(− sin 1

2θ)
m−k+2σ

σ!(J −m− σ)!(m− k + σ)!(J + k − σ)!

}
,

(11-15)

where

XJkm = [(J +m)!(J −m)!(J + k)!(J − k)!(2J + 1)/(8π2)]1/2;

the index σ in the sum runs from 0 or (k −m), whichever is the larger, up to
(J −m) or (J + k), whichever is the smaller. We can write the symmetric top
wavefunction as

Φrot(θ, φ, χ) = [1/(2π)]1/2SJkm(θ, φ)eikχ, (11-16)

and we can relate the function SJkm(θ, φ) to other standard functions as follows:

SJ0m(θ, φ) = YJm(θ, φ) (11-17)

= [1/(2π)]1/2ΘJm(θ)eimφ, (11-18)

where YJm(θ, φ) is a spherical harmonic function and ΘJm(θ) is a normalized
associated Legendre polynomial [see Section 1.3 of Zare (1988)]. We see that

YJm(θ, φ) = [(2J + 1)/(4π)]1/2[D
(J)
m0(φ, θ, 0)]∗, (11-19)

where we have put χ = 0 in the D function to make it explicitly clear that
when k = 0 the D function does not depend on χ.

1See also the remarks between Eqs. (7-43) and (7-44), and the Bibliographical Notes of
Chapter 7 concerning the K(spatial) group.
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For an oblate rotor the rotational Schrödinger equation is

ℏ−2[Be(Ĵa
2 + Ĵb

2) + CeĴc
2]Φrot = ErotΦrot. (11-20)

Choosing the c axis as the z axis (a type IIIr convention) we obtain exactly the
same wave equation as for the prolate rotor except that Ae is replaced by Ce.
Thus for an oblate rotor (in cm−1)

Erot = BeJ(J + 1)− (Be − Ce)k
2, (11-21)

and Φrot is as given in Eqs. (11-13)-(11-19).

11.2.2 The spherical top molecule

For a spherical top molecule Ae = Be = Ce and the rigid rotor Schrödinger
equation is

ℏ−2BeĴ
2Φrot = ErotΦrot, (11-22)

so that

Erot = BeJ(J + 1), (11-23)

and the wavefunctions are as for a symmetric top molecule given in Eq. (11-15).
The rigid rotor rotational eigenfunctions of all symmetric top and spherical

top molecules are the same function [given in Eq. (11-15)] of the Euler angles θ,
φ and χ, and we see that the function does not involve the rotational constants
of the molecule; we call the wavefunction the symmetric top wavefunction and
write it2 |J, k,m〉.

11.2.3 The angular momentum ladder operators

Before discussing the asymmetric top it is useful to determine some angular
momentum matrix elements in the symmetric top wavefunctions. To do this
we will use angular momentum ladder operators. They are introduced by the
following problem.

Problem 11-1. Suppose Â is an operator with eigenfunctions ψk and
eigenvalues ak, i.e.,

Âψk = akψk. (11-24)

Suppose further that we find an operator, Ô, say, that is such that its commu-
tator with Â is a constant multiple of itself, i.e.,

[Â, Ô] = bÔ, (11-25)

2For electronic states having S > 0 the symmetric top wavefunction is denoted |N, k,m〉.
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where b is a constant. Prove that in these circumstances Ôψk is an eigenfunction
of Â with eigenvalue (ak + b), i.e., that

Â[Ôψk] = (ak + b)[Ôψk]. (11-26)

Answer. Starting with Eq. (11-25) and operating both sides on an eigen-
function ψk of Â we have

ÂÔψk − ÔÂψk = bÔψk, (11-27)

i.e.,

Â[Ôψk]− Ôakψk = b[Ôψk]

and thus

Â[Ôψk] = ak[Ôψk] + b[Ôψk],

from which Eq. (11-26) directly follows. If b is zero, i.e., if Â and Ô commute,
then Ôψk and ψk are both eigenfunctions of Â with the same eigenvalue.

An operator such as Ô, which obeys Eq. (11-25) in Problem 11-1, is a ladder
operator for the eigenfunctions of Â since it changes each eigenfunction of Â
into a new eigenfunction in which the eigenvalue is laddered up or down as b
is positive or negative. These operators are also called shift operators, step-up
and step-down operators, or raising and lowering operators.

We introduce the angular momentum ladder operators as follows. From
Eq. (10-92) we deduce that

[Ĵz , (Ĵx + iĴy)] = −ℏ(Ĵx + iĴy) (11-28)

and

[Ĵz, (Ĵx − iĴy)] = +ℏ(Ĵx − iĴy). (11-29)

Defining

Ĵm
± = (Ĵx ± iĴy), (11-30)

where m stands for molecule fixed, we see that Ĵm
+ and Ĵm

− are ladder oper-
ators for the eigenfunctions of Ĵz; Ĵm

+ ladders down by ℏ and Ĵm
− ladders up

by ℏ, i.e., if

ĴzΦ = kℏΦ (11-31)

then [unless k = +J (or −J) when Ĵm
−Φ (or Ĵm

+Φ) will vanish since |k| ≤ J ]

Ĵz [Ĵm
±Φ] = (k ∓ 1)ℏ[Ĵm

±Φ], (11-32)
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where the ± and ∓ signs are correlated. Since Ĵx and Ĵy commute with Ĵ2,

the ladder operators Ĵm
+ and Ĵm

− each commute with Ĵ2 so that if

Ĵ2Φ = J(J + 1)ℏ2Φ (11-33)

then

Ĵ2[Ĵm
±Φ] = J(J + 1)ℏ2[Ĵm

±Φ]. (11-34)

Similarly the operators (where s stands for space fixed)

Ĵs
± = (Ĵξ ± iĴη) (11-35)

can be formed from the space fixed components of Ĵ, and from Eq. (10-90) we
see that

[Ĵζ , Ĵs
±] = ±ℏĴs±. (11-36)

Thus Ĵs
+ and Ĵs

− are ladder operators for the eigenfunctions of Ĵζ and if

ĴζΦ = mℏΦ, (11-37)

then [unless m = +J (or −J) when Ĵs
+Φ (or Ĵs

−Φ) will vanish since |m| ≤ J ]

Ĵζ [Ĵs
±Φ] = (m± 1)ℏ[Ĵs

±Φ]. (11-38)

Note that there is a change in sign so that Ĵs
+ ladders up whereas Ĵm

+ ladders
down (and vice versa for Ĵs

− and Ĵm
−). This change in sign is a result of

the different signs in the commutators for the molecule fixed and space fixed
components of Ĵ [see Eqs. (10-92) and (10-90)].

The angular momentum ladder operators Ĵm
± and Ĵs

±, in conjunction with
the operators Ĵ2, Ĵz and Ĵζ , form a set of seven angular momentum operators
that can be used to determine the symmetric top wavefunctions |J, k,m〉, and
the matrix elements of the seven operators in the |J, k,m〉 basis. Since we have
already written the symmetric top functions down in terms of the rotation
matrices we will not present the full derivation here. However, we will present
enough to obtain the nonvanishing matrix elements which we summarize in
Table 11-1. The details are given in Section 1.2 in Zare (1988). We can write

|J,±|k|,±|m|〉 = N±
′(Ĵm

∓)|k|(Ĵs
±)|m||J, 0, 0〉 (11-39)

and

|J,∓|k|,±|m|〉 = N ′′
±(Ĵm

±)|k|(Ĵs
±)|m||J, 0, 0〉, (11-40)

where |J, 0, 0〉 can be compactly written as

|J, 0, 0〉 =

{
[(2J + 1)/(8π2)]1/2

(2JJ !)

}
dJ

(d cos θ)J
(cos2 θ − 1)J . (11-41)
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Equations (11-39) and (11-40) each represent two equations: one in which the
upper ± (or ∓) signs are used and the other in which the lower signs are used.
The normalization factors N±′ and N

′′

±, which involve a phase factor, must be
determined. To determine them we write

|J, k,m± 1〉 = N±Ĵs
±|J, k,m〉, (11-42)

where |J, k,m〉 is normalized andN± is required so that the function |J, k,m±1〉
is normalized. Multiplying each side of Eq. (11-42) by its complex conjugate
and integrating over dτ = sin θ dθ dφ dχ we obtain

〈J, k,m± 1|J, k,m± 1〉 = |N±|2〈J, k,m|(Ĵs∓Ĵs±)|J, k,m〉. (11-43)

Now

Ĵs
∓Ĵs

± = Ĵ2 − Ĵζ(Ĵζ ± ℏ) (11-44)

and

〈J, k,m|[Ĵ2 − Ĵζ(Ĵζ ± ℏ)]|J, k,m〉 = [J(J + 1)−m(m± 1)]ℏ2. (11-45)

We want N± to be such that the left hand side of Eq. (11-43) is unity; therefore

|N±|2 =
1

ℏ2[J(J + 1)−m(m± 1)]
(11-46)

and

N± =
e±iδ

ℏ[J(J + 1)−m(m± 1)]1/2
, (11-47)

where δ is an arbitrary phase factor.3 By convention [Condon and Shortley
(1953)] the choice δ = 0 is made so that N± is real and positive, and we obtain

|J, k,m± 1〉 =
1

ℏ[J(J + 1)−m(m± 1)]1/2
Ĵs

±|J, k,m〉, (11-48)

which leads to the result

〈J, k,m± 1|Ĵs±|J, k,m〉 = ℏ[J(J + 1)−m(m± 1)]1/2. (11-49)

Using Ĵm
±, and a similar phase factor choice, we obtain

|J, k ∓ 1,m〉 =
1

ℏ[J(J + 1)− k(k ∓ 1)]1/2
Ĵm

±|J, k,m〉, (11-50)

so that

〈J, k ∓ 1,m|Ĵm±|J, k,m〉 = ℏ[J(J + 1)− k(k ∓ 1)]1/2. (11-51)

3There is an error in Eq. (2) of Section 33 of Condon and Shortley (1953), but since the
choice δ = 0 is made it is of no consequence.
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From these results we determine that N+
′ = N ′′

+ = N−′ = N ′′
− = N say, where

N is real and positive. We can write Eqs. (11-39) and (11-40) as

|J, (±)|k|,±|m|〉 = N(Ĵm
(∓))|k|(Ĵs

±)|m||J, 0, 0〉, (11-52)

where J, k, and m are integral and

N = {(J − |m|)!(J − |k|)!/[(J + |m|)!(J + |k|)!]}1/2ℏ−(|k|+|m|);

the (±) and (∓) are correlated and the two ± are correlated so that Eq. (11-52)

is four equations in all. The nonvanishing matrix elements of Ĵ2, Ĵz, Ĵζ , Ĵm
±

[from Eq. (11-51)], and Ĵs
± [from Eq. (11-49)] in the symmetric top wavefunc-

tions |J, k,m〉 are collected together in Table 11-1.

Table 11-1

Nonvanishing matrix elementsa of components of the
rovibronic angular momentum Ĵ

〈J, k,m|Ĵ2|J, k,m〉 = J(J + 1)ℏ2

〈J, k,m|Ĵz|J, k,m〉 = kℏ

〈J, k,m|Ĵζ |J, k,m〉 = mℏ

〈J, k,m± 1|Ĵs±|J, k,m〉 = ℏ[J(J + 1)−m(m ± 1)]1/2

〈J, k ∓ 1, m|Ĵm±|J, k,m〉 = ℏ[J(J + 1)− k(k ∓ 1)]1/2

aIn a basis of symmetric top wavefunctions, where
Ĵm± = Ĵx ± iĴy and Ĵs± = Ĵξ ± iĴη .

11.2.4 The asymmetric top molecule

For an asymmetric top molecule the rigid rotor rotational Hamiltonian is
[from Eq. (11-8)]

Ĥrot = ℏ−2(AeĴa
2 +BeĴb

2 + CeĴc
2). (11-53)

The expressions for Ĵa
2, Ĵb

2, and Ĵc
2 in terms of the Euler angles depend on

the convention used to identify the a, b, and c axes with the x, y and z axes
in Fig. 10-1. Regardless of which convention is used the way we solve the
rotational Schrödinger equation is to set up the Hamiltonian matrix in a basis
of symmetric top wavefunctions and diagonalize it to obtain the energies and
wavefunctions. The wavefunctions are obtained as a linear combination of
symmetric top wavefunctions with coefficients that are functions of Ae, Be, and
Ce. We will demonstrate the technique using a type Ir convention and briefly
discuss the results of using a type IIIr convention at the end of the section.
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In a type Ir convention the Hamiltonian for an asymmetric top is

Ĥrot = ℏ−2(AeĴz
2 +BeĴx

2 + CeĴy
2). (11-54)

We set up the Hamiltonian matrix in |J, k,m〉 symmetric top functions. To do
this it is convenient to rewrite the Hamiltonian as

Ĥrot = ℏ−2{[(Be + Ce)/2]Ĵ2 + [Ae − (Be + Ce)/2]Ĵz
2

+ [(Be − Ce)/4][(Ĵm
+)2 + (Ĵm

−)2]}. (11-55)

We use a symmetric top basis set |J, k,m〉 with a type Ir convention and so the
k quantum number refers to rotational angular momentum about the a axis.
As a result in a type Ir convention we sometimes write the basis set as |J, ka,m〉
where we introduce ka as the a axis rotational quantum number. To determine
matrix elements of the Hamiltonian we need the matrix elements of Ĵ2, Ĵz

2,
(Ĵm

+)2, and (Ĵm
−)2. From the results in Table 11-1 the only non-vanishing

matrix elements of the operators are

〈J, k,m|Ĵ2|J, k,m〉 = J(J + 1)ℏ2, (11-56)

〈J, k,m|Ĵz2|J, k,m〉 = k2ℏ2, (11-57)

〈J, k − 2,m|(Ĵm+)2|J, k,m〉 = {[J(J + 1)− (k − 1)(k − 2)][J(J + 1)

− k(k − 1)]}1/2ℏ2. (11-58)

and

〈J, k + 2,m|(Ĵm−)2|J, k,m〉 = {[J(J + 1)− (k + 1)(k + 2)][J(J + 1)

− k(k + 1)]}1/2ℏ2, (11-59)

We see that Ĥrot for an asymmetric top only has nonvanishing matrix elements
between states of the same J and m and between states having the same k
values or k values differing by two. As a result the Hamiltonian matrix factors
into blocks, one for each J value, and each of the blocks consists of 2J + 1
identical blocks, one for each m value. In the absence of external fields the m
degeneracy only affects intensities; we neglect it and focus attention only on
m = 0 states. Each (m = 0) J block can be block diagonalized into four blocks
by forming sum (+) and difference (−) combinations of |J,K, 0〉 and |J,−K, 0〉
functions where K = |k|. This is because Ĥrot has no matrix elements between
k-even and k-odd functions or between + and − functions.4 The four blocks
are called E+, E−, O+, and O− depending on whether k is even or odd, and
on whether they are + or − functions. The solution to the next problem will
demonstrate this point. A general result for the asymmetric top Hamiltonian
matrix of a given J is that for J even the E+ block has dimension (J+2)/2 and
the other three blocks have dimension J/2, whereas for J odd the E− block
has dimension (J − 1)/2 and the other three blocks have dimension (J + 1)/2.

4This block diagonalization of the asymmetric rotor Hamiltonian matrix occurs because
of symmetry in the molecular rotation group [see Table 12-16].
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Problem 11-2. Determine the rigid rotor energies and wavefunctions for
an asymmetric top molecule with rotational constants Ae, Be, and Ce for the
states with J = 0, 1, and 2.

Answer. We consider J = 0, 1, and 2 separately and for each J block of the
Hamiltonian matrix we neglect the m degeneracy and suppress the m label so
that we label the basis functions |J, k〉.

The J = 0 block of the Hamiltonian matrix is a 1 × 1 block involving the
J = k = 0 basis set wavefunction. This matrix element is zero and so Erot(J =
0) = 0 and Φrot(J = 0) = (8π2)−1/2.

The J = 1 block is a 3×3 block involving |J, k〉 functions with k = −1, 0, and
+1; i.e., |1,−1〉, |1, 0〉, and |1,+1〉. We form sum and difference combinations
and we label them |J,K,A±〉 where A = O or E (for odd or even)

|1, 1, O+〉 = [|1,+1〉+ |1,−1〉]/
√

2, (11-60)

|1, 1, O−〉 = [|1,+1〉 − |1,−1〉]/
√

2, (11-61)

and

|1, 0, E+〉 = |1, 0〉. (11-62)

These functions are O+, O−, and E+ type functions, respectively, and Ĥrot

has no off-diagonal matrix elements between them [the reader can test this by
using the results in Eqs. (11-56)-(11-59)]. Thus these are eigenfunctions of Ĥrot

and the eigenvalues are given by the diagonal matrix elements of Ĥrot in these
functions. For the O+ level the energy, using the notation Erot(J,A

±), is given
by

Erot(1, O
+) =

1

2
[〈1,+1|+ 〈1,−1|]Ĥrot[|1,+1〉+ |1,−1〉]. (11-63)

From Eqs. (11-56) and (11-57) with Eq. (11-55) we see that

〈1,−1|Ĥrot|1,−1〉 = 〈1,+1|Ĥrot|1,+1〉
= [(Be + Ce)/2]2 + [Ae − (Be + Ce)/2]

= Ae + (Be + Ce)/2, (11-64)

and from Eqs. (11-58) and (11-59) with Eq. (11-55) we have

〈1,−1|Ĥrot|1,+1〉 = 〈1,+1|Ĥrot|1,−1〉 = [(Be − Ce)/4]2 = (Be − Ce)/2.
(11-65)

Substituting Eqs. (11-64) and (11-65) into Eq. (11-63) we obtain

Erot(1, O
+) = Ae +Be. (11-66)

It is straightforward to determine in a similar manner that

Erot(1, O
−) = Ae + Ce (11-67)
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and

Erot(1, E
+) = Be + Ce. (11-68)

For J = 2 the appropriate basis functions are

|2, 2, E+〉 = [|2,+2〉+ |2,−2〉]
√

2, (11-69)

|2, 2, E−〉 = [|2,+2〉 − |2,−2〉]
√

2, (11-70)

|2, 1, O+〉 = [|2,+1〉+ |2,−1〉]
√

2, (11-71)

|2, 1, O−〉 = [|2,+1〉 − |2,−1〉]
√

2, (11-72)

and

|2, 0, E+〉 = |2, 0〉. (11-73)

The only nonvanishing off-diagonal matrix element of Ĥrot between the five
functions is that between the two E+ functions. From the three 1 × 1 blocks
we obtain energies Erot(J,A

±) given by

Erot(2, E
−) = 4Ae +Be + Ce, (11-74)

Erot(2, O
+) = Ae + 4Be + Ce, (11-75)

and

Erot(2, O
−) = Ae +Be + 4Ce, (11-76)

The 2× 2 block of Ĥrot for the J = 2 E+ functions is

|2, 0, E+〉 |2, 2, E+〉

〈2, 0, E+| 3(Be + Ce)
√

3(Be − Ce)

〈2, 2, E+|
√

3(Be − Ce) 4Ae +Be + Ce

The eigenvalues of the matrix are

E±
rot(2, E

+) = 2(Ae +Be + Ce)± [3(Be − Ce)
2 + (2Ae −Be − Ce)

2]1/2

(11-77)

and the eigenfunctions Φ±
rot(J,E

+) are

Φ−
rot(2, E

+) = [c+|2, 0, E+〉 − c−|2, 2, E+〉]/
√

2, (11-78)
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and

Φ+
rot(2, E

+) = [c−|2, 0, E+〉+ c+|2, 2, E+〉]/
√

2, (11-79)

where

c± = {1± (2Ae −Be − Ce)/[3(Be − Ce)
2 + (2Ae −Be − Ce)

2]1/2}1/2.
(11-80)

The two functions are a mixture of K = 0 and K = 2 functions with coeffi-
cients depending on the rotational constants. As a result the functions are not
eigenfunctions of Ĵz and we say that K (i.e., Ka) is not a good quantum num-
ber for them. The idea of a good quantum number will be discussed further in
Section 13.1.2.

In the above discussion of the asymmetric top wavefunctions and energy
levels a Ir convention was used and consequently the basis set consisted of
|J, ka,m〉 symmetric top functions. It is of interest to consider briefly what
happens when we use a IIIr convention and |J, kc,m〉 basis functions. In a IIIr

convention the rigid rotor Hamiltonian becomes

Ĥrot = ℏ−2(AeĴx
2 +BeĴy

2 + CeĴz
2), (11-81)

which can be rewritten as

ℏ−2{[(Ae +Be)/2]Ĵ2 + [Ce − (Ae +Be)/2]Ĵz
2

+ [(Ae −Be)/4][(Ĵm
+)2 + (Ĵm

−)2]}. (11-82)

We set up the matrix of this Hamiltonian in a |J, k,m〉 = |J, kc,m〉 basis and
diagonalize to get the energies and wavefunctions. The energies will be the
same as obtained in the Ir basis but the wavefunctions will look different since
the Euler angles are defined differently; also the E± and O± designations are
different since Kc rather than Ka is used. In a Ir basis the Euler angles θ(Ir)
and φ(Ir) are the polar angles of the a axis in the (ξ, η, ζ) axis system, and
χ(Ir) is the angle between the c axis and the line of intersection of the bc and
ξη planes. In a IIIr basis the angles θ(IIIr) and φ(IIIr) are the polar angles of
the c axis in the (ξ, η, ζ) axis system, and χ(IIIr) is the angle between the b axis
and the line of intersection of the ab and ξη planes. The relationship between
the two sets of Euler angles is complicated; for example,

θ(Ir) = arccos[− sin θ(IIIr) cosχ(IIIr)]. (11-83)

Using relationships such as this it is possible to show that the asymmetric top
wavefunctions obtained in the Ir basis are identical to those obtained in the
IIIr basis for a given molecule.
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Fig. 11-1. The correlation of the J = 0, 1, and 2 energy levels of a rigid asymmetric
top molecule having A = 10 cm−1, B = 5.5 cm−1, and C = 1 cm−1 (i.e., κ = 0) with those
for the prolate top having (A,B, C) = (10, 1, 1) cm−1 on the left, and with those for the
oblate top having (A,B, C) = (10, 10, 1) cm−1 on the right. The E± and O± designations
depend on whether Ka is even (E) or odd (O), and on whether sum or difference functions
(|J,Ka〉 ± |J,−Ka〉)/

√
2 occur in the basis set for the level considered.
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If the asymmetric top molecule under study is a near prolate top, i.e., Be ≈
Ce, then in a type Ir basis the off-diagonal matrix elements will be small. If the
molecule under study is a near oblate top; i.e., Ae ≈ Be, then in a IIIr basis
the off-diagonal matrix elements will be small. The degree of asymmetry in an
asymmetric top is conveniently given by the value of

κ = (2Be −Ae − Ce)/(Ae − Ce). (11-84)

For a prolate top κ = −1, for an oblate top κ = +1, and for an asymmetric top
−1 < κ < +1, with κ = 0 being the “most” asymmetric when Be is halfway
between Ae and Ce.

In Fig. 11-1 we show the correlation of the J = 0, 1, and 2 energy levels of a
κ = 0 asymmetric top molecule with the κ = ±1 symmetric top limits. The E±

and O± designations of the levels are shown for the asymmetric rotor levels in
the Ir basis. It is customary to label the asymmetric top levels JKaKc where the
labels Ka and Kc indicate the prolate and oblate levels respectively with which
the level correlates (Ka = |ka| and Kc = |kc|). These labels are very useful
and we will also often refer to an asymmetric rotor level as being ee, eo, oe,
or oo depending on whether Ka and Kc are even (e) or odd (o), respectively;
e.g., the level 221 is an eo level. The asymmetric top wavefunctions are not in
general eigenfunctions of Ĵa or Ĵc and neither Ka or Kc is a good quantum
number.

11.3 THE HARMONIC OSCILLATOR SCHRÖDINGER EQUATION

Before looking at the solution of the harmonic oscillator Schrödinger equation
the following problem should be worked. We will use the answer in setting up
the harmonic oscillator ladder operators.

Problem 11-3. In the harmonic oscillator equation the normal coordinate
Q and its conjugate momentum P̂ = −iℏ∂/∂Q occur. Determine the values of
the commutators [P̂ 2, Q] and [Q2, P̂ ].

Answer. Straightforward commutator manipulation gives

[P̂ 2, Q] = P̂ [P̂ , Q] + [P̂ , Q]P̂ = P̂ (−iℏ) + (−iℏ)P̂ = −2iℏP̂ (11-85)

and

[Q2, P̂ ] = Q[Q, P̂ ] + [Q, P̂ ]Q = Q(iℏ) + (iℏ)Q = 2iℏQ. (11-86)

Equations (11-85) and (11-86) are examples of the general relation

[Â B̂, Ĉ] = Â [B̂, Ĉ] + [Â , Ĉ]B̂, (11-87)

where Â, B̂, and Ĉ are arbitrary operators.
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11.3.1 The one-dimensional harmonic oscillator

The one-dimensional harmonic oscillator wave equation can be written as

ĤhoΦv =
1

2
(P̂ 2 + λQ2)Φv = EvΦv. (11-88)

To determine the eigenfunctions and eigenvalues of this Hamiltonian we intro-
duce the operators

R̂+ = (1/
√

2)(P̂ + iλ1/2Q) (11-89)

and

R̂− = (1/
√

2)(P̂ − iλ1/2Q) (11-90)

The commutators of these with the harmonic oscillator Hamiltonian are [using
Eqs. (11-85) and (11-86)]

[Ĥho, R̂
+] = [1/(2

√
2)](iλ1/2[P̂ 2, Q] + λ[Q2, P̂ ]) = ℏλ1/2R̂+ (11-91)

and

[Ĥho, R̂
−] = −ℏλ1/2R̂−. (11-92)

Thus from Eqs. (11-25) and (11-26) in Problem 11-1 we see that R̂+ is a “ladder
up” operator and R̂− is a “ladder down” operator so that if

ĤhoΦv = EvΦv (11-93)

then

Ĥho[R̂
±Φv] = (Ev ± ℏλ1/2)[R̂±Φv]. (11-94)

It is easy to see that

Ĥho = R̂+R̂− +
1

2
ℏλ1/2 (11-95)

and

Ĥho = R̂−R̂+ − 1

2
ℏλ1/2. (11-96)

Thus, for example, eigenfunctions of R̂+R̂− are eigenfunctions of Ĥho and vice
versa. If Φv is a normalized eigenfunction of R̂+R̂− with eigenvalue a we have

a =

∫
Φ∗

v(R̂+R̂−)ΦvdQ. (11-97)
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This equation can be rewritten as

a =

∫
(R̂−Φv)∗(R̂−Φv)dQ (11-98)

=

∫
|R̂−Φv|2dQ (11-99)

and hence a (an eigenvalue of R̂+R̂−) must be real and nonnegative. Since
by definition λ1/2 is real and positive the eigenvalues of Ĥho must be real and
nonnegative as a result of Eqs. (11-95) and (11-99). Since the eigenvalues of
Ĥho are real and nonnegative there must be a lowest one which we call E0. We
call the eigenfunction having this eigenvalue Φ0. Applying R̂− to Φ0 must give
zero since there is no eigenfunction having a lower eigenvalue. Thus we can
write

R̂−Φ0 = [(−iℏ/
√

2)∂/∂Q− i(λ/2)1/2Q]Φ0 = 0, (11-100)

which is a first order differential equation for Φ0 that yields as solution the
normalized function

Φ0 = (2λ1/2/h)1/4 exp[−(λ1/2/2ℏ)Q2], (11-101)

where a real and positive phase factor choice has been made. Applying R̂+ to
Eq. (11-100) we obtain

R̂+R̂−Φ0 = 0, (11-102)

and from Eq. (11-95) we see that we can rewrite Eq. (11-102) as

(Ĥho − ℏλ1/2/2)Φ0 = 0, (11-103)

i.e.,

E0 = ℏλ1/2/2. (11-104)

We have thus determined the lowest eigenvalue E0 and associated eigenfunction
Φ0 of the harmonic oscillator Hamiltonian.

The higher eigenvalues Ev and eigenfunctions Φv (where v = 1, 2, 3, . . . ) are
obtained by operating with (R̂+)v on Φ0. Clearly from the fact that R̂+ ladders
up by ℏλ1/2 we must have

Ev = E0 + v(ℏλ1/2) =

(
v +

1

2

)
ℏλ1/2. (11-105)

The constant λ is not always used and other constants defined from it are given
by

λ1/2 = ω = ℏγ = 2πcωe = 2πν, (11-106)
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where the units of λ, ω, γ, ωe, and ν are sec−2, radians sec−1, erg−1 sec−2,
cm−1, and cycles sec−1 (Hz), respectively. The quantity ωe is referred to as
the harmonic vibrational wavenumber. In the same manner as Eqs. (11-39)
and (11-40) we can write

Φv = N ′
v(R̂+)vΦ0, (11-107)

where Nv
′ ensures normalization of Φv and it involves a phase factor. To follow

arguments very similar to those used in Eqs. (11-42)-(11-47) we write

Φv±1 = N±R̂
±Φv, (11-108)

where Φv is normalized and N± is required for Φv±1 to be normalized. Mul-
tiplying each side on the left by its complex conjugate and integrating, and
noting that [from Eqs. (11-95) and (11-96) and using ℏ2γ = ℏλ1/2]

〈Φv|R̂−R̂+|Φv〉 = (v + 1)ℏ2γ (11-109)

and that

〈Φv|R̂+R̂−|Φv〉 = vℏ2γ, (11-110)

we determine that

N± = e±iδ

[(
v +

1

2
± 1

2

)
ℏ2γ

]−1/2

. (11-111)

It is conventional to choose the phase factor δ so that

e±iδ = ∓i, (11-112)

and we obtain

N± = ∓i
[(
v +

1

2
± 1

2

)
ℏ2γ

]−1/2

. (11-113)

For example, for v = 1 we have

Φ1 = [−i/(ℏ2γ)1/2]R̂+Φ0 (11-114)

= (γ/4π)1/4(2γ1/2Q) exp(−γQ2/2), (11-115)

In general we can write

Φv = NvHv(γ1/2Q) exp(−γQ2/2), (11-116)

where

Nv = γ1/4/(π1/22vv!)1/2 (11-117)
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and Hv(γ1/2Q) is a Hermite polynomial for which the first four values are [see
Appendix III of Wilson, Decius, and Cross (1955)]

H0(γ1/2Q) = 1, (11-118)

H1(γ1/2Q) = 2γ1/2Q, (11-119)

H2(γ1/2Q) = 4γQ2 − 2, (11-120)

and

H3(γ1/2Q) = 8γ3/2Q3 − 12γ1/2Q. (11-121)

In general Hv(γ1/2Q) contains (γ1/2Q) to the powers v, v− 2, v− 4, . . . , 1 or 0,
i.e., either all even powers or all odd powers as v is even or odd, respectively.

Matrix elements that are particularly useful when working with harmonic
oscillator functions are those of P̂ and Q. From Eqs. (11-108) and (11-113) we
can write

〈Φv±1|R̂±|Φv〉 = ±i
[(
v +

1

2
± 1

2

)
ℏ2γ

]1/2
, (11-122)

and these are the only nonvanishing matrix elements of the operators R̂+ and
R̂−. From Eqs. (11-89) and (11-90) we see that

P̂ = (R̂+ + R̂−)/
√

2, (11-123)

and

Q = (R̂+ − R̂−)/(iℏγ
√

2), (11-124)

so that the nonvanishing matrix elements of P̂ and Q can be deduced from
Eq. (11-122); they are given in Table 11-2. The phase factor choice given in
Eq. (11-112) has resulted in the matrix elements of Q being real and those of
P̂ being imaginary. We see that the only nonvanishing matrix elements of P̂ or
Q have v values differing by ±1. Matrix elements of P̂ rQs where r and s are
integers can be evaluated from the results in Table 11-2 (see Problem 11-3);
the nonvanishing matrix elements 〈v′|P̂ rQs|v′′〉 are those for which5

v′ = v′′ + r + s, v′′ + r + s− 2, v′′ + r + s− 4, . . . , v′′ − r − s. (11-125)

5The lower limit is 0 or 1 if v′′ < (r + s).



258 11. Rotation and Vibration Wavefunctions

Table 11-2

Nonvanishing matrix elements of normal coordinate Q and

momentum P̂ for the one-dimensional harmonic oscillatora

〈v + 1|Q|v〉 =
√

(v + 1)/(2γ) 〈v + 1|P̂ |v〉 = iℏ
√

(v + 1)γ/2

〈v − 1|Q|v〉 =
√

v/(2γ) 〈v − 1|P̂ |v〉 = −iℏ
√

vγ/2

aP̂ = −iℏ∂/∂Q and the one-dimensional harmonic oscil-
lator functions Φv = |v〉. We use γ = λ1/2/ℏ where the

one-dimensional harmonic oscillator Hamiltonian is Ĥho =
1
2

(P̂ 2 + λQ2). Equations (11-108) and (11-113) define the
phase factor choice.

Problem 11-4. Determine the matrix element 〈Φ4|P̂Q2|Φ3〉 for the har-
monic oscillator basis functions Φ3 and Φ4 (with v = 3 and 4, respectively)
from the results in Table 11-2.

Answer. We can write the matrix element as follows:

〈Φ4|P̂Q2|Φ3〉 =
∑

v,v′

〈Φ4|P̂ |Φv〉〈Φv|Q|Φv′〉〈Φv′ |Q|Φ3〉, (11-126)

where we have used the law of matrix multiplication [see Eq. (5-3)]. Non-
vanishing matrix elements of P̂ and Q have ∆v = ±1 so that there are only
three nonvanishing terms in this sum and

〈Φ4|P̂Q2|Φ3〉 = 〈Φ4|P̂ |Φ5〉〈Φ5|Q|Φ4〉〈Φ4|Q|Φ3〉
+ 〈Φ4|P̂ |Φ3〉〈Φ3|Q|Φ4〉〈Φ4|Q|Φ3〉
+ 〈Φ4|P̂ |Φ3〉〈Φ3|Q|Φ2〉〈Φ2|Q|Φ3〉

= [(−iℏ
√

5γ/2)
√

5/2γ
√

4/2γ] + [(iℏ
√

4γ/2)
√

4/2γ
√

4/2γ]

+ [(iℏ
√

4γ/2
√

3/2γ
√

3/2γ]

= iℏ(2/γ)1/2. (11-127)

The harmonic oscillator Hamiltonian for a molecule is

1

2

∑

r

(P̂ 2
r + λrQ

2
r) (11-128)

from Eq. (11-1a). From the results of this section we see that the eigenfunctions
of the Hamiltonian can be written

Φvib = Φv1(Q1)Φv2(Q2) · · ·Φv3N−6(Q3N−6)

= exp

[
−1

2

∑

r

γrQr
2

]
∏

r

NvrHvr(γr
1/2Qr) (11-129)
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and the eigenvalues are

Evib =
∑

r

(
vr +

1

2

)
ℏ2γr, (11-130)

where γr = λ
1/2
r /ℏ.

11.3.2 The two-dimensional isotropic harmonic oscillator

If the normal coordinate representation of a molecule contains a doubly de-
generate irreducible representation then the degenerate pair of normal coordi-
nates, Qa and Qb say, must have the same values for λa and λb, as we now
show. Since (Qa, Qb) form the basis for a degenerate representation they must
be “mixed” by at least one operation, R, say, of the symmetry group of the
molecule, i.e.,

RQa = caaQa + cabQb (11-131)

and

RQb = cbaQa + cbbQb, (11-132)

where cαβ are transformation coefficients and the matrix of the cαβ is the uni-
tary matrix representing R in the irreducible representation generated by Qa

and Qb [i.e., R(Qa
2+Qb

2) = (Qa
2+Qb

2)]. However, since R is a symmetry op-
eration it commutes with the Hamiltonian and the following operator equation
must be true

RĤtdho = ĤtdhoR, (11-133)

where tdho stands for two-dimensional harmonic oscillator, but

RĤtdho = R[
1

2
(P̂a

2 + P̂b
2 + λaQa

2 + λbQb
2)]

= {1

2
[P̂a

2 + P̂b
2 + λa(c2aaQa

2 + 2caacabQaQb + c2abQb
2)

+ λb(c
2
baQa

2 + 2cbacbbQaQb + c2bbQb
2)]}R, (11-134)

and the only way that the right hand sides of Eqs. (11-133) and (11-134) can
be equal is if either

cab = cba = 0 (11-135)

or

λa = λb. (11-136)

This means that either [from Eq. (11-135)] Qa and Qb are not mixed by any
symmetry operations if λa 6= λb, or if they are mixed then [from Eq. (11-136)]
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they must have the same frequency. In other words if λa 6= λb then Qa and
Qb cannot be the basis for a doubly degenerate irreducible representation of a
symmetry group of the Hamiltonian, but if Qa and Qb are the basis for such a
representation then it is necessary that λa = λb.

As a result of the above argument [see Eq. (11-135)] the normal coordinates
Qr that have nondegenerate λr will form the basis for one-dimensional (and
hence irreducible) representations of a symmetry group of the Hamiltonian. A
set of l normal coordinates Qs1, Qs2, . . . , Qsl that all have the same normal
frequency λs will form the basis for an l-dimensional representation of the
group. This l-dimensional representation can be reducible or irreducible. If
the representation is reducible then it is an accident requiring a fortuitous
relationship to occur between the force constants and the nuclear masses; this
is rare. Even if an accidental degeneracy occurs it is still possible to construct
normal coordinates that transform irreducibly.

From Eq. (11-130) the energy of a pair of degenerate vibrations described by
the normal coordinates Qa and Qb is given by

E(va, vb) =

[(
va +

1

2

)
+

(
vb +

1

2

)]
ℏ2γ, (11-137)

where ℏγ = λ
1/2
a = λ

1/2
b , and there are systematic degeneracies, i.e.,

E(1, 0) = E(1, 0) = 2ℏ2γ,

E(2, 0) = E(1, 1) = E(0, 2) = 3ℏ2γ, etc. (11-138)

Thus the energy of a level depends only on (va + vb) and each level has a
degeneracy of (va + vb + 1). The wavefunction for this pair of vibrations is
[from Eq. (11-129)] given by

Φvavb(Qa, Qb) = NvaNvb exp[−γ(Qa
2 +Qb

2)/2]Hva(γ1/2Qa)Hvb(γ1/2Qb),
(11-139)

i.e.,

Φ1,0 = (γ/2π)1/2 exp[−γ(Qa
2 +Qb

2)/2]2γ1/2Qa (11-140)

and

Φ0,1 = (γ/2π)1/2 exp[−γ(Qa
2 +Qb

2)/2]2γ1/2Qb (11-141)

(both with energy E = 2ℏ2γ) and

Φ2,0 = (γ/8π)1/2 exp[−γ(Qa
2 +Qb

2)/2](4γQa
2 − 2), (11-142)

Φ0,2 = (γ/8π)1/2 exp[−γ(Qa
2 +Qb

2)/2](4γQb
2 − 2), (11-143)

and

Φ1,1 = (γ/4π)1/2 exp[−γ(Qa
2 +Qb

2)/2]4γQaQb (11-144)
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(all with energy E = 3ℏ2γ), etc. Equations (11-137) and (11-139) give the
energy levels and wavefunctions of the two-dimensional (isotropic) harmonic
oscillator Hamiltonian

Ĥtdho =
1

2
[P̂a

2 + P̂b
2 + λ(Qa

2 +Qb
2)]. (11-145)

Fig. 11-2. A diagrammatic representation of the rela-
tionship between the coordinates (Qa, Qb) and (Q,α) given
in Eqs. (11-146)-(11-149) for a two-dimensional isotropic har-
monic oscillator.

For the two-dimensional harmonic oscillator we could use the wavefunctions
as given in Eq. (11-139), but it proves more convenient to express them in
terms of new coordinates Q and α, instead of Qa and Qb and to introduce new
quantum numbers v and l instead of va and vb. The coordinates Q and α are
defined by

Qa = Q cosα, (11-146)

and

Qb = Q sinα, (11-147)

i.e.,

Q =
√
Qa

2 +Qb
2, (11-148)

and

α = arctan(Qb/Qa) =
1

2
arccos[(Qa

2 −Qb
2)/(Qa

2 + Qb
2)], (11-149)

where Q > 0 and 0 ≤ α ≤ 2π. The relationship between these coordinates is
represented in Fig. 11-2. Changing coordinates in Eq. (11-145) [using the chain
rule, Eqs. (7-8) and (7-9)]

Ĥtdho =
1

2

[
−ℏ2

(
∂2

∂Q2
+

1

Q

∂

∂Q
+

1

Q2

∂2

∂α2

)
+ λQ2

]
(11-150)

[see also Boháček, Papoušek, Pick, and Špirko (1976)]. This operator commutes
with the vibrational angular momentum operator M̂ which is given by

M̂ = (QaP̂b −QbP̂a) = −iℏ ∂

∂α
, (11-151)
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and the eigenfunctions of Ĥtdho can be written

Ψv,l = Fv,l(Q)eilα, (11-152)

where

M̂Ψv,l = lℏΨv,l, (11-153)

and Fv,l(Q) is a function only of Q. As we will see the vibrational angular
momentum quantum number l can have any one of the (v+ 1) values v, v− 2,
v − 4,. . . , −v.

The eigenfunctions and eigenvalues of Ĥtdho and the matrix elements of the
normal coordinates and momenta can be determined using the ladder operator
technique [see Moffitt and Liehr (1957)] and we will outline how the determi-
nation proceeds. We can rewrite Ĥtdho as

Ĥtdho =
1

2
[P̂ 2 − iℏ(1/Q)P̂ + (M̂2/Q2) + λQ2] =

1

2
(P̂+P̂− + λQ+Q−),

(11-154)

where
P̂ = −iℏ∂/∂Q

and we have introduced

Q± = Qa ± iQb = Qe±iα (11-155)

and

P̂± = P̂a ± iP̂b = e±iα[P̂ ± i(M̂/Q)]. (11-156)

The appropriate ladder operators are

R̂±(±) = e(±)iα[P̂ ± iλ1/2Q(±)i(M̂/Q)] = P̂ (±) ± iλ1/2Q(±), (11-157)

where the ± signs are correlated with each other and the (±) signs are also
correlated with each other so that there are four ladder operators in all. The
commutators of the ladder operators with Ĥtdho and M̂ are

[Ĥtdho, R̂
±(±)] = ±ℏ2γR̂±(±) (11-158)

and

[M̂, R̂±(±)] = (±)ℏR̂±(±). (11-159)

The eigenvalues of Ĥtdho and M̂ are E and lℏ, respectively, so that

R̂+(+) ladders E up by ℏ2γ and ladders l up by 1,

R̂+(−) ladders E up by ℏ2γ and ladders l down by 1,

R̂−(+) ladders E down by ℏ2γ and ladders l up by 1, and

R̂−(−) ladders E down by ℏ2γ and ladders l down by 1.



11.3. The harmonic oscillator Schrödinger equation 263

In the notation of Moffitt and Liehr (1957) the four ladder operators are called
F,G†, G, and F † respectively. Equations like Eq. (11-102) can be set up for
the lowest eigenfunction Ψ0,l of Ĥtdho, i.e.,

R̂+(+)R̂−(−)Ψ0,l = (2Ĥtdho + 2λ1/2M̂ − 2ℏλ1/2)Ψ0,l = 0 (11-160)

and

R̂+(−)R̂−(+)Ψ0,l = (2Ĥtdho − 2λ1/2M̂ − 2ℏλ1/2)Ψ0,l = 0. (11-161)

By adding and subtracting these two equations we determine that the lowest
level is nondegenerate with

E0 = ℏ2γ (11-162)

and

l = 0. (11-163)

Solving

R̂−(−)Ψ0,0 = 0 (11-164)

gives

Ψ0,0 = (γ/π)1/2 exp[−(γQ2/2)], (11-165)

where the function is normalized and a real and positive phase factor choice
has been adopted. We can write

Ψv,l = N ′
v,l[R̂

+(−)](v−l)/2[R̂+(+)](v+l)/2Ψ0,0, (11-166)

where l = v, v − 2, . . . ,−v, and

Ev = (v + 1)ℏ2γ. (11-167)

We can determine the matrix elements of R̂±(±) in the functions Ψv,l, and

from these the matrix elements of Q± and P̂± (or Qa, Qb, P̂a, and P̂b) follow
by using relations such as

P̂+ = [R̂+(+) + R̂−(+)]/2. (11-168)

The nonvanishing matrix elements of Q± and P̂± in the functions Ψv,l are
given in Table 11-3. We have changed the phase factor choice here from that
used in Table 8-3 of Edition 1 [and in Moffitt and Liehr (1957)] so that the
matrix elements of Q± are real and those of P± are imaginary. This accords
with the choice made for the one-dimensional harmonic oscillator and is in
agreement with the choice generally made in the literature. Blass (1969) gives
a general discussion of the possible phase factor choices; the choice made here
corresponds to his case B.
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Table 11-3

Matrix elements of Q± and P̂± for the two-dimensional isotropic harmonic oscillatora

〈v + 1, l + 1|Q+|v, l〉 =
√

(v + l + 2)/(2γ) 〈v + 1, l + 1|P̂+|v, l〉 = iℏ
√

(v + l + 2)γ/2

〈v + 1, l − 1|Q−|v, l〉 =
√

(v − l + 2)/(2γ) 〈v + 1, l − 1|P̂−|v, l〉 = iℏ
√

(v − l + 2)γ/2

〈v − 1, l + 1|Q+|v, l〉 =
√

(v − l)/(2γ) 〈v − 1, l + 1|P̂+|v, l〉 = −iℏ
√

(v − l)γ/2

〈v − 1, l − 1|Q−|v, l〉 =
√

(v + l)/(2γ) 〈v − 1, l − 1|P̂−|v, l〉 = −iℏ
√

(v + l)γ/2

aQ± = Qa ± iQb = Qe±iα and P̂± = P̂a ± iP̂b = e±iα(P̂ ± iM̂/Q) and the two-
dimensional isotropic harmonic oscillator wavefunctions Ψv,l = |v, l〉. The phase factor
choice is case B of Blass (1969); see text.

For a triply degenerate normal mode the harmonic oscillator eigenfunctions
are written Ψv,l,n(Q,α, β), in a similar way to the preceding,6 where l and n are
vibrational angular momentum quantum numbers and α and β are vibrational
angular coordinates. The harmonic oscillator energy is

Ev =

(
v +

3

2

)
ℏ2γ, (11-169)

vwhere v = 0, 1, 2, 3, . . . . The allowed values for l are

l = v, v − 2, v − 4, . . . , 1 or 0, (11-170)

and the allowed values for n are

n = −l,−l+ 1, . . . , l − 1, l. (11-171)

The complete vibrational wavefunctions of a molecule in the harmonic oscillator
approximation is written as a product of one-, two-, and three-dimensional
harmonic oscillator functions according to the symmetry degeneracies of the
normal coordinates.

11.4 SUMMARY

As a result of making the Born-Oppenheimer approximation, and making the
rigid rotor and harmonic oscillator approximations to the rotation-vibration
Hamiltonian, we have obtained useful zero order Schrödinger equations for
the rotation and vibration motions [see Eqs. (11-6) and (11-7)]. Using ladder
operators [see Eqs. (11-30), (11-35), (11-89), (11-90), and (11-157)] we can de-
termine the rotation and vibration basis wavefunctions, and important matrix
elements. These matrix elements are tabulated in Tables 11-1 to 11-3. In the
next chapter we show how these functions can be classified in the MS group,
and in Chapter 13 we show how the effects of the breakdown of the various
approximations made here are treated using these matrix elements.

6See Eqs. (20)-(22) on page 355 in Wilson, Decius, and Cross (1955) or Section 5.4 in
Papoušek and Aliev (1982). In these references, α, β are θ, φ.
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12

The Symmetry of the

Rovibronic Wavefunctions

We explain how the rovibronic coordinates and wavefunctions transform in
the MS group, and we use the water and methyl fluoride molecules as examples.
We introduce the concept of an equivalent rotation for an element of the MS
group; this makes the determination of the transformation properties of the
Euler angles, and the symmetry classification of the rotational wavefunctions,
straightforward. We show how the symmetry species of the normal coordinates,
and harmonic oscillator vibrational basis wavefunctions, in the MS group, can
be determined. The transformation properties of molecular orbitals [including
electron spin functions in Hund’s cases (a) and (b)], and the symmetry of
electronic wavefunctions, in the MS group are also discussed. At the end of the
chapter, in a section on near symmetry, we explain the use of the molecular
rotation group and the molecular point group.

12.1 THE TRANSFORMATION PROPERTIES OF THE
ROVIBRATIONAL COORDINATES

For a rigid nonlinear molecule we need the transformation properties of the
Euler angles, and the normal coordinates, under the effect of nuclear permuta-
tions and the inversion.

12.1.1 The transformation properties of the Euler angles

It is useful to determine the transformations that the Euler angles undergo
when the (x, y, z) axes are rotated about various molecule-fixed axes. The
rotation Rα

π of the (x, y, z) axes through π radians about an axis in the xy
plane making an angle α with the x axis (α is measured in a right handed
sense about the z axis) changes the Euler angles to (π− θ, φ+ π, 2π− 2α−χ).
Similarly the rotation Rz

β by β radians about the z axis (measured in the
right handed sense about z) changes the Euler angles to (θ, φ, χ + β). These
results are given in Table 12-1 for easy reference. Knowing the transformation
properties of the Euler angles, those of Ĵx, Ĵy, and Ĵz are easily deduced [see
Eqs. (10-84)-(10-86)] and are included in Table 12-1.

266



12.1. Transformation properties of rovibrational coordinates 267

Each element of the MS group of a molecule causes a certain change in
the Euler angles of the molecule, and these changes are straightforward to
determine, as we will show below using the water and methyl fluoride molecules
as examples. The change in the Euler angles can be represented as an equivalent
rotation. For example, for the H2O molecule discussed below the equivalent
rotations of the operations E, (12), E∗, and (12)∗ are shown to be R0, R0

π,
Rπ/2

π, and Rz
π, respectively, where we use the notation of Table 12-1, and

R0 is the identity. We can alternatively write these equivalent rotations as R0,
Rx

π, Ry
π and Rz

π, or as R0, Rb
π, Rc

π and Ra
π, respectively.1

In the character tables in Appendix A equivalent rotations of the elements
are given. For symmetric top molecules we use the notation Rα

π and Rz
β (as

in Table 12-1) for the equivalent rotations, but for asymmetric top molecules
we use the notation Ra

π, Rb
π and Rc

π.
Below we determine the effects of the MS group elements on the Euler angles

for the water and methyl fluoride molecules as examples and we use simple
figures to do this. The results can be obtained using the equations that define
the Euler angles, and this is done in Appendix 12-1.

Table 12-1

The transformation propertiesa of the Euler angles
and of the components of the rovibronic angular

momentum Ĵ

Rα
π Rz

β

θ π − θ θ
φ φ + π φ
χ 2π − 2α− χ χ + β

Ĵx Ĵx cos 2α + Ĵy sin 2α Ĵx cos β + Ĵy sinβ

Ĵy Ĵx sin 2α− Ĵy cos 2α −Ĵx sinβ + Ĵy cos β

Ĵz −Ĵz Ĵz

aRα
π is a rotation of the molecule fixed

(x, y, z) axes through π radians about an axis in
the xy plane making an angle α with the x axis (α
is measured in the right handed sense about the z
axis), and Rz

β is a rotation of the molecule fixed
(x, y, z) axes through β radians about the z axis
(β is measured in the right handed sense about the

z axis). The expressions for the Ĵα are given in
Eqs. (10-84)-(10-86).

1See the discussion given in connection with Fig. 10-2 on page 211 for the definition of
the relation between the xyz and abc axes for the water molecule.
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Example using the water molecule

The effect of the permutation (12) on a water molecule in its equilibrium
configuration is shown in Fig. 12-1. In this figure we first permute the nuclei
and then use the prescription discussed before Eq. (10-38) to attach the (x, y, z)
axes. The permutation of identical nuclei in a molecule does not change the
orientation of the principal axes in space since identical nuclei have the same
mass. However, the choice of which of the molecule fixed axes is to be identified
with which principal axis and the choice of sign for the x, y, and z axes depends
on the labels on the nuclei. We see that in the water molecule the molecule
fixed (x, y, z) axes are rotated by π radians about the x axis by (12), and the
change in the Euler angles caused by this is

(12)(θ, φ, χ) = R0
π(θ, φ, χ) = (π − θ, φ+ π, 2π − χ). (12-1)

Fig. 12-1. The effect of the nuclear permutation (12) on the nuclei of a water molecule
in its equilibrium configuration. The molecule fixed axes are attached afterwards using the
convention of Fig. 10-2.

The effect of E∗ on a water molecule is shown in Fig. 12-2 and the (x, y, z)
axes have been attached after performing E∗ by using the prescription for
attaching the axes given before Eq. (10-38). This operation for a water molecule
has the effect of rotating the axes by π radians about the y axis, and usingRπ/2

π

from Table 12-1 we deduce that

E∗(θ, φ, χ) = Rπ/2
π(θ, φ, χ) = (π − θ, φ+ π, π − χ). (12-2)

The successive application of E∗ and (12) for a water molecule leads to
a rotation of the molecule by π radians about the z axis. Using Rz

π from
Table 12-1 we have

(12)∗(θ, φ, χ) = Rz
π(θ, φ, χ) = (θ, φ, χ+ π). (12-3)

Our choice for the way of locating the xyz axes on the water molecule has
xyz=bca (see the discussion given in connection with Fig. 10-2 on page 211).
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Fig. 12-2. The effect of the inversion E∗ on the nuclei of a water molecule in its equi-
librium configuration. The molecule fixed axes are attached afterwards using the convention
of Fig. 10-2.

Thus the equivalent rotations of the operations of the MS group of the water
molecule {E, (12), E∗, (12)∗} are R0, Rb

π, Rc
π and Ra

π, respectively.

Example using the methyl fluoride molecule

Fig. 12-3. The nuclear labeling convention and (x, y, z) axis definition for a CH3F
molecule in its equilibrium configuration. In (b) the three protons are above the plane of the
page and the z axis points down into the page.

We determine the equivalent rotations of the MS group elements (123) and
(23)∗. In Fig. 12-3 we show two views of a methyl fluoride molecule in its
equilibrium configuration with the molecule fixed (x, y, z) axes attached. In
Fig. 12-4 we show the effect of the operations (123) and (23)∗ on the molecule,
using view (b) of Fig. 12-3 as the starting position. After having performed the
MS group operations the (x, y, z) axes are attached following the convention
of Fig. 12-3. It is obvious that (123) has resulted in the molecule fixed axes
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being rotated in a right handed sense through 2π/3 radians about the z axis,
and that (23)∗ has resulted in the axes being rotated through π radians about

the y axis. The equivalent rotations of (123) and (23)∗ are Rz
2π/3 and Rπ/2

π,
respectively, and we can write

(123)(θ, φ, χ) = Rz
2π/3(θ, φ, χ) = (θ, φ, χ + 2π/3) (12-4)

and

(23)∗(θ, φ, χ) = Rπ/2
π(θ, φ, χ) = (π − θ, φ+ π, π − χ). (12-5)

The transformation properties of the Euler angles are obtained from Fig. 12-4.

Fig. 12-4. The effects of the operations (123) and (23)∗ on a CH3F molecule in its
equilibrium configuration. In (c) the three protons are below the plane of the page and the
z axis points up out of the page.

12.1.2 The transformation properties of the normal
coordinates

In Chapter 10 we introduced the the three translational coordinates Tx, Ty,
and Tz defined by Eq. (10-111), and the three rotational coordinates Rx, Ry,
and Rz defined by Eq. (10-112). These are the six zero frequency normal
coordinates and

[Rx, Ry, Rz , Tx, Ty, Tz] = [Q3N−5, Q3N−4, . . . , Q3N ]. (12-6)
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We can rewrite Eq. (10-134) as

∆αi =

3N∑

r=1

m
−1/2
i lαi,rQr, (12-7)

which means that the transformation from the 3N ∆αi to the 3N Qr is orthog-
onal. Thus the 3N Qr will generate the same representation of the symmetry
group as do the 3N ∆αi [see Eq. (6-54) and remarks after it]. To determine
the representation generated by the 3N − 6 normal coordinates Qr we must
determine the representation generated by the 3N Cartesian displacement co-
ordinates ∆αi and then subtract the representation generated by the three
Rα and three Tα. An alternative procedure for determining the species of
the normal coordinates involves using internal coordinate displacements (bond
stretches, angle bends, etc.) rather than Cartesian displacement coordinates,
and this will be explained using the water and methane molecules as examples.

The determination of the representation of the group generated by the zero
frequency normal coordinatesRα and Tα does not require that we determine the
coordinates as done below in Eq. (12-15) for the water molecule. In Appendix
12-2 we show that the Rα transform in the same way as the Ĵα, and that the
representation generated by the Tα is obtained from that generated by the Ĵα
by changing the signs of the characters for all permutation-inversion operations.
The representation generated by the Ĵα can be determined from the results in
Table 12-1 once the equivalent rotations of the elements of the group have been
determined. For spherical top molecules the operators (Ĵx, Ĵy, Ĵz) transform
as the representation D(1) of the group K(mol). From the correlation of the
species of K(mol) with the species of the MS group the species of (Ĵx, Ĵy,

Ĵz) in the MS group for any spherical top molecule can be determined. It
should be noted that for any molecule the species of the components of the
vibrational angular momentum (p̂x, p̂y, p̂z), the components of the electronic

orbital angular momentum (L̂x, L̂y, L̂z), and the components in one column of
the direction cosine matrix (λxτ , λyτ , λzτ ), where τ = ξ, η or ζ, are the same

as those of (Ĵx, Ĵy, Ĵz).

The species of the Ĵα, which equals that of the Rα, and of the Tα are given
for each MS group in the character tables of Appendix A.

The transformation properties of these various terms in the molecular point
group can also be determined. For nonlinear rigid molecules (Rx, Ry, Rz),

(Tx, Ty, Tz), (L̂x, L̂y, L̂z) and (p̂x, p̂y, p̂z) transform in the same way in the point
group as they do in the isomorphic MS group. However, since the elements of
the molecular point group do not transform the Euler angles the (Ĵx, Ĵy, Ĵz)
and the direction cosine matrix elements are not transformed by the elements
of the point group.

Example using the water molecule

To determine the symmetry species of the normal coordinates of water in
the C2v(M) group (see Table 6-2) we begin by determining the transformation
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properties of the Cartesian displacement coordinates under the effect of the
symmetry operations of C2v(M). From these transformation properties we can
determine the representation of the C2v(M) group generated by the Cartesian
displacement coordinates; we will call this representation ΓCar. Once again
we have the option of obtaining the results by studying figures or by studying
equations. We do not need to do either to see that the character under the
identity E in ΓCar using the nine (∆x1, . . . ,∆z3) is

χ[E] = 9. (12-8)

Fig. 12-5. The effect of the nuclear permutation (12) on the Cartesian displacements
∆xi in a water molecule. The new values (∆xi

′) are related to the old values (∆xi) by
∆x1

′ = ∆x2,∆x2
′ = ∆x1, and ∆x3

′ = ∆x3.

The effect of the operation (12) is depicted in Fig. 12-5 where Cartesian
displacements of the nuclei have been added. We see that

(12)(∆x1,∆x2,∆x3) = (∆x1
′,∆x2

′,∆x3
′) = (∆x2,∆x1,∆x3). (12-9)

Since the y and z axes are reversed by (12) and the nuclei 1 and 2 permuted
we have

(12)(∆y1,∆z1,∆y2,∆z2,∆y3,∆z3)

= (∆y1
′,∆z1

′,∆y2
′,∆z2

′,∆y3
′,∆z3

′) (12-10)

= (−∆y2,−∆z2,−∆y1,−∆z1,−∆y3,−∆z3).

As a result we obtain the character in ΓCar under (12) as

χ[(12)] = −1. (12-11)

To use equations instead of figures we start by writing

∆αi = αi − αi
e = (λαξξi + λαηηi + λαζζi)− αi

e. (12-12)

The direction cosines are functions of the Euler angles [see Eq. (10-7)] and
we can determine the effect of (12) on them from the results in Eqs. (12-1)
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or (12-112). The effect of (12) on the (ξi, ηi, ζi) is obtained from Eq. (12-110).
The αi

e are constants [see Eq. (10-38)] and are unaffected by any symmetry
operation. We see that

(12)∆z1 = ∆z1
′ = sin θ′ cosφ′ξ1

′ + sin θ′ sinφ′η1
′ + cos θ′ζ1

′ − z1e

= − sin θ cosφξ2 − sin θ sinφη2 − cos θζ2 + 0.7592 Å

= −z2 + 0.7592 Å = −∆z2, (12-13)

where we have used the result that −z1e = z2
e = 0.7592 Å.

The transformation properties of the Cartesian displacement coordinates un-
der the effect of E∗ and (12)∗ can be similarly determined and the results are
collected together in Table 12-2. The characters of the representation ΓCar

are also given in Table 12-2 and using Eq. (5-45) we express this in terms of
irreducible representations as:

ΓCar = 3A1 ⊕A2 ⊕ 2B1 ⊕ 3B2. (12-14)

Table 12-2

The transformation properties of the coordinates
in the C2v(M) group for the water molecule

E (12) E∗ (12)∗ E (12) E∗ (12)∗

∆x1 ∆x2 ∆x1 ∆x2 Tx Tx Tx Tx : A1

∆x2 ∆x1 ∆x2 ∆x1 Ty −Ty −Ty Ty : B1

∆x3 ∆x3 ∆x3 ∆x3 Tz −Tz Tz −Tz : B2

∆y1 −∆y2 −∆y1 ∆y2 Rx Rx −Rx −Rx : A2

∆y2 −∆y1 −∆y2 ∆y1 Ry −Ry Ry −Ry : B2

∆y3 −∆y3 −∆y3 ∆y3 Rz −Rz −Rz Rz : B1

∆z1 −∆z2 ∆z1 −∆z2
∆z2 −∆z1 ∆z2 −∆z1
∆z3 −∆z3 ∆z3 −∆z3

χCar: 9 −1 3 1

To determine the character in ΓCar under the effect of a permutation or
permutation-inversion we only need consider the transformations of the coor-
dinates of unpermuted nuclei since these will give the only nonvanishing con-
tributions on the diagonal of the representation matrix. Thus to determine the
character in ΓCar under the effect of (12) or (12)∗ we only need consider the
transformations of the coordinates ∆x3,∆y3, and ∆z3 in the water molecule.
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Using Eqs. (10-111) and (10-112) we obtain (in u1/2 Å units)

Tx = (∆x1 + ∆x2 + 16∆x3)/181/2,

Ty = (∆y1 + ∆y2 + 16∆y3)/181/2,

Tz = (∆z1 + ∆z2 + 16∆z3)/181/2,

Rx = (∆y1 −∆y2)/21/2, (12-15)

Ry = 0.3907[1.466(∆x2 −∆x1) + ∆z1 + ∆z2 − 2∆z3],

and

Rz = 2(−∆y1 −∆y2 + 2∆y3)/3.

The transformation properties of these coordinates can be determined from the
transformation properties of the ∆αi coordinates given in Table 12-2 and the
results are given in the bottom half of Table 12-2. We see that for H2O

Γ(Rx, Ry, Rz) = A2 ⊕B2 ⊕B1 (12-16)

Γ(Tx, Ty, Tz) = A1 ⊕B1 ⊕B2. (12-17)

This conforms to the general rule that the symmetry species of Rα is the same
as that of Ĵα (see Table A-5), and that the transformation properties of Tα
is the same as that of Rα but with the signs for the permutation-inversion
operations reversed. Subtracting the sum of Eq. (12-16) and Eq. (12-17) from
Eq. (12-14) we determine that the normal coordinate representation is

Γ(Q1, Q2, Q3) = 2A1 ⊕B2. (12-18)

As we explained below Eq. (11-136) the normal coordinates each transform
according to an irreducible representation of the symmetry group and we have

Γ(Q1) = Γ(Q2) = A1 (12-19)

and

Γ(Q3) = B2. (12-20)

Problem 12-1. We have determined in Section 10.2.1 [see Eq. (10-56)]
and in Section 10.4.4 [see Eq. (10-147)] that a deformed water molecule having
nuclear coordinates given as in Eq. (10-52) has rovibrational coordinates given
by (where Qr is in u1/2 Å)

(θ, φ, χ,Q1, Q2, Q3) = (30◦, 60◦, 120◦, 1, 0, 1). (12-21)
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If we permute the two protons the (ξ, η, ζ) coordinates of nuclei H1, H2, and
O3 become

(0.6760, 0.3138, 0.5614), (0.8136,−0.8891,−1.9562),

and (−0.0930, 0.0360, 0.0872), (12-22)

respectively. Use the methods of Eqs (10-52)-(10-147) to determine the val-
ues of the rovibrational coordinates for the deformed water molecule repre-
sented in Eq. (12-22). Check the answer against the results obtained from
Eqs. (12-1), (12-19), and (12-20) for the effect of (12).

Answer. We first use the Eckart equations, Eqs. (10-34)-(10-36), to deter-
mine the Euler angles. The [ατ ] factors are evaluated from the equilibrium
nuclear coordinates of Eq. (10-38) and the (ξ, η, ζ) coordinates of Eq. (12-22).
Doing this we obtain Eqs. (10-53) and (10-54) as before, but Eq. (10-36) does
not give Eq. (10-55) and instead we obtain

+ 0.1045(cosθ cosφ cosχ− sinφ sinχ)− 0.9132(cosθ sinφ cosχ+ cosφ sinχ)

+ 1.9114 sinθ cosχ+ 0.8676 sin θ cosφ− 0.3352 sinθ sinφ

− 0.8125 cosθ = 0. (12-23)

Solving Eqs. (10-53), (10-54), and (12-23) simultaneously we obtain

(θ, φ, χ) = (150◦, 240◦, 240◦), (12-24)

which differs from the Euler angles of Eq. (12-21) according to the result of
Eq. (12-1); hence the molecule fixed axes of the distorted molecule are rotated
through π radians about the x axis by (12).

From these Euler angles we can determine the (x, y, z) nuclear coordinates
from the (ξ, η, ζ) coordinates in Eq. (12-22) by using the direction cosines, i.e.,
Eq. (10-5). The (x, y, z) coordinates of nuclei 1, 2, and 3, respectively, are
found to be (compare with Eq. (10-68))

(−0.4948, 0,−0.7911), (−1.3270, 0, 1.8757), (0.1138, 0,−0.0678). (12-25)

From Eqs. (12-25) and (10-38) we determine the Cartesian displacement coor-
dinates, and using the inverse of Eq. (10-146) we determine the values of the
normal coordinates to be (where Qr is in u1/2 Å)

(Q1, Q2, Q3) = (1, 0,−1), (12-26)

which agrees with Eqs. (12-19) and (12-20).
Since the (3N − 6) normal coordinates Qr are linearly independent, as are

the (3N − 6) internal coordinate displacements �i [see Eq. (10-102)], and since
each nonvanishing term in the sum in Eq. (10-139) (which expresses the �i in
terms of the Qr) must have the same symmetry species in a symmetry group of
the vibrational Hamiltonian, we see that the symmetry species of the Qr is the
same as that of the �i. As a result it is possible to determine the symmetry
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of the normal coordinates in a molecule by determining the symmetry of the
(3N − 6) independent internal coordinate displacements (bond stretches, angle
bends, etc.). This is often simpler than determining the symmetry of the
Qr from the symmetry of the Cartesian displacement coordinates. However,
one must use (3N − 6) independent �i coordinates and avoid combinations of
internal coordinates that are redundant.

For the water molecule the �i are defined in Eq. (10-103) and it is simple to
determine that

Γ(�1,�2,�3) = 2A1 ⊕B2. (12-27)

This is the species of the normal coordinates.

Table 12-3

Transformation properties of the internal
coordinates of methane in Td(M)

E (123) (14)(23) (1423) (23)∗

∆r1 ∆r3 ∆r4 ∆r3 ∆r1
∆r2 ∆r1 ∆r3 ∆r4 ∆r3
∆r3 ∆r2 ∆r2 ∆r2 ∆r2
∆r4 ∆r4 ∆r1 ∆r1 ∆r4

∆α12 ∆α13 ∆α34 ∆α34 ∆α13

∆α13 ∆α23 ∆α24 ∆α23 ∆α12

∆α14 ∆α34 ∆α14 ∆α13 ∆α14

∆α23 ∆α12 ∆α23 ∆α24 ∆α23

∆α24 ∆α14 ∆α13 ∆α14 ∆α34

∆α34 ∆α24 ∆α12 ∆α12 ∆α24

As another example we will determine the symmetry species of the normal
coordinates of methane. We use the following internal coordinate displacement
coordinates �i:

∆r1,∆r2,∆r3,∆r4, ∆α12,∆α13,∆α14,∆α23,∆α24,∆α34, (12-28)

where to first order the redundant combination of these coordinates is

Rred =
∑

i<j

∆αij = 0, (12-29)

where ∆αij is an increase in the bond angle HiCHj and ∆ri is an increase
in the bond length CHi. The transformation properties of these coordinates
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are given in Table 12-3. By subtracting the species of Rred (i.e., A1) from
that of the ten displacement coordinates in Eq. (12-28) we see that the normal
coordinate representation is

Γ(Qr) = A1 ⊕ E ⊕ 2F2 (12-30)

and we can write the species of the normal coordinates as

Γ(1) = A1, Γ(2) = E, Γ(3) = F2, and Γ(4) = F2. (12-31)

For a symmetric top or spherical top molecule some of the normal coordinates
will transform according to a degenerate representation of the MS group. In
these circumstances a convention has to be adopted for the relative sense of
the degenerate coordinates, and for symmetric top molecules the convention
adopted is that due to di Lauro and Mills (1966). In determining off-diagonal
matrix elements it is important that these relative transformation properties be
well defined. We will explain how it is that we have such a freedom of choice.

If we consider a pair of normal coordinate (Qta, Qtb) that transform accord-
ing to a doubly degenerate irreducible representation, the effect of the MS
group operations R on these coordinates is given by [see also Eqs. (11-131)
and (11-132)]

R

[
Qta

Qtb

]
=

[
U

(t)
11 (R)Qta + U

(t)
12 (R)Qtb

U
(t)
21 (R)Qta + U

(t)
22 (R)Qtb

]

=

[
U

(t)
11 (R) U

(t)
12 (R)

U
(t)
21 (R) U

(t)
22 (R)

][
Qta

Qtb

]
= U(t)(R)

[
Qta

Qtb

]
. (12-32)

The 2 × 2 matrices U(t)(R) [where R runs over the operations in the MS
group] form a representation of the MS group as explained in Chapter 5. We
can consider another set of normal coordinates (Q′

ta, Q
′
tb) obtained from the

original normal coordinates as follows:
[
Q′

ta

Q′
tb

]
= V

[
Qta

Qtb

]
, (12-33)

where V is an orthogonal, 2 × 2 matrix [see Table 5-1]. The effect of R on
(Q′

ta, Q
′
tb) is given by

R

[
Q′

ta

Q′
tb

]
= VU(t)(R)V−1

[
Q′

ta

Q′
tb

]
= Ũ(t)(R)

[
Q′

ta

Q′
tb

]
. (12-34)

The new set of two × two matrices Ũ(t)(R) also form a representation of the
MS group, and this representation is equivalent to that formed by the matrices
U(t)(R) in the sense explained in Chapter 5. Using the orthogonality of V

[Table 5-1]

(Q′
ta)

2
+ (Q′

tb)
2

= Q2
ta +Q2

tb. (12-35)
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An analogous equation is valid for the momenta (P̂ ′
ta, P̂

′
tb) and (P̂ta, P̂tb).

Hence it does not matter if we use the normal coordinates (Qta, Qtb) with
conjugate momenta (P̂ta, P̂tb), or the normal coordinates (Q′

ta, Q
′
tb) with con-

jugate momenta (P̂ ′
ta, P̂

′
tb), to describe the normal mode νt of the molecule. We

can simply replace (Qta, Qtb) by (Q′
ta, Q

′
tb), and (P̂ta, P̂tb) by (P̂ ′

ta, P̂
′
tb), in the

zero order vibrational Hamiltonian [Eq. (11-1a), see also Eq. (11-145)], and we
can convert the complete rotation-vibration Hamiltonian to depend on these
new quantities, without causing any real change in our theoretical descrip-
tion of the molecular vibration and rotation. That is, we have some freedom in
defining the normal coordinates used to describe the degenerate normal modes.

It follows from Eq. (12-34) that for a degenerate normal mode, the transfor-
mation properties of the normal coordinates under the operations of the MS
group are not unambiguously determined by the characters of the irreducible
representation. In Eq. (12-34) we are free to choose the orthogonal matrix
V, and by changing this matrix we can change the transformation matrices
Ũ(t)(R). The convention adopted for V [di Lauro and Mills (1966)] is defined
by Eqs. (12-69)-(12-72) below which we express after we have introduced the
concept of generating operations. Using this convention a pair of degenerate
normal coordinates (Qta, Qtb) of a C3v molecule such as CH3F transforms in
the same way as (Tx, Ty) in the symmetry group. Using this convention we
give the transformation properties of the normal coordinates of a C3v molecule
in Table 12-4 (where z is the three-fold axis and xz is one of the three re-
flection planes); in this table we include the transformation properties of the
angular momentum components. In general, for a symmetric top molecule, it
is an advantage to express the Hamiltonian in terms of Qt

± = Qta±Qtb and
Ĵm

±, rather than Qta, Qtb, Ĵx and Ĵy, since they have simpler transformation
properties.

12.2 THE CLASSIFICATION OF THE ROTATIONAL
WAVEFUNCTIONS

The expression for the symmetric top wavefunction |J, k,m〉 in terms of
the angular momentum ladder operators and the function |J, 0, 0〉 is given in
Eqs (11-39) and (11-40). For an asymmetric top molecule the rotational eigen-
functions are linear combinations of symmetric top functions (see Problem 11-2
on page 249). We will determine the general effect of the rotation operations
Rz

β and Rα
π on any symmetric top function |J, k,m〉 by determining their ef-

fect on the ladder operators and on the function |J, 0, 0〉. This will allow us to
determine the transformation properties of any symmetric top or asymmetric
top wavefunction in an MS group once we have identified the equivalent rotation
of the MS group operation. The symmetries of spherical top wavefunctions are
obtained by reduction of the representations of the group K(mol). In this sec-
tion we only consider states having J integral. The classification of rotational
wavefunctions having J half-integral will be discussed in Section 18.5.
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Table 12-4

The transformation properties of the normal
coordinates and angular momentum

components for a C3v moleculea

E (123) (23)∗

Equiv. rot. R0 R
2π/3
z Rπ

π/2

Qp Qp Qp : A1

Qta cQta + sQtb Qta

Qtb cQtb − sQta −Qtb

}

: E

Qt Qt Qt

exp(iαt) ω2 exp(iαt) exp(−iαt)

Qt
+ ω2Qt

+ Qt
−

Qt
− ωQt

− Qt
+

}

: E

Ĵx cĴx + sĴy −Ĵx
Ĵy cĴy − sĴx Ĵy

}

: E

Ĵz Ĵz −Ĵz : A2

Ĵm+ ω2Ĵm+ −Ĵm−

Ĵm− ωĴm− −Ĵm+

}

: E

ap = 1, 2 or 3; t = 4, 5 or 6; c = cos(2π/3); s =
sin(2π/3); ω = exp(2πi/3) = c + i s; ω2 =
exp(−2πi/3) = c − i s . Qta = Qt cosαt and Qtb =

Qt sinαt. Qt
± = Qta ± iQtb and Ĵm± = Ĵx ± iĴy.

Using the rotational ladder operators Ĵ±
m defined in Eq. (11-30), we obtain

the following operator equations (each of which is two equations)

Rz
βĴm

± = [(Ĵx cosβ + Ĵy sinβ)± i(Ĵy cosβ − Ĵx sinβ)]Rz
β

= [cosβĴm
± ∓ i sinβĴm

±]Rz
β

= e∓iβ Ĵm
±Rz

β (12-36)

and

Rα
πĴm

± = [(Ĵx cos 2α+ Ĵy sin 2α)± i(Ĵx sin 2α− Ĵy cos 2α)]Rα
π

= e±i2αĴm
∓Rα

π . (12-37)

Clearly the space fixed axes are unaffected by Rz
β and Rα

π so that for the
ladder operators Ĵs

± [defined in Eq. (11-35)] we have the operator equations

Rz
βĴs

± = Ĵs
±Rz

β (12-38)
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and

Rα
πĴs

± = Ĵs
±Rα

π. (12-39)

Using Eq. (11-41) for the symmetric top wavefunction |J, 0, 0〉 and the trans-
formation properties of the Euler angle θ given in Table 12-1 we deduce that

Rz
β |J, 0, 0〉 = |J, 0, 0〉 (12-40)

and

Rα
π|J, 0, 0〉 = (−1)J |J, 0, 0〉. (12-41)

Thus from Eqs. (11-52), (12-36), (12-38), and (12-40) we have

Rz
β |J, |k|,±|m|〉 = Rz

βN(Ĵ−
m)|k|(Ĵs

±)|m||J, 0, 0〉
= e+i|k|β |J, |k|,±|m|〉. (12-42)

Similarly

Rz
β |J,−|k|,±|m|〉 = e−i|k|β |J,−|k|,±|m|〉. (12-43)

Also from Eqs. (11-52), (12-37), (12-39), and (12-41) we have

Rα
π|J, |k|,±|m|〉 = Rα

πN(Ĵ−
m)|k|(Ĵs

±)
|m||J, 0, 0〉

= (−1)Je−i2|k|α|J,−|k|,±|m|〉 (12-44)

and

Rα
π|J,−|k|,±|m|〉 = (−1)Jei2|k|α|J, |k|,±|m|〉. (12-45)

Summarizing these results we have

Rz
β |J, k,m〉 = eikβ |J, k,m〉 (12-46)

and

Rα
π|J, k,m〉 = (−1)Je−2ikα|J,−k,m〉. (12-47)

The (2J + 1) m-degeneracy of each (J, k) state can be neglected (unless an
external field is applied). The transformation properties of symmetric top
functions that have J half-integral are given in Eqs. (18-41) and (18-42).

The results in Eqs. (12-46) and (12-47) enable one to determine the transfor-
mation properties and symmetry of the rotational wavefunctions of any sym-
metric top molecule having J integral in its MS group using the equivalent
rotations of the elements. We use the BF3 and CH3F molecules as examples
below, and then we show how to deal with asymmetric top molecules.
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Fig. 12-6. The molecule fixed axes and nu-
clear labeling convention for the BF3 molecule in
its ground electronic state. The z axis is pointing
up out of the page.

The BF3 molecule, and the molecule fixed axis system used, is drawn in
Fig. 12-6. Its MS group is D3h(M). The character table of D3h(M) and the
equivalent rotations are given in Table A-10. Using Eqs. (12-40) and (12-41)
we see that the representation generated by the function |J, 0, 0〉 is [where the
operations are given in the same order as in Table A-10 for the group D3h(M)]

1, 1, (−1)J , 1, 1, (−1)J . (12-48)

For the pair of functions |J,K,m〉, |J,−K,m〉 the representation generated is
[using Eqs. (12-46) and (12-47)]

2, 2 cos(2πK/3), 0, 2(−1)K, 2 cos(−πK/3), 0. (12-49)

The representations in Eqs. (12-48) and (12-49) can be written in terms of
the irreducible representations of D3h(M) and these symmetry species, as a
function of J and K = |k|, are collected in Table 12-5. The results for CH3F
(obtained using Table A-6) are also given in Table 12-5. It is necessary to
multiply these species by (2J + 1) if one wishes to allow for the m-degeneracy.

To explain the way we determine the symmetry species of the rotational
wavefunctions of an asymmetric top molecule, once we know the equivalent ro-
tations of the MS group elements, we will use the H2O molecule as an example.
We will develop the asymmetric top symmetry rule which is used in Problem
12-2 for the CH2O, C2H4 and trans C2H2F2 molecules.

The rotational wavefunctions of the water molecule in a Ir basis are linear
combinations of symmetric top rotational wavefunctions |J, ka,m〉, and in a
IIIr basis they are linear combinations of |J, kc,m〉 functions.2 It will be in-
structive to classify both the |J, ka,m〉 basis wavefunctions and the |J, kc,m〉
basis wavefunctions in the MS group C2v(M) (see Table A-5) and to consider
the correlation of these symmetry labels. As a result we will be able to label
by symmetry the asymmetric rotor wavefunctions and determine a general set
of rules for enabling this to be done for any asymmetric top.

2The Ir and IIIr conventions are explained in connection with Fig. 10-2 on page 211.
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Table 12-5

Symmetry species of the rotational wavefunctions of BF3 in
the D3h(M) group, and of CH3F in the C3v(M) groupa

K BF3 K CH3F

0
J even A1

′

0
J even A1

J odd A2
′ J odd A2

6n± 1 E′′ 3n± 1 E
6n± 2 E′ 3n A1 ⊕A2

6n± 3 A1
′′ ⊕A2

′′

6n± 6 A1
′ ⊕ A2

′

a The (2J + 1) m-degeneracy is ignored. n is integral,
and K = |k|.

Fig. 12-7. The inertial axes for the water molecule labeled
so that the moments of inertia are in the order Iaa < Ibb < Icc.

Fig. 12-8. The definition of the Euler angles using
a type Ir convention, i.e., abc ≡ zxy.

Fig. 12-9. The definition of the Euler angles using
a type IIIr convention, i.e., abc ≡ xyz.

The water molecule and its axis system are shown in Fig. 12-7. In a Ir rep-
resentation the Euler angles are θ(Ir), φ(Ir), and χ(Ir), and in a IIIr represen-
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tation they are θ(IIIr), φ(IIIr), and χ(IIIr), as indicated in Figs. 12-8 and 12-9.
The transformation properties of θ(Ir), φ(Ir), and χ(Ir), and those of θ(IIIr),
φ(IIIr), and χ(IIIr) are easily determined. The results are collected together in
Table 12-6. These results can be obtained from the results in Table 12-1 once
we have identified the equivalent rotations of each MS group element; these
identifications are

(12) : Rb
π, E∗ : Rc

π , (12)∗ : Ra
π. (12-50)

Thus, for example, (12)* rotates the molecule fixed axes through π radians
about the a axis (Ra

π), and in a IIIr basis (abc ≡ xyz) this is R0
π in the

notation of Table 12-1. From the results in Table 12-6, and using the re-
sults in Eqs. (12-46) and (12-47), we can obtain the representations of C2v(M)
generated by the |J, ka,m〉 and |J, kc,m〉 functions. The results are given in
Table 12-7. These results must be multiplied by (2J + 1) if we wish to allow
for the m-degeneracy. To determine the symmetry species of the asymmetric
rotor functions we can correlate between the Ka and Kc species labels given in
Table 12-7, and the result is shown in Fig. 12-10. Alternately we could set up
+ and − combinations of |J,Ka,m〉 and |J,−Ka,m〉 functions and determine
their transformation properties. The symmetry species for a rigid rotor state
JKaKc depends only on the evenness or oddness of Ka and Kc, and the result
is summarized in Table 12-8 where ee is any state JKaKc for which Ka and Kc

are even (e), and eo is any state for which Ka is even (e) and Kc odd (o), etc.

Table 12-6

Transformation properties of the Ir and IIIr Euler anglesa

for the H2O molecule of Fig. (8-2) in the C2v(M) groupb

E (12) E∗ (12)∗

Equiv. rot. Rb
π Rc

π Ra
π

θ(Ir) π − θ(Ir) π − θ(Ir) θ(Ir)
φ(Ir) φ(Ir) + π φ(Ir) + π φ(Ir)
χ(Ir) 2π − χ(Ir) π − χ(Ir) χ(Ir) + π

θ(IIIr) π − θ(IIIr) θ(IIIr) π − θ(IIIr)
φ(IIIr) φ(IIIr) + π φ(IIIr) φ(IIIr) + π
χ(IIIr) π − χ(IIIr) χ(IIIr) + π 2π − χ(IIIr)

a See Figs. (12-8) and (12-9).
b See Table A-5.

From the correlation between the oblate and prolate rotor species given in
Table 12-7 we can appreciate a simple way of determining the species of asym-
metric rotor levels in the MS group. We first determine the equivalent rotation
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Table 12-7

Representations of the C2v(M) group for H2O generated
by basis functions |J, ka,m〉 and |J, kc, m〉a

Ka Γrot Kc Γrot

0
J even A1 0

J even A1

J odd B1 J odd B2

odd A2 ⊕B2 odd A2 ⊕ B1

even A1 ⊕B1 even A1 ⊕ B2

aKa = |ka|, Kc = |kc|.

of each MS group element (for an asymmetric top this can only be one of
E,Ra

π, Rb
π , and Rc

π). We then use the asymmetric top symmetry rule which
states that:

The ee functions will transform as the totally symmetric representation, the
eo functions as the representation having +1 for Ra

π (and −1 for Rb
π and

Rc
π), the oe functions as the representation having +1 for Rc

π (and −1 for
Ra

π and Rb
π), and the oo functions as the representation having +1 under Rb

π

(and −1 for Ra
π and Rc

π).

We will see in the subsection on the molecular rotation group [see Eq. (12-106)
and the discussion following it on page 305] how this symmetry rule is related
to the use of the molecular rotation group D2 for an asymmetric top molecule.

Problem 12-2. Classify the asymmetric rotor wavefunctions of formalde-
hyde (CH2O), ethylene, and trans C2H2F2 in their respective MS groups.

Answer. The formaldehyde molecule and its inertial axes are shown in
Fig. 12-11. The MS group is the C2v(M) group as for H2O but since the
a axis is the twofold symmetry axis of the molecule the identification of the
equivalent rotations with the MS group elements is different from that given in
Eq. (12-50) (or as given in Table A-5) and instead we have:

(12) : Ra
π, E∗ : Rc

π, (12)∗ : Rb
π. (12-51)

Using the asymmetric top symmetry rule, the symmetry species of the asym-
metric rotor states in the C2v(M) group for formaldehyde are as given in Ta-
ble 12-9.

The ethylene molecule and its inertial axes are shown in Fig. 12-12. The MS
group, D2h(M) is given in Table A-9. The equivalent rotations of the elements
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Fig. 12-10. The C2v(M) symmetry labels for the asymmetric rotor energy levels of H2O
(center) and their correlation with the prolate rotor (left) and oblate rotor (right) levels.

Table 12-8

Symmetry species of JKaKc levels of
H2O in the C2v(M) group

KaKc Γrot KaKc Γrot

ee A1 oe B2

eo B1 oo A2

of the D2h(M) group are

E and (14)(23)(56)∗ : R0,
(12)(34) and (13)(24)(56)∗ : Ra

π,
(13)(24)(56) and (12)(34)∗ : Rb

π,
(14)(23)(56) and E∗ : Rc

π.

(12-52)
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Fig. 12-11. The inertial axes of the formaldehyde
molecule.

Table 12-9

Symmetry species of JKaKc levels of
CH2O in the C2v(M) group

KaKc Γrot KaKc Γrot

ee A1 oe B2

eo A2 oo B1

The symmetries of the asymmetric top functions of ethylene are determined
from the asymmetric top symmetry rule to be as given in Table 12-10.

Fig. 12-12. The inertial axes of the ethylene
molecule.

The principal axes of trans C2H2F2 are located as shown in Fig. 12-13 and
the MS group, C2h(M) is shown in Table A-8. The rotation of the axes caused
by the elements of the C2h(M) group are

E and (12)(34)(56)∗ : R0,
(12)(34)(56) and E∗ : Rc

π.
(12-53)

The symmetries of the asymmetric top functions of trans C2H2F2 are deduced
from these results to be as given in Table 12-11. Notice that although the
C2h(M) group has four irreducible representations there are only two possi-
ble species for the rotational wavefunctions. This is because the rotational
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Table 12-10

Symmetry species of JKaKc levels of
ethylene in the D2h(M) group

KaKc Γrot KaKc Γrot

ee Ag oe B3g

eo B1g oo B2g

Fig. 12-13. The inertial axes for trans C2H2F2.

Table 12-11

Symmetry species of JKaKc levels of
trans C2H2F2 in the C2h(M) group

KaKc Γrot KaKc Γrot

ee Ag oe Ag

eo Bg oo Bg

wavefunctions are invariant to the operation (12)(34)(56)*. Similarly for ethy-
lene the rotational wavefunctions are invariant to the MS group operation
(14)(23)(56)*. The reason for this is that these operations do not affect the
orientation of the molecule fixed axes and do not change the Euler angles.
Each of these operations has the same effect on the rovibronic coordinates as
the operation i of the molecular point group, as is discussed in Chapter 4 [see
Eq. (4-7) and the discussion following that equation].

The MS group of methane Td(M) (see Table A-14) involves rotations of the
molecule about several axes, and for some of the operations of the group the
Euler angle transformations are very complicated. For a given value of the J
quantum number there are (2J + 1)2 states having m, k = −J,−J + 1, . . . ,+J
all with the same energy in the rigid rotor approximation. This set of func-
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tions will transform as the representation D(J) of the group K(mol). Using
the correlation table of the group K(mol) onto the group Td (see Appendix B)
we can reduce the representation D(J) and determine the symmetry species in
Td(M) of each set of (2J + 1)2 functions |J, k,m〉 for a given value of J . The
result is given in Table 12-12 where we have not included the m-degeneracy [to
include the m-degeneracy it is necessary to multiply the species by (2J + 1)].
The symmetry species of the rotational wavefunctions of SF6 in Oh(M) are
given by the results in Table 12-12 by adding a g to the subscripts on the
symmetry species. The symmetry species of the rotational wavefunctions of
icosahedral molecules such as B12H12

2−, C20H20 and C60 in Ih(M) are given in
Harter and Weeks (1989). Because of the complicated Euler angle transforma-
tions to which some elements of the MS group give rise, it is not very easy to
determine the transformation properties of individual |J, k,m〉 functions of a
spherical top molecule in its MS group. A full discussion of the application of
the Molecular Symmetry Group to the symmetry labeling of the energy levels
and wavefunctions of spherical top molecules is given in Bunker and Jensen
(1999).

12.3 THE CLASSIFICATION OF THE VIBRATIONAL
WAVEFUNCTIONS

To determine the symmetry species of the vibrational wavefunctions of a
molecule in a particular electronic state we begin by determining the symme-
try species of the normal coordinates (see Section 12.1.2). The vibrational
wavefunction of a molecule in the harmonic oscillator approximation is the
product of harmonic oscillator functions (one for each normal coordinate), and
each harmonic oscillator function can be classified in the MS group, once we
know the symmetry of the normal coordinate, by using the expressions given
in Chapter 11 for the harmonic oscillator wavefunctions. The symmetry of
the complete vibrational wavefunction is the product of the symmetries of the
individual harmonic oscillator wavefunctions.

The harmonic oscillator wavefunction for a nondegenerate vibration when
the vibrational quantum number v is zero is given by [see Eq. (11-101)]

Φ0 = (γ/π)1/4 exp(−γQ2/2), (12-54)

where γ = λ1/2/ℏ. The potential energy in the harmonic oscillator approxima-
tion is (ℏ2γ2/2)Q2 and this must be totally symmetric in the MS group since
the MS group is a symmetry group of the Hamiltonian. As a result Q2, and
hence the v = 0 function Φ0, must be totally symmetric in the MS group. For
a nondegenerate normal coordinate the excited state harmonic oscillator wave-
function Φv, with vibrational quantum number v, is given by [see Eq. (11-107)]

Φv = Nv
′[(−iℏ/

√
2)∂/∂Q+ (iℏγ

√
2)Q]vΦ0 = Nv

′(R̂+)vΦ0, (12-55)

where Nv
′ is a normalization constant. If the normal coordinate Q transforms

according to the one-dimensional representation, Γ(i), say, of the MS group,
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the ladder operator R̂+ will also transform according to the representation Γ(i).
Since R̂+ transforms as Γ(i) then (R̂+)v and (since Φ0 is totally symmetric) Φv

will transform as the product Γ(i) ⊗ Γ(i) ⊗ Γ(i) ⊗ · · · taken v times; for v even
this is the totally symmetric representation and for v odd this is Γ(i).

Table 12-12

Symmetry species of rotational wavefunctions of methane in Td(M),
and of SF6 in Oh(M), as a function of Ja

J Γrot

12n n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕A1

12n + 1 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕ F1

12n + 2 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕E ⊕ F2

12n + 3 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕A2 ⊕ F1 ⊕ F2

12n + 4 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕A1 ⊕ E ⊕ F1 ⊕ F2

12n + 5 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕E ⊕ 2F1 ⊕ F2

12n + 6 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕A1 ⊕ A2 ⊕ E ⊕ F1 ⊕ 2F2

12n + 7 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕A2 ⊕ E ⊕ 2F1 ⊕ 2F2

12n + 8 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕A1 ⊕ 2E ⊕ 2F1 ⊕ 2F2

12n + 9 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕A1 ⊕ A2 ⊕ E ⊕ 3F1 ⊕ 2F2

12n + 10 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕A1 ⊕ A2 ⊕ 2E ⊕ 2F1 ⊕ 3F2

12n + 11 n(A1 ⊕ A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2)⊕A2 ⊕ 2E ⊕ 3F1 ⊕ 3F2

an is integral. For the symmetry species of the rotational wavefunc-
tions of SF6 in Oh(M) add a g to the subscripts.

A pair of doubly degenerate normal coordinates Qa and Qb (which are such
that γa = γb = γ in the potential function) will form the basis for a two-
dimensional irreducible representation, Γ(j), say, of the MS group. From the
discussion in Chapter 11 [see Eqs. (11-165) and (11-166)] we deduce that the
vibrational wavefunction for the lowest level (v = l = 0) is given by

Ψ0,0 = (γ/π)1/2 exp[−(γQ2/2)], (12-56)

and that the excited state vibrational wavefunctions are given by

Ψv,l = N ′
v,l(R̂

+(−))(v−l)/2(R̂+(+))(v+l)/2Ψ0,0, (12-57)

where the ladder operators R̂±(±) are defined in Eq. (11-157) and Q2 = Qa
2 +

Qb
2. From the invariance of the potential function term (ℏ2γ2/2)Q2 we deduce

that Ψ0,0 is totally symmetric in the MS group. Given that Ψ0,0 is totally
symmetric then, from Eq. (12-57), we see that the (v+ 1) degenerate functions
Ψv,l, where l = v, v−2, v−4, . . . ,−v, transform in the same way as the (v+1)
operators

(R̂+(+))v, (R̂+(−))(R̂+(+))v−1, (R̂+(−))2(R̂+(+))v−2, . . . , (R̂+(−))v, (12-58)
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i.e., as the symmetric vth power of the two-dimensional representation gener-
ated by the pair of ladder operators (R̂+(+), R̂+(−)) [see Eq. (6-121)]. From
Eqs. (11-155)-(11-157) we see that (R̂+(+) + R̂+(−)) transforms as Qa and
that (R̂+(+)− R̂+(−)) transforms as Qb, so that (R̂+(+), R̂+(−)) transforms like
(Qa, Qb), i.e., as Γ(j). Thus the (v + 1) degenerate functions Ψv,l transform as
the symmetric vth power of the normal coordinate species Γ(j); this is written
as [Γ(j)]v [see Eq. (6-121)].

For a triply degenerate vibration (va, vb, vc) with coordinates Qa, Qb, and
Qc, and γa = γb = γc = γ, each level has an energy of

E(va, vb, vc) =

[
v +

3

2

]
ℏ2γ, (12-59)

where v = (va + vb + vc), and each level has a degeneracy of (v+ 1)(v+ 2)/2 as

(va, vb, vc) = (v, 0, 0), (v − 1, 1, 0), (v − 1, 0, 1), . . . , (0, 0, v).

The v = 0 function is totally symmetric and the three v = 1 functions trans-
form as the normal coordinates (Qa, Qb, Qc), i.e., as the three-dimensional ir-
reducible representation, F , say, of the MS group. For v greater than one,
the symmetry of the (v + 1)(v + 2)/2 independent functions is the symmetric
vth power of the normal coordinate representation and this is written [F ]v.
For a three-dimensional species F the character under the operation R in the
representation [F ]v is given by [see Section 7-3 in Wilson, Decius, and Cross
(1955)]

χ[F ]v [R] =
1

3

[
2χF [R]χ[F ]v−1

[R] +
1

2

{
χF [R2]

− (χF [R])2
}
χ[F ]v−2

[R] + χF [Rv]

]
. (12-60)

This is an extension of Eq. (6-121) to a three-dimensional representation.
The methane molecule provides an instructive example [see Eqs. (12-30)

and (12-31)]. A vibrational energy level of methane is described by the values
of the four quantum numbers v1, v2, v3, and v4, and we will determine the
symmetry of the vibrational state (v1, v2, v3, v4) = (3, 2, 1, 2) in the Td(M)
group (see Table A-14). To do this we first determine the symmetry species
of the vibrational wavefunctions of each of the four modes and then multiply
these species together. For the v1 mode of species A1 we have v1 = 3 and

Γ(Φv1=3) = A1 ⊗A1 ⊗A1 = A1. (12-61)

For the v2 mode we have [using Eq. (6-119) for [E]2 = [E ⊗ E]]

Γ(Φv2=2) = [E]2 = A1 ⊕ E, (12-62)

and similarly

Γ(Φv3=1) = F2, (12-63)



12.4. The classification of rovibration wavefunctions 291

and [using Eq. (12-60)]

Γ(Φv4=2) = [F2]2 = A1 ⊕ E ⊕ F2. (12-64)

Thus

Γ(Φv1=3Φv2=2Φv3=1Φv4=2) = A1 ⊗ (A1 ⊕ E)⊗ F2 ⊗ (A1 ⊕ E ⊕ F2)

= 2A1 ⊕A2 ⊕ 3E ⊕ 7F1 ⊕ 8F2. (12-65)

In the general case of a molecule with normal coordinates of species Γ(1),Γ(2),
. . . , Γ(f) in a vibrational state with quantum numbers v1, v2, . . . , vf the species
of the vibrational wavefunctions is

Γ(v1, v2, . . . , vf ) = [Γ(1)]v1 ⊗ [Γ(2)]v2 ⊗ · · · ⊗ [Γ(f)]vf , (12-66)

where [ ]v is the symmetric vth product for a degenerate species and the ordi-
nary vth product for a nondegenerate species.

12.4 THE CLASSIFICATION OF ROTATION-VIBRATION
WAVEFUNCTIONS

As we will see in Chapter 13 centrifugal distortion and Coriolis coupling
interactions in a symmetric top molecule can mix states of different K value
[see, for example, Eqs. (13-76) and (13-79)]. If the interaction is strong it spoils
the usefulness of K as a near quantum number. However, for symmetric top
molecules we can use symmetry to define related “good” rotation-vibration
quantum numbers grv, η, and τ . Similar vibrational, vibronic and rovibronic
quantum numbers gv, gve, and g can also be defined [see Hougen (1962c),
Mills (1964a) and Hegelund, Rasmussen, and Brodersen (1973)]. In order to
understand how these quantum numbers are defined we introduce the concept
of generating operations of a group.

The MS group C3v(M) [Table A-6] contains the six operations

C3v(M) = {E, (123), (132), (12)∗, (13)∗, (23)∗} . (12-67)

The following relations hold [see Table 1-1]

E = (123)(123)(123) = (23)∗(23)∗,

(132) = (123)(123),

(12)∗ = (23)∗(123)(123),

(13)∗ = (23)∗(123). (12-68)

Thus we can express all C3v(M) operations in terms of (123) and (23)∗; these
two operations are generating operations, or group generators, for C3v(M). The
generators of a group are a set of elements of the group which is such that
every element of the group can be expressed as a finite product of powers of
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elements of the set. If we want to symmetry classify an operator (or a function)
in C3v(M), it is sufficient to know how the operator (or function) transforms
under the generating operations (123) and (23)∗, since we can use Eq. (12-68)
to construct the transformation properties under all other operations.

For the most important symmetric top point groups,3 Cnv (n ≥ 3), Dnh (n
≥ 3), and Dnd (n ≥ 2), we can express all group operations in terms of at
most three generating operations R+, R′

+, and R−. Table 12-13 summarizes
convenient sets of generating operations for each of these groups. For a rigid
symmetric top molecule, the molecular symmetry group and the molecular
point group are isomorphic. Consequently, for such a molecule the operations
of the molecular symmetry group can also be expressed in terms of at most
three generating operations that are the MS group partners of the point group
operations given in Table 12-13. In the MS group, the partner operation of the
rotation Cn is a permutation for which the equivalent rotation is of type Rz

β

and it is that operation for which β (= 2π/n) has the smallest value (βmin) (or
alternatively involves the largest value of n; the order of the primary axis of
symmetry). For example, in the case of the C3v(M) molecule CH3F described
by Table A-6, the point group operation Cn corresponds to the MS group op-
eration (123) as given in the example above. If the molecule under study has
one set of n identical nuclei arranged symmetrically around the n-fold rotation
axis in the equilibrium configuration of the molecule, then these nuclei can be
labeled such that the MS group partner operation of Cn is the cyclic permuta-
tion (123 . . . n). The groups Dnd where n is even and Sm where m/2 is even are
exceptions in that the MS group partner of the operation R+ is not a pure per-
mutation; it is that permutation-inversion for which the equivalent rotation is
Rz

β with the smallest positive β value. The MS group partner of the inversion
i is the operation Ôi given by Eq. (4-7). The partners of the other point group
operations in Table 12-13 will vary, and in the character tables of Appendix
A the MS group–point group partners are indicated. For CH3F [Table A-6],
the point group operation σxz corresponds to the MS group operation (23)∗.
In the case of the D3h(M) molecule BF3 described by Table A-10, the point
group operation σh corresponds to the MS group operation E∗, and the point
group operation C2x corresponds to the MS group operation (23).

At the end of Section 12.1.2 we showed that it is necessary to choose a con-
vention for the MS group transformation properties of the normal coordinates
belonging to degenerate irreducible representations. We use the convention in-
troduced by di Lauro and Mills (1966) which is conveniently expressed in terms
of the generating operations in Table 12-13. For groups that have Cn as a gen-
erating operation we require the normal coordinates (Qta, Qtb) to transform
as

Cn(Qta + iQtb) = exp

[
−i2π

n
rt

]
(Qta + iQtb) (12-69)

3Point groups having separably degenerate irreducible representations are not included
here. These are the groups Cn and Cnh (n = 3, 4, 5, . . . ), Sn (n = 4, 6, 8, . . . ) and T.
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Table 12-13

Generating operations for common point groups
of symmetric tops

Molecular point group R+ R′
+ R−

Cnv (n ≥ 3) Cn σxz

Dnh (n ≥ 3; n odd) Cn σh C2x

Dnh (n ≥ 4; n even) Cn i C2x

Dnd (n ≥ 3; n odd) Cn i C2x

D(n/2)d (n/2 ≥ 2; n/2 even) Sn C2x

The group operations are described by means
of a right-handed axis system xyz. The z axis
is the n-fold rotation axis. Cn is a rotation
through 2π/n about the z axis, C2x is a ro-
tation through π about the x axis, σxz is a re-
flection in the xz plane, σh is a reflection in the
xy plane, i is a rotation through π about the z
axis combined with a reflection in the xy plane,
and Sn is a rotation through 2π/n about the z
axis combined with a reflection in the xy plane.

under Cn or, equivalently, under the MS group partner of Cn. In Eq. (12-69)
rt = 1, 2, 3, . . . as (Qta, Qtb) spans E1, E2, E3, . . . [i.e., rt is defined so that
the character under Cn of the irreducible representation spanned by (Qta, Qtb)
is 2 cos(2πrt/n)]. For groups with Sn as a generating operation we require that

Sn(Qta + iQtb) = exp

[
−i2π

n
rt

]
(Qta + iQtb). (12-70)

If C2x is a generating operation then

C2x(Qta + iQtb) = Qta − iQtb, (12-71)

and if σxz is a generating operation then

σxz(Qta + iQtb) = Qta − iQtb. (12-72)

It is not necessary to specify a convention for the transformation of (Qta, Qtb)
under the generating operations i or σh. The normal coordinates will be in-
variant under i (σh), or they will change sign, depending on whether their
irreducible representation is of type g (′) or u (′′). As mentioned above the
convention adopted here will cause normal coordinates (Qta, Qtb) belonging to
irreducible representations E1 or E to transform as (Tx, Ty).

Having defined the generating operations R+, R′
+, and R− in Table 12-13

we need a general expression for the symmetric top rotation-vibration basis
wavefunctions in order to express the transformation properties under these
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operations. In a non-degenerate electronic state, we determine the eigenvalues
and eigenfunctions of the rotation-vibration Hamiltonian by diagonalizing it in
a basis of functions

Φ(V,L,J,k,m)
rv = |v1〉 |v2〉 . . . |vq〉 |vq+1, lq+1〉 |vq+2, lq+2〉 . . . |J, k,m〉 . (12-73)

The function Φ
(V,L,J,k,m)
rv is a product of harmonic oscillator functions (where

the vibrational modes ν1 to νq are assumed to be non-degenerate, so that they
are described by a v quantum number only, whereas the remaining modes νq+1,
νq+2, . . . are doubly degenerate, so that each of them is described by a v and
an l quantum number) and the symmetric top rotational wavefunction given by

Eq. (11-52). In labeling the function Φ
(V,L,J,k,m)
rv , we use V as a shorthand no-

tation for all v quantum numbers (v1, v2, v3, . . . ) and L as a shorthand notation
for all l quantum numbers (lq+1, lq+2, . . . ).

It can be shown [see Hougen (1962c), Mills (1964a), and Hegelund, Ras-
mussen, and Brodersen (1973)] that the transformation properties of the func-

tions Φ
(V,L,J,k,m)
rv under the generating operations R+, R′

+, and R− in the MS
groups are

R+ Φ(V,L,J,k,m)
rv = exp

[
−i 2π

n
grv

]
Φ(V,L,J,k,m)

rv , (12-74)

R′
+ Φ(V,L,J,k,m)

rv = (−1)ηΦ(V,L,J,k,m)
rv , (12-75)

and

R− Φ(V,L,J,k,m)
rv = (−1)ρΦ(V,−L,J,−k,m)

rv . (12-76)

In Eq. (12-76), the function Φ
(V,−L,J,−k,m)
rv is obtained from Φ

(V,L,J,k,m)
rv by

simultaneously changing the signs of all the l quantum numbers and the k
quantum number. It is assumed here that the relative phases of the symmet-
ric top functions |J, k,m〉 are chosen so that Eq. (11-51) is fulfilled, and that
the relative phases of the two-dimensional (isotropic) harmonic oscillator eigen-
functions |vi, li〉 are chosen in accord with Table 11-3. The quantities grv, η,
and ρ defining the transformation properties are given in Table 12-14.

Equations (12-74)-(12-76) show that the two basis functions Φ
(V,L,J,k,m)
rv and

Φ
(V,−L,J,−k,m)
rv transform according to a two-dimensional representation with

the character

exp

[
−i 2π

n
grv

]
+ exp

[
i

2π

n
grv

]
= 2 cos

[
2π

n
grv

]
(12-77)

under the R+ operation. From the character tables in Appendix A, we can
distinguish two types of basis function that we call Type I and Type II. The
type depends on the value of grv as follows:
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Table 12-14

The definitions of the quantum numbers grv, η, and ρ, that give the transformation
properties of the symmetric top rotation-vibration basis functions

Cnv (n ≥ 3; n odd) grv = −k +
∑

rj lj + nt

ρ = J + k +
∑

vA2
+ 2t

Cnv (n ≥ 4; n even) grv = −k +
∑

rj lj − (n/2)
∑

vB + nt

ρ = J + k +
∑

vA2
+

∑

vB2
+ 2t

Dnh (n ≥ 3; n odd) grv = −k +
∑

rj lj + nt

η = k +
∑

v(′′) + 2t

ρ = J +
∑

vA2
+ 2t

Dnh (n ≥ 4; n even) grv = −k +
∑

rj lj − (n/2)
∑

vB + nt

η =
∑

vu + 2t

ρ = J +
∑

vA2
+

∑

vB2
+ 2t

Dnd (n ≥ 3; n odd) grv = −k +
∑

rj lj + nt

η =
∑

vu + 2t

ρ = J +
∑

vA2
+ 2t

D(n/2)d (n/2 ≥ 2; n/2 even) grv = −k +
∑

rj lj − (n/2) [
∑

vB + k] + nt

ρ = J +
∑

vA2
+

∑

vB2
+ 2t

The sum
∑

j rj lj in the definition of grv runs over all degenerate normal
modes of the molecule in question with rj as the numerical index on the sym-
metry symbol Erj spanned by the j’th normal vibration. The irreducible rep-
resentation Erj has the character 2 cos (2πrj/n) under the operation Cn. For
point groups with n ≤ 4 no numerical indices occur and all rj = 1. The sum-
mations

∑

vB ,
∑

vA2
, and

∑

vB2
represent sums over the v quantum numbers

belonging to non-degenerate normal modes with symmetries B, A2, and B2,

respectively. The summations
∑

vu and
∑

v(
′′), represent sums over the v

quantum numbers belonging to non-degenerate or degenerate normal modes
with symmetries of type u or ′′, respectively. The quantity t is an integer de-
termined independently for the quantum numbers grv, η, and ρ, so that the
quantum numbers have values that satisfy −n

2
< grv ≤ n

2
, η = 0 or 1 and ρ =

0 or 1.

I. If grv 6= 0 and grv 6= n
2 , the basis functions Φ

(V,L,J,k,m)
rv and Φ

(V,−L,J,−k,m)
rv

transform according to an irreducible, doubly degenerate representation
E|grv|. No further symmetrization of the basis functions is possible. In

this case, we refer to the functions Φ
(V,L,J,k,m)
rv and Φ

(V,−L,J,−k,m)
rv as Type

I basis functions.

II. If grv = 0, the basis functions Φ
(V,L,J,k,m)
rv and Φ

(V,−L,J,−k,m)
rv transform

according to a reducible two-dimensional representation A1 + A2. If grv
= n

2 , they transform according to B1 + B2. In both cases, it is easy to
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verify that the new basis functions

Φ(V,L,J,k,m,τ)
rv =

1√
2

[
Φ(V,L,J,k,m)

rv + (−1)ρ+τΦ(V,−L,J,−k,m)
rv

]
, (12-78)

where τ = 0 or 1, have the following transformation properties

R+ Φ(V,L,J,k,m,τ)
rv = exp

[
−i 2π

n
grv

]
Φ(V,L,J,k,m,τ)

rv , (12-79)

R′
+Φ(V,L,J,k,m,τ)

rv = (−1)ηΦ(V,L,J,k,m,τ)
rv , (12-80)

and

R− Φ(V,L,J,k,m,τ)
rv = (−1)τΦ(V,L,J,k,m,τ)

rv . (12-81)

Hence the new basis functions Φ
(V,L,J,k,m,τ)
rv transform according to non-

degenerate irreducible representationsA1, A2, B1, or B2 in the MS group.
We refer to them as Type II basis functions. A special case of a Type II
basis function occurs when k = 0 and all lj = 0. We define the corre-
sponding symmetrized basis function as

Φ(V,0,J,0,m,τ)
rv = Φ(V,0,J,0,m)

rv (12-82)

where, by definition, τ = ρ. The basis function has transformation prop-
erties given by Eqs. (12-79)-(12-81).

We can also define [Hougen (1962c)] the related vibrational, vibronic and
rovibronic quantum numbers gv, gve and g using

R+ψv = exp

[
−i2π

n
gv

]
ψv, (12-83)

R+ψve = exp

[
−i2π

n
gve

]
ψve, (12-84)

R+ψrve = exp

[
−i2π

n
g

]
ψrve. (12-85)

where −n
2 < gv, gve, g ≤ n

2 . From these definitions we obtain relations such as

gv = grv + k + nt, (12-86)

gve = grve + k + nt. (12-87)

For CH3F we have, for example,

gv = l4 + l5 + l6 + 3t, (12-88)

where the integer t is determined so that gv = −1, 0, or 1.
We introduce the unsigned quantum numbers, for labeling energy levels,

G = |g|, Grv = |grv|, Gve = |gve|, and Gv = |gv|.
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Selection rules for rovibronic, vibronic, and rotation-vibration perturbations
can be formulated using these quantum numbers. The quantum numbers (grv,
η, τ), g, gve, and gv contain no more information than the MS symmetry labels
Γrv,Γrve,Γve, and Γvib, respectively, but they are useful, for example when the
selection rules derived from the MS group symmetry are to be incorporated in
a computer program for simulating spectra. They are also useful in defining the
(±l) quantum number label. The (±l) quantum number label is itself of partic-
ular use in discussing optical selection rules in symmetric tops when degenerate
vibrational or vibronic states are involved. However, the definition of this label
requires knowledge of the Coriolis coupling interaction for a symmetric top,
and so we postpone the discussion of it until Section 13.2.2.

12.5 THE CLASSIFICATION OF THE
ELECTRONIC WAVEFUNCTIONS

12.5.1 The classification of molecular orbitals

An electronic wavefunction Φ
(e,S,mS)
elec [see page 196] of a molecule, obtained

in an SCF-CI calculation, can be written as a superposition of single configura-
tion wavefunctions ΦSCF,q

elec [see Eq. (9-83)], each of which is a Slater determinant
[Eq. (9-68)]. In the superposition given by Eq. (9-83), all the Slater determi-
nants will transform according to the same irreducible representation of the
MS group; this is a consequence of the vanishing integral rule [Eq. (6-140)]

in conjunction with the fact that the wavefunction Φ
(e,S,mS)
elec is obtained by

diagonalization of a matrix representation of the electronic Hamiltonian in the
basis of ΦSCF,q

elec functions. Each Slater determinant ΦSCF,q
elec is the sum of n!

terms [n is the number of electrons in the molecule], and each of these terms
is a product of n molecular orbitals

φ1(ri1)φ2(ri2) · · ·φn(rin), (12-89)

multiplied by n spin functions, where each spin function is either α(σ) or β(σ).
As discussed in Chapter 9, an orbital can occur at most twice in the product
given in Eq. (12-89). The sequence of indices i1i2 . . . in in the product is a
permutation of the numbers 123 . . . n, and the n! orbital products which enter
into a Slater determinant correspond to the n! possible permutations of this
kind; the MO products occurring in a given Slater determinant differ only in
the labeling of the electrons. Thus, all these MO products have the same
symmetry in the MS group.

When we know the irreducible representations generated by the Slater deter-
minants ΦSCF,q

elec in the MS group, we immediately obtain the symmetries of the

electronic wavefunctions Φ
(e,S,mS)
elec since these functions are expressed in terms

of the Slater determinants by Eq. (9-83). The first step towards classifying a
Slater determinant is to determine the common symmetry of the n! MO prod-
ucts [Eq. (12-89)] contained in it. In the remainder of this section, we explain
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how to do this.
Note that the nuclear spin statistical weights of the rotational levels of a state

depend on the electronic symmetry (as well as on the rotational and vibrational
symmetry) and the relative intensities of the rotational lines in a spectrum
depend on the statistical weights. Thus the experimental determination of
these relative intensities can sometimes enable the symmetry of the lowest
electronic state to be determined [see Carlotti, Johns, and Trombetti (1974)
for an example of this in N2H2].

The molecular orbital functions φk(r) can be written as linear combinations
of atomic orbital basis functions [Eq. (9-69)]. The symmetry of the MO product
in Eq. (12-89) depends on the symmetries of the molecular orbitals φk(r) and
these symmetries, in turn, can be obtained from the transformation properties
of the atomic orbitals. Under the effect of an element of the MS group the
molecule fixed (x, y, z) axes are rotated and the nuclear labels on the atomic
orbitals are permuted. We will use the water molecule as a convenient example
to show how the rotation of the (x, y, z) axes and the permutation of the nuclear
labels affect the transformation properties of the atomic orbitals.

For the water molecule we consider molecular orbitals constructed from the
following limited set of atomic orbitals centered on the oxygen nucleus, 1s(O),
2s(O), 2px(O), 2py(O), 2pz(O), together with the atomic orbitals 1s(H1) and
1s(H2) centered on the protons. The effect of the MS group operation (12) is
shown in Fig. 12-14 and we see that

(12)2pz(O) = −2pz(O) (12-90)

since although the electrons are unaffected by (12) the molecule fixed z axis is
reversed. Also the (12) operation exchanges the the atomic orbitals 1s(H1) and
1s(H2) centered on the protons. We determine that the following combinations
of atomic orbitals transform irreducibly:

A1 : 1s(O), 2s(O), 2px(O), [1s(H2) + 1s(H1)],

B1 : 2py(O),

B2 : 2pz(O), [1s(H2)− 1s(H1)]. (12-91)

These symmetry adapted combinations of atomic orbitals are called sym-
metry orbitals (SO) and MO’s written as LCAO’s [see Eq. (9-69)] can only
consist of one symmetry type of SO as a result of the vanishing integral rule
[Eq. (6-140)].

To determine how many orbitals of a given symmetry type are occupied, we
argue as follows. The lowest lying MO will obviously be largely a 1s orbital on
the oxygen nucleus, (1a1) = 1s(O). The two SO’s of B2 symmetry will form a
bonding and an antibonding pair of MO’s qualitatively given by

(1b2) = 2pz(O) + [1s(H2)− 1s(H1)] (12-92)

and

(1b2
∗) = 2pz(O)− [1s(H2)− 1s(H1)].
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Fig. 12-14. The effect of the operation (12) for the water molecule with the atomic
orbital 2pz(O) marked.

The 2s(O) and 2px(O) orbitals will each similarly form bonding and anti-
bonding MO’s with the [1s(H2) + 1s(H1)] SO; the bonding orbitals are quali-
tatively given by

(2a1) = 2s(O) + [1s(H2) + 1s(H1)] (12-93)

and

(3a1) = 2px(O) + [1s(H2) + 1s(H1)].

Finally the 2py(O) orbital will give a nonbonding orbital of symmetry B1:

(1b1) = 2py(O). (12-94)

Filling the bonding and nonbonding MO’s we obtain the electronic configura-
tion of the ground state of H2O (called the X̃ state) as

(1a1)2(2a1)2(1b2)2(3a1)2(1b1)2. (12-95)

The orbitals are written in order of increasing energy and the symmetry of the
MO product

φ1a1(r1)φ1a1(r2)φ2a1(r3)φ2a1(r4)φ1b2(r5)

× φ1b2(r6)φ3a1(r7)φ3a1(r8)φ1b1(r9)φ1b1(r10) (12-96)

[where ri denotes the spatial coordinates of electron i] is given by

(A1)2 ⊗ (A1)2 ⊗ (B2)2 ⊗ (A1)2 ⊗ (B1)2 = A1. (12-97)

The symmetry of a product of molecular orbitals is is built up from the MO
symmetries and the occupation numbers (0, 1, or 2; a molecular orbital cannot
occur more than twice in the Slater determinant as mentioned above) in a way
similar to that in which we build up the symmetries of complete vibrational
wavefunctions [see, for example, Eq. (12-66)]. MO products corresponding to
excited electronic state wavefunctions are obtained by promoting one or more
of the electrons out of these MO’s into MO’s of higher energy. For example,
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the MO product for the excited Ã state of water is obtained by promoting an
electron out of the (1b1) nonbonding orbital and into the (3sa1) orbital [largely
an atomic 3s(O) orbital] to give the configuration

(1a1)2(2a1)2(1b2)2(3a1)2(1b1)1(3sa1)1 (12-98)

which has symmetry B1.
The occupied molecular orbitals in the lowest electronic state of a molecule

cannot always be determined from simple MO arguments such as those just
presented. In general, the molecular orbitals obtained in an SCF calculation
are LCAO’s as given by Eq. (9-69). The SCF calculation yields as result the
expansion coefficients of Eq. (9-69), cµk [µ = 1, 2, 3, . . . , Nb; k = 1, 2, 3, . . . ,
Nb]. The basis functions χµ(r) in this equation can be symmetry classified in
the MS group using the techniques outlined above, and from their symmetries,
taken together with the known cµk values, we can determine the symmetries of
the MO’s φk(r). The MO’s will necessarily transform according to irreducible
representations of the MS group. The symmetries of MO products, such as
that given in Eq. (12-89), can be determined as indicated by Eq. (12-97). We
can now classify the orbital part of the Slater determinant in the MS group.
However, to classify the complete determinant we must also be able to deter-
mine the irreducible representations generated by the electron spin functions.
Methods for doing this are discussed in the following two sections.

12.5.2 Hund’s case (b) basis functions

It often happens, as for example in the ground electronic states of the CH
and NH2 molecules, that the magnetic coupling of the electron spin to the
electron and nuclear orbital motions is small. In these circumstances it is
appropriate to use electron spin basis wavefunctions that are quantized along
space fixed axes in the same manner that nuclear spin functions were used in
Chapter 8. Such a situation is termed Hund’s case (b) and basis functions
in which the electron spin functions are quantized along space fixed axes are
termed Hund’s case (b) functions. Sometimes spin-orbit coupling is strong
so that the electron spin is “tied” to the molecule fixed axis system (for low
values of the rotational quantum numbers at least). In these circumstances
the wavefunctions are better represented using electron spin functions that are
quantized along molecule fixed axes;4 this is Hund’s case (a) and a Hund’s
case (a) basis. We must be able to classify each type of basis set function
in the MS group. In Eq. (9-68) we constructed a Slater determinant, and
such determinants serve as basis functions for expressing the total electronic

wavefunctions Φ
(e,S,mS)
elec , in terms of the one-electron spin functions α(σ) and

β(σ), which are quantized along the space-fixed axes (ξ, η, ζ). Consequently,

the wavefunctions Φ
(e,S,mS)
elec are also quantized along these space fixed axes [the

4 In a Hund’s case (a) basis T̂N [see Eq. (10-150)] involves L̂α + Ŝα and L̂β + Ŝβ rather

than L̂α and L̂β , respectively.
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quantum number mS defines the projection of the total electron spin on the
ζ axis], and they are Hund’s case (b) basis functions. The functions α(σ) and
β(σ) are unaffected either by any permutation of identical nuclei or by the
inversion operation E*, so that they are totally symmetric in the MS group.
Hence, when spin-orbit coupling is small, so that a Hund’s case (b) basis set is

appropriate, the symmetry species of the electronic wavefunctions Φ
(e,S,mS)
elec can

be determined without considering the spin functions. The effect of including
electron spin in the wavefunction is merely to add a multiplicity label 2S + 1
as a superscript to the species of the electronic wavefunction. For example, for
the states discussed for the water molecule we have

(1a1)2(2a1)2(1b2)2(3a1)2(1b1)2 1A1 (12-99)

and

(1a1)2(2a1)2(1b2)2(3a1)2(1b1)1(3sa1)1 1B1 and 3B1. (12-100)

For singlet states the quantum numbers J , k, and m associated with the
solution of the rotational wave equation describe the rovibronic angular mo-
mentum of the molecule, its projections along the molecule fixed z axis, and its
projection along the space fixed ζ axis. For nonsinglet states in case (b) N and
m are used, rather than J and m, since by convention J is then reserved for an-
gular momentum including electron spin, and the quantum number specifying
the projection of Ĵ on the ζ axis is called mJ .

12.5.3 Hund’s case (a) basis functions

The operator

ŝiz = λzξ ŝiξ + λzη ŝiη + λzζ ŝiζ (12-101)

represents the component along the molecule fixed z axis of the spin angu-
lar momentum of electron i. In Eq. (12-101) (ŝiξ, ŝiη, ŝiζ) are the space fixed
components of the spin angular momentum of electron i, and the λzA are the
direction cosines from Eq. (10-5). We obtain electron spin functions quantized
along the molecule fixed axes by diagonalizing the matrix representation of ŝiz
in the basis α(σi) and β(σi). The resulting 2 × 2 matrix has the eigenvalues
−1/2 and 1/2, but the eigenfunctions [the new, “molecule fixed” spin functions]
depend on the Euler angles because ŝiz depends on these angles through the
direction cosines. We now construct Slater determinants in terms of molecule
fixed spin functions. For the ab initio determination of Φelec the new choice of
spin functions produces no discernible change of the theory outlined in Chap-
ter 9; the reason is that in an ab initio calculation, the nuclei are fixed in space,
and the Euler angles are thus held constant. However, when we classify the
electronic wavefunctions in the MS group we must take into account that not
only the products of molecular orbitals entering into the Slater determinants,
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but also the products of spin functions are now affected by any rotation of the
molecule fixed (x, y, z) axes caused by the MS group operations. We can use
the fact that if we take the electronic (CI) wavefunction from Eq. (9-83) and
insert in this expression the Slater determinant from Eq. (9-68) expanded as n!
terms, we obtain the CI wavefunction as a superposition of very many terms,
each term being the product of n molecular orbitals multiplied by the product
of n spin functions. We have already seen that all the products of n molecu-
lar orbitals occurring in the wavefunction will have the same symmetry in the
MS group, and the same is true for all the products of n spin functions. Fur-
thermore, the products of spin functions will be such that the total electronic
wavefunction is an eigenfunction of Ŝ2 with eigenvalue S(S + 1)ℏ2, exactly as
for Hund’s case (b) functions. The spin function products will transform ac-
cording to the irreducible representation D(S) in the group K(mol) defined in
Chapter 4. To determine the species of the products of electron spin functions
in the MS group we use the correlation table5 of K(mol) to the MS group (see
Table B-2). For integral values of S this presents no problems. When S is half-
integral (i.e., for a molecule with an odd number of electrons) the classification
of the spin functions in K(mol) and in the MS group presents problems, which
we will discuss in Chapter 18. Here, we will complete the general argument and
apply it to an example in which the molecule has an even number of electrons.

When Hund’s case (a) electron spin functions are used the quantum numbers
J, p, and mJ associated with the solution of the rotational equation describe,
respectively, the angular momentum of the molecule including electron spin, its
projection along the molecule fixed z axis, and its projection along the space
fixed ζ axis direction. We consider an example of a molecule with an even
number of electrons and show how the symmetry classifications in the Hund’s
case (a) and (b) limits are made.

We consider a C3v(M) pyramidal XY3Z molecule, such as CH3F, in an elec-
tronic state of symmetry 3A2 and in a totally symmetric, A1, vibrational state.
The species of the rovibronic-electron spin wavefunctions Φrves is given as Γrves

= Γrv ⊗ Γes, where Γrv is obtained by multiplying the species of the rotational
and vibrational wavefunctions, and Γes is obtained by multiplying the species
of the products of molecular orbital functions and electron spin wavefunctions,
respectively, entering into the Slater determinant.

In the Hund’s case (b) limit for the CH3F example the rotational species
Γrot are obtained from Table 12-5, with the replacement of J by N , and these
are given on the left in Fig. 12-15. The vibrational species is A1 and the
electronic orbital species [i.e., the species of the products of molecular orbitals
entering into the Slater determinant] is A2 so that the rovibronic species Γrve are
obtained by multiplying Γrot by A2. The rovibronic species are given down the
center of Fig. 12-15. The triplet electron spin functions are each of symmetry
A1 in case (b) so that the rovibronic-electron spin species Γrves are as given on
the right in Fig. 12-15, and we have J = N + 1, N,N − 1 for a triplet state

5This involves using the equivalent rotations of the MS group and reducing K(mol) onto
the equivalent rotation group.
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(except for N = 0 when J = 1 only).

Fig. 12-15. The symmetry labels Γrves for the rovibronic-electron spin energy levels of
the CH3F molecule in a 3A2 vibronic state using Hund’s case (b) electron spin functions and
the group C3v(M).

In a Hund’s case (a) basis for the CH3F molecule the electron spin species is
obtained first from the reduction of D(1) of K(mol) onto C3v(M), and this gives
Γespin = A2 ⊕ E. Multiplying by the electronic orbital species A2 we obtain
the electronic spin-orbit species Γeso as A1 ⊕E and these two spin-orbit states
are split apart by spin-orbit coupling as indicated on the left in Fig. 12-16; in
Hund’s case (a) this splitting is much larger than the rotational energy level
spacings. Multiplying the species Γeso by the vibrational species A1 and then
by the rotational species Γrot (obtained from Table 12-5 with the replacement
of K by P = |p|) we obtain the Γrves species as given on the right in Fig. 12-16.

As we see by comparing the right hand sides of Figs. 12-15 and 12-16 the
case (a) and case (b) rovibronic-electron spin energy level patterns are quite
different. In the case (b) limit (Fig. 12-15) the rovibronic-electron spin energy
level pattern is like that of a singlet state but every energy level (except that
with N = 0) is a triplet; a small spin-orbit interaction would make these triplets
resolvable. In the case (a) limit the energy level pattern is that of two distinct
electronic states (one of which is degenerate). Regardless of the extent of the
spin-orbit interaction the rovibronic-electron spin Hamiltonian commutes with
the MS group and with K(mol) so the symmetry labels J and Γrves remain
valid. Thus we can correlate the case (a) and case (b) rovibronic-electron spin
energy levels, maintaining J and Γrves. The reader can test that this can be



304 12. The Symmetry of the Rovibronic Wavefunctions

Fig. 12-16. The symmetry labels Γrves for the rovibronic-electron spin energy levels of
the CH3F molecule in a 3A2 electronic state (and an A1 vibrational state) using Hund’s case
(a) electron spin functions and the group C3v(M).

done and, for example, for J = 1 we have the case (a) and case (b) symmetries
as follows:

Γrves(case(b)) = A2 ⊕A1 ⊕ E ⊕A2 ⊕ E ⊕ E = A1 ⊕ 2A2 ⊕ 3E (12-102)

and

Γrves(case (a)) = A2 ⊕ E ⊕ E ⊕ (A1 ⊕A2 ⊕ E) = A1 ⊕ 2A2 ⊕ 3E. (12-103)

12.6 NEAR SYMMETRY GROUPS

The rigid rotor Hamiltonian commutes with the elements of the molecular
rotation group D2 (the four-group sometimes called V for Vierergruppe) for an
asymmetric top molecule, D∞ for a symmetric top molecule, and K(mol) for
a spherical top molecule. The vibrational Hamiltonian and electronic Hamil-
tonian commute with the molecular point group of the molecule. These are all
near symmetry groups whose elements do not commute with the full Hamilto-
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nian. Some discussion of these groups, and of the concept of near symmetry,
has been given in Chapters 4 and 7, but a more detailed discussion is warranted.

12.6.1 The molecular rotation group

The molecular rotation group of a molecule consists of all Euler angle trans-
formations that leave the rigid rotor Hamiltonian of the molecule invariant,
and we can picture each operation of the group as being a bodily rotation of
the molecule about an axis that has a definite orientation within the molecule
fixed axis system. Each element of the molecular rotation group of a molecule
changes the Euler angles but does not transform the vibronic or spin coordi-
nates. The terms in the complete Hamiltonian in which the rotational coor-
dinates are coupled to the vibronic or spin coordinates [such as the Coriolis
coupling term Eq. (11-1c) or the term Ĥnsr in Table 7-1] will not necessar-
ily commute with the elements of the molecular rotation group, and they can
therefore break this symmetry. However, these effects are sometimes small (par-
ticularly in the isolated ground vibronic states usually studied by microwave
spectroscopy) and in these circumstances the molecular rotation group provides
useful near symmetry labels on the molecular energy levels.

For a spherical top molecule the rigid rotor Hamiltonian is [see Eq. (11-22)]
in cm−1

Ĥsph = ℏ−2BeĴ
2. (12-104)

This Hamiltonian is invariant to the Euler angle transformation caused by ro-
tation of the molecule about any axis that has a definite orientation within the
molecule fixed axis system. Thus the molecular rotation group of a spherical top
molecule is K(mol); this group provides the label J (or N for non-singlet elec-
tronic states) for the levels, and each J level has a (2J + 1)-fold k-degeneracy.
This degeneracy, and the symmetry in K(mol), is removed by interactions such
as caused by centrifugal distortion and Coriolis coupling effects.

For a symmetric top molecule the rigid rotor Hamiltonian is [see Eqs. (11-10)
and (11-20)] in cm−1

Ĥsymm = ℏ−2[XeĴ
2 + (Ze −Xe)Ĵz

2], (12-105)

where we use the letters X and Z for the rotational constants (X = B and
Z = A or C). This Hamiltonian is invariant to the Euler angle transformations
caused by any rotation about the molecule fixed z axis and by any twofold
rotation about an axis perpendicular to the z axis. It is left as an exercise
for the reader to show that the operations Rz

β and Rα
π (see Table 12-1)

commute with Ĵ2 and Ĵz
2 [see Eqs. (10-84)-(10-86)] and hence with Ĥsymm.

The molecular rotation group of a symmetric top molecule is thus the group
D∞. This group is a subgroup of the group K(mol) and the character table
is given in Table 12-15. We can classify the symmetric top functions |J, k,m〉
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Table 12-15

The character table of D∞ and the species of symmetric top functions
|J,±K,m〉 in the group

Symmetry species Symmetry
as function of of Jα

E 2Rz
ε · · · ∞Rα

π Ka

Σ+ : 1 1 · · · 1 0 (J even)
Σ− : 1 1 · · · −1 0 (J odd) Jz
Π : 2 2 cos ε · · · 0 1 (Jx,Jy)
∆ : 2 2 cos 2ε · · · 0 2
Φ : 2 2 cos 3ε · · · 0 3
...

...
... · · ·

...
...

aP in Hund’s case (a). In nonsinglet states J becomes N .

(or |N, k,m〉 in nonsinglet states). and the Jα, in D∞, by using the results in
Table 12-1, and Eqs. (12-46) and (12-47); the results of this classification are
included in Table 12-15. We see that the distinctions made by classifying the
states in D∞ parallel the distinctions made by using the unsigned quantum
number K [or P in Hund’s case (a)]. Rotation-vibration levels of different D∞
species [i.e., of different K (or P ) value] can be mixed by, for example, Coriolis
coupling terms in the Hamiltonian, and these effects spoil the symmetry of
the complete Hamiltonian in D∞. The symmetry in D∞, i.e., the quantum
number K (or P ), deteriorates in usefulness the more vibrationally excited the
molecule becomes. This is because the density of vibrational states increases
rapidly with vibrational excitation and there is, therefore, more opportunity
for rotation-vibration interactions to be significant. This is discussed further
in Chapter 13.

Table 12-16

The character table of the group D2 and the species of
the asymmetric top functions |JKaKc 〉 in the group

E Ra
π Rb

π Rc
π KaKc Symmetry

of Jα

A : 1 1 1 1 ee
Ba : 1 1 −1 −1 eo Ja
Bb : 1 −1 1 −1 oo Jb
Bc : 1 −1 −1 1 oe Jc
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For an asymmetric top molecule the rigid rotor Hamiltonian (in cm−1) is
[see Eq. (11-53)]

Ĥasym = ℏ−2(AeĴa
2 +BeĴb

2 + CeĴc
2). (12-106)

This Hamiltonian is invariant to the Euler angle transformations caused by
a twofold rotation about the a, b, or c axis. The molecular rotation group is
hence the group D2 = {E,Ra

π, Rb
π, Rc

π}, which is a subgroup of D∞, and
the character table of the D2 molecular rotation group is given in Table 12-16.
We can classify the asymmetric rotor wavefunctions in this group by following
the procedure used in obtaining Table 12-8, and the results are also included in
Table 12-16. For molecules for which the JKaKc states ee, oe, eo, and oo trans-
form as four different irreducible representations of the molecular symmetry
group we achieve no new distinctions by using the molecular rotation group.
However, for molecules for which this is not true, such as trans C(HF)CHF
(see Table 12-11) or completely unsymmetrical molecules like CHIFCl, we do
obtain extra energy level distinctions that are of great use (particularly for the
levels of the vibrational ground state for which the symmetry breaking effects
are usually negligible). The factorization of the rigid rotor Hamiltonian into
four blocks (see Problem 11-2) follows from the symmetry of the states in the
group D2.

The correlation of the species of K(mol) to D∞ and to D2 is given in Ta-
ble B-1 for J ≤ 3.

12.6.2 The molecular point group

For any molecule the point group symmetry of the equilibrium nuclear ar-
rangement is easily determined (see Chapter 4). In using the point group to
transform molecular wavefunctions the elements of the group are interpreted as
being rotations and reflections of the vibronic variables (vibrational displace-
ments and electronic coordinates) in the molecule fixed axis system [see Section
5-5 and Fig. 5-7 in Wilson, Decius, and Cross (1955), and Section 4.5 here].
The molecular point group is a symmetry group of the vibronic Hamiltonian
since all interparticle distances are maintained by its elements. The Euler an-
gles, angular momentum components Ĵα and nuclear spin coordinates are not
transformed by the elements of the molecular point group. The molecular point
group is not used for labeling rovibronic states (rotational levels), but rather for
labeling vibrational and electronic states and for studying vibronic interactions.
It is a true symmetry group of the vibronic (and electronic) Hamiltonian.

It is important to appreciate exactly how the molecular coordinates trans-
form under the elements of the molecular point group, and to appreciate how
the elements are related to the elements of the molecular symmetry group.
Some of this ground has already been covered in Section 4.5. We will again use
the water molecule as an example.

Locating the molecule fixed (x, y, z) axes on a water molecule as shown in
Fig. 10-2 on page 211 (the xz plane is the molecular plane and the x axis is



308 12. The Symmetry of the Rovibronic Wavefunctions

the twofold symmetry axis) the elements of the molecular point group C2v

are {E,C2x, σxz , σxy} and the character table of this group is as given in Ta-
ble 12-17. To determine the symmetry of the normal coordinates in this group
we first determine the transformation properties of the Cartesian displacement
coordinates. The results of doing this are given in Table 12-18. As an example
in Fig. 12-17 the effect of C2x on the ∆x coordinates is shown, and we see that

C2x(∆x1,∆x2,∆x3) = (∆x1
′,∆x2

′,∆x3
′) = (∆x2,∆x1,∆x3). (12-107)

Table 12-17

The character table of the
C2v point group

E C2x σxz σxy

A1 : 1 1 1 1
A2 : 1 1 −1 −1
B1 : 1 −1 −1 1
B2 : 1 −1 1 −1

Table 12-18

The transformation properties of the Cartesian displacement coordinates of H2O in
the C2v group given in Table 12-17a

E C2x σxz σxy E C2x σxz σxy

∆x1 ∆x2 ∆x1 ∆x2 Tx Tx Tx Tx : A1

∆x2 ∆x1 ∆x2 ∆x1 Ty −Ty −Ty Ty : B1

∆x3 ∆x3 ∆x3 ∆x3 Tz −Tz Tz −Tz : B2

∆y1 −∆y2 −∆y1 ∆y2 Rx Rx −Rx −Rx : A2

∆y2 −∆y1 −∆y2 ∆y1 Ry −Ry Ry −Ry : B2

∆y3 −∆y3 −∆y3 ∆y3 Rz −Rz −Rz Rz : B1

∆z1 −∆z2 ∆z1 −∆z2
∆z2 −∆z1 ∆z2 −∆z1
∆z3 −∆z3 ∆z3 −∆z3

χCar: 9 −1 3 1

a The protons are numbered 1 and 2 and the oxygen nucleus 3. The (x, y, z)
axes are defined in Fig. 10-2.
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Fig. 12-17. The effect of the molecular point group operation C2x on the x displacement
coordinates of the nuclei in H2O.

The vibrational displacements are rotated about the x axis by C2x but the
molecule fixed axes are unaffected. The transformation properties of the trans-
lational and rotational combinations of the Cartesian displacement coordinates
[see Eq. (12-15)] are also given in Table 12-18, and we deduce the species of
the normal coordinates in C2v to be

Γ(Q1, Q2, Q3) = 2A1 ⊕B2. (12-108)

The symmetry of the lower molecular orbitals can be determined from those
of the minimal basis set of atomic orbitals 1s(O), 2s(O), 2px(O), 2py(O),
2pz(O), 1s(H1), and 1s(H2). The transformation properties of these orbitals in
the C2v group are given in Table 12-19. In Fig. 12-18 the effect of C2x on the
2pz(O) orbital is shown. Using the LCAO approximation we deduce that the
lowest bonding and nonbonding symmetry adapted molecular orbitals of H2O
in the C2v group, can be written qualitatively as

A1





(1a1)

(2a1)

(3a1)

:

:

:

1s(O),

2s(O) + [1s(H2) + 1s(H1)],

2px(O) + [1s(H2) + 1s(H1)];

B1 (1b1) : 2py(O);

B2 (1b2) : 2pz(O) + [1s(H2)− 1s(H1)].

(12-109)

Comparison of Tables 12-18 and 12-19 with the results given in Table 12-2
and Eq. (12-91), and of Figs. 12-17 and 12-18 with Figs. 12-5 and 12-14, shows
that the point group operations C2x, σxz, and σxy have the same effect on the
vibronic variables in H2O as the MS group operations (12), E∗, and (12)∗,
respectively. By studying the point groups of all rigid nonlinear molecules we
find that there is a general rule, as already stated in Section 4.5, that:

For a rigid nonlinear molecule the molecular point group and the molecular
symmetry group are isomorphic, and each element in the molecular point group
has the same effect on the vibronic variables as its partner in the molecular
symmetry group.

Since the molecular point group and the molecular symmetry group are iso-
morphic for rigid nonlinear molecules, we choose (as already stated in Chap-
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ter 5) to use common character tables and irreducible representation labels for
them and this is done in Appendix A. The results of a classification of vibronic
states is then the same using either group.

Table 12-19

The transformation properties of the atomic orbitals in
the C2v group for H2O

E C2x σxz σxy

1s(O) 1s(O) 1s(O) 1s(O) : A1

2s(O) 2s(O) 2s(O) 2s(O) : A1

2px(O) 2px(O) 2px(O) 2px(O) : A1

2py(O) −2py(O) −2py(O) 2py(O) : B1

2pz(O) −2pz(O) 2pz(O) −2pz(O) : B2

1s(H1) 1s(H2) 1s(H1) 1s(H2)

1s(H2) 1s(H1) 1s(H2) 1s(H1)

}

: A1 ⊕ B2

Fig. 12-18. The effect of the molecular point group operation C2x on the 2pz(O) orbital
in H2O.

APPENDIX 12-1: THE TRANSFORMATION PROPERTIES OF THE
EULER ANGLES USING EQUATIONS

The water molecule

The transformation of the Euler angles caused by (12) in the water molecule
can be derived by using Eqs. (10-43), (10-45), (10-46), (10-48), and (10-49)



Appendix 12-1 311

together with the result [see Eqs. (1-10) and (1-18)]

(12)(ξ1, η1, ζ1, ξ2, η2, ζ2, ξ3, η3, ζ3) = (ξ1
′, η1

′, ζ1
′, ξ2

′, η2
′, ζ2

′, ξ3
′, η3

′, ζ3
′)

= (ξ2, η2, ζ2, ξ1, η1, ζ1, ξ3, η3, ζ3). (12-110)

From Eq. (12-110) we deduce that

(12)(ξ2 − ξ1) = −(ξ2 − ξ1),

(12)(η2 − η1) = −(η2 − η1), (12-111)

and

(12)(ζ2 − ζ1) = −(ζ2 − ζ1).

The αi
e are constants [see Eq. (10-38)] unaffected by any symmetry operation.

Hence, from Eqs. (10-43), (10-45), (10-46), (10-48), and (10-49),

cos θ′ = −[(ζ2 − ζ1)/(z2
e − z1e)] = − cos θ,

cosφ′ = − cosφ, sinφ′ = − sinφ, (12-112)

cosχ′ = cosχ, and sinχ′ = − sinχ.

From these equations the result in Eq. (12-1) follows.
For the operation E∗ we can write

E∗(ξi, ηi, ζi) = (−ξi,−ηi,−ζi). (12-113)

The result in Eq. (12-2) is obtained by using this equation with the expressions
for the Euler angles given in Eqs. (10-43)-(10-49).

The methyl fluoride molecule

For a CH3F molecule in its equilibrium configuration we let the distances
of the fluorine and carbon nuclei from the nuclear center of mass be rF and
rC respectively, the CH bond length be rH, and the angle α be as defined
in Fig. 12-3a; the (x, y, z) coordinates of the nuclei can be written in terms
of these four parameters. Using the direction cosine matrix [see Eqs. (10-5)-
(10-7)] we can write the (ξ, η, ζ) coordinates of each nucleus in terms of the
(x, y, z) coordinates (i.e., in terms of rF, rC, rH, and α) and the Euler angles,
i.e.,

ξi = λxξxi + λyξyi + λzξzi,

ηi = λxηxi + λyηyi + λzηzi, (12-114)

ζi = λxζxi + λyζyi + λzζzi,

where

x1 = rH sinα, y1 = 0, z1 = z2 = z3 = −rC − rH cosα,

x2 = x3 = −(1/2)rH sinα, y3 = −y2 = (
√

3/2)rH sinα, (12-115)

xC = yC = xF = yF = 0, zC = −rC, zF = rF.
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The effect of the operations (123) and (23)∗ on the Euler angles can now be
determined. By definition

(123)(ξ1, ξF, ηF, ζF) = (ξ1
′, ξF

′, ηF
′, ζF

′) = (ξ3, ξF, ηF, ζF) (12-116)

and we write

(123)(θ, φ, χ) = (θ′, φ′, χ′). (12-117)

From Eq. (12-116) and Eq. (10-7)

ζF
′ = ζF, (12-118)

i.e.,

rF cos θ′ = rF cos θ. (12-119)

Thus

cos θ′ = cos θ (12-120)

and since 0 ≤ θ ≤ π this implies that

θ′ = θ. (12-121)

Similarly

ξF
′ = ξF and ηF

′ = ηF, (12-122)

so that

rF sin θ′ cosφ′ = rF sin θ cosφ (12-123)

and

rF sin θ′ sinφ′ = rF sin θ sinφ. (12-124)

Since θ′ = θ these equations imply

cosφ′ = cosφ and sinφ′ = sinφ (12-125)

and we deduce the result

φ′ = φ. (12-126)

We finally determine χ′, and to do that we use the equation

ξ1
′ = ξ3, (12-127)
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i.e.,

(cos θ′ cosφ′ cosχ′ − sinφ′ sinχ′)rH sinα− sin θ′ cosφ′(rC + rH cosα)

= (cos θ cosφ cosχ− sinφ sinχ)(−1/2)rH sinα

− (cos θ cosφ sinχ+ sinφ cosχ)(
√

3/2)rH sinα

− sin θ cosφ(rC + rH cosα). (12-128)

Since φ′ = φ, θ′ = θ, and Eq. (12-128) must be true for all θ and φ it follows
that

sinχ′ = (
√

3/2) cosχ+ (−1/2) sinχ (12-103a)

and

cosχ′ = (−1/2) cosχ− (
√

3/2) sinχ (12-103b)

from which we deduce that

χ′ = (χ+ 2π/3). (12-130)

The effect of the operation (23)∗ can be similarly determined from the equa-
tions

(23)∗(ξ1, ξF, ηF, ζF) = (ξ1
′, ξF

′, ηF
′, ζF

′) = (−ξ1,−ξF,−ηF,−ζF) (12-131)

and

(23)∗(θ, φ, χ) = (θ′, φ′, χ′). (12-132)

From ξF
′ = −ξF, ηF′ = −ηF, and ζF

′ = −ζF we deduce that

sin θ′ cosφ′ = − sin θ cosφ, (12-133)

sin θ′ sinφ′ = − sin θ sinφ, (12-134)

and

cos θ′ = − cos θ, (12-135)

respectively. From ξ′1 = −ξ1 we deduce that

(cos θ′ cosφ′ cosχ′ − sinφ′ sinχ′)rH sinα− sin θ′ cosφ′(rC + rH cosα)

= −(cos θ cosφ cosχ− sinφ sinχ)rH sinα+ sin θ cosφ(rC + rH cosα).
(12-136)

These four equations lead to the solution

(θ′, φ′, χ′) = (π − θ, φ+ π, π − χ). (12-137)
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APPENDIX 12-2: THE TRANSFORMATION PROPERTIES OF Rα

AND Tα

To determine the normal coordinate representation we have determined the
representation generated by the 3N Cartesian displacement coordinates and
subtracted the representation generated by the translational and rotational
coordinates Tλ and Rλ, where λ = x, y, or z [see Eqs. (12-6)-(12-20)]. We
therefore need to know the representation generated by the Tλ and the Rλ. In
this subsection we show that for asymmetric and symmetric top molecules the
transformation properties of Rλ, Tλ, and Ĵλ (as well as of the direction cosine
matrix elements and vibrational and electronic angular momentum compo-
nents, p̂λ and L̂λ) under the effect of an element from the MS group follow
once the equivalent rotation of the MS group element has been determined.
For spherical top molecules the symmetry species of these factors is best deter-
mined by reduction of their species in the group K(mol).

From the results in Table 12-1 the transformation properties of Ĵx, Ĵy, and

Ĵz under the effect of each element of an MS group follow once the equiva-
lent rotations (Rz

β or Rα
π) of the elements have been determined. Similarly

since the direction cosine matrix elements only involve the Euler angles [see
Eq. (10-7)] their transformation properties in the MS group follow from the
results in Table 12-1 once the equivalent rotations of the elements have been
determined. It turns out that the transformation properties of (λxτ , λyτ , λzτ )

are the same as those of (Ĵx, Ĵy, Ĵz) regardless of whether τ = ξ, η, or ζ. This
result follows by application of the discussion that leads to Eq. (6-125), since
we can write

Ĵτ = λxτ Ĵx + λyτ Ĵy + λzτ Ĵz, (12-138)

and Ĵτ must be totally symmetric in the MS group, as we now show. Ĵτ is
given by

Ĵτ =
∑

i,µ,ν

ετµνµiP̂νi , (12-139)

where τ, µ, ν = ξ, η, or ζ, P̂νi = −iℏ∂/∂νi, and ετµν is defined in Eq. (10-91).

A permutation operation simply interchanges terms (µiP̂νi) in the sum over i
and the sum, i.e., Ĵτ , is unaffected. The inversion E∗ changes the sign of all
µi and P̂νi so that Ĵτ is invariant. As a result Ĵτ is invariant to all elements
of the MS group and is totally symmetric. Also following from Eq. (6-125)
is the fact that the vibrational angular momenta p̂λ and electronic angular
momenta L̂λ transform in the same way as Ĵλ (where λ = x, y, or z) since the
terms µe

λλp̂λĴλ and µe
λλL̂λĴλ occur in the molecular Hamiltonian and must,

therefore, be totally symmetric in the MS group. The representations generated
by the three Ĵλ for all the MS groups have been determined from the results
in Table 12-1 and are given in each of the character tables in Appendix A.

The transformation properties of the translational and rotational coordinates
Tλ and Rλ can be determined from the equivalent rotations as follows. Suppose
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P is a permutation element of the MS group of an asymmetric top or symmetric
top molecule. We write this element here as P [Ra

b] where Ra
b is the equivalent

rotation of P (it is either Rz
β or Rα

π in the notation of Table 12-1). Suppose
that the operation P [Ra

b] has the effect of replacing nucleus j by nucleus i [i.e.,
it contains the permutation (· · · ji · · · )], then we can write

P [Ra
b]λi = λi

′ = xjfλx(Ra
b) + yjfλy(Ra

b) + zjfλz(Ra
b), (12-140)

where λ = x, y, or z, and fλµ(Ra
b) is a function of the angle α or β that defines

Ra
b (see Table 12-1). For the operation Rz

β we have

P [Rz
β ]xi = xj cosβ + yj sinβ,

P [Rz
β ]yi = yj cosβ − xj sinβ, (12-141)

P [Rz
β ]zi = zj ,

so that

fxx(Rz
β) = fyy(Rz

β) = cosβ,

fxy(Rz
β) = −fyx(Rz

β) = sinβ,

fxz(Rz
β) = fyz(Rz

β) = fzx(Rz
β) = fzy(Rz

β) = 0, (12-142)

fzz(Rz
β) = 1.

For example, in the BF3 molecule (see Fig. 12-6) the operation (123) has the

equivalent rotation R
2π/3
z and we have

(123)[R2π/3
z ]x3 = x′3 = x2 cos(2π/3) + y2 sin(2π/3). (12-143)

For the operation Rα
π we determine that in general

fxx(Rα
π) = −fyy(Rα

π) = cos 2α,

fxy(Rα
π) = fyx(Rα

π) = sin 2α,

fxz(Rα
π) = fyz(Rα

π) = fzx(Rα
π) = fzy(Rπ

α) = 0,

fzz(Rα
π) = −1.

(12-144)

Notice that the fλµ(Ra
b) are the λµ elements of the three-dimensional rep-

resentation matrix of the operation Ra
b generated by Ĵx, Ĵy, and Ĵz . For a

permutation-inversion element P ∗ (where P replaces j by i) we similarly write

P ∗[Ra
b]λi = xjf

∗
λx(Ra

b) + yjf
∗
λy(Ra

b) + zjf
∗
λz(Ra

b), (12-145)

and since a permutation-inversion operation changes the signs of all the coor-
dinates we must have

f∗
λµ(Ra

b) = −fλµ(Ra
b). (12-146)

We are now in a position to determine the general effect of the MS group
elements P [Ra

b] and P ∗[Ra
b] on the coordinates Tλ and Rλ.
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Table 12-20

The transformation properties of the translational coordinates
Tx, Ty, and Tz

a under the effect of permutations (P )
and permutation-inversions (P ∗) of an MS groupb

P [Rz
β ] P [Rα

π]

Tx : Tx cos β + Ty sinβ Tx cos 2α + Ty sin 2α

Ty : −Tx sinβ + Ty cos β Tx sin 2α− Ty cos 2α

Tz : Tz −Tz

P ∗[Rz
β ] P ∗[Rα

π]

Tx : −Tx cos β − Ty sinβ −Tx cos 2α− Ty sin 2α

Ty : Tx sinβ − Ty cos β −Tx sin 2α + Ty cos 2α

Tz : −Tz Tz

a See Eq. (10-111).
b The results are given as a function of the

equivalent rotation of each element (see Table 12-1
for the definition of the equivalent rotations).

First we look at the translational coordinates Tλ, and from Eq. (10-111) we
have

Tλ = M
−1/2
N

∑

i

mi∆λi, (12-147)

and, therefore,

P [Ra
b]Tλ = M

−1/2
N

∑

i

mi∆λ
′
i (12-148)

= M
−1/2
N

∑

j

mj

(
∑

µ

fλµ(Ra
b)∆µj

)
. (12-149)

Equation (12-149) follows from Eq. (12-148) since mi = mj (P only permutes
identical nuclei) and the sum (

∑
i =

∑
j) is over all nuclei in the molecule. We

can write Eq. (12-149) as

P [Ra
b]Tλ =

∑

µ

fλµ(Ra
b)Tµ. (12-150)

Similarly

P ∗[Ra
b]Tλ =

∑

µ

f∗
λµ(Ra

b)Tµ, (12-151)
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and from Eq. (12-146) we have

P ∗[Ra
b]Tλ = −

∑

µ

fλµ(Ra
b)Tµ. (12-152)

From Eq. (12-150) we see that Tλ transforms in the same way as Ĵλ under a
permutation operation of the MS group but, from Eq. (12-152), Tλ transforms
with opposite sign to Ĵλ under a permutation-inversion operation. The trans-
formation properties of Tx, Ty, and Tz are given in Table 12-20 under the effect
of MS group operations P and P ∗ as a function of the equivalent rotation of
the operations. Using this table the representation of any MS group (of an
asymmetric or symmetric top molecule) that is generated by the Tλ can be
determined; these species are indicated in the character tables in Appendix A.

To appreciate how the rotational coordinates Rx, Ry, and Rz transform we
look in detail at the transformation properties of Rx [see Eq. (10-112)]; Rx is
given by

Rx = (µe
xx)1/2

∑

i

mi(yi
e∆zi − zie∆yi). (12-153)

Using mi = mj ,
∑

i =
∑

j , and the relationship between (yi
e, zi

e) and (yj
e, zj

e)
we have

P [Rz
β ]Rx = (µe

xx)1/2
∑

i

mj [(− sinβxj
e + cosβyj

e)∆zj

− zje(− sinβ∆xj + cosβ∆yj)]

= cosβ(µe
xx)1/2

∑

j

mj(yj
e∆zj − zje∆yj)

+ sinβ(µe
xx)1/2

∑

j

mj(zj
e∆xj − xje∆zj)

= Rx cosβ + (µe
xx/µ

e
yy)1/2Ry sinβ. (12-154)

For a symmetric top molecule µe
xx = µe

yy and for an asymmetric top molecule
we can only have β = 0 or π when sin β = 0; thus we can effectively write

P [Rz
β ]Rx = Rx cosβ +Ry sinβ (12-155)

and Rx transforms in the same way as Ĵx under P [Rz
β ]. Since Rx involves the

products yi
e∆zi and zi

e∆yi the permutation-inversion P ∗[Rz
β ] has the same

effect as P [Rz
β ] since the sign change from Eq. (12-146) cancels out. Thus Rx

transforms as Ĵx under P [Rz
β ] and P ∗[Rz

β]. In a similar manner it is possible
to show that Rx, Ry, and Rz transform in the same way as Ĵx, Ĵy, and Ĵz ,
respectively, under all the elements of the MS group.



13

Energy Levels and

Interactions

The interactions that can occur between molecular energy levels are dis-
cussed and it is shown how true symmetry labels can be used to determine
that some interaction terms vanish and that some levels cannot interact. Near
quantum numbers and near symmetry labels can be used to identify the strong
interactions. There is much material here; this is the longest chapter of the
book. We discuss rotation-vibration, vibronic and rovibronic interactions, as
well as the contact transformed rotation-vibration Hamiltonian appropriate for
interpreting spectra, and the variational calculation of rotation-vibration en-
ergies. We also discuss the Renner and Jahn-Teller effects, the calculation of
energy levels in Rydberg states, the effects of electron and nuclear spin, and
ortho-para conversion.

13.1 INTRODUCTION

13.1.1 Separable basis functions

The internal Hamiltonian of a molecule Ĥint [see Eqs. (7-28) and (7-29), and
Table 7-1] is totally symmetric in the MS group and in the group K(spatial).
In order to determine the eigenvalues and eigenfunctions of Ĥint, we make the
Born-Oppenheimer approximation, we neglect electronic fine structure and nu-
clear hyperfine structure, we consider the molecular rotation to be independent
of the vibration [in that we describe the rotation as that of a rigid molecule],
and we take the Born-Oppenheimer potential energy function VN for the one
electronic state under study to be harmonic [in that we only retain the lead-
ing term 1

2

∑
r λrQr

2 in Eq. (10-143)]. By making all these approximations

we obtain a simplified internal Hamiltonian Ĥ0
int whose eigenfunctions are the

approximate (zero order) wavefunctions

Φ0
int = ΦnspinΦrotΦvibΦ

(e,S,mS)
elec (13-1)

318
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where the electronic wavefunction Φ
(e,S,mS)
elec is defined on page 196. The zero

order wavefunction Φ0
int is separable in that it can be written as a product of

wavefunctions, each being a function of only the coordinates appropriate to a
particular set of degrees of freedom. We can classify each of these wavefunctions
in the MS group and in the group K(spatial).

We determine the eigenvalues and eigenfunctions of the true internal Hamil-
tonian Ĥint by diagonalizing its matrix representation in the basis of the separa-
ble functions Φ0

int. That is, we employ the technique described in Eqs. (6-144)-
(6-162) with the separable functions Φ0

int playing the role of the basis functions

Ψ0
n in these equations, and we obtain the true eigenfunctions of Ĥint, Φint, as

linear combinations of the basis functions Φ0
int,

Φ
(j)
int =

∑

n

CjnΦ0
int,n (13-2)

[see Eq. (6-148)], where the index j numbers the eigenfunctions of Ĥint, the
index n numbers the separable basis functions, and the Cjn are the expansion
coefficients calculated as eigenvector coefficients in the diagonalization of the
Hamiltonian matrix. Since Ĥint is totally symmetric in the MS group and in

K(spatial), each Φ
(j)
int function will be a linear combination of Φ0

int,n having the
same symmetry in each of these two groups. Thus each final (exact) wavefunc-

tion Φ
(j)
int bears the same true symmetry labels as the approximate wavefunc-

tions Φ0
int,n of which it is composed (see Chapter 6). As a result of this we can

use the symmetry of the approximate wavefunctions to determine these final
labels and to determine which zero order molecular energy levels can interact
with each other. This procedure is only useful for labeling the true energy
levels if there is a largely unambiguous semi-quantitative match between the
true energy levels and the zero order energy levels that go along with the zero
order Φ0

int of Eq. (13-1). This enables the true energy levels to be correctly as-
signed. For nonrigid molecules (including weakly bound cluster molecules), or
molecules subject to the Renner or Jahn-Teller effect, or molecules in Rydberg
states, a different zero order starting point is appropriate.

The MS group label Γint obtained by classifying the approximate wave-
functions Φ0

int, is not the only MS group symmetry label that is useful when
studying molecular interactions. The MS group labels on the basis set wave-

functions Φnspin, Φrot, Φvib, and Φ
(e,S,mS)
elec are Γnspin, Γrot, Γvib, and Γelec,

respectively. These labels, or combinations of them, are called basis symme-
try labels and they are useful for studying various interactions between Φ0

int

states: Configuration interaction can only occur between states having the
same Γelec label, anharmonicity can only couple states having the same Γvib

label, rotation-vibration interactions can only occur between states having the
same Γrv(= Γrot ⊗ Γvib) label, vibronic interactions can only occur between
states having the same Γve(= Γvib ⊗ Γelec) label, rovibronic interactions can
only occur between states having the same Γrve(= Γrot ⊗ Γvib ⊗ Γelec) label,
and so on. These rules result from the fact that each interaction term involves
only some of the coordinates in the molecule and can, therefore, only affect
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that part of the zero order wavefunction that involves these coordinates. In-
variably only certain interactions are important in a particular case, and only
certain basis symmetry labels are needed in the discussion of the interactions
occurring. Usually Hund’s case (b) is appropriate and we can often neglect
electronic fine structure and nuclear hyperfine structure (i.e., the effects of the
interactions of the electronic and nuclear spins with the other degrees of free-
dom). The basis symmetry labels we would use in this case to determine which
rovibronic states can interact would be Γrve, from the MS group, and N (called
J for singlet states) from the group K(spatial). These are the symmetry labels
that are appropriate for studying the most common interactions that occur
between molecular energy levels.

13.1.2 Near quantum numbers

Obviously, if the zero order Hamiltonian Ĥ0
int is a good approximation to

the true Hamiltonian Ĥint, then the eigenfunctions of Ĥint, Φ
(j)
int , will be very

similar to the eigenfunctions of Ĥ0
int, Φ0

int,j . That is, when Φ
(j)
int is normalized

we have in Eq. (13-2) |Cjj | ≈ 1 and |Cjn| ≪ 1 for n 6= j. The two functions Φ
(j)
int

and Φ0
int,j are sufficiently similar that we can use the quantum numbers and

symmetry labels of Φ0
int,j to label the true molecular eigenstate Φ

(j)
int. The quan-

tum numbers defining Φ0
int,j will be near quantum numbers and its symmetry

labels are near symmetry labels as discussed in Chapter 7.

To illustrate the idea of near quantum numbers, we consider the rotational
Hamiltonian of an asymmetric top [Eq. (11-55)]. In diagonalizing the Hamilto-
nian we use a |J, ka,m〉 basis set where Ĵa

2(= Ĵz
2) has eigenvalues Ka

2ℏ2. If
(B−C) were zero then Eq. (11-55) would reduce to the rotational Hamiltonian
of a symmetric top and the functions |J, ka,m〉 would be its eigenfunctions. As
far as the rotational Hamiltonian of a prolate symmetric top is concerned the
quantum number Ka is a good quantum number in that states having different
values of Ka are not mixed by any terms in that Hamiltonian. The rotational
Hamiltonian of a symmetric top has the symmetry of the D∞ molecular rota-
tion group. For an asymmetric top if B−C were small (compared to A,B, or C)
then the D∞ symmetry breaking effects of the term (B−C)[(Ĵ+

m)2 + (Ĵ−
m)2]/4

would be slight and the asymmetric top states would largely consist of one
Ka state with a small admixture of states having different Ka values. For ex-
ample, for the ground state of the SO2 molecule the rotational constants are
approximately

A = 2.0 cm−1, B = 0.34 cm−1, and C = 0.29 cm−1.

Thus B−C = 0.05 cm−1 which is small compared to the rotational constants.
From Eqs. (11-78)-(11-80) we deduce from these values of A,B, and C that the
two J = 2 states of type E+ can be written in terms of |J, ka,m〉 functions as
follows :
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Φ− = 0.99992|2, 0,m〉 − 0.01284(|2, 2,m〉+ |2,−2,m〉)/
√

2, (13-3)

Φ+ = 0.01284|2, 0,m〉+ 0.99992(|2, 2,m〉+ |2,−2,m〉)/
√

2. (13-4)

Clearly Φ− is very closely a Ka = 0 state and Φ+ is very closely a Ka = 2
state. The quantum number Ka is a useful near quantum number for deter-
mining which are the important perturbations of the states of an asymmetric
top molecule, such as SO2, that is a near prolate top. For a near oblate top,
i.e., for Ae ≈ Be, Kc is a useful near quantum number. For an asymmetric
top molecule having a large degree of asymmetry [i.e., κ ≈ 0, see Eq. (11-84)]
neither Ka nor Kc is a useful near quantum number in this regard. However,
each does provide a convenient unambiguous label for the energy levels, and
asymmetric top energy levels are labeled JKaKc . The labels Ka and Kc also
allow the symmetry in D2 or in the MS group to be simply determined by
consideration of their evenness or oddness.

The eigenfunctions of a one-dimensional harmonic oscillator Hamiltonian
are labeled by the vibrational quantum number v. For a harmonic oscillator v
is a good quantum number. For the low vibrational states of an anharmonic
oscillator, v is a useful near quantum number in that each state consists mainly
of one v state. For a two-dimensional harmonic oscillator l is an additional
quantum number that is spoiled by Coriolis coupling and centrifugal distortion,
and for a three-dimensional harmonic oscillator n is also used. The vibrational
states of polyatomic molecules are labeled using the near quantum numbers
v, l, and n as appropriate, e.g., in methane the vibrational states are labeled
by the values of v1, v2, v3, v4, l2, l3, l4, n3, and n4. Such labels are useful near
quantum number labels as long as severe mixing between states having different
labels does not take place. For example, in the CO2 molecule the (v1, v2, v3)
states (0,2,0) and (1,0,0) for l2 = 0 are heavily mixed so that for these states
the quantum numbers v1 and v2 are not useful near quantum numbers. The
relationship between the vibrational quantum numbers, the degeneracies of the
levels, and an appropriate near symmetry group has been discussed many times
[see, for example, Baker (1956) and Hwa and Nuyts (1966)].

For the rigid rotor rotational states of a symmetric top molecule the quantum
number K is a true quantum number, but it is a near quantum number for the
rotation-vibration or rovibronic states. This quantum number is spoiled by
centrifugal distortion and Coriolis coupling effects. As a result of the fact that
the Hamiltonian of a molecule commutes with the operation of time reversal
(which sends every wavefunction into its complex conjugate; see Chapter 7)
each eigenstate always involves the sum or difference of the k = K and k = −K
wavefunctions. The energy levels should therefore be labeled using the unsigned
quantum number K rather than the signed quantum number k. The quantum
number J is a near quantum number label for the complete internal states Eint
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and it is spoiled by, for example, the nuclear spin coupling term Ĥnsr. However,
F is always a good quantum number label for an isolated molecule in free space.

Usually near symmetry labels and near quantum numbers are just called
symmetry labels and quantum numbers. In the rest of this chapter we will
see that they provide very useful extra restrictions on allowed interactions.
While not rigorously true these restrictions do enable us to understand the
main interactions in a molecule.

13.1.3 Interaction selection rules

Near symmetry labels and near quantum numbers are generally spoiled by
interactions, since the interacting states can have different near symmetry labels
or near quantum number labels. However, a level labeled by certain near
symmetry labels and near quantum number labels can only be mixed, by a
particular interaction, with levels having certain other near symmetry labels
and near quantum number labels. As a result there are selection rules on the
near symmetry labels and near quantum number labels for allowed interactions,
and these are very useful.

For a symmetric top molecule in a singlet electronic state the near quantum
numbers that label the energy levels are I, J , K, (±l), (v1, v2, . . . , vlss , vltt ,
. . . ) and the occupation numbers (n1, n2, . . . ) of the molecular orbitals in the
single configuration electronic wavefunction used to describe the state; for non-
singlet states in Hund’s case (b) we use N (instead of J) and S. The use of
the (±l) quantum number label for the levels of a symmetric top molecule in
degenerate vibronic states is discussed later in this chapter. For an asymmetric
top molecule we use Ka and Kc instead of K, and there are no ls quantum
numbers. For a spherical top molecule we do not use K, and for each three-
dimensional harmonic oscillator state we use the quantum numbers v, l, and
n (see the end of Section 11.3.2); there is also the quantum number R which
we discuss at the end of Section 13.2.3. Each type of interaction mixes states
according to definite selection rules for these quantum numbers. Near sym-
metry labels on the energy levels are obtained by using the molecular point
group and the molecular rotation group. The basis symmetry labels Γnspin,
Γrot, Γvib, and Γelec, discussed previously, are really the same as near symme-
try labels on Φint, and states having different such labels can be mixed. For
example, a rotation-vibration interaction (such as Coriolis interaction) mixes
states having the same Γrv label but possibly different Γrot and Γvib labels; a
level in H2O having Γrot = A1, and Γvib = B2, can be mixed by a rotation-
vibration interaction with a level having Γrot = B2 and Γvib = A1, since both
have Γrv = B2. The MS group basis symmetry labels Γvib,Γelec, and Γve are
the same as the near symmetry labels from the molecular point group for a
rigid nonlinear molecule.

In the discussion above, we have assumed the detailed form of the internal
Hamiltonian Ĥint to be known. Hence it would seem that in obtaining the
eigenvalues and eigenfunctions of Ĥint, the only use we can make of symmetry,
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in the form of the MS group and the group K(spatial), is to classify the basis
states Φ0

int in these groups, thus determining which pairs of basis functions give

rise to nonvanishing off-diagonal matrix elements of Ĥint. When Ĥint is known
we should then be able to calculate these nonvanishing matrix elements and
diagonalize the corresponding matrix blocks. However, when we use the theory
outlined in Eqs. (13-1) and (13-2) to construct models for interpreting an exper-
imental spectrum of a particular molecule, we will often find that we know only
the general form of the molecular Hamiltonian given by Eqs. (11-1a)-(11-1d)
together with Eqs. (10-150)-(10-154). In these equations, the Hamiltonian is
written as a general expansion in the normal coordinates, and all the expansion
coefficients in these series are assumed to be nonvanishing. The fact that Ĥint

is totally symmetric in the MS group can be used to show that for a particular
molecule, very many of these expansion coefficients will vanish. In practical
applications of Eqs. (13-1) and (13-2) to the interpretation of molecular spec-
tra, we will typically start by using symmetry to decide which pairs of basis
functions can interact [i.e., can produce nonvanishing off-diagonal matrix ele-
ments of Ĥint] as discussed above. However, before we can use this knowledge
to calculate the matrix representation of Ĥint we must determine the detailed
form of the interaction terms in it which produce the nonvanishing matrix el-
ements. That is, we must identify the totally symmetric terms in the general
expression for Ĥint. We often wish to determine the terms in the Hamiltonian
responsible for a particular interaction between basis states having (zero order)
energies that are close (i.e., “in resonance”). We have to investigate the totally
symmetric terms in the Hamiltonian and find those that couple particular, se-
lected basis functions, i.e., those that produce nonvanishing matrix elements
with particular selection rules on the near quantum numbers such as K, v and
l.

Each interaction term in the Hamiltonian couples certain degrees of freedom
that are separate in zero order. Terms that spoil the separation of electronic
and vibrational motion give rise to vibronic interactions , terms that couple
the electronic degrees of freedom with both the vibrational and the rotational
motion cause rovibronic interactions , terms that couple the vibrational and
rotational motions give rise to rotation-vibration interactions , terms that couple
the electron spin and electron orbital degrees of freedom give rise to spin-orbit
interactions , and terms that couple the nuclear spins to the other degrees of
freedom can give rise to so-called ortho-para mixing. Vibronic and rovibronic
interactions are manifestations of the breakdown of the Born-Oppenheimer
approximation and we give a special discussion of the important examples of
this that are provided by the Renner effect, the Jahn-Teller effect and the
calculation of the energy levels of Rydberg states. The interactions described
here are discussed using the true symmetry labels as well as the basis symmetry
labels and the near symmetry labels. The variational calculation of rotation-
vibration energies is given a special discussion.
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13.2 ROTATION-VIBRATION INTERACTIONS

We discuss perturbations occurring within an electronic state, caused by
terms in the rotation-vibration Hamiltonian. These perturbations are caused
by anharmonicity, centrifugal distortion, and Coriolis coupling effects and the
corresponding terms in the Hamiltonian are written as [see Eqs. (11-1b)-(11-1d)
and Eqs. (10-151) and (10-154)]

Vanh =
1

6

∑

r,s,t

ΦrstQrQsQt +
1

24

∑

r,s,t,u

ΦrstuQrQsQtQu + · · · , (13-5)

Tcent = −1

2

∑

α,β,r

µe
ααa

αβ
r µe

ββQrĴαĴβ

+
3

8

∑

α,β,γ,r,s

µe
ααa

αγ
r µe

γγa
γβ
s µe

ββQrQsĴαĴβ + · · · , (13-6)

and

TCor = −
∑

α,r,s

µe
ααζ

α
r,sQrP̂sĴα + · · · . (13-7)

In all of the terms in Eqs. (13-5)-(13-7), the total power of momentum operators
[P̂r and Ĵα] is even since the total Hamiltonian must be Hermitian and invariant
to time reversal [see Chapter 7]. Each of these terms is the product of a coupling
coefficient , such as Φrst or −µe

ααζ
α
r,s and a coupling operator , such as QrQsQt

or QrP̂sĴα. Since each of them must be totally symmetric in the molecular
symmetry group of the molecule under consideration (each term is part of the
complete rotation-vibration Hamiltonian Ĥrv, and Ĥrv is totally symmetric in
the MS group), the coupling coefficient must vanish if the coupling operator
is not totally symmetric. If the coupling operator is totally symmetric the
coupling coefficient could still vanish, but this would be an accident. We can
write the following rules, where we use the notation that Γ(x) is the symmetry
species of x in the MS group:
Φrst can be nonvanishing only if

Γ(Qr)⊗ Γ(Qs)⊗ Γ(Qt) ⊃ Γ(s), (13-8)

Φrstu can be nonvanishing only if

Γ(Qr)⊗ Γ(Qs)⊗ Γ(Qt)⊗ Γ(Qu) ⊃ Γ(s), (13-9)

aαβr can be nonvanishing only if

Γ(Qr)⊗ Γ(Ĵα)⊗ Γ(Ĵβ) ⊃ Γ(s), (13-10)

or, equivalently, only if

Γ(Ĵα)⊗ Γ(Ĵβ) ⊃ Γ(Qr)∗, (13-11)
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and ζαr,s can be nonvanishing only if

Γ(Qr)⊗ Γ(P̂s)⊗ Γ(Ĵα) ⊃ Γ(s), (13-12)

or, equivalently, only if

Γ(Qr)⊗ Γ(Qs) ⊃ Γ(Ĵα)∗, (13-13)

since

Γ(P̂s) = Γ(Qs). (13-14)

In the above Γ(s) is the totally symmetric representation of the MS group. The
particular Coriolis coupling parameter ζαta,tb, where the normal coordinates
(Qta, Qtb) span a doubly degenerate irreducible representation Γt, is nonvan-
ishing if

{Γt}2 ⊃ Γ(Ĵα), (13-15)

where {Γt}2 is the antisymmetric product representation [see Eq. (6-120)].
In a rigid rotor harmonic oscillator basis the rotation-vibration perturba-

tion terms mix states according to definite selection rules on the vibrational
quantum numbers vi, li (for doubly degenerate vibrations) and ni (for triply
degenerate vibrations), and rotational quantum numbers k, ka and kc. For
asymmetric top and symmetric top molecules, we discuss these selection rules,
and the way that the corresponding perturbations spoil the near quantum num-
bers vi, li and k should be appreciated. The rotation-vibration species Γrv is
maintained in these perturbations. Having derived the selection rules for the
interacting states, we also determine the detailed form of the terms in the
rotation-vibration Hamiltonian which cause selected perturbations. We need
the results for the transformation properties of rotational and translational
coordinates derived in Chapter 10. For molecules containing degenerate rep-
resentations and degenerate normal coordinates it is necessary to choose a
convention for the transformation properties of the individual members of each
set of degenerate normal coordinates before the equations can be applied [see
Eqs. (12-69)–(12-72)]. In Problem 13-3 below such a case is discussed.

13.2.1 Asymmetric top molecules

As an example of an asymmetric top molecule, we consider H2O in its elec-
tronic ground state; the ground electronic state wavefunction [see Eq. (12-95)]
is totally symmetric in the MS group C2v(M) [Table A-5]. The water molecule
has three normal coordinates with symmetries

Γ(Q1) = Γ(Q2) =A1,

Γ(Q3) =B2. (13-16)
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We diagonalize a matrix representation of the rotation-vibration Hamiltonian
in a basis of products |v1〉|v2〉|v3〉|J, ka,m〉, where |vr〉, r = 1, 2, or 3, is a one-
dimensional harmonic oscillator function depending on the normal coordinate
Qr, and |J, ka,m〉 is a symmetric top function. We use |J, ka,m〉 basis func-
tions corresponding to a Ir convention so that the z axis is chosen along the a
axis. It follows from Eq. (12-66) that the vibrational basis function |v1〉|v2〉|v3〉
has A1 symmetry if v3 is even and B2 symmetry if v3 is odd. Further, the
symmetry classification of the function |J, ka,m〉 is given in Table 12-7. As
a result the |v1〉|v2〉|v3〉|J, ka,m〉 functions generate the irreducible representa-
tions of C2v(M) given in Table 13-1. To summarize the results in Table 13-1:
Two basis states of H2O, |v′1〉|v′2〉|v′3〉|J, k′a,m〉 and |v1〉|v2〉|v3〉|J, ka,m〉, can
interact if ∆v3 = v′3 − v3 and ∆ka = k′a − ka are both even, or if ∆v3 and
∆ka are both odd. There are no restrictions on v1 and v2. The fact that the
rotation-vibration Hamiltonian is totally symmetric in K(spatial) means the
only pairs of basis states with the same values of J and the same values of m
can interact.

It follows from Eqs. (13-8) and (13-9) that in the rotation-vibration Hamil-
tonian of H2O, Φrst and Φrstu can be nonvanishing only if the index 3 occurs
an even number of times in rst and rstu, respectively. That is, for a term
proportional to Qn1

1 Qn2
2 Qn3

3 to occur in the potential energy function, n3 must
be even. Table A-5 shows that with the Ir convention [abc = zxy] used here for
labeling the molecular axes, Ĵx has A2 symmetry, Ĵy has B2 symmetry, and Ĵz
has B1 symmetry. From Eq. (13-11), we derive that aααr is nonvanishing for α
= x, y, or z and r = 1 or 2. However all coefficients aαβr with α 6= β will vanish
except axz3 = azx3 . Of the ζαr,s parameters, only ζy1,3 = −ζy3,1 and ζy2,3 = −ζy3,2
are nonvanishing.

Table 13-1

Representations of the C2v(M) group
for H2O generated by basis functions

|v1〉|v2〉|v3〉|J, ka,m〉a

v3 even v3 odd

Ka Γrv Ka Γrv

0
J even A1 0

J even B2

J odd B1 J odd A2

odd A2 ⊕B2 odd A1 ⊕ B1

even A1 ⊕B1 even A2 ⊕ B2

aKa = |ka|.
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Table 13-2

Nonvanishing matrix elements of the vibrational
and rotational operators

Operatora Nonvanishing matrix elementsb

Qr 〈vr + 1|Qr|vr〉, 〈vr − 1|Qr|vr〉

P̂r 〈vr + 1|P̂r|vr〉, 〈vr − 1|P̂r|vr〉

Qtσ, σ = a or b 〈vt + 1, lt + 1|Qtσ|vt, lt〉, 〈vt − 1, lt + 1|Qtσ|vt, lt〉,
〈vt + 1, lt − 1|Qtσ|vt, lt〉, 〈vt − 1, lt − 1|Qtσ|vt, lt〉

P̂tσ, σ = a or b 〈vt + 1, lt + 1|P̂tσ|vt, lt〉, 〈vt − 1, lt + 1|P̂tσ|vt, lt〉
〈vt + 1, lt − 1|P̂tσ|vt, lt〉, 〈vt − 1, lt − 1|P̂tσ|vt, lt〉

Qt
± = Qta ± iQtb 〈vt + 1, lt ± 1|Qt

±|vt, lt〉, 〈vt − 1, lt ± 1|Qt
±|vt, lt〉

P̂t
± = P̂ta ± iP̂tb 〈vt + 1, lt ± 1|P̂t

±|vt, lt〉, 〈vt − 1, lt ± 1|P̂t
±|vt, lt〉

Ĵα, α = x or y 〈J, k + 1,m|Ĵα|J, k,m〉, 〈J, k − 1, m|Ĵα|J, k,m〉

Ĵz 〈J, k,m|Ĵz|J, k,m〉

Ĵm± = Ĵx ± iĴy 〈J, k ∓ 1,m|Ĵm±|J, k,m〉

The ± and ∓ signs are correlated for each operator involving them.
aThe normal coordinate Qr [with conjugate momentum P̂r] trans-

forms according to a nondegenerate irreducible representation of the
MS group in question. The normal coordinates (Qta, Qtb) [with con-

jugate momenta (P̂ta, P̂tb)] transform according to a doubly degenerate
irreducible representation of the MS group.

bThe functions |vr〉, |vt, lt〉, and |J, k,m〉 are eigenfunctions for
the Hamiltonians of the one-dimensional harmonic oscillator, the two-
dimensional harmonic oscillator, and the rigid symmetric rotor, respec-
tively. Expressions for the matrix elements summarized here are given
in Tables 11-1, 11-2, and 11-3.

In this example we look at the interactions that can occur between the three
vibrational states ν1, ν3 and 2ν2 of the water molecule, and discuss the terms
in the Hamiltonian that cause them. Figure 13-1 shows a low-resolution ex-
perimental spectrum of the atmosphere at ambient conditions, recorded with
an absorption path length of approximately 1 m. It is seen that at certain
wavenumbers, the water molecules in the atmosphere absorb almost 50% of
the incident radiation energy. This absorption is due to transitions in the ν3
band, which is much stronger than the ν1 and 2ν2 bands. The upper states of
the ν3 band transitions are perturbed by ν1 and 2ν2 states [Flaud and Camy-
Peyret (1974)] and we study these perturbations here. The three states are
associated with the vibrational basis functions |v1〉|v2〉|v3〉 = |1〉|0〉|0〉 (A1),
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Fig. 13-1. A low-resolution spectrum of the atmosphere at ambient conditions, recorded
with an absorption path length of approximately 1 m [Bürger (1998)]. The strong absorption
is due to the ν3 band of H2O (with band center at 3756 cm−1) which is much stronger than
the ν1 band (with band center at 3657 cm−1) and the 2ν2 band (with band center at 3152
cm−1).

|0〉|0〉|1〉 (B2), and |0〉|2〉|0〉 (A1), respectively, where, for each state, we have
given the vibrational symmetry Γvib in parentheses.

The interaction between ν1 and ν3: We determine nonvanishing matrix elements
〈v′1, v′2, v′3; J, k′a,m|Ĥ|v1, v2, v3; J, ka,m〉 = 〈0, 0, 1; J, k′a,m|Ĥ |1, 0, 0; J, ka,m〉.
Since ∆v3 = 1 is odd, then in order for this matrix element not to vanish, ∆ka
is also odd [Table 13-1], and the smallest possible value for |∆ka| is 1. We have
established that an interaction between ν1 and ν3 with (∆v1,∆v2,∆v3,∆ka) =
(−1, 0, 1,±1) is allowed by the symmetry in the MS group. We wish to know
which of the perturbation terms in Eqs. (13-5)-(13-7) are responsible for this
interaction.

Table 13-2 summarizes the nonvanishing matrix elements of the “primitive”
operators Qr, P̂r, Ĵx, . . . , which enter into the coupling operators of the per-
turbation terms. From the information given in Table 13-2, we can deduce the
nonvanishing matrix elements generated by powers of the primitive operators.
Qn

r will have nonvanishing matrix elements with ∆vr = ±n, ±(n−2), ±(n−4),
. . . , ±1 if n is odd or ∆vr = ±n, ±(n − 2), ±(n − 4), . . . , 0 if n is even [see
also Eq. (11-125)]. Similar arguments can be applied to the higher powers of
the other operators given in Table 13-2. From the table, we recognize that in
order to produce an interaction with ∆v1 = −1, the coupling operator must
contain at least one power of Q1 or P̂1. If the coupling operator contains more
powers of these operators, Qn1

1 P̂m1

1 , then n1 + m1 must be odd. Similarly, in

order that ∆v3 = 1, the coupling operator must contain a product of Qn3
3 P̂m3

3

with n3 + m3 odd, and in order that ∆v2 = 0, the coupling operator must
contain Qn2

2 P̂m2
2 with n2 + m2 even. Finally, for ∆ka to be ±1, then the cou-

pling operator must contain at least one power of Ĵx or Ĵy. Generally, it must

contain a product Ĵx
nx Ĵy

ny with nx + ny odd. The simplest operator from
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Eqs. (13-5)-(13-7) that satisfies these conditions is

−µe
yyζ

y
1,3

(
Q1P̂3 −Q3P̂1

)
Ĵy, (13-17)

the leading term in the operator TCor of Eq. (13-7). Other terms that satisfy
the conditions are from Tcent [Eq. (13-6)]:

3

8
[µe

xxa
xx
1 µe

xxa
xz
3 µe

zz + µe
xxa

xz
3 µe

zza
zz
1 µ

e
zz]Q1Q3

(
ĴxĴz + ĴzĴx

)
, (13-18)

and from TCor [Eq. (13-7)]:

−3

2
µe
yya

yy
1 µe

yya
yy
2 µe

yyζ
y
2,3Q1Q2

(
Q2P̂3 −Q3P̂2

)
Ĵy. (13-19)

We can produce other acceptable coupling operators by multiplying the cou-
pling operators of Eqs. (13-17)-(13-19) by Qn1

1 Qn2
2 Qn3

3 , where the integers n1,
n2, and n3 are all even. These terms come from the higher expansion terms
of Eqs. (13-6)-(13-7). We expect, however, that the expansions in Eqs. (13-6)-
(13-7) will converge in the sense that the perturbation terms become less impor-
tant as the powers of Qr, P̂r and Ĵα increase. Thus the terms in Eqs. (13-17)-
(13-18) give the most important contributions to the interaction between the
ν1 and ν3 states. The interaction caused by the Coriolis coupling term in
Eq. (13-17) can be termed a Coriolis-type resonance. The particular inter-
action caused by the term in Eq. (13-18) is called a Birss resonance [Birss
(1976)].

The interaction between ν1 and 2ν2: The terms in Vanh [Eq. (13-5)] cannot
contribute to the matrix elements coupling ν1 and ν3; they contain no rotational
operators at all and thus their nonvanishing matrix elements have ∆ka = 0.
They can, however, contribute to the interaction between ν1 and 2ν2. Since a
matrix element connecting ν1 and 2ν2 has ∆v3 even (= 0), ∆ka must also be
even [Table 13-1]. The smallest possible value for |∆ka| is 0, and interactions
of this type can be caused by the terms in Vanh. Since ∆v1 = −1 and ∆v2 =
2, an acceptable term must contain an odd power of Q1 and an even power (≥
2) of Q2. The simplest term that satisfies these conditions is

1

2
Φ122Q1Q

2
2 (13-20)

from Eq. (13-5). Again, we can construct other acceptable coupling operators
by multiplying the coupling operator Q1Q

2
2 in Eq. (13-20) by Qn1

1 Qn2
2 Qn3

3 ,
where the integers n1, n2, and n3 are all even, but we expect that the term in
Eq. (13-20) will give the largest contribution to the coupling matrix elements
arising from Vanh.

A resonance such as this, in which coupling is caused by terms in the poten-
tial energy function, is referred to as an anharmonic resonance. Anharmonic
resonances are called cubic, quartic, quintic, . . . if they are caused by the
cubic, quartic, quintic, . . . terms in the expansion of Vanh in Eq. (13-5). Cubic



330 13. Energy Levels and Interactions

anharmonic resonances are also called Fermi resonances ; this type of reso-
nance was recognized for the first time for the ν1 and 2ν2 states of CO2. A
Darling-Dennison resonance is a particular type of quartic anharmonic reso-
nance involving overtone levels of two normal modes νj and νk, and it has ∆vj
= −∆vk = ±2.

Higher-order terms in Tcent [Eq. (13-6)], mainly

−3

4

∑

α=x,y,z

µe
ααa

αα
1 µe

ααa
αα
2 µe

ααa
αα
2 µe

ααQ1Q
2
2Ĵ

2
α, (13-21)

can also contribute to the matrix elements connecting ν1 and 2ν2. For α = x
or y, the matrix elements will have ∆ka = 0, ±2 [see Table 13-2], whereas for
α = z, ∆ka = 0 only.

The interaction between ν3 and 2ν2: Here again we have ∆v3 odd, as for the
interaction between ν1 and ν3, and we must have ∆ka odd. The dominant
perturbation terms, causing interactions with |∆ka| = 1, come from TCor and
Tcent and contain the coupling operators

3

2
µe
yya

yy
1 µe

yya
yy
2 µe

yya
yy
2 µe

yyζ
y
1,3Q1Q

2
2

(
Q1P̂3 −Q3P̂1

)
Ĵy, (13-22)

µe
yya

yy
2 µe

yyζ
y
2,3Q2

(
Q2P̂3 −Q3P̂2

)
Ĵy, (13-23)

and

−1

4
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2 µe

xxa
xx
2 µe

xxa
xz
3 µe

zz
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e
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]
Q2

2Q3

(
ĴxĴz + ĴzĴx

)
. (13-24)

Table 13-2 can be used to check that these operators will produce nonvanishing
matrix elements with the desired values of (∆v1,∆v2,∆v3,∆ka).

In their simultaneous analysis of experimental spectra of the ν1, ν3 and 2ν2
bands of H2O, Flaud and Camy-Peyret (1974) take into account the resonances
caused by the operators in Eqs. (13-18), (13-20), (13-21), and (13-24). They
do not consider the Coriolis-type resonances caused by the operators in in
Eqs. (13-17), (13-19), (13-22), and (13-23). Initially, one would perhaps ex-
pect the neglected operator in Eq. (13-17) to be more important than that in
Eq. (13-18), since the former operator involves a lower power of the rotational
operators. However, the coupling coefficient in Eq. (13-17) is small due to the
small value of ζy1,3.

Problem 13-1. Determine the nonvanishing Φ, aαβ, and ζα coefficients
for the ground electronic state of the trans diimide molecule (N2H2). This
molecule is shown in its planar equilibrium configuration in Fig. 13-2 and we
assume that there is no torsional tunneling. The MS group of this molecule is
C2h(M) [see Table A-8 where the permutation (56) should be omitted].
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Fig. 13-2. A nuclear labeled diimide molecule
in the equilibrium configuration of its ground elec-
tronic state. The inertial axes (a, b, c) are also
marked (Iaa < Ibb < Icc).

Answer. The six normal coordinates of this molecule have the symmetry
species:

Γ(Q1) = Γ(Q2) = Γ(Q3) =Ag,

Γ(Q4) =Au, (13-25)

Γ(Q5) = Γ(Q6) =Bu.

From these results and the rules of Eqs. (13-8) and (13-9) we deduce that the
following Φ coefficients do not vanish by symmetry:

Φpqr,Φp44,Φptu,Φpqrs,Φpq44,Φpqtu,Φ44tu,Φ4444, and Φtuvw, (13-26)

where p, q, r, and s = 1, 2, or 3, and t, u, v, and w = 5 or 6. From Eq. (13-11)
and the symmetries of Ĵa, Ĵb, Ĵc (given in Table A-8) and of the Qr, we deduce
that the following aαβ coefficients do not vanish by symmetry

accr , a
ab
r = abar , a

aa
r , and abbr , (13-27)

where r = 1, 2, or 3. For the u vibrations of a centrosymmetric molecule all
aαβr vanish since the species of the components of Ĵ are always g (the operation
Ôi that defines the g or u character does not affect the Euler angles). As a
result the rotational levels of g and u vibrational states cannot be mixed by the
centrifugal distortion perturbation [see Eq. (4-11) and the discussion after it].
From Eq. (13-13) we see that the nonvanishing Coriolis coupling coefficients
are

ζcp,q, ζ
c
5,6, ζ

a
4,t, and ζb4,t, (13-28)

where p, q = 1, 2, or 3 and t = 5 or 6. The rotational levels of g and u vibrational
states cannot be mixed by the Coriolis coupling perturbation since the Ĵα all
have g species, and all ζαr,s involving one g and one u vibration must vanish [see
Eq. (4-11) and the discussion after it].

Problem 13-2. In the trans diimide molecule N2H2 the states v4 = 1 and
v6 = 1 are close together in energy. Using the results obtained in the solution
to Problem 13-1 determine the direct interactions that can occur between the
rotational levels of these states.

Answer. The states v4 = 1 and v6 = 1 have vibrational symmetry Γvib = Au

and Bu, respectively. Since they have different vibrational symmetries they
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cannot be mixed by anharmonicity perturbations. The first term in the cen-
trifugal distortion perturbation [see Eq. (13-6)] contains the coupling operator
QrĴαĴβ , and hence can couple rotation-vibration states according to the vibra-
tional selection rule ∆vr = ±1. This term cannot give rise to a perturbation
between states, such as the v4 = 1 and v6 = 1 states, that differ in two vibra-
tional quantum numbers. The second term in Tcent [see Eq. (13-6)] contains
the coupling operator QrQsĴαĴβ and this term can couple states that differ

in two vibrational quantum numbers. In C2h(M) the combinations Q4Q6ĴaĴc
and Q4Q6ĴbĴc are totally symmetric and we might expect levels of the v4 = 1
and v6 = 1 states to be coupled by such terms. However, the coefficients of
Q4Q6ĴaĴc and Q4Q6ĴbĴc vanish for trans diimide, since they involve the pa-
rameters aαβ4 and aαβ6 which were shown to be zero in the solution of Problem
13-1 [see Eq. (13-27)]. In the solution to Problem 13-1 we saw that for any
centrosymmetric molecule aαβr vanishes if Qr is of u species, and hence the
rotational levels of two vibrational states cannot be connected by Tcent if the
levels have different levels of excitation of any u vibrations. This contrasts with
the fact that the rotational levels for N2H2 of the v2 = 1 and v3 = 1 vibrational
states (both of Ag symmetry) can be mixed by terms such as Q1Q3Ja

2 in Tcent
since aααr and aabr do not vanish for r = 1 or 3.

The rotational levels of the v4 = 1 and v6 = 1 states can be mixed by the
Coriolis coupling perturbation

−
∑

α

µe
ααζ

α
4,6(Q4P̂6 −Q6P̂4)Ĵα. (13-29)

In particular ζa4,6 and ζb4,6 are nonvanishing [see Eq. (13-28)] so that the two
nonvanishing coupling terms are (in cm−1)

V
(a)
Cor = −2Aℏ−2ζa4,6(Q4P̂6 −Q6P̂4)Ĵa (13-30)

and

V
(b)
Cor = −2Bℏ−2ζb4,6(Q4P̂6 −Q6P̂4)Ĵb. (13-31)

These perturbations can only connect levels of the v4 = 1 and v6 = 1 states
that have the same J value and Γrv symmetry. There are two possible Γrv

symmetries for these levels (see Table 12-11): Au and Bu. The Au levels are
the JKaKc levels of the v4 = 1 state having Kc even and the levels of the v6 = 1

state having Kc odd; these levels can be mixed by V
(a)
Cor + V

(b)
Cor. The Kc odd

levels in the v4 = 1 state and the Kc even levels of the v6 = 1 state are of Bu

symmetry, and they can also be mixed together. Using a Ir prolate rotor basis
set (trans diimide is a near prolate rotor) the nonvanishing matrix elements are
(from Tables 11-1 and 11-2)

〈v4 = 1, J, ka|V (a)
Cor|v6 = 1, J, ka〉 = 2iAζa4,6[

√
γ6/γ4 +

√
γ4/γ6]ka/2 (13-32)
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and

〈v4 = 1, J, ka ± 1|V (b)
Cor|v6 = 1, J, ka〉

= 2iBζb4,6[
√
γ6/γ4 +

√
γ4/γ6]

1

4

√
J(J + 1)− ka(ka ± 1), (13-33)

where the γr parameters are defined in Eq. (11-106). We see that states having

high Ka and Ka ≈ J will be strongly coupled by V
(a)
Cor and weakly coupled by

V
(b)
Cor, whereas those with high J and Ka ≈ 0 will be strongly coupled by V

(b)
Cor

and weakly coupled by V
(a)
Cor.

A spectrum of the ν4 and ν6 fundamental bands of N2H2 at a resolution
of 0.06 cm−1 has been analyzed by Hallin, Johns and Trombetti (1981), and
at a resolution of 0.005 cm−1 by Hegelund, Bürger and Polanz (1994). They
determined, among other things, that ν4 = 1288.639 cm−1, ν6 = 1316.413
cm−1, |ζa4,6| = 0.460 and |ζb4,6| = 0.897. In this analysis higher order terms
had to be included in each of the expressions for the matrix elements given
in Eqs. (13-32) and (13-33), and it was also necessary to include a matrix
element between the ν4 and ν6 levels with ∆Ka = ± 2 in order to achieve a
fitting to the spectrum. These are all modeled satisfactorily using the contact
transformation procedure discussed in Section 13.2.4.

The Coriolis coupling constants of a molecule satisfy linear and quadratic sum
rules called ζ–sum rules [see, for example, Teller (1934), Meal and Polo (1956a,
1956b), Watson (1971a), and Section 22.2 of Papousek and Aliev (1982)]. For
N2H2 the application of these rules gives the relations

(ζa4,5)2 + (ζa4,6)2 = 1, (13-34)

and

(ζb4,5)2 + (ζb4,6)2 = 1. (13-35)

N2H2 is an example of a centrosymmetric molecule in which one u vibration
(ν4) couples with only two others (ν5 and ν6). In this circumstance it can be
shown [Kuchitsu, Oka and Morino (1965)] that

|ζa4,6| = |ζb4,5| (13-36)

and

|ζb4,6| = |ζa4,5|. (13-37)

Combining these relations with the ζ–sum rules in Eqs. (13-34) and (13-35) we
deduce that

(ζa4,6)2 + (ζb4,6)2 = 1. (13-38)

The experimental value for this sum from Hegelund, Bürger and Polanz (1994)
is 1.016.
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13.2.2 Symmetric top molecules

For symmetric top molecules we use symmetry, as shown in Section 12.4,
to define the “good” quantum numbers grv, η, and τ , as well as g, gev, and
gv. These quantum numbers are related to the quantum number K, and they
obey selection rules for allowed interactions [see Hougen (1962c), Mills (1964a)
and Hegelund, Rasmussen, and Brodersen (1973)]; they are very useful when it
comes to writing a computer program to calculate rotation-vibration energies.

When we consider matrix elements of the rotation-vibration Hamiltonian
Ĥrv between rotation-vibration basis functions Φ

(V,L,J,k,m)
rv [see Eq. (12-73)] we

can use the nonvanishing integral rule to determine the conditions that have
to be fulfilled by the quantum numbers grv, η, and τ . Thus, for

〈
Φ(V ′,L′,J′,k′,m′)

rv

∣∣∣Ĥrv

∣∣∣Φ(V ′′,L′′,J′′,k′′,m′′)
rv

〉
6= 0

we must have

∆grv = g′rv − g′′rv = 0 (13-39)

and

∆η = η′ − η′′ = 0. (13-40)

For Type II basis functions (see Section 12.4) we must also have

∆τ = τ ′ − τ ′′ = 0. (13-41)

As usual we consider the CH3F molecule [MS group C3v(M); see Table A-6]
as an example of a symmetric top molecule. The symmetry species of its normal
coordinates in the MS group are given by

Γ(Q1) = Γ(Q2) = Γ(Q3) = A1,

Γ(Q4a, Q4b) = Γ(Q5a, Q5b) = Γ(Q6a, Q6b) = E, (13-42)

so that each vibrational state is characterized by six v quantum numbers
(v1, v2, v3, v4, v5, v6) and three l quantum numbers (l4, l5, l6). For this molecule
we determine from Eq. (13-39) and Table 12-14 that, within one electronic
state, rotation-vibration interactions occur between basis states that satisfy

∆(l4 + l5 + l6 − k) = 0,±3,±6, etc. (13-43)

The selection rule for anharmonicity perturbations [i.e., perturbations caused
by Vanh in Eq. (13-5)] is

∆gv = 0, (13-44)
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and such perturbations have ∆k = 0 and will occur between vibrational states
that satisfy

∆(l4 + l5 + l6) = 0,±3,±6, etc. (13-45)

Vibronic interactions and rovibronic interactions satisfy the selection rules
∆gve = 0 and ∆g = 0, respectively.

Problem 13-3. Determine the nonvanishing Φ, aαβ, and ζα coefficients
for the CH3F molecule in its ground electronic state. The CH3F molecule is
labeled in Fig. 13-3 and its MS group is the C3v(M) group given in Table A-6.

Fig. 13-3. A nuclear labeled methyl fluoride molecule in
the equilibrium configuration of its ground electronic state. The
(x, y, z) axes are the inertial axes (Izz < Ixx = Iyy).

Answer. The symmetry species of the normal coordinates for CH3F in
C3v(M) are given by Eq. (13-42), and transformation properties of the prim-
itive operators entering into the rotation-vibration Hamiltonian are given in
Table 12-4. In the C3v(M) group we have

A1 ⊗A1 = A2 ⊗A2 = A1,

A1 ⊗ E = A2 ⊗ E = E,

E ⊗ E = A1 ⊕A2 ⊕ E, (13-46)

[E]2 = A1 ⊕ E.

From Eqs. (13-8) and (13-9), together with the species of the normal coor-
dinates, given in Eq. (13-42), we deduce that the following anharmonic force
constants can be nonvanishing:

Φpqr,Φrst,Φstu,Φopqr,Φqrst,Φrstu, and Φstuv, (13-47)

where o, p, q, r = 1, 2, or 3, and s, t, u, v = 4, 5, or 6. For the degenerate
vibrations we need to know how the a and b labels should be added, i.e., is
Φrst to be taken as Φrsata,Φrsatb,Φrsbta, or Φrsbtb? We determine this from the
transformation properties of products such as QrQsaQta which can be obtained
from the results in Table 12-4. We find that the following combination is totally
symmetric:

(QrQsaQta +QrQsbQtb) = Qr(Qs
+Qt

− +Qs
−Qt

+)/2, (13-48)
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where Qs
± and Qt

± are related to (Qsa, Qsb) and (Qta, Qtb) as discussed in
Chapter 11 [see Eqs. (11-146)-(11-149) and (11-155)-(11-156)]. Thus

Φrsata = Φrsbtb(= Φrst, say) (13-49)

can be nonvanishing, but

Φrsatb = Φrsbta = 0. (13-50)

The potential function, therefore, can contain the terms

ΦrstQr(QsaQta +QsbQtb) = ΦrstQr(Qs
+Qt

− +Qs
−Qt

+)/2. (13-51)

The other nonvanishing cubic anharmonicity terms that involves the degenerate
normal coordinates are

Φstu(QsaQtaQua −QsbQtaQub −QsbQtbQua −QsaQtbQub)

= Φstu(Qs
+Qt

+Qu
+ +Qs

−Qt
−Qu

−)/2. (13-52)

Quartic anharmonicity terms involving the degenerate normal coordinates that
are totally symmetric in C3v(M) and which therefore can be nonvanishing are

ΦqrstQqQr(Qs
+Qt

− +Qs
−Qt

+)/2,

ΦrstuQr(Qs
+Qt

+Qu
+ +Qs

−Qt
−Qu

−)/2,

ΦsstuQs
+Qs

−(Qt
+Qu

− +Qt
−Qu

+)/2, (13-53)

Φ′
sstu(Qs

+Qs
+Qt

−Qu
− +Qs

−Qs
−Qt

+Qu
+)/2.

The nonvanishing aαβ coefficients are determined from Eq. (13-11) and Ta-
ble 12-4. We see that QrĴz

2 and Qr(Ĵx
2 + Ĵy

2) are totally symmetric so

µe
zza

zz
r µ

e
zz 6= 0 and µe

xxa
xx
r µe

xx = µe
yya

yy
r µe

yy 6= 0, (13-54)

where r = 1, 2, or 3. Further we have

Γ(Ĵz)⊗ Γ(Ĵx, Ĵy) = Γ(Qta, Qtb) (13-55)

and

Γ(Ĵx, Ĵy)⊗ Γ(Ĵx, Ĵy) ⊃ Γ(Qta, Qtb), (13-56)

where t = 4, 5, or 6. From a detailed consideration of the transformation
properties of Qta and Qtb (or of Qt

+ and Qt
−) in Table 12-4 we determine that

the centrifugal coupling operator

[Qta(ĴxĴz + ĴzĴx) +Qtb(Ĵy Ĵz + Ĵz Ĵy)] (13-57)

is totally symmetric. Thus

µe
xxa

xz
ta µ

e
zz = µe

zza
zx
ta µ

e
xx = µe

yya
yz
tb µ

e
zz

= µe
zza

zy
tb µ

e
yy(= µe

xxa
xz
t µe

zz, say) 6= 0 (13-58)
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in CH3F where t = 4, 5, or 6. We can write the appropriate centrifugal distor-
tion term as

−1

4
µe
xxa

xz
t µe

zz[Qt
−(Ĵm

+Ĵz + ĴzĴm
+) +Qt

+(Ĵm
−Ĵz + ĴzĴm

−)]. (13-59)

Similarly

µe
xxa

xy
tb µ

e
yy = µe

yya
yx
tb µ

e
xx = µe

yya
yy
taµ

e
yy

= −µe
xxa

xx
ta µ

e
xx (= −µe

xxa
xx
t µe

xx, say) 6= 0 (13-60)

and the appropriate non-vanishing centrifugal distortion term can be written
as

−1

4
µe
xxa

xx
t µe

xx[Qt
+(Ĵm

+)2 +Qt
−(Ĵm

−)2], (13-61)

where t = 4, 5, or 6.
The symmetric Coriolis coupling operators are [where the terms arising from

the antisymmetry of the ζ coefficients, see Eq. (11-80), are to be understood]

(QrP̂saĴy −QrP̂sbĴx), (13-62)

(QsaP̂tb −QsbP̂ta)Ĵz , (13-63)

and

(QsaP̂ta −QsbP̂tb)Ĵy + (QsaP̂tb +QsbP̂ta)Ĵx, (13-64)

so that the nonvanishing Coriolis coupling coefficients are

ζyr,sa = −ζxr,sb(= ζyr,s, say), (13-65)

ζzsa,tb = −ζzsb,ta(= ζzs,t, say), (13-66)

and

ζysa,ta = −ζysb,tb = ζxsa,tb = ζxsb,ta(= ζys,t, say), (13-67)

where r = 1, 2, or 3 and s, t = 4, 5, or 6 [s can equal t in Eq. (13-66) but not
in Eq. (13-67) because of the antisymmetry of the ζ coefficients]. The non-
vanishing Coriolis coupling terms [note the minus sign in Eq. (13-7)] can be
written

−(i/2)µe
yyζ

y
r,sQr(P̂s

+Ĵm
− − P̂s

−Ĵm
+), (13-68)

−(i/2)µe
zzζ

z
s,t(Qs

+P̂t
− −Qs

−P̂t
+)Ĵz , (13-69)
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and

−(i/2)µe
yyζ

y
s,t(Qs

−P̂t
−Ĵm

− −Qs
+P̂t

+Ĵm
+), (13-70)

where r = 1, 2, or 3 and s, t = 4, 5, or 6 [s 6= t in Eq. (13-70)].

The term in Eq. (13-68) causes a Coriolis resonance between the ν2 (of A1

symmetry) and ν5 (of E symmetry) fundamental levels of methyl halides. The
interaction matrix elements have ∆k = ∆l5 =±1 [see Eq. (13-43)]. In CH3F the
ν2 and ν5 vibrational energies are 1459.4 and 1467.8 cm−1, respectively, so that
the interaction between the rovibrational levels in the two vibrational states
is strong and gives rise to the irregular looking spectrum shown in Fig. 13-4
[Papoušek, Papoušková, Ogilvie, Pracna, Civǐs, and Winnewisser (1992)].

Fig. 13-4. The ν2 and ν5 bands of CH3F [after Papoušek, Papoušková, Ogilvie, Pracna,
Civǐs, and Winnewisser (1992)]. The upper states of the transitions result from a strong
Coriolis resonance between the ν2 and ν5 basis states caused by the operator in Eq. (13-68).
The prominent feature near 1460 cm−1 can be described as the Q branch of the ν2 band
[consisting of transitions with ∆J = ∆K = 0, see Chapter 14], and the prominent feature at
1475 cm−1 can be described as a Q branch of the ν5 band with K = 1 ← 0.

Anharmonicity perturbations mix states of the same symmetry Γvib in the
MS group, with selection rules on the vibrational quantum numbers that can
be easily deduced from the results in Tables 11-2 and 11-3. For example,
for the CH3F molecule (see Problem 13-3) the following terms are among the
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nonvanishing cubic and quartic anharmonicity terms

V
(1)
anh = Φ1123Q1

2Q2Q3/2,

V
(2)
anh = Φ145Q1(Q4

+Q5
− +Q4

−Q5
+)/2, (13-71)

V
(3)
anh = Φ456(Q4

+Q5
+Q6

+ +Q4
−Q5

−Q6
−)/2.

The nonvanishing matrix elements of these terms can be determined from the

results in Eq. (11-125) and in Tables 11-2 and 11-3. We determine that V
(1)
anh

has nonvanishing matrix elements between vibrational states with the selection
rules

∆v1 = 0,±2, ∆v2 = ±1, ∆v3 = ±1. (13-72)

V
(2)
anh has nonvanishing matrix elements with selection rules

∆v1 = ±1, ∆v4 = ±1, ∆v5 = ±1, ∆l4 = −∆l5 = ±1, (13-73)

and V
(3)
anh has nonvanishing matrix elements with selection rules

∆v4 = ±1, ∆v5 = ±1, ∆v6 = ±1, ∆l4 = ∆l5 = ∆l6 = ±1. (13-74)

These equations satisfy Eqs. (13-44) and (13-45).
The centrifugal distortion perturbation terms [Eq. (13-6)], like the Coriolis

perturbation terms, mix states in which both the vibrational and rotational
quantum numbers change, although the vibration-rotation species Γrv must
be maintained. The selection rules on the vibration and rotation quantum
numbers can be derived from the results in Tables 11-1 to 11-3. For example,
in the CH3F molecule among the nonvanishing centrifugal distortion terms [see
Eq. (13-61)] is

T
(1)
cent = −1

4
µe
xxa

xx
4 µe

xx[Q4
+(Ĵm

+)2 +Q4
−(Ĵm

−)2]. (13-75)

This term mixes rotation-vibration states according to the selection rules

∆v4 = ±1

with

∆l4 = +1 and ∆k = −2 or ∆l4 = −1 and ∆k = +2, (13-76)

which satisfies Eq. (13-43).
Clearly the first term in the centrifugal distortion term of Eq. (13-6) will mix

vibration-rotation states with vibrational quantum numbers that differ by one
because Qr occurs in it. For a rigid molecule such as we are considering here
none of the vibrational energy separations will be of the order of a rotational
energy separation, and perturbation theory can reasonably be used to treat
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the effect of this term (unless aαβr is anomalously large). The second term in
Eq. (13-6) has a coefficient of QrQsĴαĴβ that is usually an order of magnitude

smaller than the coefficient of QrĴαĴβ in the first term. However the second
term couples states that differ by one unit in two vibrational quantum numbers,
i.e., the levels of the states vr = 1 and vs = 1 can be coupled by this term;
it is possible for such coupled states to be close in energy (i.e., in resonance)
and for the perturbation treatment of the effect of Tcent to fail. For example,
in trans diimide the centrifugal distortion term

3

4
µe
aaa

aa
2 µe

aaa
aa
3 µe

aaQ2Q3Ĵa
2 (13-77)

is nonvanishing [see Eq. (13-27)] and the v2 = 1 and v3 = 1 states that are
mixed by this term are close in energy. As a result of the resonance between
levels that are coupled by this term, it can have a significant effect.

The selection rules on the vibrational and rotational quantum numbers for
allowed Coriolis coupling interactions can likewise be obtained from the results
in Tables 11-1 to 11-3. From Eq. (13-70) we see that a nonvanishing Coriolis
coupling term in CH3F is

−(i/2)µe
yyζ

y
4,5[Q4

−P̂5
−Ĵm

− −Q4
+P̂5

+Ĵm
+] (13-78)

and the selection rules for states to be coupled by this term are

∆v4 = ±1 and ∆v5 = ±1

with

∆l4 = ∆l5 = −∆k = ±1. (13-79)

Another nonvanishing Coriolis coupling term for CH3F is

−(i/2)µe
zzζ

z
s,s(Qs

+P̂s
− −Qs

−P̂s
+)Ĵz, (13-80)

where s = 4, 5, or 6, and this couples states with the selection rules

∆vs = 0,±2 and ∆ls = ∆k = 0. (13-81)

Equations (13-79) and (13-81) satisfy Eq. (13-43). The terms in Eq. (13-80)
have nonvanishing diagonal matrix elements and produce an important first
order Coriolis splitting of levels having the same quantum number labels vs
and K.

The (±l) quantum number label: The Coriolis coupling perturbation

−(i/2)µe
zzζ

z
4,4(Q4

+P̂4
− −Q4

−P̂4
+)Ĵz (13-82)

has nonvanishing first order matrix elements (i.e., ∆k = 0 and ∆v4 = ∆l4 = 0)
within any rotation-vibration state for which l4 and k are nonzero. Using
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Eq. (13-82) together with the expressions for the matrix elements of the two-
dimensional harmonic oscillator (see Table 11-3) we deduce that the first order
energy of states for which v5 = v6 = 0 is given by (in cm−1)

Erv = E0
rv − 2Akζz4,4l4, (13-83)

where E0
rv is the rigid rotor harmonic oscillator energy which has a 2(v4 + 1)-

fold degeneracy if k 6= 0 [see also Eq. (13-129) which follows]. As a result the
pair of levels with kl4 > 0 [i.e., (k, l4) = ±(|k|, |l4|)] have energy

Erv = E0
rv − 2AKζz4,4|l4| (13-84)

and the pair of levels with kl4 < 0 [i.e., (k, l4) = ±(|k|,−|l4|)] have energy

Erv = E0
rv + 2AKζz4,4|l4|, (13-85)

where K = |k|. Since the splitting is first order it is useful to have an extra
label to distinguish the level with energy given by Eq. (13-84) from that with
energy given by Eq. (13-85) for a given pair of (|k|, |l4|) values. This label is
the (±l) label: one level is called the (+l) level and the other is called the (−l)
level. The sign of the (±l) label depends on the relative and absolute values of
k and gv and is given by [Hoy and Mills (1973)]

sgn[k sin(2πgv/3)]. (13-86)

Levels for which Eq. (13-86) is positive are (+l) levels and levels for which
Eq. (13-86) is negative are (−l) levels. In the v4 = 1 state gv = l4 = ±1
and we see that levels with energy given by Eq. (11-123) are the (+l) levels
and those with energy given by Eq. (13-85) are the (−l) levels. As another
example, in the v4 = 2 state of CH3F the pair of levels k = +K, l4 = +2 and
k = −K, l4 = −2, with a first order energy shift of −4AKζz4,4, are the (−l)
pair, and the pair k = −K, l4 = +2 and k = +K, l4 = −2, with a first order
energy shift of +4AKζz4,4, are the (+l) pair. In the v4 = 2 state the pair of
l4 = 0 levels do not suffer a first order Coriolis splitting and the (±l) label is
not used for them.

In general for a vibrational state of CH3F that has species E, the rotation-
vibration species of the (+l) and (−l) levels depend on K as shown in Ta-
ble 13-3. It is this symmetry that determines the (±l) label and not the rel-
ative signs of k and l4 (compare the v4 = 1 and v4 = 2 examples discussed
above for CH3F). To extend the (±l) label to degenerate vibronic states we use
gve instead of gv in Eq. (13-86), and to extend it to other symmetric tops we
rewrite the equation as [Hoy and Mills (1973)]

sgn[k sin(2πgve/n)] (13-87)

where n is the order of the primary axis of symmetry in the molecule.
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Table 13-3

Symmetry of (±l) levels of CH3F in an E vibronic state with K > 0a

Γrve

K : (+l) (−l)

3n + 1 : A1 ⊕ A2 E
3n + 2 : E A1 ⊕ A2

3n + 3 : E E

an is a nonnegative integer; K = |k|.

13.2.3 Spherical top molecules

Examples of spherical top molecules are CH4, SF6, and C60. We calculate
the spin statistical weights of these molecules in Chapter 8. The MS group of
CH4 is the the tetrahedral group Td(M) [Table A-14], the MS group of SF6 is
the the octahedral group Oh(M) [Table A-15], and the MS group of C60 is the
the icosahedral group Ih(M) [Table A-16]. The rotation-vibration Hamiltonian
given in Eqs. (10-150)-(10-154) together with Eq. (10-143) applies to spherical
top molecules just as it applies to asymmetric top molecules and symmetric
top molecules. The molecular rotation group of a spherical top molecule is
K(mol) [Section 12.6], which contains the rotations of the molecule about any
axis that has a definite orientation within the molecule fixed axis system. The
group K(mol) is such a useful near symmetry group for a spherical top that it
has proved advantageous to reformulate the rotation-vibration Hamiltonian in
a manner based on K(mol) symmetry. As usual the Hamiltonian is expressed
as the sum of terms each of which is totally symmetric in the MS group. But
now these terms are themselves expressed as the sum of terms each of which
transforms irreducibly in K(mol);1 each of these terms being the contraction
of two spherical tensor operators that transform irreducibly in K(mol) [see
the last paragraph of Section 10.3.1].2 The reformulation makes the rotation-
vibration theory of spherical top molecules appear extremely different from
that of asymmetric tops or symmetric tops, and we give a summary of this
theory.

1See Section 7.3.2; the two groups K(spatial) and K(mol) are isomorphic and we use the
same names for the irreducible representations.

2If the group K(mol) were a true symmetry group of the molecular Hamiltonian we would
only need to construct terms having symmetry D(0) in K(mol), but since it is a near symmetry
group terms of any symmetry D(ω) can be nonvanishing; however, we can expect that terms
of symmetry D(0) in K(mol) will be the dominant ones.
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In Chapter 12 [see Table 12-3 on page 276] we describe how the rotational
basis functions of a spherical top molecule are classified in the MS group. This
is done by noting that the set of symmetric top functions |J, k,m〉, k = −J ,
−J + 1, . . . , J , transform as the irreducible representation D(J) of K(mol).
The symmetries in the MS group are determined using the correlation from
K(mol) to the MS group. For a spherical top the terms in the rotation-vibration
Hamiltonian that are totally symmetric in the MS group are determined in a
similar way [Hecht (1960a, 1960b)]:

• We form linear combinations of the normal coordinates Qr, their conju-
gate momenta P̂r, and the molecule fixed components (Ĵx, Ĵy, Ĵz) that
transform irreducibly in K(mol). A vibrational operator (i.e., an opera-
tor constructed from Qr and P̂r) transforming according to the σv’th row

of the irreducible representation D(ωv) of K(mol) is denoted T
(ωv,σv)
v . A

rotational operator (constructed from Ĵx, Ĵy, and Ĵz) transforming ac-
cording to the σr’th row of the irreducible representation D(ωr) of K(mol)

is denoted T
(ωr,σr)
r . Examples of the operators T

(ωv,σv)
v and T

(ωr,σr)
r are

given below.

• We form rotation-vibration operators by coupling the operators T
(ωv,σv)
v

and T
(ωr,σr)
r in a manner similar to that given for angular momentum

eigenfunctions in Eq. (10-98):

T (ω,σ)
rv =

∑

σv,σr

(−1)ωv−ωr+σ
√

2ω + 1

(
ωv ωr ω
σv σr −σ

)
T (ωv,σv)
v T (ωr,σr)

r .

(13-88)

The operator T
(ω,σ)
rv transforms according to the σ’th row of the irre-

ducible representation D(ω) of K(mol). The rotation-vibration Hamilto-
nian is Hermitian, and is invariant under time reversal [see Chapter 7],

so that in each term T
(ω,σ)
rv the total power of momentum operators [P̂r

and Ĵα] must be even.

• We form the linear combinations of T
(ω,σ)
rv that are totally symmetric in

the MS group. For example, for Td(M) [Table A-14] molecules, T
(ω,σ)
rv

operators with ω ≤ 8 give rise to the following terms having A1 symmetry
in Td(M) [Jahn (1938a, 1938b), Hecht (1960a, 1960b), Ozier (1974)]

T
(0)
A1

= T (0,0)
rv ,

T
(4)
A1

=
√

70T (4,0)
rv + 5

(
T (4,4)
rv + T (4,−4)

rv

)
,

T
(6)
A1

=
√

14T (6,0)
rv − 7

(
T (6,4)
rv + T (6,−4)

rv

)
,

T
(8)
A1

= T (8,0)
rv +

√
28

198

(
T (8,4)
rv + T (8,−4)

rv

)
+

√
65

198

(
T (8,8)
rv + T (8,−8)

rv

)
.

(13-89)
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The rotation-vibration Hamiltonian is written as a linear combination of terms
such as those given in Eq. (13-89). The expansion coefficients are normally
determined in fittings to experimental data.

Starting from the three irreducible spherical tensor operators [see Eq. (8) of
Robiette, Gray, and Birss (1976)3]

T (1,±1)
r = ±Ĵm±/

√
2

T (1,0)
r = −Ĵz, (13-90)

rotational operators of higher ranks are constructed by repeated use of the
expression

T (ω,σ)
r =

∑

σ′

r,σ
′′

r

(−1)ω
′

r−ω′′

r +σ
√

2ω + 1

(
ω′
r ω′′

r ω
σ′
r σ′′

r −σ

)
T

(ω′

r,σ
′

r)
r T

(ω′′

r ,σ
′′

r )
r ,

(13-91)

which is analogous to Eq. (13-88). The irreducible spherical tensor operators
given Eq. (13-90) are changed in sign relative to analogous operators intro-
duced in Chapter 14 [see, for example, Eq. (14-13)]. The reason for the sign
change is discussed in Section 20.1 of Papoušek and Aliev (1982), and it occurs
because the molecule fixed components (Ĵx, Ĵy, Ĵz) of the angular momentum
obey the commutation relations of Eq. (10-92), and the three reversed compo-
nents [see Van Vleck (1951)] (−Ĵx,−Ĵy,−Ĵz) satisfy the commutation relations
of Eq. (10-90). Using the reversed components in Eq. (13-90) leads to a sim-
plification in the determination of the matrix elements of rotational operators
because standard angular momentum theory, in particular the Wigner-Eckart
theorem [see Section 10.3], can be employed without modification. In their
Appendix A, Robiette, Gray, and Birss (1976) list rotational operators with
ranks 2, 3, and 4 determined from Eq. (13-91).

One important difference between spherical top molecules on one hand and
asymmetric and symmetric top molecules on the other is that spherical top
molecules have triply degenerate normal coordinates. For example, methane
has the normal modes ν1 (A1), ν2 (E), ν3 (F2), and ν4 (F2) where we give the
symmetry in Td(M) of each normal mode in parentheses [Eq. (12-31)]. The
triply degenerate normal modes are described by normal coordinates (Qtx, Qty,

Qtz) with conjugate momenta (P̂tx, P̂ty , P̂tz). For the normal coordinates of a
doubly degenerate vibration it is necessary to adopt a convention for their trans-
formation properties in the MS group [see Section 12.1.2] A similar convention
must be adopted for the coordinates (Qtx, Qty, Qtz) here. For symmetric top
molecules the convention is that proposed by di Lauro and Mills (1966), but
there is no similar generally accepted convention for spherical top molecules.
For CH4 an obvious choice would be to let (Qtx, Qty, Qtz), t = 3 or 4, transform
as (Tx, Ty, Tz) since these three coordinates have F2 symmetry in Td(M).

For a triply degenerate normal mode νt the harmonic oscillator eigenfunctions
are written Ψvt,lt,nt . The lt and nt are the quantum numbers associated with

3Note that their J± = Ĵm∓
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the vibrational angular momentum l̂t of νt. The z-component of l̂t is given by
[cf. Eq. (11-151)]

l̂tz = QtxP̂ty −QtyP̂tx (13-92)

and the expressions for l̂tx and l̂ty are obtained by cyclic permutation of xyz
in Eq. (13-92). The harmonic oscillator eigenfunction Ψvt,lt,nt satisfies the
eigenvalue equations

l̂t
2Ψvt,lt,nt = lt(lt + 1)ℏ2Ψvt,lt,nt (13-93)

and

ltzΨvt,lt,nt = ntℏΨvt,lt,nt . (13-94)

Comparison of Eqs. (13-93) and (13-94) with Eqs. (10-95), (10-96), (11-170),
and (11-171) shows that the functions Ψvt,lt,nt can be viewed as being standard
angular momentum eigenfunctions describing the vibrational angular momen-
tum in the triply degenerate normal mode.

As examples of vibrational operators T
(ωv,σv)
v , we consider the irreducible

spherical tensor operators that can be constructed from (Qtx, Qty, Qtz), (P̂tx,

P̂ty, P̂tz), and from the components of l̂t for a Td(M) molecule like CH4.
Robiette, Gray, and Birss (1976) give expressions for the vibrational operators
of rank 1 and 2. The operators of rank 1 are given by

T (1,±1)
v = ∓

(
l̂tx ± il̂ty

)
/
√

2,

T (1,0)
v = l̂tz. (13-95)

The operators of rank 2 are expressed in terms of the dimensionless operators

qtα = γ
1/2
t Qtα and p̂tα = γ

−1/2
t P̂tα/ℏ, (13-96)

with α = x, y, z and [Eq. (11-106)]

ℏγt = 2πcωt, (13-97)

where ωt is the harmonic vibrational wavenumber for the normal mode νt. The
vibrational operators of rank 2 are

T (2,±2)
v =

[
(qtx ± iqty)

2
+ (p̂tx ± ip̂ty)

2
]
/4

T (2,±1)
v = ∓ [(qtx ± iqty) qtz + (p̂tx ± ip̂ty) p̂tz] /2

T (2,0)
v =

[
3
(
q2tz + p̂2tz

)
−
∑

α

(
q2tα + p̂2tα

)
]
/(2
√

6). (13-98)

These operators and those in Eq. (13-95) are coupled [in an expression obtained
by replacing ‘r’ by ‘v’ in Eq. (13-91)] to produce further irreducible spherical
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tensor operators T
(ωv,σv)
v . In their Section 20, Papoušek and Aliev (1982)

consider Td(M) molecules and give many examples of operators T
(ωr,σr)
r [which

they call R(ωrσr)], T
(ωv,σv)
v [which they call V(ωvσv)], and operators T

(ω)
A1

determined from Eqs. (13-88) and (13-89) [Papoušek and Aliev (1982) call
these operators T(ωvωrω); such an operator is obtained in Eq. (13-89) from

operators T
(ω,σ)
rv (σ = −ω, . . . , ω), which in turn are given by Eqs. (13-88) in

terms of two sets of operators T
(ωr,σr)
r and T

(ωv,σv)
v ]. Many of the operators

given by Papoušek and Aliev (1982) involve powers of Ĵx, Ĵy, and Ĵz higher than
two. Such terms are not present in the kinetic energy operator for rotation and
vibration given by Eqs. (10-150)-(10-154), but they are present in the effective
rotational Hamiltonian (the Watsonian) for a particular vibrational state of
a spherical top molecule. The Watsonian is discussed in Section 13.2.4 which
follows.

Not only the rotation-vibration Hamiltonian, but also the rotation-vibration
basis functions of a spherical top molecule are rewritten so as to take into
account K(mol) symmetry. The total vibrational angular momentum l̂ from
the triply degenerate normal modes is defined as

l̂ =
∑

t

l̂t, (13-99)

where the sum runs over all triply degenerate normal modes of the molecule.
The CH4 molecule has l̂ = l̂3 + l̂4. The vibrational basis functions involving
the triply degenerate normal modes for a spherical top molecule are chosen
so that they are eigenfunctions of l̂2 and its z-component l̂z with eigenvalues
l(l+1)ℏ2 and nℏ, respectively. Such eigenfunctions are obtained by coupling the
functions |vt, lt, nt〉 ≡ Ψvt,lt,nt , which satisfy Eqs. (13-93) and (13-94), by means

of Eq. (10-98). The molecule fixed components of the angular momenta l̂t obey
commutation relations analogous to Eq. (10-90) [see, for example, Eq. (20.1.4)
of Papoušek and Aliev (1982)], e.g.

l̂tx l̂ty − l̂ty l̂tx = il̂tz. (13-100)

Consequently, Eq. (10-98) can be used without modification to couple these
angular momenta. The coupled vibrational basis functions can be written as
|V, L, l, n〉, where use V as a shorthand notation for all vt quantum numbers,
and L is used as a shorthand notation for all lt quantum numbers, including
those associated with the doubly degenerate normal modes. The possible values
of l are determined from the individual lt quantum numbers as discussed in
connection with Eq. (10-98). For CH4, l can assume the values |l3 − l4|, |l3 −
l4| + 1, . . . , l3 + l4. The quantum number n assumes the values −l, −l + 1,
. . . , l.

The rotation-vibration basis functions for a spherical top molecule are often
chosen to be eigenfunctions of the operator R̂2 where

R̂ = Ĵ − l̂. (13-101)
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Such functions are obtained by coupling of the |V, L, l, n〉 functions, which are

eigenfunctions of l̂2 and l̂z, with symmetric top functions |J, k,m〉, which are

eigenfunctions of Ĵ2 and Ĵz. However, we cannot apply Eq. (10-98) in this case.
This is because (Ĵx, Ĵy, Ĵz) obey the commutation relations of Eq. (10-92),

whereas (l̂x, l̂y, l̂z) satisfy the commutation relations of Eq. (10-90). Brown
and Howard (1976) have shown that the correct coupled function is given by

|V, L, J, l, R, kR,m〉 =
∑

k,n

(−1)R−l+k
√

2R+ 1

(
J l R
k −n −kR

)

× |V, L, l, n〉|J, k,m〉. (13-102)

The function |V, L, J, l, R, kR,m〉 is a simultaneous eigenfunction of R̂2 [with

eigenvalue R(R + 1)ℏ2], R̂z [with eigenvalue kRℏ], Ĵ2 [with eigenvalue J(J +

1)ℏ2], Ĵζ [with eigenvalue mℏ], and l̂2 [with eigenvalue l(l+ 1)ℏ2]. The allowed
values for R are |J− l|, |J− l|+1, . . . , J+ l. The functions |V, L, J, l, R, kR,m〉,
kR = −R, −R+ 1, . . . , R span the irreducible representation D(R) of K(mol).
Their symmetries in the MS group are determined by means of the correlation
from K(mol) to the MS group as described for rotational basis functions in
Chapter 12 [see Table 12-3 on page 276].

It has been found convenient to use R when labeling the rotational levels
of states in which one quantum of a triply degenerate mode νt is excited [see,
for example, Hougen (1976)]. In such a state lt = 1 [see Eq. (11-170)] and all
other lt′ = 0. Therefore l = 1, and R takes on the values J + 1, J , and J − 1
as the zero order rotation-vibration wavefunctions generate the representations
D(J+1), D(J), andD(J−1). It is possible to define a first order vibration-rotation
Hamiltonian which only connects states according to the selection rule ∆R = 0.
Even though the complete Hamiltonian is not diagonal in R this is often a useful
near quantum number for a spherical top just as G is for a symmetric top.

The expression for the rotation-vibration energy of the doubly degenerate
vibrational state ν2 of a tetrahedral AB4 molecule is given by Herranz and
Thyagarajan (1966). The ν2 fundamental band of such a molecule is forbidden
in the infrared, but it appears in the spectrum as a result of intensity stealing
from the allowed ν3 and ν4 bands (see Chapter 14 for a discusion of forbidden
bands and intensity stealing). The selection rules and intensities of the lines in
such a band are also considered by Herranz and Thyagarajan (1966), and in a
paper by Herranz, Morcillo and Gómez (1966) the ν2 bands of CH4 and CD4

are analysed using these results.
In closing this introductory account of the rotation-vibration problem in

spherical top molecules we mention the special properties of heavy spherical
tops such as CF4, SF6, and C60 [see Harter and Patterson (1977,1984), Har-
ter and Weeks (1989), and Harter (1993)]. For any spherical top molecule the
zero order rotation-vibration Hamiltonian has symmetry D(0) in K(mol) and
the zero order rotation-vibration energy levels are highly degenerate. Includ-
ing higher order terms, which are only invariant to the operations of the MS
group [Td(M), Oh(M) or Ih(M) as appropriate], leads to splittings of the de-
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generacies. For heavy molecules these splittings can be exceedingly small and
significant clustering of the rotation-vibration energy levels takes place. This
is discussed further in the text around Eq. (13-134) below. The small split-
tings that arise has lead to the introduction of special terms such as superfine
splittings to describe the situation. One interesting aspect of the clustering is
that rotational levels having different nuclear spin symmetry can occur very
close together in energy so that the effects of ortho-para mixing by Ĥhfs, and
ortho-para transitions, are observed [see Section 13.6.3 and the Bibliographical
Notes on ortho-para transitions at the end of Chapter 14].

13.2.4 The contact transformed rotation-vibration
Hamiltonian

The rotation-vibration Hamiltonian [see Eqs. (11-1a)-(11-1d)] can be ex-
panded as [Aliev and Watson (1985)]

Ĥrv =

∞∑

m=0

2∑

n=0

Ĥmn (13-103)

where we write the operator Ĥmn symbolically as

Ĥmn =
(
Qr, P̂r

)m
Ĵn
α , (13-104)

that is, Ĥmn contains all terms of degree m in the vibrational operators [Qr

and P̂r; r = 1, 2, 3, . . . ] and of degree n in the rotational operators [Ĵα, α =
x, y and z]. Thus, the first term on the right hand side of Eq. (13-5) belongs
to Ĥ30 and the second term to Ĥ40. The first term on the right hand side
of Eq. (13-6) belongs to Ĥ12 and the second term to Ĥ22. The first term on
the right hand side of Eq. (13-7) belongs to Ĥ21. With the rotation-vibration
Hamiltonian considered here all nonvanishing Ĥmn terms have n ≤ 2, whereas
m can assume all non-negative values. The Hamiltonian Ĥrv is Hermitian, and
is invariant under time reversal [see Chapter 7], so that in each term Ĥmn the
total power of momentum operators [P̂r and Ĵα] must be even.

When we discuss the eigenvalues and eigenfunctions of Ĥrv, we assume them
to have been obtained by diagonalization of a matrix representation of Ĥrv in
a basis set of functions such as those given by Eq. (12-73). The eigenfunc-
tions obtained from the diagonalization are expressed as linear combinations
of the basis functions as given in Eq. (6-148). A direct, brute-force method
for computing the eigenvalues and eigenfunctions of Ĥrv would be to diagonal-
ize its matrix representation numerically with a computer. The matrix blocks
are in principle infinitely large, and they would have to be truncated in order
that the diagonalization, known as an approximate variational calculation, can
be carried out. There are other approximate methods for diagonalizing the
matrix representation of the rotation-vibration Hamiltonian which, at least in
part, are carried out analytically. These are perturbation techniques as men-
tioned at the beginning of Chapter 9. In the traditional approach to molecular
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rotation-vibration theory [see Papoušek and Aliev (1982) or the review article
by Aliev and Watson (1985)] the matrix representation of Ĥrv is diagonalized
by means of successive contact transformations . The contact transformation
method leads to a Hamiltonian that can be directly related to the models used
for interpreting experimental spectra.

In general, we obtain the eigenvalues E
(j)
rv and eigenfunctions Φ

(j)
rv for Ĥrv

by solving the Schrödinger equation

ĤrvΦ(j)
rv = E(j)

rv Φ(j)
rv , (13-105)

where j is an index numbering the solutions. For a symmetric top molecule
we construct the matrix representation of Ĥrv in a basis of the zero order

wavefunctions Φ
(V,L,J,k,m)
rv given in Eq. (12-73). By diagonalization we obtain

the eigenfunctions Φ
(j)
rv as

Φ(j)
rv =

∑

V,L,k

c
(j)
V Lk Φ(V,L,J,k,m)

rv , (13-106)

where the c
(j)
V Lk are expansion coefficients determined as eigenvector coefficients

in the matrix diagonalization. We can consider the functions Φ
(j)
rv to be a

new basis set for constructing the matrix representation of Ĥrv, and in this
basis set the matrix representation is diagonal. Hence we can think of the
matrix diagonalization as a method of finding a basis set, in which the matrix
representation of a given Hamiltonian is diagonal.

In the contact transformation method we also start out with the Hamiltonian
Ĥrv and the set of basis functions Φ

(V,L,J,k,m)
rv , but here we do not change the

basis set. Instead we determine a contact transformed Hamiltonian whose ma-
trix representation in the given basis set is diagonal. The Schrödinger equation
of Eq. (13-105) becomes

ÛĤrvÛ
−1ÛΦ(j)

rv = E(j)
rv ÛΦ(j)

rv , (13-107)

where Û is a unitary operator defined as

Û = eiŜ , (13-108)

and Ŝ is a Hermitian operator;4 the exponential of Eq. (13-108) is expressed
as its Taylor series expansion

Û = eiŜ = 1 + i Ŝ +
1

2!

(
i Ŝ
)2

+ . . . . (13-109)

Equation (13-107) shows that the transformed Hamiltonian

H̃rv = ÛĤrvÛ
−1 = eiŜĤrve

−iŜ (13-110)

4Here Ŝ has nothing to do with electron spin.
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has the same eigenvalues as Ĥrv, but the eigenfunctions of H̃rv, ψ
(j)
rv say, are

obtained from those of Ĥrv by the transformation

ψ(j)
rv = ÛΦ(j)

rv = eiŜΦ(j)
rv . (13-111)

Both Ĥ and H̃ are expressed as sums of terms of diminishing order of magni-
tude:

Ĥrv = Ĥ0 + λ Ĥ1 + λ2 Ĥ2 + . . . (13-112)

and

H̃rv = H̃0 + λ H̃1 + λ2 H̃2 + . . . , (13-113)

where the power of the parameter λ indicates the diminishing order of mag-
nitude (the value of λ has no physical significance and it may be regarded as
equal to 1). It is a matter of choice based on experience how one assigns the
Hamiltonian terms Ĥmn to the individual order-of-magnitude expansion terms
ĤM , M = 0, 1, 2, . . . , in Eq. (13-112). In the most widely used ordering
scheme [Nielsen (1951); Nielsen (1959); Amat, Nielsen, and Tarrago (1971)]
ĤM contains the terms with M = m + n − 2. According to this scheme, Ĥ0

= Ĥ02 + Ĥ20, so that Ĥ0 becomes the harmonic-oscillator rigid-rotor Hamil-
tonian given by Eq. (11-1a). Aliev and Watson (1985) discuss this and other
ordering schemes.

We assume the operator Ŝ to have the same order of magnitude as Ĥ1 and
to make the order-of-magnitude expansion we rewrite Eq. (13-110) as

H̃rv = eiλŜĤrve
−iλŜ . (13-114)

Inserting Eqs. (13-112) for Ĥrv into this equation, and using the Taylor series
expansion for the exponential [Eq. (13-109)], we obtain H̃rv as a power series
in λ. Equating terms of the same power of λ with those on the right hand side
of Eq. (13-113) we obtain

H̃0 = Ĥ0, (13-115)

H̃1 = Ĥ1 + i
[
Ŝ, Ĥ0

]
, (13-116)

H̃2 = Ĥ2 + i
[
Ŝ, Ĥ1

]
− 1

2

[
Ŝ,
[
Ŝ, Ĥ0

]]
, (13-117)

and so on.
After the contact transformation H̃0 = Ĥ0, but in general for the higher

order operators H̃M 6= ĤM . It is necessary to choose Ĥ0 and Ŝ. Normally, we
choose Ĥ0 = Ĥ02 + Ĥ20, and the matrix representation of this Hamiltonian is

diagonal in the basis set of functions Φ
(V,L,J,k,m)
rv . We choose the operator Ŝ

so that the matrix representation of the transformed Hamiltonian H̃rv in this
basis set is as close to being diagonal as possible. As a first step we determine Ŝ
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so that matrix elements
〈

Φ
(V ′,L′,J,k′,m)
rv

∣∣∣H̃1

∣∣∣Φ(V,L,J,k,m)
rv

〉
of the transformed,

first-order operator H̃1 vanish when V ′ 6= V . From Eq. (13-116) we have
〈

Φ(V ′,L′,J,k′,m)
rv

∣∣∣H̃1

∣∣∣Φ(V,L,J,k,m)
rv

〉
=
〈

Φ(V ′,L′,J,k′,m)
rv

∣∣∣Ĥ1

∣∣∣Φ(V,L,J,k,m)
rv

〉

− i
(
E

(0)
V ′,L′,J,k′ − E(0)

V,L,J,k

)〈
Φ(V ′,L′,J,k′,m)

rv

∣∣∣Ŝ
∣∣∣Φ(V,L,J,k,m)

rv

〉
(13-118)

where we have used the fact that the functions Φ
(V,L,J,k,m)
rv are eigenfunctions

for Ĥ0 with eigenvalues E
(0)
V,L,J,k. Customarily, it is assumed that the vibra-

tional energy will be the dominating contribution to E
(0)
V,L,J,k, so that these

energies are approximated by E
(0)
V = Evib, the zero order vibrational energy

given by Eqs. (11-5) and (11-7). In this approximation, we deduce that for the
matrix element of Eq. (13-118) to vanish, the matrix elements of Ŝ with V ′ 6=
V must be given by

〈
Φ(V ′,L′,J,k′,m)

rv

∣∣∣Ŝ
∣∣∣Φ(V,L,J,k,m)

rv

〉
= −i

〈
Φ

(V ′,L′,J,k′,m)
rv

∣∣∣Ĥ1

∣∣∣Φ(V,L,J,k,m)
rv

〉

E
(0)
V ′ − E(0)

V

.

(13-119)

If Ŝ is chosen so that its matrix elements for V ′ 6= V are given by this equation
(the matrix elements with V ′ = V are of no importance here; they affect
the second-order calculation), then the matrix elements of the transformed
Hamiltonian H̃rv with V ′ 6= V originate in the terms H̃2, H̃3, H̃4, . . . . Hence
these matrix elements are expected to be smaller than the corresponding matrix
elements of Ĥrv. Thus, the matrix representation of H̃rv in the basis of functions

Φ
(V,L,J,k,m)
rv is “more diagonal” than that of Ĥrv.
We could apply a further contact transformation to H̃rv to make the matrix

elements of H̃2 with V ′ 6= V vanish. By applying successive contact trans-
formations, we can in principle obtain an H̃rv with a matrix representation
in which the the off-diagonal elements are as small as we like, and the diago-
nal elements would represent the rotation-vibration energies. As discussed by
Aliev and Watson (1985), in practice the contact transformation procedure is
used to make the matrix representation of H̃rv block diagonal. For the contact
transformation procedure to be feasible, the absolute value of an off-diagonal
matrix element eliminated by the transformation must be much smaller than
the energy difference (i.e., the difference in diagonal matrix elements) between
the basis states coupled by the eliminated matrix element. In general, this will
not be the case if we try to eliminate matrix elements between basis states with
the same V (i.e., the same v quantum numbers). Also contact transformations

will fail in the case of an accidental resonance where, for V ′ 6= V , E
(0)
V ′ ≈ E

(0)
V .

When we diagonalize the matrix representation of the rotation-vibration

Hamiltonian Ĥrv we determine the eigenfunctions Φ
(j)
rv of this Hamiltonian

together with the eigenvalues. In the contact transformation procedure, we
determine a new Hamiltonian H̃rv, whose eigenvalues are identical to those of
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Ĥrv, but whose eigenfunctions are the basis functions Φ
(V,L,J,k,m)
rv . The two

procedures are equivalent, and from Eq. (13-111) we have

Φ(j)
rv = e−iŜΦ(V,L,J,k,m)

rv . (13-120)

The significance of the contact transformation for the present discussion lies
in the fact that when we wish to construct models for interpreting molecular
rotation-vibration spectra, we will normally use a transformed Hamiltonian H̃rv

for the rotation and vibration. That is, we will start with the untransformed
Hamiltonian Ĥrv and then do contact transformations to remove all matrix
elements with V ′ 6= V that connect non-resonant states. The Hamiltonian
resulting from these transformations, H̃rv, can be expanded in a manner similar
to Eq. (13-103)

H̃rv =

∞∑

m=0

∞∑

n=0

H̃mn, (13-121)

but with the important change that H̃rv contains arbitrarily high powers n of
the rotational operators, whereas Ĥrv contains terms with n ≤ 2 only. The
Hamiltonian H̃rv is totally symmetric in the MS group, just as is Ĥrv. Hence,
when we search for perturbation terms to explain a resonance observed in an
experimental spectrum, we must identify the totally symmetric terms in H̃rv

exactly as we have discussed for Ĥrv above, but we are not limited to terms
with n ≤ 2. In addition to being totally symmetric in the MS group, the
allowed terms in H̃rv must be Hermitian and invariant under time reversal, so
that they each contain an even number of momentum operators [P̂r and Ĵα].

For example, from Eq. (13-41), in conjunction with Table 12-14, we can
show by using symmetry in the MS group that in the vibrational ground state
of CH3F, states with ∆k = ±3 are allowed to interact. Table 13-2 shows that
this coupling can be caused by the operators

(
QtaP̂tb −QtbP̂ta

) [(
Ĵm

+
)3

+
(
Ĵm

−
)3]

(13-122)

and
[
Ĵz ,
(
Ĵm

+
)3

+
(
Ĵm

−
)3]

+

, (13-123)

where the plus commutator of two operators Â and B̂ is [Â, B̂]+ = ÂB̂ +
B̂Â. The operator in Eq. (13-122) involves normal coordinate pairs (Qta, Qtb)
which span the E irreducible representation of the MS group C3v(M). From
Table 12-4, and from the fact that QtaP̂tb −QtbP̂ta and Ĵz both have A2 sym-
metry [Table A-6], we deduce that the operators in Eq. (13-122) and (13-123)
are totally symmetric in C3v(M). They are also invariant under time reversal
since they both contain four powers of momentum operators, and they are Her-
mitian [the operator Ĵm

+ is the Hermitian conjugate of Ĵm
−, and vice versa].
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Although there are no such terms as these in Ĥrv, they do exist in H̃rv, and the
corresponding interaction is observable in molecular spectra. In the vibrational
ground state of CH3F where all vt = lt = 0, matrix elements diagonal in the v
quantum numbers vanish for the operator in Eq. (13-122), and the ∆k = ±3
interaction will be caused solely by the operator in Eq. (13-123).

In the absence of resonances, we can use the transformed Hamiltonian H̃rv

to obtain the effective rotational Hamiltonian, describing the effects of cen-
trifugal distortion and Coriolis coupling. As an example, we consider here
effective rotational Hamiltonians for nonplanar asymmetric top molecules. As
discussed above, for an asymmetric top the vibrational basis functions can be
written as |V 〉 = |v1〉|v2〉 . . . |v3N−6〉, where each |vi〉 is an eigenfunction for
a one-dimensional harmonic oscillator. We assume that by applying contact
transformations to the rotation-vibration Hamiltonian we obtain a transformed
Hamiltonian H̃rv for which we can neglect the matrix elements off-diagonal in
the vi quantum numbers. Hence, we can average H̃rv over one vibrational basis
function |V 〉 to obtain the effective rotational Hamiltonian

H̃rot =
〈
V
∣∣∣H̃rv

∣∣∣V
〉
. (13-124)

We refer to the Hamiltonian H̃rot for any molecule (i.e., not only for asymmet-
ric top molecules) as the Watsonian in recognition of the contribution made
by Dr. J. K. G. Watson to its development and use [Watson (1967, 1977)].
Obviously, the Watsonian is an expansion in the rotational operators Ĵα (α =
x, y and z) and for a nonplanar asymmetric top molecule it can be taken to
have the general form [Watson (1977); see also Sarka, Papoušek, Demaison,
Mäder, and Harder (1997)]

H̃rot = B200 Ĵ
2 +B020 Ĵ

2
z + T400 Ĵ

4 + T220 Ĵ
2 Ĵ2

z + T040 Ĵ
4
z

+
1

2

[
B002 + T202 Ĵ

2 + T022 Ĵ
2
z , (Ĵ

+
m)2 + (Ĵ−

m)2
]
+

+ T004

(
(Ĵ+

m)4 + (Ĵ−
m)4

)
, (13-125)

where we have truncated the expansion in the Ĵα after the second order (i.e.,
quartic) terms. The quantities Bijk and Tijk in Eq. (13-125) are molecular pa-

rameters. The eigenvalues of H̃rot are obtained by diagonalization of a Hamil-
tonian matrix set up in a basis of symmetric top functions |J, k,m〉 exactly as
described for the Hamiltonian of the rigid asymmetric rotor in Section 11.2.4.

Experimental spectroscopic studies are aimed at determining values of the
parameters Bijk and Tijk [and of the coefficients of higher order terms in the

Ĵα which we neglect here] by fitting differences between eigenvalues of H̃rot to
experimentally determined transition frequencies or wavenumbers. Early work
showed, however, that it was impossible to determine simultaneously the values
of all six Tijk in Eq. (13-125) from experimental data. Watson (1967, 1977)

explained this: There are infinitely many Hamiltonians H̃rot, all of the general
form given in Eq. (13-125) but with different values for the Tijk parameters,
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which have the same eigenvalues and which are equally well suited for fitting
a given set of experimental data. These Hamiltonians are all connected by
contact transformations. That is, if we have found one satisfactory Hamiltonian
with the desired eigenvalues (i.e., a satisfactory set of Bijk and Tijk) we can find
infinitely many other Hamiltonians with the same eigenvalues by subjecting the
original one to contact transformations where the transformation operator Ŝ is
an expansion in the Ĵα. Since the infinitely many Hamiltonians with common
eigenvalues differ by their Tijk parameter values, we cannot unambiguously
determine these values from experimental data.5 Watson (1967, 1977) elegantly
solved this problem by introducing constraints on the parameters Tijk. For

example, for a general H̃rot with non-zero values for all six Tijk it is possible

to devise a contact transformation that produces a transformed H̃rot with T004
= 0. In a notation more familiar than that in Eq. (13-125), the resulting
Hamiltonian is given by

H̃rot =
1

2
(X + Y ) Ĵ2 +

{
Z − 1

2
(X + Y )

}
Ĵ2
z −∆J Ĵ4 −∆JK Ĵ2 Ĵ2

z −∆K Ĵ4
z

+
1

2

[
1

4
(X − Y )− δJ Ĵ2 − δK Ĵ2

z , (Ĵ
+
m)2 + (Ĵ−

m )2
]

+

. (13-126)

This is known as Watson’s A-reduced Hamiltonian. In Eq. (13-126), X , Y ,
and Z are the effective rotational constants of the molecule for the vibrational
state in question [associated with the molecule fixed axes x, y, and z, respec-
tively], and the parameters ∆J , ∆JK , ∆K , δJ , and δK are centrifugal distortion
constants . The application of a contact transformation to impose selected con-
straints on the parameters of a Hamiltonian is called a reduction of the Hamil-
tonian. Another way of reducing the Watsonian leads to Watson’s S-reduced
Hamiltonian which has T022 = 0. We do not treat reductions in further detail
here but refer the reader to the original papers by Watson (1967, 1977) and to
the review article by Sarka, Papoušek, Demaison, Mäder, and Harder (1997).

For later use in Chapter 14, where we discuss details of symmetric top spec-
tra, we summarize here some well known results regarding the energies of sym-
metric top molecules [see, for example, Papoušek and Aliev (1982)]. For a
symmetric top, we can define the Watsonian [see Eq. (13-124)] for each vibra-
tional state; in the absence of resonances the eigenvalues of this Hamiltonian
for a prolate symmetric top can be written (in cm−1) as

TV LJK = GV L + FV LJK (13-127)

5Another source of indeterminacy of the parameters is that we can use the commutator
relations of the Ĵα [Eq. (10-92)] to change the detailed form of a general expansion in these
operators [Watson (1967)]. By taking H̃rot to be given by Eq. (13-125) we have already
eliminated this source of indeterminacy here.
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where

GV L =
∑

r

ωr

(
vr +

dr
2

)
+
∑

r≤r′

Xrr′

(
vr +

dr
2

)(
vr′ +

dr′

2

)

+
∑

t≤t′

gtt′ ltlt′ + . . . (13-128)

and

FV LJK = BV J(J + 1) + (AV −BV )K2 − 2
∑

t

(
Aζzta,tb

)
V
lt k

−DJ J
2(J + 1)2 −DJKJ(J + 1)K2 −DKK

4

+
∑

t

ηJt lt J(J + 1) k +
∑

t

ηKt lt k
3 + . . . (13-129)

with

BV = Be −
∑

r

αB
r

(
vr +

dr
2

)
+ . . . , (13-130)

AV = Ae −
∑

r

αA
r

(
vr +

dr
2

)
+ . . . , (13-131)

(13-132)

and

(
Aζzta,tb

)
V

= Ae ζ
z
ta,tb −

∑

r

αAζt
r

(
vr +

dr
2

)
+ . . . . (13-133)

The expression for an oblate symmetric top is obtained by replacing Ae and
AV by Ce and CV , respectively. As usual, in Eqs. (13-127)-(13-133) V and L
are shorthand notations for all vr and lr quantum numbers, respectively. If νr
is a nondegenerate normal mode, dr = 1, whereas if νr is doubly degenerate,
dr = 2. We have already encountered some of the parameters in Eqs. (13-127)-
(13-133). Thus ωr in Eq. (13-128) is the quantity ωe from Eq. (11-106) for the
normal mode νr. The rotational constants Ae and Be are defined in Eq. (11-9),
and the Coriolis coupling constants ζzta,tb are defined in Eq. (10-152). However,
we have introduced a number of new molecular parameters here: Xrr′ , gtt′ , the
centrifugal distortion constants DJ , DJK , and DK , and the constants ηJt , ηKt ,
αB
r , αA

r , and αAζt
r . They all depend on the equilibrium geometry [equilibrium

bond lengths and angles] of the molecule and on the parameters determining
the potential energy function VN [see, for example, Papoušek and Aliev (1982)].

Generally, an effective rotational Hamiltonian commutes with the appropri-
ate molecular rotation group and, in the absence of resonances between states
coupled by the centrifugal distortion or Coriolis coupling perturbations, K is
a useful near quantum number for a symmetric top. In the same way the irre-
ducible representations of the group D2 are useful near symmetry labels for an



356 13. Energy Levels and Interactions

asymmetric top. For spherical top molecules centrifugal distortion and Coriolis
coupling have the important effect of causing a partial splitting of the (2J+1)-
fold k-degeneracy of each level. The maximum splitting of this degeneracy that
can occur is given by the total number of irreducible representations of the MS
group that occur in Γrv. For example, the J = 18 level of the vibrational
ground state of the methane molecule has MS group symmetry given by (see
Table 12-12)

Γrv = 2A1 ⊕ 2A2 ⊕ 3E ⊕ 4F1 ⊕ 5F2 (13-134)

and this level can be split at most into 16 components (four nondegenerate,
three doubly degenerate, and nine threefold degenerate) by centrifugal distor-
tion and Coriolis coupling. Clustering patterns in the rotational energy levels
of methane when centrifugal distortion splittings are resolved were discovered
by Dorney and Watson (1972), who give a simple classical explanation for them
(see also Section 15.4.8). The similar clustering patterns in the centrifugally
split rotational energy levels of SF6 are discussed by Harter and Patterson
(1977) and of icosahedral molecules by Harter and Weeks (1989).

If a molecule has accidental resonances, i.e., if there exists a set of two or

more vibrational states V1, V2, . . . , Vn for which E
(0)
V1
≈ E

(0)
V2
≈ . . . ≈ E

(0)
Vn

,
contact transformations are used to eliminate the off-diagonal matrix elements
coupling each of the states in the set with vibrational states Vk outside the
set. Matrix elements coupling the members of the set cannot be removed
by contact transformations. The contact transformation procedure leads to
an effective Hamiltonian for all the states V1, V2, . . . , Vn. For example, in
Section 13.2 we discuss the interactions taking place between the three resonant
vibrational states (v1, v2, v3) = (1, 0, 0), (0, 2, 0), and (0, 0, 1) of H2O. It is
clear that when these three states are close in energy, then the three states
(1, 1, 0), (0, 3, 0), and (0, 1, 1) are close in energy, the six states (1, 2, 0), (0, 4, 0),
(0, 2, 1) (2, 0, 0), (0, 0, 2), and (1, 0, 1) are close in energy, and so on. We refer
to each of these groups of vibrational states as a polyad .6 A polyad is a set of
vibrational basis states that are close in energy and coupled by the anharmonic
interactions important for the molecule in question. The polyads for H2O can
be characterized by the polyad quantum number [Kellman (1990)]

np = 2v1 + v2 + 2v3. (13-135)

The polyad consisting of (1, 0, 0), (0, 2, 0), and (0, 0, 1) has np = 2, that consist-
ing of (1, 1, 0), (0, 3, 0), and (0, 1, 1) has np = 3, and that consisting of (1, 2, 0),
(0, 4, 0), (0, 2, 1) (2, 0, 0), (0, 0, 2), and (1, 0, 1) has np = 4. The terms of the
Hamiltonian shown in Section 13.2 to be responsible for the interactions be-
tween the states (1, 0, 0), (0, 2, 0), and (0, 0, 1) of H2O also cause interactions
within the higher polyads, but other terms can become important at higher
excitation. For example, the the states (2, 0, 0) and (0, 0, 2) are in a Darling-
Dennison resonance caused by the coupling operatorQ2

1Q
2
3, and this interaction

is important in polyads with np ≥ 4, but not in the lower polyads.

6Polyads are sometimes called vibrational clusters.
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Acetylene C2H2 is an important example of a molecule whose vibrational
energy pattern has been observed to high excitation and studied in terms of
polyads [see Abbouti Temsamani and Herman (1995), Herman, El Idrissi, Pis-
archik, Campargue, Gaillot, Biennier, Di Lonardo, and Fusina (1998), and
references therein]. The normal modes of acetylene are ν1 (Σ+

g ), ν2 (Σ+
g ), ν3

(Σ+
u ), ν4 (Πg), and ν5 (Πu), where the symmetry of each normal mode in the

molecular point group D∞h (see Chapter 17) is given in parentheses. The
polyads are characterized by the quantum numbers [Kellman and Chen (1991),
Abbouti Temsamani and Herman (1995)]

ns = v1 + v2 + v3,

nr = 5v1 + 3v2 + 5v3 + v4 + v5,

nk = l4 + l5, (13-136)

where the angular momentum quantum numbers l4 and l5 are associated with
the doubly degenerate normal vibrations ν4 and ν5, respectively [Chapter 17].

13.2.5 The variational approach

So far we have only considered the ‘standard’ theory for calculating molec-
ular rotation-vibration energies based on the harmonic oscillator-rigid rotor
model described in Chapters 10 and 11. We now discuss, in an introductory
fashion, more recently developed alternative approaches. Special methods for
calculating the rotation-vibration energies of nonrigid molecules and weakly
bound cluster molecules (see Chapter 3) are treated in Chapters 15 and 16.

The standard approach for obtaining the eigenvalues of the rotation-vibration
Hamiltonian of a molecule is to use perturbation theory, normally in the form
of the contact transformation procedure [see Section 13.2.4]. In this procedure,
we apply contact transformations to the rotation-vibration Hamiltonian H̃rv

in order to remove all off-diagonal matrix elements connecting non-resonant
states. In this manner, we obtain a matrix block describing only the rovibronic
states associated with the resonant vibrational states under study, and this
block can be diagonalized. Different molecules (and even different isotopomers
of the same molecule) have different resonant vibrational states, and so the con-
tact transformation procedure must be tailored for the particular isotopomer
of the particular molecule under study.

In the present section we discuss approaches to molecular rotation-vibration
theory that treat all interactions between basis states explicitly. We could say
that they assume all vibrational states of a molecule to be resonant. They in-
volve the construction of a truncated matrix representation of the Hamiltonian
in a suitable basis set and the diagonalization of this matrix by brute computer
force [see also the discussion at the beginning of Chapter 9]. As mentioned
above, such an approximate procedure is called a variational calculation, and
we say that the methods of the present section are examples of the variational
approach. Perhaps it would be more correct to say the perturbation-theory-free
approach. In a variational calculation of molecular rotation-vibration energies,
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it is not necessary to identify the resonant vibrational states, and consequently
it is possible to develop theoretical models applicable to all molecules in a cer-
tain class [for example triatomic molecules, four-atomic acetylene-type chain
molecules XYYX, pyramidal ammonia-type molecules XY3, etc.]. This is an
obvious advantage over the traditional perturbation approach. However, one
disadvantage originates in the fact that in practice, many (if not most) in-
teractions between molecular basis states are weak and could be successfully
treated by perturbation theory in the form of a contact transformation. In the
variational approaches, these weak interactions are treated by direct matrix
diagonalization at a high cost of computer time and memory.

Whitehead and Handy (1975), following a suggestion from S. F. Boys, intro-
duced the variational technique as a general method for calculating rotation-
vibration energy levels of small molecules. They used the “standard” untrans-
formed Hamiltonian expressed in terms of the Euler angles [i.e., molecule fixed
angular momentum components] and normal coordinates; the kinetic energy
operator of this Hamiltonian is given by Eq. (10-150) for a nonlinear molecule.
They did not make the customary approximation of expanding the µαβ tensor
elements in Eq. (10-150) as truncated power series in the normal coordinates
but constructed the matrix representation of the exact Hamiltonian in a basis
of products of harmonic oscillator and rigid rotor basis functions and diago-
nalized the resulting matrix. Calculations were carried out for H2O, SO2, and
OCS.

Carney and Porter (1976, 1980) [see also Carney and Porter (1974)] made
variational calculations to determine the vibrational energies of the H+

3 molec-
ular ion from an ab initio potential energy surface. Their Hamiltonian was
expressed in terms of coordinates similar to the linearized internal coordinates
Si defined in Eq. (10-106), and they used a basis set of products of Morse
oscillator eigenfunctions [see, for example, Efremov (1977) or Špirko, Jensen,
Bunker, and Čejchan (1985)] and harmonic oscillator functions.

The most widespread type of variational approach employs a kinetic energy
operator expressed in terms of geometrically defined vibrational coordinates
and angular momentum operators. Typically, the geometrically defined vibra-
tional coordinates are the bond lengths and bond angles (�1, �2, �3, . . . ,
�3N−6) already introduced in Chapter 10 [see Eq. (10-102)]. They enter nat-
urally into the theory when we define a parameterized, analytical function
representing the potential energy function since, as discussed in Chapter 10,
if the Born-Oppenheimer approximation is valid the parameters of a function
expressed in terms of the �i coordinates will be isotopically independent.

Many authors have obtained the kinetic energy operators for the rotation and
vibration of small molecules in terms of geometrically defined vibrational coor-
dinates [see, for example, Istomin, Stepanov, and Zhilinskii (1977), Zhilinskii,
Istomin, and Stepanov (1978), and Sørensen (1979)], but the widespread use
of such operators in actual calculations was heralded by Sutcliffe (1982)7 who
suggested a practical scheme for an exact transformation of the nuclear kinetic

7See also Sutcliffe and Tennyson (1986) and Tennyson and Sutcliffe (1986).
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energy operator from the form depending on nuclear Cartesian coordinates
[such as the (ξi, ηi, ζi)] to a form depending on three rotational coordinates,
conveniently chosen as Euler angles defining the orientation in space of a body
fixed axis system (see below), and 3N − 6 geometrically defined vibrational
coordinates (�1, �2, �3, . . . , �3N−6). The transformation is carried out by
means of the chain rule [Eq. (7-8)], i.e., it uses Method I (see Section 9.2.1).

The body fixed axis system is analogous to the molecule fixed axis system
introduced in Chapter 10 in that it serves to specify the orientation of the
molecule relative to the space fixed axes. However, it is not defined by use of
Eckart conditions. Instead, it is rigidly attached to the instantaneous configu-
ration of the molecule [so that, for example, axes can be chosen to be parallel
to a bond or to bisect a bond angle in the instantaneous molecular configura-
tion]. The origin of the body fixed axis system is usually chosen to be at the
nuclear center of mass. Its orientation within the instantaneous configuration
of the molecule can be chosen freely, and this choice can be used to reduce
rotation-vibration interaction terms in the Hamiltonian. Sutcliffe, Tennyson
and co-workers use the word “embedding” for the procedure of defining the
orientation of the body fixed axis system within the instantaneous configura-
tion of the molecule [see, for example, Tennyson (1986)].

In the ‘standard’ theory for molecular rotation and vibration the rotation-
vibration coordinates are chosen so that certain terms in the Hamiltonian are
minimized. Thus, the Eckart conditions [Chapter 10] minimize the interaction
between rotation and small-amplitude vibration, and the GF calculation min-
imizes the coupling between individual small-amplitude vibrational modes. In
the approaches based entirely on geometrically defined vibrational coordinates,
little effort is made to achieve such simplifications. The vibrational coordinates
are chosen in a simple way by considering the geometry of the molecule, the
potential energy is chosen as a parameterized function of these coordinates,
and the kinetic energy operator consistent with them is derived.

As an example of a kinetic energy operator expressed in terms of geomet-
rically defined vibrational coordinates we quote here such an operator for a
triatomic molecule ABC given by Carter and Handy (1986). These authors use
the vibrational coordinates rAB, rBC, and α, where rXY is the instantaneous
value of the distance between the nuclei X and Y, and α is the instantaneous
value of the bond angle ∠(ABC). Their body fixed axis system is defined so
that the y axis is the bisector of the angle ∠(ABC). Its orientation is such that
A and C have positive y coordinates. The x axis also lies in the molecular
plane; it is perpendicular to the y axis and is oriented so that nucleus A is in
the positive xy quadrant. The z axis completes the triad and is perpendicular
to the molecular plane. With these definitions, the following expression for the
kinetic energy of the rotation and vibration is obtained [see Eqs. (3.48)-(3.50)
of Carter and Handy (1986)]:

T̂N = T̂V + T̂VR (13-137)
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with
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and
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where for two operators f̂ and ĝ, [f̂ , ĝ]+ = f̂ ĝ + ĝf̂ . In Eqs. (13-138)-(13-139),
mX (X = A, B, C) is the mass of atom X, µ1 = mAmB/(mA + mB), µ2

= mCmB/(mC + mB), and the operators (Π̂x, Π̂y, Π̂z) are the components of

the rovibronic angular momentum Ĵ about the body fixed axes (x, y, z); these
components are defined with a sign convention [see Eq. (3.31) of Carter and
Handy (1986)] that makes them obey the ‘space-fixed’ commutation relations
of Eq. (10-90) with J replaced by Π. The identification of the axes by S. Carter
and N. C. Handy (1986), which we have copied in connection with Eq. (13-139),
must be wrong. Since ΠzΠx occurs in Ĥ, y must be out of the molecular plane.
Since the coefficient of Π2

z is singular at linearity (when α=π), z has to be the
linear axis. It is probable that it is appropriate to change x to z, y to x, and z
to y. Additional examples of kinetic energy operators for triatomic molecules
derived in terms of different types of geometrically defined coordinates are given
by Handy (1987) and by Sutcliffe and Tennyson (1991).

The kinetic energy operator in Eqs. (13-138)-(13-139) should be compared
to the ‘standard’ kinetic energy operator for rotation and vibration given in
Eqs. (10-150)-(10-154). In the standard operator of Eq. (10-150), we replace
the µαβ functions by Taylor expansions, truncated at a finite order, in the nor-
mal coordinates [see Eq. (10-154)]. No analogous approximation is made in the
closed-form kinetic energy operator of Eqs. (13-138)-(13-139). This operator is
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exactly equal to (so that it has the same eigenvalues as) the original rotation-
vibration Hamiltonian expressed in Cartesian nuclear coordinates (ξi, ηi, ζi).
The relatively simple form of the operator T̂N in Eq. (13-137) is due to the sim-
ple relationships between the geometrically defined coordinates (rAB, rBC, α)
and the Cartesian coordinates of the nuclei in the body fixed axis system. These
relationships are simple because the body fixed axis system is rigidly attached
within the instantaneous nuclear geometry of the molecule. In the standard
theory, the corresponding relationships between the geometrically defined co-
ordinates and the Cartesian coordinates of the nuclei in the molecule fixed axis
system are much more complicated because the molecule fixed axis system is
defined by using the Eckart conditions [see Section 10.2.1]. The mathematical
simplicity of the kinetic energy operator, and the fact that it can be obtained
from the Cartesian-coordinate dependent operator without approximation, are
obvious advantages of the approach described here. The most important dis-
advantage is that in the T̂N of Eq. (13-137), rotation-vibration interaction is
not minimized since the Eckart equations are not satisfied by the nuclei coordi-
nates in the body fixed axis system. In order to make an accurate variational
calculation of the eigenvalues of the rotation-vibrational Hamiltonian obtained
from T̂N, it is necessary to use basis sets much larger than those necessary
for diagonalizing the ‘standard’ Hamiltonian, particularly for the calculation
of highly excited rotational states. Consequently, at present the variational
approach involving geometrically defined vibrational coordinates is limited to
small molecules. Recently, however, Wei and Carrington (1997) have used the
Eckart conditions in a derivation of the exact kinetic energy operator for a
triatomic molecule in terms of the instantaneous bond lengths and included
angle.

The eigenvalues of the rotation-vibration Hamiltonian obtained by adding a
kinetic energy operator such as T̂N of Eq. (13-137) to the Born-Oppenheimer
potential energy function VN [which is represented by a parameterized analyt-
ical function of the geometrically defined vibrational coordinates] are typically
calculated by diagonalizing the matrix representation of the Hamiltonian in a
truncated, suitably chosen set of basis functions, i.e., in a standard variational
calculation as described by Eqs. (6-144)-(6-162). In such a calculation, the
initially unknown wavefunction is expressed as a linear combination of known
basis functions [Eq. (6-148)]. In practical calculations, a finite number, NB say,
of basis functions is used and it is sometimes said that the wavefunction is ob-
tained in a Finite Basis Representation (FBR). Wavefunctions expressed in an
FBR are determined by solving the NB coupled equations given by Eq. (6-158)
or (6-159). A successful alternative to using an FBR for representing the wave-
function is to use a DVR [a Discrete Variable Representation; see Lill, Parker,
and Light (1982), and Light, Hamilton, and Lill (1985)]. The DVR is ob-
tained by subjecting the NB coupled equations of Eq. (6-158) to a unitary
transformation producing another set of NB coupled equations. Whereas in
the original (FBR) system of coupled equations, we have one equation for each
basis function in the chosen basis set [e.g., the equations given by Eq. (6-158)
are labeled by the index m numbering the basis functions], each DVR equation
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is associated with (and thus labeled by) a quadrature point [i.e., a particular
value] of the appropriate geometrically defined vibrational coordinates. The
fact that we obtain equations associated with particular values of the coordi-
nates is referred to as a discretization of the coordinates. The pointwise DVR
representation of the wavefunction on NB quadrature points is equivalent to
the FBR representation in a set of NB basis functions and as already men-
tioned, the two representations are related by an unitary transformation. By
judiciously choosing the analytical function used to represent the potential en-
ergy function, one can achieve in the DVR approach a situation in which the
matrix of the potential energy function is diagonal in the quadrature points.

For example, if we consider again the triatomic molecule with vibrational
coordinates rAB, rBC, and α, we can choose to treat the bending vibration,
described by α, in a DVR. We obtain NB DVR equations, each equation being
labeled by αk (k = 1, 2, 3, . . . , NB), a particular value of α. A major advan-
tage offered by the DVR approach is that we can initially treat the remaining
(stretching) vibrations, described by rAB and rBC, separately at each of the NB

discrete α-values αk. The stretching vibrational wavefunctions obtained at the
individual αk values will form a highly optimized basis for treating the complete
vibrational problem, and accurate results can be obtained also when relatively
few such functions are used as basis functions for the final problem. That is,
the DVR approach provides a natural way of splitting the large calculation of
the rotation-vibration eigenvalues into many smaller calculations.

Bačić and Light (1986, 1987, 1989) have carried out vibrational calculations
at discrete coordinate values by using a Distributed Gaussian basis (DGB). In
our example of the triatomic molecule with vibrational coordinates rAB, rBC,
and α, we need to solve the stretching vibrational problem at a number of
fixed α-values αk. In the DVR-DGB method of Bačić and Light (1986, 1987,
1989), this would be done by expanding the stretching wavefunctions in basis
functions such as

φ
(k)
i (rAB, rBC) =

√
2A

(k)
i

π
exp

{
−A(k)

i

[
(rAB − r(k)AB,i)

2 + (rBC − r(k)BC,i)
2
]}
.

(13-140)

where the parametersA
(k)
i , and the number of φ

(k)
i functions used to represent a

stretching wavefunction, can be allowed to vary from one angle αk to another.
The functions in Eq. (13-140) are the “Gaussian nipples” mentioned at the
beginning of Chapter 9.

In all the theoretical methods treated in the present section, the initially un-
known rotation-vibration wavefunctions are expressed as linear combinations
of known basis functions. We have not discussed the detailed form of the ba-
sis functions, but obviously they can be symmetrized in the MS group and in
K(spatial) in exactly the same manner as harmonic oscillator and rigid rotor
basis functions can be symmetrized. Thus, the MS group and K(spatial) sym-
metry can be used to facilitate variational calculations. We refer the reader to
the original literature for detailed discussions of such applications of symmetry.



13.2. Rotation-vibration interactions 363

For example, Špirko, Jensen, Bunker, and Čejchan (1985) discuss in detail how
Morse oscillator eigenfunctions, used as vibrational basis functions for H+

3 , are
symmetrized in D3h(M).

13.2.6 The vibron model

The vibron model, or algebraic method, is a recently developed alternative for
describing and analyzing rotation-vibration energy levels and spectra [Iachello
(1981), Iachello and Levine (1995), Pĺıva (2000a,2000b)]. In this model raising
and lowering Morse oscillator ladder operators for each bond in the molecule
are used, and they are said to form an algebra that describes the stretching
energy levels of the bond. Interactions between the bonds are introduced by
coupling the individual bond algebras in a manner akin to that used in coupling
angular momenta. The coupled algebra can be reduced to one or more chains
of sub-algebras, defining the so-called dynamical symmetry of the system. The
eigenvalues of the invariant (or Casimir) operators of each member of the chain,
i.e., operators that commute with every operator in a given algebra,8 yield a
closed expression for the vibrational energy of the molecule in the local mode
limit. Transformation to the normal mode picture introduces a Majorana op-
erator [van Roosmalen, Iachello, Levine and Dieperink (1983), van Roosmalen,
Benjamin and Levine (1984)] that contributes both diagonal and off-diagonal
terms to the energy matrix. Diagonalization of the resulting block-diagonal
matrix yields the vibrational energy levels of the molecule.

This model has a certain simplicity that makes it appealing, but in its simple
form it generally lacks sufficient accuracy for fitting spectroscopic data. We
will use the water molecule as an example and label the two bonds 1 and
3. Each bond contributes a term of the form E0−4A(Nv − v2), where the
parameters A and N are given in terms of the constants of the Morse potential
D{1− exp[−β(r − re)]}2 by A = −ℏ2β2/(8µ) and N = 2(2µD)1/2/(ℏβ) ; µ is
the reduced mass of the atoms forming the bond, v is the vibrational quantum
number, and E0 is a constant. N is called the vibron number and it is equal
to twice the number of bound states of the Morse oscillator. The pairing
of the bonds adds the term −4A13[(N1 + N3)(v1 + v3)−(v1 + v3)2]. Thus
the exact local mode formula for the vibrational energy of the H2O molecule
involves just three parameters N1=N3, A1=A3, and A13. Transition to the
normal mode representation adds to the energy expression one more parameter,
λ, which multiplies the matrix elements of the Majorana operator connecting
states within each block having the same value of the quantum number sum
(v1+vbend+v3).

The lack of accuracy, particularly for reproducing the values of bending en-
ergy levels, can be partially corrected by adding higher order terms (as in a
Dunham expansion). But this then makes the energy formula more compli-
cated. Extensions are needed in order to include rotations and large amplitude

8An easily appreciated example of a Casimir operator is the total angular momentum
operator Ĵ2 which commutes with Ĵx, Ĵy and Ĵz.
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vibrations, and for the calculation of vibronic and rovibronic intensities. New
ideas like this (it still seems to be the case for the molecular symmetry group
more than 30 years after its introduction) do seem to take an extraordinary
long time to merge into the mainstream. Clearly, well publicized solutions to
interesting problems using the vibron model are necessary (but unfortunately
not sufficient) to make this merging occur. The four references quoted in this
short section could form a basis for further study of this approach.

13.3 VIBRONIC AND ROVIBRONIC INTERACTIONS

Interactions between the rovibronic levels of one electronic state and the
rovibronic levels of another electronic state are caused by one of the following
kinetic energy terms in the molecular Hamiltonian:9

T̂vib =
1

2

∑

r

P̂r
2, (13-141)

T̂ev =
1

2

∑

α,β

µαβ(p̂αL̂β + L̂αp̂β), (13-142)

T̂er = −1

2

∑

α,β

µαβ(ĴαL̂β + L̂αĴβ), (13-143)

and

T̂ee =
1

2

∑

α,β

µαβL̂αL̂β. (13-144)

See Eq. (10-144) for T̂vib and Eq. (10-150) for T̂er + T̂ev + T̂ee. In these ex-
pressions the normal coordinates are taken to be those of one of the electronic

states, Φ
(e,S,mS)
elec say, and the normal coordinates of the other electronic state,

Φ
(e′,S′,m′

S)
elec say, are expressed in terms of them. Similarly the elements of µαβ

are expanded about the equilibrium configuration of the state Φ
(e,S,mS)
elec in the

normal coordinates of that state. Without making further approximations all
we can say is that [in Hund’s case (b)] these terms couple states that have the
same N (= J for singlet states), I and S quantum numbers, and the same
MS group species Γrve; the term T̂vib will mix states having the same Γrot and
Γve. The MS group is now that appropriate for the simultaneous treatment of
the electronic states under consideration. Apart from two special cases involv-
ing electronic degeneracy (to be discussed below), and in Rydberg states, the
dominant interactions can be determined by making some appropriate approx-
imations and by using near symmetry and near quantum numbers. Vibronic
and rovibronic interactions cause the breakdown of the Born-Oppenheimer ap-
proximation since they involve the coupling of different electronic states.

9In Hund’s case (a) there will also be terms involving products such as ĴαŜβ , p̂αŜβ , and

L̂αŜβ ; see footnote on page 300.
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Interactions between the energy levels of two electronic states are clearly
going to be most important if the electronic states involved are close in en-
ergy with respect to the rotation-vibration energy level spacing. However, in
an isolated electronic ground state the cumulative effect of interaction with all
possible electronic excited states gives rise to small corrections to the rotation-
vibration energies. Such corrections are most apparent when one compares the
ground electronic state rotation-vibration energies of isotopomers. A perturba-
tion theory approach is clearly appropriate, and Bunker and Moss (1977) show
how the standard contact transformation procedure discussed in Section 13.2.4
can be applied here. The standard contact transformation procedure is used
above to eliminate matrix elements between the vibrational state under study
and other vibrational states within a single electronic state. This leads to the
development of an effective rotational Hamiltonian (the Watsonian) for that
vibrational state. In the work of Bunker and Moss (1977) it is shown how
the contact transformation method can be used to eliminate matrix elements
between the ground electronic state and excited electronic states to give an
effective rotation-vibration Hamiltonian for the ground electronic state. The
theory requires that allowance be made in the contact transformation for the
fact that the zero order electronic energies are not constants but are dependent
on the nuclear geometry. The effective rotation-vibration Hamiltonian [de-
veloped for diatomic molecules in Bunker and Moss (1977) and for triatomic
molecules in Bunker and Moss (1980)] contains nuclear mass dependent correc-
tion terms that account for the effect of the interactions with excited electronic
states. Bunker, McLarnon and Moss (1977) have applied the theory to the
electronic ground state of H2 and D2.

Watson (1980) has shown how the eigenvalues of the effective rotation-
vibration Hamiltonian of a diatomic molecule can be cast in a way that ex-
plicitly gives their isotopic dependence. It is shown that if we use v as the
harmonic oscillator quantum number and J as the angular momentum quan-
tum number the eigenvalues EvJ of the effective rotation-vibration Hamiltonian
of an isolated singlet electronic ground state can be written as the standard
Dunham expansion [Dunham (1932)]

EvJ = hc
∞∑

k=0

∞∑

l=0

Ykl

(
v +

1

2

)k [
J(J + 1)− Λ2

]l
, (13-145)

where Λ is the projection of the electronic angular momentum on the molec-
ular axis in units of ~. Allowing for the breakdown of the Born-Oppenheimer
approximation to second order the Dunham coefficients are given by

Ykl = µ
(k+2l)/2
C Ukl

{
1 +me∆

a
kl/Ma +me∆

b
kl/Mb + O(m2

e/M
2
i )
}
, (13-146)

where me is the electron mass, Ma and Mb are the two atomic masses, and µC

is the charge-modified reduced mass

µC = MaMb/(Ma +Mb − Cme), (13-147)
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where C is the charge number of the molecule, so that the denominator in µC

is the total mass. An important result of Watson (1980) is that the Ukl and
the ∆i

kl are nuclear mass independent constants. The correction represented
by O(m2

e/M
2
i ) in Eq. (13-146) is usually too small to characterize experimen-

tally. One can substitute Eq. (13-146) into Eq. (13-145) to obtain an equation
that can be used in the fitting of rotation-vibration energy level data for all
isotopomers of a diatomic molecule simultaneously, and the outcome will be
values for the constants Ukl and ∆i

kl. In making such a fitting one must be
aware of the constraints among the Ukl.

10 Such a fitting has been performed for
the isotopomers of CO by Farrenq, Guelachvili, Sauval, Grevesse and Farmer
(1991).

It can happen that two electronic states become degenerate for a particular
(symmetrical) nuclear arrangement, and in this circumstance the interactions
become all pervasive; our zero order separable wavefunction becomes a very
poor approximation. This happens in the Renner effect [Renner (1934)] and
in the Jahn-Teller effect [Jahn and Teller (1937)]. Electronic degeneracy, or
near degeneracy, also occurs in a systematic way in electronic Rydberg states.
These three cases are treated separately below. When the two electronic states
involved are not close in energy (compared to vibrational energy separations)
we can appreciate the dominant effects by considering that the two electronic
states involved have the same equilibrium nuclear geometry and harmonic force
constants (i.e., identical normal coordinates), and that the dependence of the
µαβ elements occurring in Eqs. (13-142)-(13-144) on the normal coordinates
can be neglected [see Eq. (10-154)].

13.3.1 The effect of T̂vib

Making the approximations just mentioned above we can write the matrix
element for the vibronic interaction caused by T̂vib between the states

Φ0
int = ΦnspinΦrotΦvibΦ

(e,S,mS)
elec (13-148)

and

Φ0′

int = ΦnspinΦrotΦ
′
vibΦ

(e′,S,mS)
elec (13-149)

as the sum of the following two terms:

H1 =

〈
Φvib

∣∣∣∣∣
∑

r

〈
Φ

(e,S,mS)
elec

∣∣∣P̂r

∣∣∣Φ(e′,S,mS)
elec

〉
P̂r

∣∣∣∣∣Φ
′
vib

〉

=

〈
Φvib

∣∣∣∣∣
∑

r

Xee′

r P̂r

∣∣∣∣∣Φ
′
vib

〉
, (13-150)

10See Eq. (10) of Tyuterev and Velichko (1984). Three misprints in these constraints are
corrected in the Appendix of Farrenq, Guelachvili, Sauval, Grevesse and Farmer (1991); note
that in this Appendix the paper referred to as Ref. (31) should be called Ref. (32).
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where

Xee′

r =
〈

Φ
(e,S,mS)
elec

∣∣∣P̂r

∣∣∣Φ(e′,S,mS)
elec

〉
, (13-151)

and

H2 =

〈
Φvib

∣∣∣∣∣

〈
Φ

(e,S,mS)
elec

∣∣∣∣∣
1

2

∑

r

P̂r
2

∣∣∣∣∣Φ
(e′,S,mS)
elec

〉∣∣∣∣∣Φ
′
vib

〉

= 〈Φvib|Y ee′ |Φ′
vib〉, (13-152)

where

Y ee′ =

〈
Φ

(e,S,mS)
elec

∣∣∣∣∣
1

2

∑

r

P̂r
2

∣∣∣∣∣Φ
(e′,S,mS)
elec

〉
. (13-153)

The two interacting states must have the same rotational and nuclear spin
wavefunctions, the same S values, and the same mS values since T̂vib does not
involve the coordinates associated with rotation, nuclear spin, and electron spin.
In making the Born-Oppenheimer approximation (see Chapter 9) we neglect

the effect of the operators P̂r on the electronic wavefunctions Φ
(e,S,mS)
elec , i.e.,

we set P̂rΦ
(e,S,mS)
elec = 0. Consequently the terms in Eqs. (13-150) and (13-152)

correct for some of the inaccuracy introduced by the Born-Oppenheimer ap-

proximation. For Φ
(e,S,mS)
elec = Φ

(e′,S,mS)
elec , i.e., for e′ = e, we refer to these

matrix elements as adiabatic correction terms ; for Φ
(e,S,mS)
elec 6= Φ

(e′,S,mS)
elec they

are nonadiabatic correction terms . The term H1 is much larger than H2 since it
is the matrix element of a function involving the vibrational momenta whereas
H2 is the matrix element of a function of vibrational coordinates; we normally
neglect H2.

If, in H1, we neglect the dependence of Xee′

r on the normal coordinates (i.e.,
consider only the first term, Xee′

r0 , say, in the Taylor series expansion of Xee′

r

about the equilibrium nuclear configuration) then it is totally symmetric in the
MS group, and we must have

Γelec ⊗ Γ(P̂r)⊗ Γ′
elec ⊃ Γ(s). (13-154)

Equivalently,

Γelec ⊗ Γ′
elec ⊃ Γ(Qr). (13-155)

With Xee′

r0 not depending on the normal coordinates we can write

H1 =
∑

r

Xee′

r0 〈Φvib|P̂r|Φ′
vib〉 (13-156)
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and for the matrix element of P̂r to be nonvanishing we must have

∆vr = ±1 (13-157)

in the harmonic oscillator approximation (see Table 11-2).
The dominant vibronic interaction from T̂vib will therefore be between vi-

bronic states for which the electronic states have symmetry connected by that
of a normal coordinate, and the vibrational states have vibrational quantum
numbers that differ by one for a vibration whose normal coordinate has the
species to connect the two electronic states. In the SCF approximation for
the electronic states we have further restrictions on the changes in the MO
occupation number ni. The operator P̂r is a one-electron operator [Brillouin
(1934)] and its matrix elements will vanish if the electron configurations of the
states differ by more than one orbital [see Sidis and Lefebvre-Brion (1971)].
For example, the configurations of the X̃ 2A1 and B̃ 2B2 states of NO2 [MS
group C2v(M); see Table A-5] are

X̃ 2A1 : · · · (1a2)2(4b2)2(6a1)1 (13-158)

and

B̃ 2B2 : · · · (1a2)2(4b2)1(6a1)2, (13-159)

which differ by one orbital for one electron and have species that are connected
by that of a normal coordinate [the three normal coordinates of NO2 have
symmetries Γ(Q1) = Γ(Q2) = A1 and Γ(Q3) = B2]. Hence there will be a
non-zero vibronic interaction matrix element satisfying ∆v3 = ±1 between
vibrational levels of these states from the term H1.

13.3.2 The effect of T̂ev

The term T̂ev, like T̂vib, causes vibronic interactions and it will couple states,
such as those represented in Eqs. (13-148) and (13-149), that differ in vibra-
tional and electronic state only. Neglecting the dependence of µαβ and of the

matrix elements of L̂α on the normal coordinates the dominant matrix element
is

∑

α

µe
αα

[〈
Φ

(e,S,mS)
elec

∣∣∣L̂α

∣∣∣Φ(e′,S,mS)
elec

〉〈
Φvib

∣∣∣p̂α
∣∣∣Φ′

vib

〉]
. (13-160)

The operators p̂α and L̂α transform like Ĵα so that the symmetry conditions
for this matrix element to be nonvanishing are

Γelec ⊗ Γ′
elec ⊃ Γ(Ĵα) (13-161)

and

Γvib ⊗ Γ′
vib ⊃ Γ(Ĵα), (13-162)
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where α = x, y, or z. Assuming the same harmonic force field for the two elec-
tronic states, and using Eq. (10-151) for p̂α we deduce the vibrational selection
rules to be

∆vr = ±1, ∆vs = ±1,

where

Γ(Qr)⊗ Γ(Qs) ⊃ Γ(Ĵα). (13-163)

13.3.3 The effect of T̂er

With the exception of the Renner effect (see below), the dominant effect
in a rigid molecule of the rotational kinetic energy coupling term T̂er [see
Eq. (13-143)] is understood if we neglect the dependence of µαβ , and of the

matrix elements of L̂α, on the normal coordinates. In this circumstance T̂er
only involves the rotational and electronic coordinates so that Φnspin and Φvib

(as well as the basis symmetry label Γre = Γrot ⊗ Γelec) must be the same
for the states that are coupled. Also, the interacting states must have the
same values of S and mS . The dominant interaction is a rotation-electronic
interaction and the relevant matrix element of T̂er is

−
∑

α

µe
αα

[〈
Φ

(e,S,mS)
elec

∣∣∣L̂α

∣∣∣Φ(e′,S,mS)
elec

〉〈
Φrot

∣∣∣Ĵα
∣∣∣Φ′

rot

〉]
, (13-164)

where α = x, y, or z. For the matrix element of L̂α between the electronic
wavefunctions to be nonvanishing the electronic species must be connected by
a rotation (since L̂α transforms like Ĵα), i.e.,

Γelec ⊗ Γ′
elec ⊃ Γ(L̂α) = Γ(Ĵα), (13-165)

where α = x, y, or z. The rotational selection rules will depend on which of
the three rotations is involved in Eq. (13-165).

For a symmetric top molecule if the product of the electronic species is that
of Ĵz then the electronic matrix element of L̂z can be nonvanishing and the
allowed interaction must have 〈Φrot|Ĵz |Φ

′

rot〉 6= 0. If Eq. (13-165) involves the x
and y components for a symmetric top then the rotational states coupled must
be such that 〈Φrot|Ĵx|Φ′

rot〉 or 〈Φrot|Ĵy|Φ′
rot〉 6= 0. In the molecular rotation

group D∞ the angular momenta (Ĵx, Ĵy) transform as Π, and Ĵz as Σ− (see
Table 12-15). As a result, by classifying the rigid rotor functions Φrot and Φ′

rot

in D∞ we see that, from the vanishing integral rule [Eq. (6-140)],

〈Φrot|Ĵz|Φ′
rot〉 6= 0 (13-166)

implies that in D∞

Γ(Φrot)⊗ Σ− ⊗ Γ(Φ′
rot) ⊃ Σ+
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i.e.,

Γ(Φrot)⊗ Γ(Φ′
rot) ⊃ Σ−

or [see Herzberg (1991b), p. 572]

K = K ′ (13-167)

(with K > 0 since J = J ′). Similarly

〈Φrot|Ĵx|Φ′
rot〉 6= 0 or 〈Φrot|Ĵy|Φ′

rot〉 6= 0 (13-168)

implies [see Herzberg (1991b), p. 572]

K = K ′ ± 1. (13-169)

Thus for a symmetric top molecule the dominant interactions caused by T̂er
will be between electronic states having symmetry connected by a rotation, and
rotational states coupled have the selection rule ∆K = 0 or ±1 depending on
which rotational symmetry couples the electronic states. Centrifugal distortion
or Coriolis coupling mixes states of different K within the same electronic state
[see Eqs. (13-76) and (13-79)] and spoils the usefulness of the selection rules on
K.

For an asymmetric top molecule using the D2 molecular rotation group
(see Table 12-16) we see that the rotational selection rules will be (∆Ka =
even,∆Kc = odd), (∆Ka = odd,∆Kc = odd), and (∆Ka = odd,∆Kc = even)
as the product of the species of the electronic states is that of Ĵa, Ĵb, and Ĵc,
respectively. If for the states concerned the molecule is a near prolate rotor
(i.e., Ka is a useful near quantum number) then ∆Ka = even (or odd) can be
replaced by ∆Ka = 0 (or ±1); for a near oblate rotor similar remarks apply
for ∆Kc.

13.3.4 The effect of T̂ee

If, once again, we assume µαβ and the matrix elements of L̂α to be indepen-
dent of the normal coordinates (which, as we see below, we cannot do in the
Renner effect), then we obtain the dominant matrix element of T̂ee as

P ee′ =
∑

α

µe
αα

[〈
Φ

(e,S,mS)
elec

∣∣∣L̂2
α

∣∣∣Φ(e′,S,mS)
elec

〉]
. (13-170)

In order that T̂ee [Eq. (13-144)] can be totally symmetric in the MS group in
the approximation of µαα being constant and equal to µe

αα, L̂2
α must be totally

symmetric. Thus the matrix element of Eq. (13-170) will vanish unless

Γelec = Γ′
elec. (13-171)
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This means that T̂ee has nonvanishing matrix elements diagonal in the elec-

tronic state, i.e., with Φ
(e,S,mS)
elec = Φ

(e′,S,mS)
elec . These matrix elements are adia-

batic correction terms.
The full adiabatic correction to the Born-Oppenheimer potential energy sur-

face is given by

∆Vad = P ee + Y ee + 〈Φ(e,S,mS)
elec |T̂ ′

e|Φ
(e,S,mS)
elec 〉, (13-172)

where Y ee
r comes from Eq. (13-153) and T̂ ′

e from Eq. (9-49). All these terms
are nuclear mass dependent. Adding this to the Born-Oppenheimer potential
gives the adiabatic potential energy surface.

13.4 THE RENNER EFFECT AND THE JAHN-TELLER EFFECT

At certain symmetrical nuclear configurations in a molecule the point group
is such that there are degenerate irreducible representations in the group. Thus
there can be degenerate electronic states at that nuclear configuration. When
the nuclei move from this symmetrical arrangement to a less symmetrical one
the degeneracy can be resolved and the electronic degeneracy of the potential
energy surface at the symmetrical nuclear configuration split. In the Renner
effect the symmetrical nuclear arrangement is that in which the molecule is
linear, and in which therefore the electronic states can be doubly degenerate of
Π, ∆, Φ, . . . symmetry in the C∞v or D∞h point group as appropriate. On
bending the degeneracy will be lifted, and the splitting has to be a symmetric
(even) function of ρ, the angle of deviation from linearity; in lowest order it
would be a quadratic function of ρ. Thus in the Renner effect the two potential
energy surfaces that meet at linear geometries of the molecule could both have
their minima at the linear geometry. The Jahn-Teller effect occurs when a
pair of electronic states of a polyatomic molecule are degenerate at a particular
symmetrical nonlinear nuclear configuration. Such electronic states will always
have their energy split by some nuclear distortion. It can be shown [Jahn
and Teller (1937)] that in first order, the splittings are linear in the nuclear
coordinates. This means that the minimum will not be at the symmetrical
nuclear configuration for one of the electronic states. In these circumstances
it is ironic that to deal with the symmetry of the rovibronic states one uses
the MS group that is isomorphic to the point group of the bent molecule in
the Renner effect (even though the minimum energy structure may well be
linear), and one uses the MS group isomorphic with the point group of the
symmetrical structure in the Jahn-Teller effect (even though the minimum is
never at that geometry). The Jahn-Teller effect is predominantly a vibronic
interaction between electronic states, whereas the Renner effect is a rovibronic
interaction.
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13.4.1 The Renner effect

Usually electronic matrix elements of L̂α are smaller than those of P̂r so
that T̂vib is the dominant cause of the breakdown of the Born-Oppenheimer
approximation. However, there is one case where interactions by T̂er and T̂ee
can be very important, and that is for ‘chain’ molecules such as HC4H+, HC3N
(cyano-acetylene), HCCH, NH2 or HCN, that can easily vibrate through a
linear configuration in one or more electronic states. In this circumstance the
coefficient µzz (where z is the axis of linearity) in Eqs. (13-143) and (13-144)
becomes very large in the region of the linear configuration, and also it turns
out that electronic states coupled by T̂er can be very close in energy for such
molecules.

Fig. 13-5. The lowest bending potential energy curves
of the singlet states of HCN. The abscissa is the bending
coordinate ρ = π − ∠(HCN), the supplement of the bond
angle, and the bond lengths are held constant. The left
hand side of the diagram corresponds to linear configura-
tions (ρ = 0). A pair of bending energy levels coupled

by the vibronic kinetic energy T̂er are marked to indicate
schematically a Renner effect interaction.

As an example we consider the HCN molecule. In its linear configuration
the ground electronic state of HCN is a Σ+ state in the molecular point group
C∞v, and the first excited electronic state is a Π state. At a bent configuration
the HCN molecule has Cs point group symmetry and none of the electronic
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states are required by symmetry to be degenerate. The electronic Π state of
linear HCN splits into an A′ and an A′′ electronic state of the bent molecule
and the potential energy curves as a function of the angle of bend away from
linearity are shown schematically in Fig. 13-5. For any molecule that can easily
become linear, degenerate electronic states of the linear configuration are not
required by symmetry to remain degenerate when the molecule is bent, and
the potential energy curves that are degenerate in the linear configuration will
split apart. However, since the states are degenerate at linearity they will
usually be rather close together at near-linear configurations. This splitting
of a degenerate electronic state upon bending, and the subsequent interaction
between the levels of the states caused by the term T̂er [see Eq. (13-143) and
Fig. 13-5], is called the Renner effect.

(a) (b) (c)
Fig. 13-6. Bending potential curves of triatomic molecules. For each of the three

diagrams, the abscissa is the bending coordinate ρ = π − ∠(ABC), the supplement of the
bond angle for the triatomic molecule ABC. The bond lengths are held constant. The left
hand side of each diagram corresponds to a linear configuration (ρ = 0). This shows three
ways that an electronic degeneracy at the linear nuclear configuration can be resolved when
the molecule is bent.

We use the angle ρ (the supplement of the bond angle) to indicate the devia-
tion of the molecule from linearity, and for linear HCN it has the value 0. Any
bending potential energy function has to be an even function of ρ since the sign
of ρ cannot enter, and three of the ways that the the splitting of the bending
potential energy curves of a degenerate electronic state (at linearity) can occur
upon bending are indicated in Fig. 13-6; in each case the splitting is propor-
tional to ρ2. In the original paper of Renner (1934) the splitting as indicated
in Fig. 13-6a was the only case considered. However, the first observation of
the Renner effect [Dressler and Ramsay (1959)] turned out to be the situation
depicted in Fig. 13-6c. To determine the species of the electronic states of the
bent molecule from those of the linear molecule the appropriate correlation ta-
ble of D∞h → C2v and C∞v → Cs (given in Table B-3 of Appendix B) can be
used. We find that for the symmetries of the two electronic states of the bent
molecule to correlate with a doubly degenerate symmetry in the linear config-
uration, these two states must necessarily transform according to the reducible
representations A′ ⊕ A′′ in Cs, or they must transform according to one of the
reducible representations A1 ⊕ B1 or A2 ⊕ B2 in C2v. That is, if we denote
the symmetries of the two electronic states of the bent molecule as Γelec and
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Γ′
elec, respectively, we have Γelec ⊗ Γ′

elec = A′′ for Cs molecules and B1 for C2v

molecules.
For C2v molecules Γelec ⊗ Γ′

elec = B1 in the Renner effect and Eq. (13-165)
is satisfied for α = z, where the z axis becomes the molecular axis for linear
configurations [Table A-5]. In a linear configuration, the electronic matrix
element in Eq. (13-164) is given by

〈
Φ

(e,S,mS)
elec

∣∣∣L̂z

∣∣∣Φ(e′,S,mS)
elec

〉
= i~Λ (13-173)

where the integer Λ, which defines the projection of the electronic angular
momentum on the z axis, has the value 1 for a Π electronic state, 2 for a ∆ state,
and so on. When the molecule is in a bent configuration the matrix element will
differ from the value given in Eq. (13-173). It should be noticed that this value
depends on the relative phases chosen for the two electronic wavefunctions; we
give here the result obtained with the customary phase choice. For α = z, the
interaction matrix element in Eq. (13-164) will contain the rotational matrix
element 〈Φrot|Ĵz|Φ′

rot〉. It is customary to take the rotational basis functions
to be Φrot = |J, k,m〉, where ~k is the projection of the angular momentum on
the z axis as discussed in Chapter 11. In such a basis the interaction matrix
elements will have ∆k = 0 (see Table 11-1) and be proportional to k = k′.

The operator T̂ev in Eq. (13-142) does not give rise to large interaction ma-
trix elements between the Renner electronic states. The term µzz p̂zL̂z in T̂ev
vanishes for triatomic molecules. Formally, the vibrational angular momen-
tum p̂z has the same symmetry as L̂z, B1 for C2v molecules and A′′ for Cs

molecules. That is, it has negative parity. On the other hand it depends on
the vibrational coordinates only and they all have positive parity. Thus p̂z =
0.

As a result of the above considerations the interaction matrix elements of T̂er
vanish for k = 0 so that levels with J = 0 would appear to be unaffected by
the Renner interaction. However, for Λ 6= 0 it is necessary to consider also the
term T̂ee from Eq. (13-144). For α = β = z, the matrix elements arising from
this term will contain electronic integrals, which in the linear configuration are
given by
〈

Φ
(e,S,mS)
elec

∣∣∣L̂2
z

∣∣∣Φ(e,S,mS)
elec

〉
=
〈

Φ
(e′,S,mS)
elec

∣∣∣L̂2
z

∣∣∣Φ(e′,S,mS)
elec

〉
= ~2Λ2. (13-174)

The dominant effect of the term T̂ee is thus to add to the potential energy
function for the two electronic states a mass-dependent pseudopotential term
that will affect all rovibronic energy levels, including those with J = 0. For the

the electronic state Φ
(e,S,mS)
elec this term is given by

V
(e)
Λ =

1

2
µzz~

2
〈

Φ
(e,S,mS)
elec

∣∣∣L̂2
z

∣∣∣Φ(e,S,mS)
elec

〉
, (13-175)

with an analogous expression for the electronic state Φ
(e′,S,mS)
elec . In Eq. (13-175),

both µzz and the electronic integral
〈

Φ
(e,S,mS)
elec

∣∣∣L̂2
z

∣∣∣Φ(e,S,mS)
elec

〉
are functions of
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the nuclear coordinates. The pseudopotentials V
(e)
Λ and V

(e′)
Λ will be most

important at linear configurations or configurations close to linearity, since the
function µzz is singular at linearity. For ρ near 0, i.e., for configurations near
linearity, this function is given by

µzz ≈
fzz(r12, r23)

ρ2
, (13-176)

where fzz is a function of r12 and r23, the two bond lengths of the ABC
molecule. Because of the singularity of µzz at linearity, the approximation
of setting it equal to the constant value µe

zz [in Eqs. (13-164) and (13-170)]
does not lead to a satisfactory theoretical treatment of the Renner effect. The
dependence of µzz on the bending coordinate must be considered explicitly.
There exist a number of successful methods for calculating the rovibronic en-
ergies associated with electronic states subject to the Renner effect as detailed
in the Bibliographical Notes.

Fig. 13-7. Bending potential curves for the lowest singlet electronic states of the methy-
lene radical CH2 [from Jensen and Brumm (1996)]. The abscissa is the bending coordinate
ρ = π − ∠(HCH), the supplement of the bond angle. The bond lengths are held constant.
For the ã 1A1 state the energies of the (0, v2, 0) vibrational states are indicated. The equi-
librium configuration in the X̃ 3B1 electronic ground state of CH2 corresponds to an energy
approximately 3200 cm−1 below the ã 1A1 equilibrium energy [see Fig. 13-14]. For clarity,
we omit the X̃ 3B1 state here.
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The ã 1A1 and b̃ 1B1 electronic states of the methylene radical CH2 provide
an example of the Renner effect; they are degenerate as a 1∆g state (Λ =
2) at linearity. In Fig. 13-7 we show the bending potential curves for these
states [from Jensen and Brumm (1996)] with the energies for the (0, v2, 0)
vibrational states with v2 ≤ 5 (ν2 is the bending vibrational mode) indicated
for the ã state. These vibrational states have been characterized experimentally,
and their rotational structure has been analyzed [see Hartland, Qin, and Dai
(1995) and references therein]. One of the most dramatic effects of Renner
interaction in a bent molecule such as CH2 is the so-called “reordering” of the
Ka rotational structure in the lower Renner component near the barrier to
linearity. The interaction between the two electronic states lowers the Ka > 0
energies below the barrier to linearity in the lower Renner component, and the
effect is strongest for the vibrational states close to the top of the barrier, since
these states are energetically closest to their interaction partners in the upper
Renner component. In ã 1A1 CH2, the reordering causes an irregular variation
of the effective A rotational constant, Aeff, with v2. For CH2, the A rotational
constant is the Z parameter of the Watsonian H̃rot in Eq. (13-126), whose
diagonal matrix elements contain a term AK2

a . The rotational energy levels
in the (0, v2, 0) vibrational states of ã 1A1 CH2 have been fitted with a model
that did not take into account the Renner interaction, and therefore the least
squares fits did not yield the true A values for these vibrational states. Instead,
“effective”A-valuesAeff were obtained. They are effective in the sense that they
have absorbed the effect of the Renner interaction. In Fig. 13-8, we show values
of Aeff for the (0, v2, 0) vibrational states, obtained by fitting to experimentally
observed data. For an isolated electronic state whose vibrational levels are not
perturbed by resonances, we would expect Aeff to vary approximately linearly
with v2 [see, for example, Papoušek and Aliev (1982)], and this behavior is
indeed confirmed by the experimental measurements for v2 ≤ 4. The (0,5,0)
vibrational state, however, is very close to the top of the barrier to linearity
[Fig. 13-7], so that in this state, the Renner interaction is sufficiently strong
to cause a sudden drop in Aeff relative to the value for the v2 = 4 state. The
reordering has also been observed in the ã 3A2 ← X̃ 1Σg

+ absorption spectrum

of CS2 [Jungen, Malm, and Merer (1973)], and in the Ã 2A1 ← X̃ 2B1 emission
spectrum of NH2 [Vervloet (1988)].

If the barrier to linearity in the lower Renner component is small, the re-
ordering can take place in the lowest bending states. This happens in the
X̃ 2A1 and Ã 2B1 electronic states of the CH+

2 molecular ion. These states are
degenerate as a 2Π state (Λ = 1) at linearity. Their potential energy surfaces
have been calculated ab initio by Kraemer, Jensen, and Bunker (1994). The
calculated potential surfaces were adjusted very slightly to reproduce the one
vibrational energy known experimentally for CH+

2 , the ν3 energy in the X̃ 2A1

state measured by Rösslein, Gabrys, Jagod, and Oka (1992). In Fig. 13-9,
we show the bending potentials obtained from the adjusted potential energy
surfaces. Jensen, Brumm, Kraemer, and Bunker (1995b) have calculated the
lowest rovibronic energies for X̃ 2A1 and Ã 2B1 CH+

2 from these potential en-
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Fig. 13-8. Experimentally determined Aeff

constants for the (0, v2, 0) vibrational states of
ã 1A1 CH2. The values are taken from Petek, Nes-
bitt, Moore, Birss, and Ramsay (1987), Xie, Harkin,
and Dai (1990), and Hartland, Qin, and Dai (1995).

Fig. 13-9. Bending potential curves for the lowest electronic states of the CH+
2 molec-

ular ion. The abscissa is the bending coordinate ρ = π − ∠(HCH), the supplement of the
bond angle. The bond lengths are held constant.

ergy surfaces by using the theoretical approach of Jensen, Brumm, Kraemer,
and Bunker (1995a). We have used the calculated energies to construct the
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term value diagrams shown in Figs. 13-10 and 13-11.

Fig. 13-10. Term level diagram for X̃ 2A1 CH+
2 . The energies are labeled by the

vibrational quantum numbers v1v2v3. The energies with common values of v1v2v3 have
different values of N = Ka, Ka + 1, , . . . , 3, and J = |N − 1/2| or N + 1/2.

Since the electronic states under consideration for CH+
2 have S = 1/2, the

rovibronic levels in Figs. 13-10 and 13-11 are labeled by the quantum number
N , the rovibronic angular momentum quantum number here, and J = |N−1/2|
or N + 1/2; we also use the usual quantum numbers Ka, Kc, v1, v2 and v3.
The quantum number v2 is that appropriate for a bent triatomic molecule [see
Chapter 17]. We plot the energies with N ≤ 3 against their Ka values. On
the scale of the figures, the energies with common values of v1v2v3 [but with
different values of N = Ka, Ka + 1, , . . . , 3, and J = |N − 1/2| or N + 1/2]
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lie close together, and we label them by their value of v1v2v3. Figure 13-10
shows that in the X̃ 2A1 electronic state of CH+

2 energy reordering takes place
already in the v2 = 1 state, where the Ka = 1 energies are slightly below the
Ka = 0 energies. In the v2 = 2 and 3 states the Ka = 1 energies are far below
the Ka = 0 ones. At higher Ka, however, the energy increases with Ka because
of the AK2

a term in the diagonal matrix elements of the Watsonian. For Ka

sufficiently large this term “wins” over the Renner interaction which tends to
lower the high-Ka energies.

Fig. 13-11. Term level diagram for Ã 2B1 CH+
2 . The energies are labeled by the

vibrational quantum numbers v1v2v3. The energies with common values of v1v2v3 have
different values of N = Ka, Ka + 1, , . . . , 3, and J = |N − 1/2| or N + 1/2. The zero of
energy is the J = 1/2, N = 0 level in the vibrational ground state of X̃ 2A1 CH+

2 [Fig. 13-10].
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In the Ã 2B1 electronic state [Fig. 13-11] there is no energy reordering. The
energies increase approximately linearly with Ka which is the behavior expected
for a linear molecule [see Chapter 17]. The Ã state levels are perturbed by the
X̃ state levels, but some of the perturbing levels are above the perturbed level,
and some are below it. Hence the effect of the perturbation cancels out to
a large extent, and a regular energy level pattern is obtained. On the other
hand, the X̃ state rovibronic levels are perturbed almost entirely by Ã state
levels that are above, and this leads to the energy reordering. For consistency
between Figs. 13-10 and 13-11, we have labeled the energies in both of them
by v2, the bending quantum number as defined for a bent triatomic molecule.
The bending quantum number as defined for a linear triatomic molecule is

vlinear2 = 2v2 + |Ka ± Λ|, (13-177)

where the plus sign applies to the upper Renner component and the minus
sign to the lower component [see, for example, Jensen, Brumm, Kraemer, and
Bunker (1995a)]. It would have been more appropriate to label the levels of
the Ã state in Fig. 13-11 by vlinear2 .

13.4.2 The Jahn-Teller effect

A pair of electronic states of a polyatomic molecule that are degenerate at
a particular symmetrical nonlinear nuclear configuration will always have their
degeneracy split by some nuclear distortion that reduces the point group sym-
metry [Jahn and Teller (1937)]. This is the static Jahn-Teller effect, and the
minimum in the lower of the two potential surfaces so obtained will be at a
nuclear configuration of lower symmetry. At the symmetrical nuclear config-
uration the two potential energy surfaces will intersect at a conical intersec-
tion. Within the Born-Oppenheimer approximation each potential surface will
have its own rotation-vibration energy levels, and the dynamic Jahn-Teller ef-
fect [Herzberg (1991b), page 54] occurs when there is interaction between the
rotation-vibration levels of the two electronic states. The combination of the
splitting of the electronic degeneracy by nuclear distortion, and the interaction
between the levels of each electronic state, can be simply called the Jahn-Teller
effect. The appropriate MS group to use for this situation is that appropriate
for the symmetrical nuclear arrangement at which the molecule has to be a
symmetric or spherical top. The zero order model used is of two degenerate
harmonic potential energy surfaces with their common minimum at the sym-
metrical nuclear configuration; the static and dynamic Jahn-Teller effects are
then treated together.

A well-studied example of a molecule exhibiting the Jahn-Teller effect is
the methoxy radical CH3O [see, for example, Powers, Pushkarsky, and Miller
(1997a), Geers, Kappert, Temps, and Sears (1993), and references therein];
its MS group is C3v(M) [Table A-6] and its electronic ground state is 2E. If
we carry out ab initio calculations (see Chapter 9) for this molecule in or-
der to determine the electronic energies and wavefunctions, we can classify
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the electronic wavefunctions for a given, fixed nuclear geometry in the point
group appropriate for that geometry. That is, in the high-symmetry nuclear
geometries with C3v point group symmetry, the electronic ground state wave-
functions of CH3O will be doubly degenerate and transform according to the

E irreducible representation of C3v. We denote by
(

Φ
(a)
elec,Φ

(b)
elec

)
a pair of real

electronic wavefunctions of E symmetry, calculated at a nuclear geometry with
C3v point group symmetry. To determine the transformation properties of(

Φ
(a)
elec,Φ

(b)
elec

)
in the molecular symmetry group C3v(M) (these transformation

properties are identical to those in the point group C3v) it is sufficient to de-
termine the transformation properties under the generating operations (123)
and (23)∗. Choosing the (a) and (b) wavefunctions so that they transform as
Tx and Ty, respectively, and forming the linear combinations

Φ
(±)
elec =

1√
2

(
Φ

(a)
elec ± iΦ

(b)
elec

)
, (13-178)

which are analogous to the (Qt
+, Qt

−) defined in Table 12-4, the transformation
properties are

(123) Φ
(±)
elec = exp(∓i2π/3) Φ

(±)
elec (13-179)

and

(23)∗ Φ
(±)
elec = Φ

(∓)
elec. (13-180)

In zero order the particular nuclear geometry of C3v point group symmetry

at which the electronic wavefunctions
(

Φ
(a)
elec,Φ

(b)
elec

)
are obtained corresponds

to all normal coordinates being zero. We consider a displaced geometry, close to
the C3v one, in which only a pair of degenerate normal coordinates (Qta, Qtb)
of species E in C3v are nonzero. The electronic energies and wavefunctions
at this displaced geometry are obtained by diagonalizing a matrix represen-
tation of the electronic Hamiltonian Ĥelec [Eq. (9-63)] in the basis functions(

Φ
(+)
elec,Φ

(−)
elec

)
given by Eq. (13-178); Ĥelec depends parametrically on the nu-

clear coordinates and we take the Ĥelec appropriate for the displaced geometry.

If no other electronic states are energetically close to
(

Φ
(a)
elec,Φ

(b)
elec

)
, the elec-

tronic energies and wavefunctions at the displaced geometry can be obtained
with good accuracy by this matrix diagonalization. The matrix elements are

V++ =

∫
Φ

(+)∗
elec ĤelecΦ

(+)
elecdV, V−− =

∫
Φ

(−)∗
elec ĤelecΦ

(−)
elecdV,

V+− =

∫
Φ

(+)∗
elec ĤelecΦ

(−)
elecdV, V−+ =

∫
Φ

(−)∗
elec ĤelecΦ

(+)
elecdV, (13-181)

where integration is over the electronic coordinates only and dV is the volume
element in these coordinates. The vanishing integral rule cannot be directly
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applied to the integrals of Eq. (13-181) because they are not pure numbers,
but functions of the nuclear coordinates, i.e., of (Qta, Qtb). From the fact that
Ĥelec is invariant under the operations of the MS group, and from Eqs. (13-179)-
(13-180), we deduce that the operation (123) leaves V++ and V−− unchanged,
it multiplies V+− by ω2, and V−+ by ω [where ω = exp(i2π/3)]. The effect
of the operation (23)∗ is to interchange V++ and V−−, and to interchange
V+− and V−+. We expand the matrix elements in Eq. (13-181) as Taylor
series, truncated after second order, in the coordinates (Qt

+, Qt
−) defined in

Table 12-4; it can be seen from that table that the following expansions comply
with the symmetry conditions just derived:

V++ = V−− = V0 + V +−
++ Qt

+Qt
−, (13-182)

V+− = V +
+−Qt

+ + V −−
+−

(
Qt

−)2 , (13-183)

and

V−+ = V +
+−Qt

− + V −−
+−

(
Qt

+
)2
, (13-184)

where V0, V +−
++ , V +

+−, and V −−
+− are molecular parameters, obtained by differ-

entiation of the matrix elements in Eq. (13-181) with respect to Qt
+ and Qt

−.
All four parameters are real since the matrix

[
V++ V+−
V−+ V−−

]
(13-185)

is Hermitian. The eigenvalues of this matrix are

V± = V0 + V +−
++ Q2

t

±Qt

√(
V +
+−
)2

+
(
V −−
+−
)2
Q2

t + 2V +
+− V

−−
+− Qt cos 3αt, (13-186)

where we have introduced the notation (Qta, Qtb) = (Qt cosαt, Qt sinαt) from
Eqs. (11-146) and (11-147).

For small values of Qt in Eq. (13-186) terms linear in Qt will dominate
over higher order terms, and we have V± = V0 ± |V +

+−|Qt. Here, V0 is the
electronic energy at the geometry of C3v point group symmetry [where Qta

= Qtb = Qt = 0], and we see that V− < V0 for small displaced geometries
since Qt > 0. This is the effect of the Jahn-Teller theorem: If a molecule is
found to have a degenerate electronic state at a geometry with symmetric top
or spherical top point group symmetry, then there is always at least one non-
totally symmetric normal coordinate Q that causes a splitting of the potential
surfaces of first order11 in Q so that the minimum is not at the high-symmetry
geometry. For small values of Qt the upper (V+) and lower (V−) potential
energy surfaces are conical and touch at the symmetrical Qt=0 configuration;

11In contrast to the Renner effect for which the splitting is of second order in the deviation
from linearity; see above.
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this is a conical intersection. For larger displacements the higher order terms
will take over and raise the electronic energy V− above V0. The energy at the
minimum in V− (occurring when Qt=Q

min
t and αt=α

min
t ) is lower than V0,

and this is called the Jahn-Teller instability; the symmetrical configuration is
unstable on the V− surface. It is further seen that if we hold Qt=Q

min
t and

vary αt from 0 to 2π, the potential surface will have three equivalent minima
as discussed by Herzberg (1991b). The minima are caused by the cos 3αt term
in Eq. (13-186). In general [Herzberg (1991b)], the Jahn-Teller effect will give
rise to n symmetrically equivalent minima in the potential function if the high-
symmetry geometry has a principal symmetry axis Cn [see Chapter 4] with n
odd. In the case of an axis Cn with n even, there will be n/2 minima.

In Fig. 13-12, we show the potential energy surface V− from Eq. (13-186),
drawn as a function of (Q12a, Q12b) with the parameters given in Table III of
Miller and Bondybey (1983) for the ν12 CCC bending vibration (of symmetry
E′ in D3h) for the ground electronic state (a 2E′′ state in D3h) of the C6H3F+

3

molecular ion. The three equivalent minima [351 cm−1 below the energy at
Q12a = Q12b = 0] are so shallow that they are not recognizable in the figure.
They are made visible, however, in Fig. 13-13 where we draw contour lines for
V−.

Fig. 13-12. The potential energy surface V− from Eq. (13-186) [with V0 = 0], drawn
as a function of (Q12a, Q12b) with the parameters given in Table III of Miller and Bondybey
(1983) for the ν12 CCC bending vibration of C6H3F+

3 . At the central “tip”, where all Qr =
0, the energy is V0 = 0, and V− is degenerate with V+. The energy lowering around the tip
is due to the Jahn-Teller instability.
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Fig. 13-13. Contour lines for the potential energy surface V− from Eq. (13-186) [with
V0 = 0], taken to be a function of (Q12a, Q12b) with the parameters given in Table III of
Miller and Bondybey (1983) for the ν12 CCC bending vibration of C6H3F+

3 [see Fig. 13-12].
The function V−/hc is expressed in units of cm−1, and the contour lines are drawn at −350,
−345, −340, −330, −300, −250, −200, −150, −100, and −50 cm−1. The three equivalent
minima (see text) are 351 cm−1 below the energy at Q12a = Q12b = 0.

To obtain V− < V0 for small Qt we must have V +
+− 6= 0. In our C3v exam-

ple above we assumed normal coordinates (Qta, Qtb) of E symmetry; if there
were none of this symmetry there would be no Jahn-Teller instability. For
the parameter V +

+− to be nonvanishing it is necessary that the molecule has
(Qt

+, Qt
−) coordinates that transform under the operations in the MS group

as the wavefunction products Φ
(+)∗
elec Φ

(−)
elec and Φ

(−)∗
elec Φ

(+)
elec. That is, the coordi-

nates (Qt
+, Qt

−) must belong to the same irreducible representations of the
MS group as the electronic wavefunction products. If the two electronic func-

tions
(

Φ
(a)
elec,Φ

(b)
elec

)
span the degenerate irreducible representation Γelec in the

MS group, then the wavefunction products Φ
(+)∗
elec Φ

(−)
elec and Φ

(−)∗
elec Φ

(+)
elec trans-

form according to the symmetric product [Γelec]
2 [Eq. (6-117)]. Thus, normal

coordinates Qr with symmetry Γr give rise to a Jahn-Teller instability if

[Γelec]
2 − Γ(s) ⊃ Γr. (13-187)

Normal coordinates satisfying Eq. (13-187) are said to be Jahn-Teller ac-
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tive. For the ground electronic state of C6H3F+
3 we have Γelec = E′′, so that

[Γelec]
2 − Γ(s) = E′. Thus vibrations of species E′ are Jahn-Teller active and

the ν12 CCC bending vibration is such a vibration. It should be noted that
[Γelec]

2 always contains the totally symmetric representation Γ(s) but, as indi-
cated in Eq. (13-187), totally symmetric normal coordinates do not produce

a Jahn-Teller instability. The products Φ
(+)∗
elec Φ

(+)
elec and Φ

(−)∗
elec Φ

(−)
elec are totally

symmetric, and the condition [Γelec]
2 ⊃ Γ(s) only ensures that the two matrix

elements V++ and V−− are nonvanishing.
If we define the phase factor eiθ = V+−/|V+−|, then the two vectors

[
e+iθ/2/

√
2

e−iθ/2/
√

2

]
and

[
i e+iθ/2/

√
2

−i e−iθ/2/
√

2

]
(13-188)

are eigenvectors of the matrix in Eq. (13-185). In general the phase angle θ
introduced here (which has nothing to do with the Euler angle θ) is a function
of Qta and Qtb (or, equivalently, of Qt and αt). Thus, in the approximation
employed here, the eigenfunctions of Ĥelec at the displaced geometry in question
can be expressed as

Ψ
(a)
elec =

1√
2

(
e+iθ/2Φ

(+)
elec + e−iθ/2 Φ

(−)
elec

)
(13-189)

and

Ψ
(b)
elec =

i√
2

(
e+iθ/2Φ

(+)
elec − e−iθ/2 Φ

(−)
elec

)
. (13-190)

Viewed as functions of Qt and αt, Ψ
(a)
elec and Ψ

(b)
elec are “smoothly varying” in the

sense discussed by Mead (1992). Their phases [i.e., the factors of exp(±iθ/2)
and i in Eq. (13-188)] have been chosen so that when we vary the nuclear
coordinates Qt and αt, the eigenfunctions change in a continuous manner. The
smooth variation is obtained by requiring the functions to be invariant under
time reversal [see Chapter 7], i.e., to be real. The reader can easily verify that

since the two functions Φ
(a)
elec and Φ

(b)
elec are real, then Ψ

(a)
elec and Ψ

(b)
elec are real

also.
Let us consider a displaced geometry with a small, nonzero value of Qt [i.e.,

a displaced geometry close to the high-symmetry geometry]. For Qt small, the
linear term in Eq. (13-183) will dominate over the quadratic term, and we have
V+− = V +

+−Qt
+ = V +

+−Qt exp(iαt). That is, in this situation θ = αt since V +
+−

is real. If we now hold Qt fixed at its small value and let θ = αt → αt + 2π, it
is seen that we cause the eigenfunctions in Eq. (13-189) and (13-190) to change
sign. In nuclear coordinate space a closed path is followed and the path encloses
the point (Qt = 0) where the two electronic surfaces are degenerate. At the
end of the path the nuclear coordinates have returned to their original values,
but the electronic wavefunctions are the original wavefunctions multiplied by a
phase factor of −1 = exp(iπ). This is a particular example of geometric phase
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[or Berry phase; Berry (1984)]. Geometric phase is treated in detail in the
review by Mead (1992).

The geometric phase of the electronic wavefunction encountered here was
discussed for the first time by Longuet-Higgins, Öpik, Pryce, and Sack (1958)
[see also Herzberg and Longuet-Higgins (1963)]. In the Born-Oppenheimer

approximation, the double valuedness “problem” [i.e., the fact that Ψ
(a)
elec and

Ψ
(b)
elec have two values, differing by their signs, at any point in nuclear coor-

dinate space] disappears when we multiply these electronic wavefunctions by
appropriate vibrational wavefunctions. This is because the latter must also
change sign when we traverse the closed paths in nuclear coordinate space just
described in order that the vibronic wavefunctions be single valued functions,
as they must, of the nuclear coordinates. An exactly analogous double valued
wavefunction problem occurs when we separate single valued rotation-torsion
wavefunctions into rotation and torsion wavefunctions for dimethylacetylene
(see Chapter 15). There are important consequences of the geometric phase
and one must be careful to perform theoretical calculations in an appropriate
manner for Jahn-Teller systems. For example, the requirement that the vibra-
tional wavefunctions change sign has an important implication on the energy
level ordering of the vibronic states in a Jahn-Teller system [see, for example,
O’Brien (1964) and Ham (1987)]. As another example, the geometric phase
induced by the conical intersection between the two lowest electronic states of
the H + H2 system has to be included in the calculation of product rotational
state distributions and integral cross sections for the H +H2, D + H2 and H
+ D2 reactions in order to get agreement with experiment [Wu and Kupper-
mann (1993,1995)]. A more recent discussion of geometrical phase effects in the
hydrogen exchange reaction is given by Juanes-Marcos, Althorpe, and Wrede
(2005).

In practice, the vibronic energies for a electronic state exhibiting the Jahn-
Teller effect are calculated by diagonalizing a matrix representation of the
Hamiltonian [see, for example, the review by Miller and Bondybey (1983)]

ĤJT = T̂vib + Ĥelec (13-191)

[where Tvib is the kinetic energy of the nuclei defined in Eq. (10-144)] con-
structed in a basis of single valued functions

∣∣∣Φ(a)
elec

〉
|v1〉 |v2〉 . . . |vq〉 |vq+1, lq+1〉 |vq+2, lq+2〉 . . .

and

∣∣∣Φ(b)
elec

〉
|v1〉 |v2〉 . . . |vq〉 |vq+1, lq+1〉 |vq+2, lq+2〉 . . . .

The vibrational basis functions are those introduced in Eq. (12-73); the normal
coordinates defining the harmonic oscillator eigenfunctions are all zero at the

highly symmetrical geometry where the electronic functions
(

Φ
(a)
elec,Φ

(b)
elec

)
are
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obtained. In setting up the matrix representation of ĤJT, the matrix elements

of Ĥelec between the electronic basis functions Φ
(a)
elec and Φ

(b)
elec are expanded in

terms of these normal coordinates as indicated in Eqs. (13-182)-(13-184), and
the matrix elements of these expansions between the harmonic oscillator eigen-
functions can be calculated using the results of Table 11-3 [see also Eqs. (16)
and (17), together with Table I, of Miller and Bondybey (1983)]. The elec-

tronic matrix elements coupling Φ
(a)
elec and Φ

(b)
elec are power series in the normal

coordinates [see Eq. (13-184)], and the linear terms in these series are said to
cause linear Jahn-Teller coupling whereas the quadratic terms are said to cause
quadratic Jahn-Teller coupling.

The rotational energy structure in vibronic states of symmetric top molecules
subject to the Jahn-Teller effect has been treated by many authors; we give
a selection of papers in the Bibliographical Notes. In contrast to the Renner
effect, which is essentially a rovibronic interaction capable of perturbing signif-
icantly the rotational energy level patterns in the vibronic states affected by
it [see Figs. 13-10 and 13-11], the perturbations resulting from the Jahn-Teller
effect are predominantly vibronic. The rotational energies in Jahn-Teller vi-
bronic states are usually well described by an effective rotational Hamiltonian
obtained by averaging the rotational kinetic energy operator over the eigen-
functions of ĤJT. In a treatment of this type Brown (1971) determines the
dominant effect on the rotational energy levels of a symmetric top to be an
apparent change in ζzta,tb, the Coriolis coupling parameter [Eq. (10-152)] asso-
ciated with the Jahn-Teller active normal mode νt. In the expression for the
rotational energies ζzta,tb is replaced by an effective Coriolis coupling parame-

ter ζev, where ζev − ζzta,tb depends on the vibronic matrix elements of L̂z [see
Eq. (29) of Brown (1971)]. Hougen (1980a) and Watson (1984) detail further
the derivation of appropriate effective rotational Hamiltonians for symmetric
top molecules, and Watson extends the treatment to spherical tops.

Liu and Miller (1992) give a general discussion of the technique for deriv-
ing totally symmetric terms [with expansion coefficients that can subsequently
be fitted to experiment] in the effective rotational Hamiltonian; their work is
based on a general theorem concerning the matrix elements of operators be-
tween components of a degenerate state. A proof of the theorem is outlined
by Watson (1974). The proof makes use of the combined effects of time rever-
sal (see Chapter 7) and Hermitian conjugation [see Eq. (6-153)]. We consider
an operator Ô [with symmetry ΓO in the MS group] together with a set of
functions Ψim, m = 1, 2, 3, . . . , li [see Chapter 6], which span a degenerate
irreducible representation Γi as described by Eq. (6-66). In order for the ma-

trix elements
〈

Ψim

∣∣∣Ô
∣∣∣Ψim′

〉
to be non-vanishing certain conditions must be

fulfilled by the irreducible representations Γi and ΓO. These conditions are
different for single valued12 and double valued irreducible representations Γi,
and they depend on the properties of the operator Ô under time reversal and

12All the irreducible representations that we have encountered so far are single valued.
We discuss double valued irreducible representations in connection with double groups in
Chapters 15 and 18.
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Hermitian conjugation. The following symmetry conditions can be derived in

order for the matrix element
〈

Ψim

∣∣∣Ô
∣∣∣Ψim′

〉
to be non-vanishing:

(A) [Γi]
2 ⊃ ΓO if Γi is single valued and (θ̂Ôθ̂−1)† = Ô, or if Γi is double

valued and (θ̂Ôθ̂−1)† = −Ô.

(B) {Γi}2 ⊃ ΓO if Γi is single valued and (θ̂Ôθ̂−1)† = −Ô, or if Γi is double

valued and (θ̂Ôθ̂−1)† = Ô.

(C) Γ2
i ⊃ ΓO if (θ̂Ôθ̂−1)† 6= ±Ô, regardless of whether Γi is single valued or

double valued.

Here, {Γi}2 is the antisymmetric product [Eq. (6-118)], Γ2
i is the simple product

Γi ⊗ Γi = [Γi]
2 ⊕ {Γi}2, θ̂ is the time reversal operator, and a superscript †

denotes Hermitian conjugation.

13.5 RYDBERG STATES

Rydberg states are special electronic states and for them, just as for the
electronic states involved in the Renner effect or Jahn-Teller effect, there are
systematic degeneracies and near degeneracies that make it appropriate to cal-
culate energies from a starting point other than the Born-Oppenheimer ap-
proximation. The Born-Oppenheimer approximation is not generally valid for
such states. We can describe a Rydberg state of a molecule M as being an elec-
tronic state in which a Rydberg electron orbits, at a distance large compared
to molecular dimensions, the ionic molecule M+ which is called the core. Since
the core is itself a molecular system it will be in a state labeled by quantum
numbers, and because of this we say that the core has structure. The quan-
tum nature of electronic motion, and the requirements of the Pauli exclusion
principle, clearly make this a rather crude picture. It is helpful, however, in un-
derstanding the model used here to obtain the electronic energies, which is very
different from that used for valence electronic states. In Rydberg states when
the Rydberg electron is far from the core the interaction between electron and
core is independent of the structure of the core. It is essentially the same as the
electrostatic interaction between the electron and proton in a hydrogen atom,
and we can use the energy level pattern and the form of the electronic wave-
functions of the hydrogen atom as a zero order way of understanding Rydberg
states. This is one of the fundamental ideas behind Quantum Defect Theory
(QDT) or the more general Multichannel Quantum Defect Theory (MQDT),
that we briefly introduce in the present section. The technique does not in-
volve the diagonalization of a Hamiltonian matrix using a basis set as we have
become accustomed to. Our discussion is based on the introductory account
by Ross (1991).

For a hydrogen atom all states are Rydberg states. The bound state energies
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are given by

ǫ = − Eh

2n2
; n = 1, 2, 3, 4, . . . , (13-192)

where the hartree Eh is defined in Eq. (9-85), and we have neglected the dif-
ference between me, the mass of the electron, and the reduced mass µred =
mpme/(mp + me), where mp is the mass of the proton. The energy zero cor-
responds to the electron and proton being at rest infinitely separated. For the
purpose of later manipulations we define ν as

ν =

√
−Eh

2ǫ
, (13-193)

so that for the hydrogen atom we simply have ν = n = 1, 2, 3, 4, . . . .
The internal motion of a hydrogen atom involves the coordinates (r, θ, φ)

defined in Eqs. (9-10)-(9-12). The wavefunction for the internal motion is
Φint(r, θ, φ) = (1/r)Φνℓm(r, θ, φ) = (1/r)ψℓ(ν, r)Yℓm(θ, φ), where Yℓm(θ, φ) is a
spherical harmonic function; for a hydrogen atom, ℓ = 0, 1, 2, . . . , ν − 1, and
m = −ℓ, −ℓ+ 1, . . . , ℓ. The radial function ψℓ(ν, r) satisfies the equation

[
− ℏ2

2me

(
d2

dr2
− ℓ(ℓ+ 1)

r2

)
+ (V (r) − ǫ)

]
ψℓ(ν, r) = 0 (13-194)

where

V (r) = − e2

4πǫ0r
. (13-195)

The eigenfunction Φνℓm(r, θ, φ) is normalized with the volume element sin θ dr
dθ dφ, which differs from that (r2 sin θ dr dθ dφ) appropriate for Φint(r, θ, φ)
because of the factor (1/r) in the wavefunction definition.

For the Rydberg states of a sodium atom once the Rydberg electron is at
a distance rc, say, from the Na+ core, the effects of its interaction with the
electrons in the core can be neglected. Thus, for r > rc the interaction between
the Rydberg electron and the core is described by Eq. (13-194). For r < rc
it will be necessary to consider the interaction of the Rydberg electron with
the Na nucleus and with the core electrons. In the region r > rc we take the
complete wavefunction to be given by

Φℓ(ν, r,ω) = ψℓ(ν, r) Φ(ℓ)
core(ω), (13-196)

where ψℓ(ν, r) is the radial part of the wavefunction for the Rydberg electron,

and Φ
(ℓ)
core(ω) contains the angular part of the wavefunction for the Rydberg

electron and the wavefunction specifying the structure of the core; ω is a short-
hand notation for all degrees of freedom other than the radial degree of freedom
of the Rydberg electron.

This theory can also be used to describe a collision between an electron and
a Na+ core. In this case the Rydberg electron (or the collision electron) and
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the core are initially separated by an infinite distance, and the ǫ is a positive
energy in the ionization continuum of the sodium atom rather than a negative
eigenvalue corresponding to a discrete bound state; it can in principle have any
positive value. For the colliding electron we can also express the wavefunction
for r > rc as given in Eq. (13-196), and we would obtain the radial function
ψℓ(ν, r) by solving Eq. (13-194) for the known, fixed value of ǫ determined by
the initial conditions of the collision.

For a given ǫ Eq. (13-194) is no longer an eigenvalue equation (the Schrödinger
equation) but it is a standard second order differential equation for which
the general structure of the solutions is well known [see, for example, Seaton
(1983)]. A general solution (defined at all energies) can be written as the fol-
lowing linear combination of two linearly independent functions fℓ(ν, r) and
gℓ(ν, r):

ψℓ(ν, r) = cos [πµℓ] fℓ(ν, r) − sin [πµℓ] gℓ(ν, r), (13-197)

where we have expressed the coefficients of the two functions in terms of a
parameter µℓ which measures the extent of the mixing of fℓ(ν, r) and gℓ(ν, r).
The function ψℓ(ν, r) [where ǫ is arbitrary] is known as a channel function.
We do not go into the detailed form of fℓ(ν, r) and gℓ(ν, r); it suffices to say
that fℓ(ν, r) is non-singular at r = 0, whereas gℓ(ν, r) is singular at this point.
Further, it is known that for ǫ < 0 and r → ∞ the two functions can be
approximated by

fℓ(ν, r) ≈ C(r) sin [π (ν − ℓ)] exp

(
r

νa0

)
(13-198)

and

gℓ(ν, r) ≈ −C(r) cos [π (ν − ℓ)] exp

(
r

νa0

)
, (13-199)

where the Bohr radius a0 is defined in Eq. (9-84). The function C(r) in
Eqs. (13-198) and (13-199) is such that for r → ∞, |C(r) exp[r/(νa0)]| →
∞.

The theory discussed here describes in general a collision between an electron
and a Na+ core and is valid for any value of ǫ. However, it can also give us
the energies of the bound Rydberg states of a sodium atom. The conditions
for the Rydberg electron being in a bound state are ǫ < 0 and

ψℓ(ν, r)→ 0 for r →∞. (13-200)

For the radial function given in Eq. (13-197) this condition implies

tanπν + tanπµℓ = 0, (13-201)

where we have used Eqs. (13-198) and (13-199) together with the fact that the
function |C(r) exp[r/(νa0)]| does not go to zero as r → ∞. Equation (13-201)
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can be rewritten as

sin [π(ν + µℓ)] = 0, (13-202)

and has the solutions

ν + µℓ = n = 0,±1,±2,±3, . . . . (13-203)

However, by analogy with the hydrogen atom we know that only the solutions

ν + µℓ = n = ℓ+ 1, ℓ+ 2, ℓ+ 3, . . . (13-204)

are physically meaningful. For these solutions we can use Eq. (13-193) to obtain

ǫ = − Eh

2(n− µℓ)2
; n = ℓ + 1, ℓ+ 2, ℓ+ 3, . . . . (13-205)

It turns out that the experimental energies of the Rydberg states in the sodium
atom [with the core in its ground state] are well described by Eq. (13-205) if
we set µℓ = −0.65. The quantity ν is called the effective quantum number ,
and µℓ, which measures the amount by which ν differs from an integer, is the
quantum defect . The energies of the Rydberg states of the sodium atom are
thus obtained without diagonalizing a matrix, and this theoretical technique is
referred to as Quantum Defect Theory (QDT) [see Hartree (1928)].

An important generalization of QDT is Multichannel Quantum Defect The-
ory (MQDT). Ross (1991) discusses the application of MQDT to the determi-
nation of the electronic energies of the hydrogen molecule H2. That is, MQDT
is used to obtain the eigenvalues of Ĥelec [see Chapter 9] in an ab initio-type
calculation. The calculations are carried out at fixed values of R, the distance
between the two protons in H2. The Born-Oppenheimer potential energy func-
tions VN of H2, obtained essentially as the eigenvalues of Ĥelec taken as functions
of R, show a complicated pattern with an infinite number of avoided crossings
[see Fig. 8 of Ross (1991)], and it is the aim of the MQDT calculation to explain
this pattern.

In MQDT the collision wavefunction is represented by an expression less
restrictive than the single channel function in Eq. (13-196). In the present case,
which we initially view as a collision between the Rydberg electron and the H+

2

ion core with a fixed value of R, we make several channels available to the
Rydberg electron. The channel wavefunctions are chosen as diabatic electronic
wavefunctions. They can be thought of as a set of basis functions used for
constructing a matrix representation for Ĥelec. The eigenvalues of this matrix
for a given value of R will be values of the Born-Oppenheimer potential energy
functions VN. As mentioned above these functions exhibit complicated avoided
crossings as R varies. The avoided crossings are assumed to be caused by off-
diagonal elements of the diabatic-basis matrix representation. The diagonal
elements of this matrix, the diabatic energies, are taken to be smoothly varying
functions of R that resemble the potential energy curves of isolated electronic
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states. In particular, the diabatic potential curves will cross where the Born-
Oppenheimer ones have avoided crossings. The definition of diabatic electronic
states given here is somewhat vague since the only requirement is that the
quantum defect relating to such a series of diabatic states be a smoothly varying
function of R. In practice one can often obtain a useful diabatic basis for a
diatomic molecule by requiring the nuclear operator d/dR to be diagonal in
this basis [Smith (1969)].

The channels are specified by the electronic state of the H+
2 core and by the

non-radial (angular) part of the Rydberg electron wavefunction. In the example
discussed by Ross (1991) the H+

2 core can occupy either its electronic ground
state X̃ 2Σ+

g or the first excited state Ã 2Σ+
u [see Figs. 17-8 and 17-9]. In the

channels available to the Rydberg electron the two electronic states of H+
2 can

be combined with Rydberg electron functions of s [ℓ = 0], p [ℓ = 1], or d [ℓ =
2] character; the Rydberg electron wavefunctions can also be labeled by their
symmetries in D∞h. We number the channels by a running index i = 1, 2, 3,
4, . . . , Nc, and for each of them we introduce a wavefunction |i〉 analogous to

the wavefunction Φ
(ℓ)
core(ω) in Eq. (13-196), which describes the electronic state

of the core and the non-radial part of the Rydberg electron wavefunction for
this particular channel.

The quantity ν must be redefined relative to Eq. (13-193). In the present
case the energy of the Rydberg electron is a function ǫi(R) of R given by the
difference between the total Born-Oppenheimer electronic energy of the H2

molecule, VN(R), and the energy of the ion core for channel i, V +
N,i(R):

ǫi(R) = VN(R)− V +
N,i(R). (13-206)

The ν value for channel i is thus

νi(R) =

√
− Eh

2ǫi(R)
. (13-207)

With this definition we express the complete wavefunction [analogous to the
wavefunction in Eq. (13-196)] as

Φ =

Nc∑

i=1

BiΦi, (13-208)

where the expansion functions are

Φi = fℓi

(
νi(R), r

)
|i〉 −

Nc∑

j=1

Kij(R) gℓj

(
νj(R), r

)
|j〉. (13-209)

The square matrix K with elements Kij(R) is called the reaction matrix . Its
dimension is the number of available channels Nc. It is easy to reorganize the
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function in Eq. (13-208) as

Φ =

Nc∑

i=1

Bi


fℓi

(
νi(R), r

)
−

Nc∑

j=1

Kji(R) gℓi

(
νi(R), r

)

 |i〉. (13-210)

Obviously if the reaction matrix is diagonal with

Kij(R) = δij tanπµℓi , (13-211)

say, then Φ will be a linear combination of single-channel functions of the
type obtained by inserting Eq. (13-197) in Eq. (13-196), and the theory would
revert to Quantum Defect Theory. As explained by Ross (1991), in the MQDT
calculation for H2 discussed here the nonvanishing off-diagonal reaction matrix
elements describe the interactions between the diabatic basis states which cause
the avoided crossings present for the electronic states of H2.

In order to determine the energies of the bound states of H2 we require that
ǫ < 0 and that

Φ→ 0 for r→∞, (13-212)

exactly as we did in the case of the Rydberg states of the sodium atom. By using
Eqs. (13-198) and (13-199) it is straightforward to show that this condition will
be satisfied if the determinant

|tan [πν] + K| = 0. (13-213)

Here, tan [πν] is an Nc × Nc diagonal matrix with the diagonal elements

(tan [πν])ii = tan [πνi(R)] . (13-214)

With the definition

µij(R) =
1

π
tan−1Kij(R) (13-215)

[cf. Eq. (13-211)] we can rewrite Eq. (13-213) as

|tan [πν] + tan [πµ]| = 0, (13-216)

where (tan [πµ])ij = tan [πµij(R)]. The matrix µ(R) with elements µij(R)
is the quantum defect matrix . We note the similarity between Eqs. (13-216)
and (13-201). If the quantum defect matrix and the ion core energies V +

N,i(R)
are known, then the bound state electronic energies VN(R) can be obtained by
solving Eq. (13-216). These energies enter into the equation through the νi’s
defined by Eqs. (13-206) and (13-207). It is not immediately clear, however,
how to obtain the quantum defect matrix µ(R). Ross and Jungen (1987) have
developed a method of fitting the quantum defect matrix to the ab initio poten-
tial curves for H2 and were able to calculate the Born-Oppenheimer potential
curves with high accuracy.



394 13. Energy Levels and Interactions

It should be noted that the electronic MQDT calculation is simplified by
molecular symmetry. In the present case of the electronic energies of H2, the
wavefunction Φ in Eq. (13-208) must necessarily transform according to one of
the irreducible representations of the molecular point group D∞h. If the expan-
sion functions Φi in Eq. (13-208) are symmetrized in this group, the quantum
defect matrix µ(R) will be block diagonal with each block corresponding to
an irreducible representation in D∞h. Thus, Eq. (13-214) can be solved in-
dependently for each of the irreducible representations in the point group, in
much the same way as the diagonalization of the matrix representation of a
Hamiltonian can be separated into independent diagonalizations, one for each
of the irreducible representations in the symmetry group for the Hamiltonian
in question. For example, Ross (1991) discusses two separate electronic MQDT
calculations: one to determine the potential curves of the 1Πu electronic states
of H2, and another to determine the potential curves of the 1Σ+

g states.

We have outlined MQDT for the purpose of calculating all the series of Ry-
dberg electronic state potential energy curves and wavefunctions as a function
of the internuclear separation for the hydrogen molecule. The ideas outlined
here turn out to be extremely powerful, and it is possible to extend them to
other molecules and to develop vibronic and rovibronic MQDT. Incorporating
vibration and rotation naturally results in the inclusion of the bulk of the adi-
abatic and non-adiabatic effects in one fell swoop. Extended above threshold
the MQDT wavefunctions account for couplings with continua (and between
continua) allowing the calculation of the effects of autoionization and predis-
sociation, and of the effect of the competition between these processes. Stark
and Zeeman effects can also be incorporated into the MQDT treatment. All of
this is within the same general formulation and possible from the same funda-
mental quantities: the elements of µ(R). The reader is referred to Molecular
Applications of Quantum Defect Theory (1996) for a compilation of impor-
tant papers on MQDT and related methods; this publication also includes an
extraordinarily extensive bibliography.

13.6 SPIN EFFECTS

Notation: Up to now in this chapter, and elsewhere in the book when we con-
sider singlet states (S = 0), we have followed accepted singlet-state convention
of using J , rather than the N , as the rovibronic angular momentum quantum
number. Since we wish the equations developed in the remainder of the chapter
to be applicable to states of any multiplicity we now use the consistent notation
introduced in Section 10.3.3. It is useful to summarize that notation here.

The total angular momentum is denoted F̂ and it is given by Eq. (10-99). The

operators N̂2, N̂z, and N̂ζ , where the two latter operators are the components

of N̂ along the molecule fixed z axis and the space fixed ζ axis, respectively,
represent the rovibronic angular momentum. In the remainder of the present
chapter, we use the consistent notation that Ĵ denotes N̂ + Ŝ [Eq. (10-97)], and

we generally consider states with S > 0 for which Ĵ 6= N̂. The simultaneous
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eigenfunctions for N̂2, N̂z, and N̂ζ are the symmetric top functions |N, k,m〉
obtained from Eq. (11-52) by setting J = N , and the eigenvalues are obtained
from Table 11-1 as N(N + 1)ℏ2, kℏ, and mℏ, respectively. The quantum
numbers associated with the various operators are such that [see Eqs. (10-95)
and (10-96)]

• Ŝ2 and Ŝζ have the eigenvalues S(S + 1)ℏ2 and mSℏ, respectively,

• Ĵ2 and Ĵζ have the eigenvalues J(J + 1)ℏ2 and mJℏ, respectively, and

• Î2 and Îζ have the eigenvalues I(I + 1)ℏ2 and mIℏ, respectively.

Since Ĵ = N̂ + Ŝ, the possible values for J are |N−S|, |N−S|+1, . . . , N+S,

and since F̂ = Ĵ + Î, the possible values for F are |J − I|, |J − I| + 1, . . . ,
J + I. The quantum numbers S, J , I, and F [and thus mS , mJ , mI , and mF ]
can be half-integral.

The spin-free Hamiltonian: Up to now in the present chapter, we have ne-
glected the spin-dependent contributions Ĥes [see Eqs. (7-20)-(7-22)] and Ĥhfs

[Eq. (7-23)] to the molecular Hamiltonian, and have taken the Hamiltonian to
be given entirely by the rovibronic Hamiltonian Ĥrve from Eq. (7-33). In the
absence of spin effects, we can express the internal wavefunctions as

Φ
(N,m,S,mS,I,mI)
int = Φ

(I,mI)
nspin

∑

e,V,L,k

c
(N)
eV Lk Φ

(e,S,mS)
elec Φ(V,L,N,k,m)

rv

= Φ
(I,mI)
nspin

∑

e,V,L,k

c
(N)
eV Lk Φ

(e,S,mS)
elec Φ

(V,L)
vib |N, k,m〉 , (13-217)

where Φ
(V,L,N,k,m)
rv is a rotation-vibration basis function defined by Eq. (12-73)

[with the substitution J → N explained above], and the function Φ
(V,L)
vib is

the product of harmonic oscillator functions contained in Φ
(V,L,N,k,m)
rv . We use

these basis functions also for asymmetric top molecules, bearing in mind that
they have no l quantum numbers so that in this case, we can ignore the label

L. The expansion coefficients c
(N)
eV Lk in Eq. (13-217) have been obtained by di-

agonalizing a matrix representation of Ĥrve in a basis of Φ
(e,S,mS)
elec Φ

(V,L,N,k,m)
rv

functions. The summation over electronic state e in Eq. (13-217) will be neces-
sary if vibronic or rovibronic interactions are present. Even though we neglect
all spin contributions to the molecular Hamiltonian here we retain the nuclear

spin function Φ
(I,mI)
nspin [which we can choose as a simultaneous eigenfunction for

Î2 and Îζ with the eigenvalues given above], and the electron spin functions

present in Φ
(e,S,mS)
elec [see Chapter 9] in order to ensure that the Φ

(N,m,S,mS,I,mI)
int

comply with the Pauli exclusion principle [see page 139].
As indicated in Eq. (13-217), we can label the internal wavefunction by the

quantum numbers N , m, S, mS , I, and mI . They are all good quantum
numbers because the spin-free molecular Hamiltonian Ĥrve commutes with the
operators N̂2, N̂ζ , Ŝ2, Ŝζ , Î2, and Îζ associated with them.
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Electron spin: For electronic states with S > 0 it is necessary to take into ac-
count the electron-spin dependent contributions to the molecular Hamiltonian.
That is, we take the Hamiltonian to be

Ĥrves = Ĥrve + Ĥes, (13-218)

where the various contributions to Ĥes are given by Eqs. (7-20)-(7-22). The

Hamiltonian Ĥrves commutes with Ĵ2 and Ĵζ and with Î2 and Îζ , but it does

not commute with N̂2, N̂ζ , Ŝ2, and Ŝζ . Hence J , mJ , I, and mI are now
good quantum numbers, whereas N , m, S, and mS are not. They are, at best,
near quantum numbers. We use a basis of eigenfunctions for Ĵ2 and Ĵζ to

construct a matrix representation of Ĥrves that we can diagonalize to obtain
the energies and wavefunctions. If the energy contributions resulting from the
nonzero electron spin are small, we can use a Hund’s case (b) basis, and the
internal wavefunction will be given as

Φ
(J,mJ ,I,mI)
int = Φ

(I,mI)
nspin

∑

e,V,L,N,S,k

c
(J)
eV LNSk Φ

(V,L)
vib Φ(e,N,S,J,k,mJ)

er . (13-219)

The electronic-rotational basis functions in Eq. (13-219) are obtained from
Eq. (10-98):

Φ(e,N,S,J,k,mJ)
er =

N∑

m=−N

S∑

mS=−S

(−1)N−S+mJ
√

2J + 1

×
(
N S J
m mS −mJ

) ∣∣∣Φ(e,S,mS)
elec

〉
|N, k,m〉 . (13-220)

Nuclear spin: Finally, we take into account the nuclear hyperfine term Ĥhfs

[Eq. (7-23)], so that we now employ the complete internal Hamiltonian Ĥint

from Eq. (7-28). This Hamiltonian commutes with F̂2 and F̂ζ , but not with

Ĵ2, Ĵζ , Ŝ2, Ŝζ , Î2, or Îζ . The eigenfunctions of Ĥint are written as

Φ
(F,mF )
int =

∑

e,V,L,S,I

F+I∑

J=|F−I|

J+S∑

N=|J−S|

N∑

k=−N

c
(F )
eV LIJSNk Φ

(V,L)
vib Φ(e,F,I,N,J,S,k,mF )

erns ,

(13-221)

where

Φ(e,F,I,N,J,S,k,mF )
erns =

J∑

mJ=−J

I∑

mI=−I

(−1)J−I+mF
√

2F + 1

×
(

J I F
mJ mI −mF

)
Φ

(I,mI)
nspin Φ(e,N,S,J,k,mJ)

er . (13-222)

In Eqs. (13-217), (13-219), and (13-221) we have sketched the “development”
of the internal wavefunction as we consider first the effects of electron spin, and



13.6. Spin effects 397

then the effects of nuclear spin, in the molecular Hamiltonian. The crudest
approximation for the internal wavefunction is the completely separable wave-
function in Eq. (13-1) for which e, V , L, N , k, m, S, mS , J , mJ , I, mI , F ,
and mF are all good quantum numbers. Vibronic and rovibronic interactions
spoil e [and possibly also V , L, and k], rotation-vibration interaction spoils
V , L, and k, electron spin effects spoil N , m, S, and mS , and nuclear spin
effects spoil J , mJ , I, and mI . When a quantum number loses its status as
a good quantum number, it becomes a basis function label and appears as a
summation index in the expression giving the wavefunction in terms of the ap-
propriate basis functions. We can use successively less approximate expressions
for the wavefunction, and spoil successively more quantum numbers, until we
reach the final expression for the wavefunction in Eq. (13-221). For an isolated
molecule in field free space, the good quantum numbers F and mF in this
equation cannot be spoiled since they are determined by the symmetry of the
wavefunction in K(spatial). Also, the operations of the MS group commute
with all terms in the internal Hamiltonian, and so the irreducible representa-
tion of the wavefunction in the MS group is also a “good quantum number”
[in the sense that it can be used to label the internal wavefunction] regardless
of the approximation employed for the molecular Hamiltonian. In the presence
of external electric and magnetic fields the quantum numbers (F,mF ), and the
MS group symmetry with respect to P ∗ operations, can be spoiled. This is
discussed in Chapter 14.

The remainder of the present section is concerned with the symmetries of the
basis functions entering into Eqs. (13-217), (13-219), and (13-221), and with
some of the more important contributions to Ĥes and Ĥhfs. The theory of spin
effects is an extensive topic and we focus on the symmetry aspects. Since we
consider here non-linear molecules [linear molecules are the subject of Chap-
ter 17], for which the spin coupling is generally close to Hund’s case (b), our
treatment is limited to the Hund’s case (b) basis functions given in Eq. (13-219).
Equation (23a) of Brown and Howard (1976) gives the transformation between
Hund’s case (a) and Hund’s case (b) basis functions.

13.6.1 Electron spin effects

It follows from Eqs. (12-46) and (12-47) that all the |N, k,m〉 functions,
for given N and k, used in Eq. (13-220) to form a bsis function Φer have
the same symmetry in the MS group [i.e., this symmetry does not depend on

m]; similarly the MS group symmetry of Φ
(e,S,mS)
elec is independent of mS [see

Chapter 12]. Because the basis function Φ
(e,N,S,J,k,mJ)
er has the same MS group

symmetry as any one of the products Φ
(e,S,mS)
elec |N, k,m〉 on the right hand side

of Eq. (13-220) each of the products Φ
(V,L)
vib Φ

(e,N,S,J,k,mJ)
er in Eq. (13-219) has

the MS group symmetry Γrve. In K(spatial), the wavefunctions in Eq. (13-219)
transform according to the irreducible representation D(J).

The most important contribution to Ĥes is the electron spin–orbit interaction
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term given by Eq. (7-20). The nonvanishing matrix elements of this operator

between the basis functions Φ
(e,N,S,J,k,mJ)
er can be shown to have

|∆S| ≤ 1 (13-223)

[see, for example, Section 5.4 of Zare (1988)]. Thus, electron spin–orbit inter-
action can couple the rovibronic basis states of a singlet state [S = 0] with
those of a triplet state [S = 1]. The methylene radical CH2 provides an exam-
ple of such singlet-triplet interaction. The bending potential energy curves for
the lowest three electronic states of CH2 are shown in Fig. 13-14. The singlet
curves are from Jensen and Brumm (1996) and the triplet curve is from Jensen
and Bunker (1988). The electronic ground state is X̃ 3B1, and there are two
low-lying singlet states ã 1A1 and b̃ 1B1. As we have already discussed in con-
nection with Fig. 13-7, the latter two states are subject to the Renner effect;
they are degenerate as a 1∆g state at linearity. It has been shown experimen-
tally that several rotational states in the ã 1A1 vibrational ground state are
significantly mixed with rovibrationally excited states of the X̃ 3B1 electronic
ground state. The identification of these perturbations, in conjunction with an
ab initio calculation of the spin–orbit interaction matrix elements responsible
for them, allowed an accurate determination of the singlet-triplet splitting [i.e.,
the energy difference between the ã and X̃ vibrational ground states in CH2];
see McKellar, Bunker, Sears, Evenson, Saykally, and Langhoff (1983) [hence-
forth: MBSESL] and Jensen and Bunker (1988). The singlet-triplet interaction
in CH2 plays an important role in the collision-induced “intersystem crossing”,
i.e., the reaction

CH2(ã 1A1) + M→ CH2(X̃ 3B1) + M,

where M is a collision partner; see Bley and Temps (1993).
MBSESL determined the singlet-triplet interaction matrix elements for CH2

by calculating the purely electronic integrals

H
(X̃ã)
SO (mS) =

〈
Φ

(X̃,1,mS)
elec

∣∣∣Ĥso + Ĥsr

∣∣∣Φ(ã,0,0)
elec

〉
(13-224)

of the operators Ĥso and Ĥsr [Eqs. (7-20) and (7-21)] in ab initio calculations.

By neglecting the small nuclear-velocity term P̂α/mα in Eq. (7-21) they could

express the quantity H
(X̃ã)
SO (mS) as a function of the nuclear coordinates only.

This function was computed at a number of different nuclear geometries, ob-
tained by varying the bond angle supplement ρ = π − ∠(HCH) of CH2 for
constant bond lengths, and the resulting values were fitted to a parameterized
function of ρ [Eq. (10) of MBSESL]. As demonstrated by MBSESL, at least in

principle, it is straightforward to use H
(X̃ã)
SO (mS) for obtaining the matrix ele-

ments between the basis functions Φ
(VX ,LX)
vib Φ

(X̃,NX ,SX ,JX ,kX ,mJ )
er [Eq. (13-219)]

for the triplet X̃ state and Φ
(ã,0,0)
elec Φ

(Va,La)
vib |Na, ka,m〉 [Eq. (13-217)] for the

singlet ã state. In practice, the integrations over the rotational and vibrational
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Fig. 13-14. Bending potential curves for the lowest electronic states of the methylene
radical CH2. The abscissa is the bending coordinate ρ = π − ∠(HCH), the supplement of
the bond angle. The bond lengths are held constant.

coordinates may cause some difficulty because of axis switching effects [see
page 435 below]. Such effects were neglected by MBSESL.

The “microscopic” expressions for Ĥso and Ĥsr [involving the angular mo-
menta and spins of the individual electrons and nuclei] given in Eqs. (7-20)
and (7-21) are only useful for ab initio calculations such as the one carried out
by MBSESL. If spin–orbit coupling is to be taken into account in a fitting to
experimentally observed transition wavenumbers, it is necessary to introduce
simpler, parameterized forms of the spin–orbit coupling operator. If we neglect
spin–orbit matrix elements with ∆S 6= 0, we can replace the microscopic form
of the spin–orbit coupling operator by

ĤSO = ASO L̂ · Ŝ (13-225)

where L̂ is the electronic angular momentum vector, and ASO is an adjustable
parameter [see, for example, Van Vleck (1951), Condon and Shortley (1953)
and Landau and Lifshitz (1977)]. This phenomenological form of the spin–
orbit coupling operator is used to describe the interaction between different
electronic states of the same multiplicity. Hallin and Merer (1977) propose a
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spin–orbit coupling operator of the form

ĤSO =
∑

γ,δ=x,y,z

Aγδ L̂γŜδ, (13-226)

where the sum runs over the molecule fixed axes x, y, and z and the Aγδ

are spin–orbit coupling coefficients. They derive the matrix elements of this
operator between the basis functions given by Eq. (13-219). The nonvanishing
matrix elements satisfy

∆S = 0, |∆N | ≤ 1, and |∆k| ≤ 1. (13-227)

From the matrix elements of Hallin and Merer (1977), we can also obtain the
matrix elements of the operator in Eq. (13-225) by simply setting Axx = Ayy

= Azz = ASO and Aγδ = 0 for γ 6= δ.
If we are concerned with one electronic state having S > 0, and this elec-

tronic state is well separated in energy from all other electronic states, we can
use the contact transformation procedure13 to eliminate the spin–orbit matrix
elements coupling the electronic state under study with other electronic states.
Van Vleck (1951) has shown that by applying this procedure to the combined
effects of spin–orbit coupling and the term T̂er in Eq. (13-143), one obtains a
contribution to the effective spin-rotation Hamiltonian

Ĥsr =
1

2

∑

γδ=x,y,z

ǫγδ

(
N̂γ Ŝδ + ŜγN̂δ

)
(13-228)

where ǫγδ is an element of the spin-rotation tensor. Another contribution to

Ĥsr involves the direct interaction between the spin magnetic moments of the
electrons and the magnetic moment resulting from the nuclear motion. Brown,
Sears, and Watson (1980) give a detailed derivation of Ĥsr, starting with the
microscopic form of the spin–orbit coupling operator [see Barnes, Brown, Car-
rington, Pinkstone, Sears, and Thistlethwaite (1978) for a simpler derivation
starting with the operator in Eq. (13-225)]. The operator Ĥsr describes the
effects of spin–orbit coupling within the one electronic state under study; the
coupling of this state to other electronic states need not be explicitly considered.
The matrix elements of Ĥsr between the basis functions given by Eq. (13-219)
can be obtained from the paper by Bowater, Brown, and Carrington (1973)14.
The nonvanishing matrix elements satisfy

∆S = 0, |∆N | ≤ 1, and |∆k| ≤ 2. (13-229)

Brown and Sears (1979) have used the contact transformation technique to
obtain Ĥsr in a form suitable for fitting to observed energies.

13See Section 13.2.4 and the discussion on page 365.
14See also Eq. (20) of Kozin and Jensen (1997), but note that this reference has a factor

ik−k′

which results from a phase choice for the rotational functions different from that made
in this book. Matrix elements appropriate for the phase choice made here are obtained by
omitting this factor.
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For one isolated electronic state with S > 0 the electron spin-spin interaction
[Eq. (7-22)] is usually taken to be described by the effective operator [Van Vleck
(1951); see also Raynes (1964)]

Ĥss =
D

3

[
2Ŝ2

a − Ŝ2
b − Ŝ2

c

]
+ E

[
Ŝ2
b − Ŝ2

c

]
(13-230)

where D and E are parameters and
(
Ŝa, Ŝb, Ŝc

)
are the components of the

total electron spin along the a, b and c principal molecule fixed axes defined in
the discussion below Fig. 10-2 on page 211. The abc axes must be correlated
with the molecule fixed axes xyz for the molecule in question. The parameters
D and E are related to the parameters α and β of Van Vleck (1951) by D =
3α and E = β. The nonvanishing matrix elements of Ĥss have

∆S = 0, |∆N | ≤ 2, and |∆k| ≤ 2; (13-231)

they can be obtained from Eq. (22) of Kozin and Jensen (1997)15.
For the nonlinear molecules considered here, N will normally be a near quan-

tum number. The effect of Ĥes will be to make a rovibronic energy level [i.e.,
an eigenstate of Ĥrve] split into 2S + 1 fine structure components,16 each one
characterized by a value of J = |N −S|, |N −S| + 1, . . . , N + S. In a doublet
state the level with J = N+ 1

2 is called the F1 fine structure component, and
the level with J = N− 1

2 is called the F2 component. In a triplet state the levels
with J = N + 1, N and N−1 are called the F1, F2 and F3 components, respec-
tively. The energy splittings between these components will be small compared
to a typical rotational energy level difference. It follows from the discussion
above that the nuclear-spin-free wavefunctions [i.e., the function multiplied by

Φ
(I,mI)
nspin on the right hand side of Eq. (13-219)] of all the J components, for a

given N , will have the same MS group symmetry Γrve.

13.6.2 Nuclear spin effects

The internal wavefunction Φint in Eq. (13-221) must necessarily transform in
the MS group according to one of the two irreducible representations Γ+

MS and
Γ−
MS allowed by the Pauli exclusion principle [see Chapter 8]. As discussed in

Chapter 7, Φint transforms in K(spatial) according to the row labeled mF in
the irreducible representation D(F ). In this subsection and the next (on ortho-
para conversion) we continue to use N as the rovibronic angular momentum
quantum number for generality. For singlet states it is (unfortunately) the
custom to use J .

The MS group symmetry of the function Φ
(e,F,I,N,J,S,k,mF )
erns in Eq. (13-221)

depends on the symmetries of the Φ
(e,N,S,J,k,mJ)
er functions [see above], and on

15Where once again it should be noted that in order to obtain matrix elements consistent

with the phase choices made here, the factor of ik−k′

in the expression by Kozin and Jensen
(1997) should be omitted.

16There will be fewer components if N < S.
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the symmetries of the nuclear spin functions Φ
(I,mI)
nspin . In order to determine

these latter symmetries, we must consider the detailed form of the Φ
(I,mI)
nspin

functions. As an example, we consider the spin functions for the three protons
in NH3 [MS group D3h(M); see Table A-10] defined in Eq. (8-4).

For each of the three protons [labeled with the index α = 1, 2, or 3] in 14NH3

there are spin operators Îα
2 and Îζ,α with associated eigenfunctions |Iα,mIα〉

where the quantum numbers Iα = 1/2 and mIα = −1/2 or 1/2. We couple the
spins of protons 1 and 2 to form the operators

Î1−2
2 =

(
Î1 + Î2

)2
(13-232)

and

Îζ,1−2 = Îζ,1 + Îζ,2. (13-233)

These operators have the eigenvalues I1−2(I1−2 + 1)ℏ2 and mI,1−2ℏ, and the
corresponding eigenfunctions |I1−2,mI,1−2〉 can be obtained as linear combi-
nations of the products |I1,mI1〉 |I2,mI2〉 by using Eq. (10-98). The possible
values for I1−2 are 0 and 1. We define

Î1−3
2 =

(
Î1 + Î2 + Î3

)2
=
(
Î1−2 + Î3

)2
(13-234)

and

Îζ,1−3 = Îζ,1 + Îζ,2 + Îζ,3 = Îζ,1−2 + Îζ,3. (13-235)

The quantum numbers associated with Î1−3
2 and Îζ,1−3 are I1−3 and mI,1−3,

respectively, and we can obviously use Eq. (10-98) again to obtain the corre-
sponding eigenfunctions. If I1−2 = 0, then the only possible value for I1−3 is
1/2, but if I1−2 = 1, I1−3 can assume the values 1/2 and 3/2. The 14N nucleus
in 14NH3 [labeled 4] has I4 = 1. We form the two operators

Î2 =
(
Î1 + Î2 + Î3 + Î4

)2
=
(
Î1−3 + Î4

)2
(13-236)

and

Îζ = Îζ,1 + Îζ,2 + Îζ,3 + Îζ,4 = Îζ,1−3 + Îζ,4 (13-237)

with associated quantum numbers I and mI , respectively. If I1−3 = 1/2, then
the possible values of I are 1/2 and 3/2, and if I1−3 = 3/2, then the possible

values of I are 1/2, 3/2, and 5/2. The eigenfunctions of Î2 and Îζ , |I,mI〉 can be
determined from Eq. (10-98) in terms of the products |I1−3,mI,1−3〉 |I4,mI4〉.
By inserting successively |I1−3,mI,1−3〉 in terms of |I1−2,mI,1−2〉 |I3,mI3〉 and
|I1−2,mI,1−2〉 in terms of |I1,mI1〉 |I2,mI2〉, we finally obtain expressions for
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|I,mI〉 in terms of the products |I1,mI1〉 |I2,mI2〉 |I3,mI3〉 |I4,mI4〉. The trans-
formation properties of such products in the MS group are easily determined
[see Chapter 8], and thus we can determine the MS group symmetries of the
|I,mI〉 functions.

It is clear from the preceding discussion that the quantum numbers I and
mI do not uniquely label an eigenfunction of Î2 and Îζ . In the case of 14NH3,
uniquely labeled functions would be |I1−2, I1−3; I,mI〉, and the following func-
tions exist: |0, 1/2; 1/2,mI〉, |0, 1/2; 3/2,mI〉, |1, 1/2; 1/2,mI〉, |1, 1/2; 3/2,mI〉,
|1, 3/2; 1/2,mI〉, |1, 3/2; 3/2,mI〉, and |1, 3/2; 5/2,mI〉, where, for each set of
functions, mI = −I, −I + 1, . . . , I.

We can generalize the somewhat cumbersome considerations here to the case
of N nuclei. We use the following coupling scheme

Î1 + Î2 = Î1−2 (13-238)

Î1−2 + Î3 = Î1−3 (13-239)

Î1−3 + Î4 = Î1−4 (13-240)

...

Î1−(N−1) + ÎN = Î. (13-241)

Î + Ĵ = F̂. (13-242)

Each of the operators Î1−α
2, α = 2, 3, . . . , N − 1, has an associated quantum

number I1−α, and the labels
∣∣I1−2, I1−3, . . . , I1−(N−1); I,mI

〉
uniquely define

an eigenfunction of Î2 and Îζ . We use |I; I,mI〉 as a shorthand notation where
the label I represents all the “intermediate” I quantum numbers. The cou-
pling scheme given by Eqs. (13-238)-(13-242) is the ‘Equal or Nearly Equal
Coupling Representation’ employed by Cook and De Lucia (1971). Other cou-
pling schemes are, of course, possible [see, for example, Cook and De Lucia
(1971) and Thaddeus, Krisher, and Loubser (1964)].

We do not always have to derive the detailed form of the |I; I,mI〉 func-
tions to determine their symmetries in the MS group. We again use the
14NH3 molecule as example. Initially, we ignore the 14N nucleus. We are
only concerned with the spin functions for the three protons which we label
|I1−2; I1−3,mI,1−3〉 as described above. In connection with Eq. (8-4), we have
already discussed the symmetries of the products |I1,mI1〉 |I2,mI2〉 |I3,mI3〉,
and it is immediately obvious that

|I1−2; I1−3,mI,1−3〉 = |1; 3/2, 3/2〉 = Φ(1)
ns

and

|1; 3/2,−3/2〉= Φ(8)
ns ,

where Φ
(1)
ns and Φ

(8)
ns are defined in Eq. (8-4). These two functions both have

A1
′ symmetry in D3h(M).
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The space fixed components (Îξ,1−3, Îη,1−3, Îζ,1−3) of the total proton spin

Î1−3 obey commutation relations analogous to those given in Eq. (10-90) for

the space fixed components of Ĵ; the space fixed components of any angular
momentum obey such commutation rules. Consequently, we can apply the
ideas presented in Section 11.2.3 to Î1−3 and define two ladder operators

Îs,1−3
± = Îξ,1−3 ± iÎη,1−3 = Îs,1

± + Îs,2
± + Îs,3

± (13-243)

by analogy with Eq. (11-35). In Eq. (13-243) we have used the fact that

Îγ,1−3 = Îγ,1 + Îγ,2 + Îγ,3 (13-244)

for γ = ξ, η, ζ; Îγ,α is the γ component of the spin of proton α [= 1, 2, or 3],
so that

Îs,α
± = Îξ,α ± iÎη,α. (13-245)

If we apply Îs,1−3
− to the function |1; 3/2, 3/2〉 = Φ

(1)
ns , the resulting func-

tion will be proportional to |1; 3/2, 1/2〉 by analogy with Eq. (11-38). Since
|1; 3/2, 3/2〉 has A1

′ symmetry in D3h(M) and Îs,1−3
− is invariant to permuta-

tions of the three protons and to inversion, it follows that |1; 3/2, 1/2〉 also has
A1

′ symmetry in D3h(M). By applying Îs,1−3
− to |1; 3/2, 1/2〉we can show that

|1; 3/2,−1/2〉 has A1
′ symmetry, and finally by applying Îs

− to |1; 3/2,−1/2〉
we confirm the obvious result [see Eq. (8-4)] that |1; 3/2,−3/2〉 = Φ

(8)
ns has A1

′

symmetry. Thus, the four functions |1; 3/2,mI,1−3〉, mI,1−3 = −3/2, −1/2,
1/2, 3/2, all have A1

′ symmetry. We know from Eq. (8-7) that the eight func-
tions in Eq. (8-4) span the reducible representation 4A1

′ + 2E′ in D3h(M), and
since we have just shown that the four A1

′ functions all have I1−3 = 3/2, the
two function pairs |0; 1/2,mI,1−3〉 and |1; 1/2,mI,1−3〉, mI,1−3 = −1/2 or 1/2,
both must have E′ symmetry. From these results, the symmetry of the total
spin functions |I1−2, I1−3; I,mI〉 of 14NH3 can be straightforwardly derived,
since the 14N spin functions are totally symmetric in the MS group. The sym-
metry of the function |I1−2, I1−3; I,mI〉 is the same as that of the proton spin
function |I1−2; I1−3,mI,1−3〉.

For a molecule with three protons and no other equivalent nuclei, we can

determine the MS group symmetries of the basis functions Φ
(e,F,I,N,J,S,k,mF )
erns

in Eq. (13-221) from the known symmetries of the Φ
(e,N,S,J,k,mJ)
er functions and

from the symmetries of the nuclear spin functions Φ
(I,mI)
nspin ≡ |I1−2, I1−3; I,mI〉

just derived. Symmetry arguments of the type employed here for 14NH3 are
often helpful in determining the MS group transformation properties of the

Φ
(I,mI)
nspin functions. However, in general it may be necessary to derive the de-

tailed form of these functions by repeated use of Eq. (10-98) in order to deter-
mine their MS group symmetries.

We discuss the most important effects of the hyperfine Hamiltonian Ĥhfs.
Our treatment is limited to isolated singlet electronic states, for which we can
take the total internal Hamiltonian to be Ĥrve + Ĥhfs.
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The contribution to the total molecular energy from the hyperfine term Ĥhfs

is extremely small, and usually it is a satisfactory approximation to obtain first
the eigenvalues and eigenfunctions of the Hamiltonian Ĥrve and then to consider
the hyperfine effects in one such particular rovibronic state characterized by the
quantum number N . That is, we neglect the interaction between the rovibronic
state under study and all other rovibronic states.

In the singlet state under study, the electronic wavefunction is Φ
(e,0,0)
elec . The

eigenfunctions of Ĥrve can be expressed as indicated by Eq. (13-217)

Φ(N,m)
rve = Φ

(e,0,0)
elec

∑

V,L,k

c
(N)
eV Lk Φ

(V,L)
vib |N, k,m〉 , (13-246)

where the sum over e is omitted since the electronic state under study is iso-
lated. When we neglect the hyperfine interactions between the rovibronic state

Φ
(N,m)
rve and all other rovibronic states, we can express the eigenfunctions of

Ĥrve + Ĥhfs in the form

Φint =
∑

I,I
c
(F )
I,I Φ(I,I,N,F,mF )

rvens (13-247)

with [see Eq. (10-98)]

Φ(I,I,N,F,mF )
rvens =

N∑

m=−N

I∑

mI=−I

(−1)N−I+mF
√

2F + 1

×
(
N I F
m mI −mF

)
Φ

(I,I,mI)
nspin Φ(N,m)

rve , (13-248)

where we have indicated that the nuclear spin function is labeled by the “in-
termediate” spin quantum numbers I. Since Ŝ = 0, we have here F̂ = N̂ +
Î.

As indicated by Eq. (13-248), we obtain the eigenvalues and eigenfunctions
of Ĥrve + Ĥhfs by diagonalizing its matrix representation in the basis set

Φ
(I,I,N,F,mF )
rvens . The matrix elements have the form

〈
Φ(I,I,N,F,mF )

rvens

∣∣∣Ĥrve + Ĥhfs

∣∣∣Φ(I′,I′,N,F,mF )
rvens

〉

= Erve δII′ δII′ +
〈

Φ(I,I,N,F,mF )
rvens

∣∣∣Ĥhfs

∣∣∣Φ(I′,I′,N,F,mF )
rvens

〉
,

(13-249)

where Erve is the eigenvalue of Ĥrve corresponding to the eigenfunction in
Eq. (13-246). The resulting matrix is block diagonal in F and mF , and the

matrix elements are independent of mF since it quantizes the projection of F̂
onto an arbitrarily chosen space fixed axis.

The microscopic form of Ĥhfs, involving the spins and angular momenta of
the individual nuclei, is indicated in Chapter 7 [see Table 7-1]. In analyses
of experimental spectra, the hyperfine effects are usually described using an
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effective Hamiltonian expressed in terms of the rovibronic angular momentum
N̂ (called Ĵ for singlet states). This Hamiltonian is the sum of three terms:

Ĥhfs = Ĥquad + Ĥnsr + Ĥnss. (13-250)

In Eq. (13-250), the term Ĥquad, that describes the quadrupole coupling, is

defined in Eq. (7-24). The term Ĥnsr that describes the interaction between
the nuclear spins and the over-all rotation of the molecule is given by

Ĥnsr =
∑

α

cα Îα · N̂. (13-251)

The parameters cα in Eq. (13-251) depend on the actual rovibronic state con-
sidered. The third term, Ĥnss, accounts for the interactions between nuclear
spins and is expressed as

Ĥnss =
∑

α<β

Sαβ

{
3

2

[(
Îα · N̂

)(
Îβ · N̂

)

+
(
Îβ · N̂

)(
Îα · N̂

)]
−
(
Îα · Îβ

)
N̂

2
}
. (13-252)

The parameters Sαβ of Ĥnss depend on the rovibronic state considered.

The matrix elements of Ĥquad between the basis functions in Eq. (13-222)

depend on the coupling constants eQq
(α)
NN for the rovibronic state in question

[see, for example, Cook and De Lucia (1971)]. Here, eQ is the quadrupole

moment of nucleus α and q
(α)
NN , which determines the expectation values of the

electric field gradient components V
(α)
ab [see Eq. (7-24)] in the rovibronic state

under study, is defined in Eq. (18) of Cook and De Lucia (1971).

In order to calculate q
(α)
NN and the parameters cα and Sαβ in Eqs. (13-251)

and (13-252), respectively, we must average the hyperfine Hamiltonian Ĥhfs

over the rovibronic wavefunction. In this calculation, it is normally a sat-
isfactory approximation to take the rovibronic wavefunction to be separable
[see Eq. (13-1)]. Thus, for calculating the matrix elements on the right hand

side of Eq. (13-249), we employ the rovibronic wavefunction Φ
(e,0,0)
elec ΦrotΦvib,

where ΦrotΦvib is the rotation-vibration wavefunction obtained when rotation-

vibration interaction is neglected. In this approximation, eQq
(α)
NN can be ob-

tained from Eq. (3) of Thaddeus, Krisher, and Loubser (1964)

eQq
(α)
NN = 2 eQ

∑

γ=x,y,z

〈
ΦvibΦ

(e,0,0)
elec

∣∣∣V (α)
γγ

∣∣∣ΦvibΦ
(e,0,0)
elec

〉〈
Φrot

∣∣∣N̂2
γ

∣∣∣Φrot

〉

(N + 1)(2N + 3)
.

(13-253)

In analyses of experimental spectra, it is customary to use the notation

χ(α)
γγ =

〈
ΦvibΦ

(e,0,0)
elec

∣∣∣V (α)
γγ

∣∣∣ΦvibΦ
(e,0,0)
elec

〉
. (13-254)
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The values of the quadrupole coupling constants χ
(α)
γγ (γ = x, y, z) are deter-

mined by fitting to experiment. An “exact” calculation of the q
(α)
NN parameters

for the molecules H2D+, HD+
2 , and D+

3 from first principles, starting from
Eq. (18) of Cook and De Lucia (1971) and using a non-separable rovibronic
wavefunction, has been carried out by Jensen, Paidarová, Vojt́ık, and Špirko
(1991).

In the approximation of a separable rovibronic wavefunction, the parameter
cα in Eq. (13-251) is obtained from Eq. (17) of Thaddeus, Krisher, and Loubser
(1964)

cα =
∑

γ=x,y,z

〈
ΦvibΦ

(e,0,0)
elec

∣∣∣M (α)
γγ

∣∣∣ΦvibΦ
(e,0,0)
elec

〉〈
Φrot

∣∣∣N̂2
γ

∣∣∣Φrot

〉

N(N + 1)
, (13-255)

The quantities
〈

ΦvibΦ
(e,0,0)
elec

∣∣∣M (α)
γγ

∣∣∣ΦvibΦ
(e,0,0)
elec

〉
are normally determined by

fitting to experimental data. The tensor elements M
(α)
γγ are given by Ramsey

(1956) [see also Eq. (1) of Jensen, Paidarová, Špirko, and Sauer (1997)]. Fi-
nally, the parameter Sαβ in Eq. (13-252) is obtained from Eqs. (9) and (10) of
Thaddeus, Krisher, and Loubser (1964)

Sαβ = 2
∑

γ=x,y,z

〈Φvib |Rγγ(αβ)|Φvib〉
〈

Φrot

∣∣∣N̂2
γ

∣∣∣Φrot

〉

(N + 1)(2N + 3)N(2N − 1)
, (13-256)

where the tensor elements Rγγ(αβ) are defined as

Rγγ(αβ) = gαgβ
µ0µ

2
N

4π

r2αβ − 3 [rα − rβ ]
2
γ

r5αβ
. (13-257)

Their matrix elements 〈Φvib |Rγγ(αβ)|Φvib〉 are determined by fitting to ex-
perimental data. In Eq. (13-257), rα and rβ are the position vectors of nuclei
α and β, respectively, in the molecule fixed axis system xyz. The quantities
[rα − rβ ]γ are the γ coordinates (γ = x, y, z) of the vector rα − rβ , and rαβ
is the length of this vector, i.e., the instantaneous value of the distance be-
tween the nuclei α and β. The nuclear g factor of nucleus α is denoted gα
[see Chapter 7]. The tensor elements Rγγ(αβ) do not depend on the electronic
coordinates so that in the evaluation of Sαβ from Eq. (13-256) the integration
over these coordinates produces the unit normalization integral of the function

Φ
(e,0,0)
elec .

In order that the matrix elements of Ĥquad or Ĥnss be nonvanishing, it follows
from angular momentum theory that the selection rules

|∆I| ≤ 2, |∆N | ≤ 2, and |∆k| ≤ 2 (13-258)

must be fulfilled, whereas the nonvanishing matrix elements of Ĥnsr satisfy

|∆I| ≤ 1, |∆N | ≤ 1, and |∆k| ≤ 1. (13-259)
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The matrix elements are most conveniently calculated by expressing the oper-
ators Ĥquad, Ĥnss, and Ĥnsr in terms of the irreducible spherical tensor oper-
ators briefly discussed in Section 10.3. The matrix elements of a Hamiltonian
expressed in this form can be derived using angular momentum theory [essen-
tially by using the Wigner-Eckart theorem] without considering the detailed
form of the basis functions [see, for example, Thaddeus, Krisher, and Loubser
(1964) and Cook and De Lucia (1971)].

The effect of Ĥhfs will be to make a rovibronic energy level [i.e., an eigenstate
of Ĥrve] split into a number of hyperfine energies, each one characterized by a
value of F . The energy splittings between these components will be extremely
small compared to a typical difference between two rovibronic energies.17 The
parity of the internal wavefunctions Φint in Eq. (13-247) is determined entirely

by the rovibronic eigenfunction Φ
(N,m)
rve in Eq. (13-246) since nuclear spin wave-

functions are unaffected by inversion. Consequently, all the wavefunctions Φint

belonging to the hyperfine components of a given rovibronic state will have the
same symmetry in the MS group. This symmetry will be Γ+

MS or Γ−
MS; these

two symmetries are allowed by the Pauli exclusion principle [see Chapter 8].

13.6.3 Ortho-para conversion

In an H2 molecule the spins of the two protons can couple to produce states
with I = 0 (para-H2) and I = 1 (ortho-H2).

18 In the electronic ground state of
H2 it follows from the Pauli exclusion principle that levels with N (=J) even
have + parity and are para levels, and levels with N (=J) odd have − parity
and are ortho levels. Since ortho and para levels have opposite parity for H2

the ortho/para nature is a conserved quantity for isolated H2 molecules in field
free space.19 However, intermolecular interactions, and collisions with the walls
of a containing vessel, put the molecule in an inhomogeneous magnetic field so
that noticeable ortho-para conversion can occur. Because of this if hydrogen
gas is maintained at a cold temperature long enough it will eventually reach
thermal equilibrium and convert to almost pure N = 0 (i.e. para) hydrogen.
In practice to obtain para hydrogen a paramagnetic ‘catalyst’ such as O2 or
active charcoal is added to hasten the process of flipping the nuclear spin [see,
for example, Farkas and Sandler (1940)].

In most polyatomic molecules it is possible that within a given vibrational
state internal states Φint having different nuclear spin symmetries, can have the
same symmetry in the MS group. When this is the case ortho and para levels
can come into resonance and be coupled significantly by Ĥhfs. This coupling

17However, see Bordé and Bordé (1982) for an exceptional case involving the SF6 molecule.
For a spherical top molecule such as SF6 nuclear hyperfine splittings can be of the same order
of magnitude as centrifugal distortion splittings; such small centrifugal distortion splittings
are called superfine splittings.

18It is conventional to call the spin state having the higher spin statistical weight the ortho
state.

19But if we consider excited electronic states then extremely weak ortho-para interactions
can occur in H2; see the Bibliographical Notes to Chapter 14.
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connects different rotational states, and we neglect this possibility in the dis-
cussion of hyperfine structure above. In the calculation of hyperfine structure
this is usually a satisfactory approximation, but it will not be satisfactory in
the circumstance we discuss here (see also Section 17.7 in which ortho and para
states of different electronic states come close in energy). Thermalization of
ortho and para states will now occur much more rapidly than in pure hydrogen
gas. Even so ortho-para mixing, and ortho-para transitions, are studied in this
situation, and methods for the separation of spin isomers have been developed;
one example is a method based on light-induced drift (LID) [for a review see
Hermans (1992)].

We use CH3F as an example. In CH3F [MS group C3v(M); see Table A-6] the
spins of the three protons (labeled 1, 2, and 3) couple according to Eqs. (13-234)

and (13-235). The quantum number I1−3 associated with Î1−3
2 can have the

value 3/2 (ortho-CH3F) and 1/2 (para-CH3F). We can use exactly the same
arguments to prove that nuclear spin functions with I1−3 = 3/2 have A1 sym-
metry in C3v(M), and nuclear spin functions with I1−3 = 1/2 have E symmetry
in C3v(M), as used above for 14NH3 in D3h(M). The one spin function of 12C
(IC = 0) and the two spin functions of 19F (IF = 1/2) are all totally symmetric
in C3v(M). The total representation generated by all 16 possible nuclear spin
functions is

Γtot
nspin = 8A1 ⊕ 4E. (13-260)

Table 13-4

The statistical weights of the rovibronic states of 12CH3F

Statistical
Γrve Γnspin Γint weight

A1 8A1;– A1;A2 8
A2 –;8A1 A1;A2 8
E 4E;4E A1;A2 8

The vibronic ground state of CH3F has A1 symmetry, and thus the symme-
try of the rovibronic states comes directly from Table 12-5. Application of the
Pauli exclusion principle leads to the result that for a given value of F there
can be both ortho and para states belonging to each of the two allowed sym-
metries A1 and A2 in C3v(M). The allowed rovibronic-state/nuclear-spin-state
combinations, and the nuclear spin statistical weights, are given in Table 13-4
for CH3F. Using these results we see that, for example, a K = 3 state (Γrve

= A1 ⊕ A2) has to be in an ortho spin state (Γns = 8A1) to give internal
states having symmetry A1 and A2, and a K = 1 state (Γrve = E) has to be
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in a para spin state (Γns = 4E) which also leads to internal states of symme-
try A1 and A2. Since the internal state symmetries are the same these ortho
and para states can be coupled by the Ĥhfs terms in the molecular Hamilto-
nian. These spin isomers can be separated in LID experiments, and the rate
of equilibration can be monitored using absorption spectroscopy [see Nagels,
Calas, Roozemond, Hermans, and Chapovsky (1996) and references therein].
For 13CH3F (see below) the ortho/para labeling of the rotational states is the
same as for 12CH3F, but the number of states is doubled because 13C has I
= 1/2. Equations (13-258) and (13-259) show that the hyperfine Hamiltonian
Ĥhfs can couple ortho and para states with different N values. The coupling
matrix elements can be derived as outlined by Curl, Kasper, and Pitzer (1967).

The mechanism for ortho-para conversion in a molecule such as CH3F, whose
ortho and para levels are coupled by Ĥhfs, was first proposed by Curl, Kasper,
and Pitzer (1967) [see also Chapovsky (1996)] and can be summarized as fol-
lows. A molecule can collide with its environment and these collisions can cause
transitions between molecular states. It is unlikely that a collision will flip the
spin and interconvert ortho and para states directly. However, a collision can
rather easily take the molecule from a pure ortho state, say, to another ortho
state that is significantly coupled with a para state by Ĥhfs. In such a coupled
state time-dependent quantum mechanics describes the molecule as oscillating
between the ortho and para components of its wavefunction. Thus, when the
molecule has a high probability of being in the para component another colli-
sion can carry it off to a pure para state. Chapovsky (1996) has termed this
process quantum relaxation.

The net effect of quantum relaxation is to transfer the molecule from a pure
ortho state to a pure para state, or vice versa. The ortho-para state pairs cou-
pled by Ĥhfs serve as “gateways” for the conversion. and the conversion rate is
critically dependent on the energy differences between the coupled ortho and
para states. In order that the small matrix elements of Ĥhfs can produce a sig-
nificant mixing, the interacting states must be very close in energy. The CH3F
molecule (and in particular the 13CH3F isotopomer) has proved a favorable case
for ortho-para conversion because it has suitable gateway states. According to
the most accurate rotation-vibration parameters currently available for 13CH3F
[Papoušek, Demaison, Wlodarczak, Pracna, Klee, and Winnewisser (1994)] the
(N = J,K) = (11,1) and (9,3) levels are separated by 130.014 MHz, and the
(21,1) and (20,3) levels are separated by 352.003 MHz. Each nucleus in 13CH3F
has zero quadrupole moment so Ĥquad vanishes. Ortho-para mixing, and ortho-
para transitions, are discussed for the ammonia molecule in Section 15.4.1, for
H+

2 in Section 17.7, and for H+
2 and methane in Section 14.1.16.

13.6.4 Combined effects of electron and nuclear spin

As indicated in Chapter 7 the hyperfine Hamiltonian Ĥhfs contains the term
Ĥnses that describes the interaction between the electron spins and the nuclear
spins. This term can be important in electronic states with S > 0. Bowater,
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Brown, and Carrington (1973) give the matrix elements associated with the
most important interactions of this type in their Eq. (31). In Chapter 17 we
briefly consider the Fermi contact interaction operator [see Eq. (17-130)] which
causes g and u electronic states to interact in H+

2 .

BIBLIOGRAPHICAL NOTES

Reduced Hamiltonians

Watson (1967, 1977). The problem of indeterminacy of the centrifugal distortion con-
stants for an asymmetric top molecule is solved by a reduction of the effective rotational
Hamiltonian.

Perevalov and Tyuterev (1982). Reduced Hamiltonians are derived for asymmetric top
molecules in the presence of accidental resonances.

Lobodenko, Sulakshina, Perevalov, and Tyuterev (1987). Reduced Hamiltonians for sym-
metric top molecules of C3v symmetry.

Tyuterev, Champion, and Pierre (1990). This paper (see also the references cited in it)
treats reduced Hamiltonians for spherical top molecules.

Teffo, Sulakshina, and Perevalov (1992). Reduced Hamiltonians for the linear molecule
CO2.

Sarka, Papoušek, Demaison, Mäder, and Harder (1997). An excellent review article treat-
ing a variety of subjects. It gives a very good explanation of the reduction technique and
presents reduced Hamiltonians for symmetric top molecules.

The variational approach

Rotation-vibration calculations based on geometrically defined vibrational coordinates are
described in the following review articles:

Carney, Sprandel, and Kern (1978).

Carter and Handy (1986).

Tennyson (1986).

Bačić and Light (1989).

Jensen (1992).

A selection of examples of rotation-vibration calculations carried out with kinetic energy
operators expressed in terms of geometrically defined vibrational coordinates is given here:

Bačić and Light (1986). The DVR-DGB method developed and applied to LiCN/LiNC
(with the CN distance fixed).

Bačić and Light (1987). The DVR-DGB method applied to HNC/HCN with all vibrational
modes included.

Tennyson and Henderson (1989), Henderson, Tennyson and Sutcliffe (1993). DVR ap-
proach applied to H+

3 .

Mladenović and Bačić (1990). The DVR-DGB approach applied to HCN/HNC.

Bentley, Wyatt, Menou, and Leforestier (1992). Vibrational energies of planar HCCH
calculated with a DVR approach.

Bačić and Zhang (1992). Variational calculation of the rovibrational energies of H+
3 .

Bramley and Handy (1993). Rovibrational energies of HCCH, HOOH, and HCNO are
calculated in a variational approach with a kinetic energy operator expressed in terms of
geometrically defined vibrational coordinates.

Tennyson (1993). The DVR approach applied to H2S, H2O, and H+
3 .
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Carter, Mills, and Handy (1993). Variational calculations of rovibrational energies in the
electronic ground state of HCN. The potential energy function is refined in least-squares
fittings of experimental data.

McNichols and Carrington (1993). Vibrational energies for H2CO calculated variationally
by means of a method for diagonalizing sparse matrices.

Tennyson (1995). A review article on the H+
3 molecular ion. Owing to the low mass of the

protons, the vibrational amplitudes in H+
3 are not small compared to the linear dimensions

of the equilateral triangular equilibrium configuration. Thus the standard theory breaks
down for this molecule, but rotation-vibration calculations based on geometrically defined
vibrational coordinates have been extremely successful.

Polyansky, Jensen, and Tennyson (1996). Refinement of the potential energy surface of
the electronic ground state of H2O in least-squares fittings to experimental data.

Partridge and Schwenke (1997). Highly accurate ab initio calculation of the potential
energy surface for the electronic ground state of H2O, combined with a variational calculation
of the rotation-vibration energies. The potential energy surface is optimized slightly in a
least-squares fitting to experimental data.

Carter, Handy, and Demaison (1997). Rovibrational energies of H2CO are calculated in
a variational approach with a kinetic energy operator expressed in terms of geometrically
defined vibrational coordinates, and the potential energy function is refined in least-squares
fittings of experimentally derived energies.

Polyansky, Zobov, Viti, Tennyson, Bernath, and Wallace (1997). Application of variational
calculations to the simulation of high-temperature spectra of water and comparison with
experiment; this theoretical work has greatly improved the understanding of the experimental
spectra coming from the laboratory and from the Sun.

The Renner effect

There is a vast literature on the Renner effect, and the following papers represent a selec-
tion.

Renner (1934). Renner uses perturbation theory to develop an effective Hamiltonian
involving the ‘Renner parameter’ ǫ, which satisfies |ǫ|<1. He uses numerical methods to cal-
culate energies E(ǫ, v, K) for intermediate and large values of ǫ assuming harmonic oscillator
bending potentials as depicted in Fig 13-6a.

Pople and Longuet-Higgins (1958). A new form of the effective Hamiltonian is formulated
from symmetry considerations of a simplified one-electron model, and this Hamiltonian is
used to interpret the electronic spectrum of NH2 obtained by Dressler and Ramsay (1959).

Pople (1960). The theory of Pople and Longuet-Higgins (1958) is extended to take into
account spin–orbit coupling.

Hougen (1962a). Expressions for the rovibronic energies of linear triatomic molecules in
2Π electronic states are derived.

Hougen (1962b). The theory of Hougen (1962a) is extended to the case of a Fermi reso-
nance.

Hougen and Jesson (1963). A short note discussing anharmonic corrections for linear
triatomic molecules exhibiting the Renner effect.

Barrow, Dixon, and Duxbury (1974). The paper discusses a model Hamiltonian which
combines the effects of large amplitude bending vibration in a bent triatomic molecule with
those arising from the Renner effect and from spin–orbit coupling.

Jungen and Merer (1976, 1980). The Renner effect treated in the formalism of Hougen,
Bunker, and Johns (1970) [see Chapter 15].

Brown (1977). An effective vibronic Hamiltonian is derived for a linear triatomic molecule
in a Π electronic state.

Duxbury and Dixon (1981). It is shown by numerical examples that the methods for
treating the Renner effect developed by Barrow, Dixon, and Duxbury (1974) and by Jungen
and Merer (1980) are equivalent.

Perić, Peyerimhoff, and Buenker (1983). A treatment of the Renner effect by diagonaliza-
tion of the matrix representation of an effective Hamiltonian.
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Brown and Jørgensen (1983). This paper reverts to Renner’s original 1934 treatment and
formulates it in such a manner that the construction of the effective Hamiltonian from the
real one becomes clear. They show that it is simple to construct the effective Hamiltonian in
a consistent and logical fashion, and indicate how further corrections can be included when
required by experiments with higher resolution. In this way Renner’s original formulation can
be applied to any of the situations depicted in Fig. 13-6. The perturbation theory approach
is developed to fourth order and spin-orbit coupling is included.

Carter and Handy (1984). A theoretical procedure based on the rotation-vibration Hamil-
tonian in Eqs. (13-138) and (13-139), which is expressed in terms of geometrically defined
vibrational coordinates. The Hamiltonian is extended to account for the effects of the elec-
tronic angular momentum, and the eigenvalues of the extended Hamiltonian are obtained in
a variational calculation.

Duxbury and Jungen (1988). An analysis of experimental data for the ã 1A1 and b̃ 1B1

electronic states of CH2, using the approach of Jungen and Merer (1980).

Jensen, Brumm, Kraemer, and Bunker (1995a). A procedure is developed for the cal-
culation of rovibronic energy levels subject to the Renner effect and spin-orbit coupling in
a triatomic molecule. The kinetic energy is set up as in the MORBID (Morse Oscillator

Rigid Bender Internal Dynamics) Hamiltonian (see Section 15.4.7) but with N̂z replaced

by N̂z−L̂z. The Hamiltonian is diagonalized in a basis that consists of products of three
types of wavefunction: (a) Vibrational stretching eigenfunctions obtained by diagonalizing
the stretching part of the full Hamiltonian in a Morse oscillator basis [see Eq. (35)], (b) Nu-
merical rigid-bender bending wavefunctions that come from the numerical diagonalization of
the bending Hamiltonian at each K value [see Eq. (34)], and (c) Electron orbital-electron
spin-rotation functions that are linear combinations of Born-Oppenheimer products of elec-
tronic orbital, and Hund’s case (b) electron spin and rotation wavefunctions [see Eqs. (28)
and (29)]. The functions (c) are obtained in a preliminary diagonalization of the electronic
motion and the z axis rotation part of the full Hamiltonian [see Eq. (27)]; the idea of forming
the basis functions (c) was suggested by Barrow, Dixon, and Duxbury (1974). The procedure
is tested by applying it to the calculation of the energy levels of the ã 1A1 and b̃ 1B1 states
of CH2 using ab initio data from Green, Handy, Knowles and Carter (1991).

Kolbuszewski, Bunker, Kraemer, Osmann, and Jensen (1996). This is a modification of
the work of Jensen, Brumm, Kraemer, and Bunker (1995a) (called JBKB) that is particu-
larly necessary for linear/quasilinear systems such as BH2 and CH+

2 . In this modification the
Hamiltonian is diagonalized in expansion functions [see Eq. (11)] that are linear combinations
of the product functions used in JBKB as a basis. The coefficients in these expansion func-
tions are the eigenvectors obtained by diagonalizing the Hamiltonian without the spin–orbit
coupling term in a limited set (in which K = N) of the product functions. The technique
is used to calculate the energy levels of the X̃ 2A1 and Ã 2B1 states of BH2, and they satis-
factorily reproduce the experimental results of Herzberg and Johns (1967);it is also used to
predict the appearance of the absorption spectrum of CH+

2 in Osmann, Bunker, Jensen, and
Kraemer (1997).

The Jahn-Teller effect

Jahn and Teller (1937).

Longuet-Higgins, Öpik, Pryce, and Sack (1958).

Miller and Bondybey (1983). This paper treats the vibronic effects in detail.

The rotational energy structure in Jahn-Teller electronic states of symmetric tops has been
discussed by:

Child and Longuet-Higgins (1961).

Child (1962, 1963).

Brown (1971).

Hougen (1980a). This paper also discusses the vibronic double groups that one would
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use in classifying double valued vibrational wavefunctions in electronic states subject to the
Jahn-Teller effect. The groups are similar to EMS groups (see Chapters 15 and 17). No use
of such double groups has yet been made in the literature.

Watson (1984). This paper also treats the rotational energy level structure in Jahn-Teller
electronic states of spherical top molecules.

Liu and Miller (1992).

The methoxy radical CH3O, which exhibits the Jahn-Teller effect in its X̃ 2E electronic
ground state, has been the subject of very many experimental studies. We give a few recent
references to this work:

Foster, Misra, Lin, Damo, Carter, and Miller (1988).
Liu, Damo, Lin, Foster, Misra, Yu, and Miller (1989).
Geers, Kappert, Temps, and Sears (1993).
Geers, Kappert, Temps, and Wiebrecht (1994).
Powers, Pushkarsky, and Miller (1997a,1997b).

The sodium trimer Na3 exhibits the Jahn-Teller effect in the ground electronic state and
in several excited electronic states. The B̃ state is the result of the vibronic coupling of a 2E′

and a 2A′
1 electronic state; these two states are very close in energy at the D3h geometry.

This is essentially a triply degenerate electronic state, but since the degeneracy is not forced
by true, i.e., MS group, symmetry (it results from the symmetry of an approximate electronic
Hamiltonian) the interaction between the 2E′ and 2A′

1 states is termed a pseudo Jahn-Teller

effect; the energy levels in the B̃ state (the lowest of these three states) involve simultaneous
rotation and pseudorotation. Some very recent papers on this molecule are listed below.
These papers, and the papers to which they refer, give the reader a good introduction to
the complexities that can occur when hyperfine structure, fine structure, large amplitude
pseudorotation, the Jahn-Teller and the pseudo Jahn-Teller effect have to be taken into
account in the analysis of a very high resolution spectrum.

Ernst and Rakowsky (1995).
Higgins, Ernst, Callegari, Reho, Lehmann, and Scoles (1996).
Mayer, Cederbaum, and Köppel (1996).
Ohashi, Tsuura, Hougen, Ernst, and Rakowsky (1997).
Vituccio, Golonzka and Ernst (1997).

Ortho-para conversion

Curl, Kasper, and Pitzer (1967). This pioneering paper suggests that equilibration of
different spin isomers takes place through molecular states mixed by spin-rotation and spin-
spin interaction.

Chapovsky (1991, 1996). A mechanism similar to that proposed by Curl, Kasper, and
Pitzer (1967) is used to predict the ortho-para conversion rates in CH3F.

Nagels, Calas, Roozemond, Hermans, and Chapovsky (1996). It is shown that by subject-
ing 13CH3F molecules to an external electric field [a Stark field, see Chapter 14], which has
the effect of changing the energy differences between the interacting ortho and para states,
large changes in the ortho-para conversion rates can be induced.

Nagels, Bakker, Hermans, and Chapovsky (1998). Experimental data on the temperature
dependence of the ortho-para conversion rate of both 12CH3F and 13CH3F are presented for
temperatures in the range 300–900 K. The results are qualitatively modeled assuming the
mixing to be due to nuclear spin-spin coupling.
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Transition Intensities and

Optical Selection Rules

The rigorous, or strict, selection rules for one-photon electric dipole tran-
sitions for an isolated molecule are derived using the symmetry labels from
the MS and K(spatial) groups. The more restrictive selection rules obtained
by making approximations are discussed, and this leads to the definition of a
forbidden transition. At the end of the chapter, magnetic dipole transitions,
electric quadrupole transitions, multiphoton processes (including the Raman ef-
fect), the Zeeman effect, and the Stark effect are briefly considered. Throughout
we use N as the rovibronic angular momentum quantum number consistently,
even for singlet states, as in Sections 10.3 and 13.6.

14.1 ELECTRIC DIPOLE TRANSITIONS

For an isolated molecule an electric dipole transition with the absorption or
emission of radiation can only occur between certain pairs of energy levels. The
restrictions defining the pairs of energy levels between which such transitions
can occur are called selection rules. We can determine rigorous, or strict, se-
lection rules on the true symmetry labels (Γint and F ) by using the MS and
K(spatial) groups. If we make appropriate approximations we can determine
much more restrictive selection rules on near quantum numbers and near sym-
metry labels. Transitions that are not allowed by these restrictive selection
rules, but that are allowed if no approximations are made (or when magnetic
dipole and electric quadrupole radiation are considered), are called forbidden
transitions.1 Forbidden transitions are usually weak and the main features of
the electromagnetic spectrum of a molecule can be understood without consid-
ering them. We derive both the rigorous (strict) selection rules and the more
restrictive selection rules obtained after making approximations. The effect of
the breakdown of the approximations in allowing forbidden transitions to occur
is explained.

1Forbidden transitions have to be distinguished from transitions that are not allowed by
the rigorous selection rules on Γint and F ; the latter are said to be strictly forbidden as
electric dipole transitions.
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14.1.1 The line strength

If a parallel monochromatic beam of electromagnetic radiation of initial in-
tensity I0(ν̃) at the wavenumber ν̃ traverses a length ℓ of a gas of absorbing
molecules with concentration2 c∗, the remaining (i.e., transmitted) intensity
Itr(ν̃) is given by the Lambert-Beer law

Itr(ν̃) = I0(ν̃) exp [−ℓc∗ǫ(ν̃)] , (14-1)

where ǫ(ν̃) is the (napierian) absorption coefficient. The transmittance τ is
defined as

τ =
Itr(ν̃)

I0(ν̃)
= exp [−ℓc∗ǫ(ν̃)] , (14-2)

and we have plotted it, for example, against wavenumber for several NCCN
isotopomers in Fig. 8-1 on page 164. If we assume the absorbing molecules to be
in thermal equilibrium at the absolute temperature T , the integrated absorption
coefficient for an electric dipole transition from an initial state with energy E′′

to a final state with energy E′ is given by [Smith, Rinsland, Fridovich, and Rao
(1985)]

I(f ← i) =

∫

Line

ǫ(ν̃)dν̃

=
8π3NAν̃if exp(−E′′/kT )[1− exp(−hcν̃if/kT )]

(4πǫ0) 3hcQ
S(f ← i), (14-3)

which depends on the Avogadro constant NA, the Boltzmann constant k, the
Planck constant h, the speed of light in vacuum c, the permittivity of vacuum
ǫ0, the wavenumber of the transition (in cm−1) ν̃if = (E′ − E′′) /hc, and the
partition function Q given by

Q =
∑

w

gw exp(−Ew/kT ). (14-4)

In Eq. (14-4), Ew is the energy and gw the total degeneracy of the state w and
the summation extends over all such states of the molecule. The line strength
S(f ← i) of an electric dipole transition is defined as

S(f ← i) =
∑

Φ′

int,Φ
′′

int

∑

A=X,Y,Z

|〈Φ′
int |µA|Φ′′

int〉|
2

(14-5)

where Φ′
int and Φ′′

int are eigenfunctions of the molecular Hamiltonian corre-
sponding to the eigenvalues E′ and E′′, respectively. In the case of degenera-
cies, that is if there is more than one eigenfunction Φ′

int (or Φ′′
int) corresponding

2Named c∗ to distinguish it from the speed of light in vacuum c.
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to the eigenvalue E′ (or E′′), we obtain the line strength by adding the indi-
vidual transition probabilities for all transitions between the degenerate states;
this is indicated by the sum over Φ′

int and Φ′′
int in Eq. (14-5). In this equation,

µA is the component of the molecular dipole moment operator along the A axis
(A = X , Y , or Z); the (X,Y, Z) axis system having origin at the molecular
center of mass and space fixed orientation (see Section 10.1.2). This operator
is given by

µA =
∑

j

ejAj (14-6)

with ej and Aj as the charge and A coordinate of the jth particle in the
molecule, where j runs over all nuclei and electrons.

For a neutral molecule the value of 〈Φ′
int |µA|Φ′′

int〉 is independent of the
origin of the axis system used for µ and, therefore, one is free to choose this
origin at one’s convenience. It is appropriate to use the nuclear center of mass
as origin (rather than the molecular center of mass) in order that we use the
(ξ, η, ζ) axis system rather than the (X,Y, Z) axis system (see Section 10.1.2).
This is done because the (ξ, η, ζ) axis system is appropriate for setting up
the rovibronic wave equation in the Born-Oppenheimer approximation (see
Section 10.1). Thus we write the line strength for a neutral molecule as

S(f ← i) =
∑

Φ′

int,Φ
′′

int

∑

A=ξ,η,ζ

|〈Φ′
int |µA|Φ′′

int〉|
2
. (14-7)

For a molecular ion the dipole moment matrix element 〈Φ′
int |µA|Φ′′

int〉 is not
independent of the choice of origin for µ, and the origin should be at the molec-
ular center of mass since this is the origin that results after separating molecular
translation. However, since the separation of the nuclear and molecular centers
of mass is very small the difference between the line strengths calculated using
Eqs. (14-5) and (14-7) for a molecular ion is negligible. However, one has to
be careful when one calculates ab initio the line strength for a molecular ion,
particularly for an otherwise symmetrical ion when it is unsymmetrically iso-
topically substituted. The effect of this center of mass shift is given in Eqs. (38)
and (39) of Jensen (1988c). Two classic examples where this is very important
are HD+ and H2D+. For HD+ the nuclear center of mass is not at the molec-
ular mid-point (as it is for H+

2 ) and it has a permanent electric dipole moment
[see Eq. (14-85)] of3 0.87 D [see Bunker (1974)]. Similarly for H2D+ the nu-
clear center of mass is displaced away from the C3 axis; H2D+ has a permanent
electric dipole moment of 0.6 D in its equilibrium configuration and a strong
rotational spectrum [see Bogey, Demuynck, Denis, Destombes, and Lemoine
(1984)]. Without this effect the dipole moment in HD+ could arise only from
the breakdown of the Born-Oppenheimer approximation, and it would be of
the order 10−3 times smaller [Bunker (1974)]. Similarly the dipole moment of
H2D+ could arise only from centrifugal distortion [see, for example, Jensen and

3Where D = debye ≈ 3.33 × 10−30 Cm.
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Špirko (1986)] and zero point vibrational effects. Unsymmetrical isotopomers
of nonpolar molecular ions such as HCCD+, CH2D+

2 , H2CCD+
2 , and H3CCD+

3

have dipole moments of 0.30, 0.34, 0.39, and 0.61 D, respectively, which are
much larger than the dipole moments of the corresponding neutral isotopomer
species (≈ 10−2 D) because of this effect.

14.1.2 Rigorous selection rules

For the integrals in Eq. (14-5) not to vanish by symmetry the product of the
symmetries of Φ

′∗
int and Φ′′

int must contain the symmetry of µA from the van-
ishing integral rule [Eq. (6-140)]. We will use the MS group and the K(spatial)
group to determine symmetry selection rules. From the definition of µA in
Eq. (14-6) we see that µA is invariant to the permutation of identical nuclei
(since identical nuclei have the same charge) and that it is changed in sign by
the inversion operation E∗ (since E∗Aj = −Aj). Thus each of the three dipole
moment components µξ, µη and µζ transforms as that one-dimensional repre-
sentation of the MS group that has character +1 under all permutations and
character −1 under all permutation inversions; we call this the electric dipole
representation Γ∗ of the MS group. The three translational coordinates Tξ, Tη
and Tζ also belong to this representation. We can classify µξ, µη and µζ in the
K(spatial) group and they transform as D(1). Thus, for the transition to be
an allowed electric dipole transition we must have

Γ′′
int ⊗ Γ′

int ⊃ Γ∗ in the MS group, (14-8)

where Γ′′
int and Γ′

int are the symmetries of Φ′′
int and Φ

′∗
int, and

D′′
int ⊗D′

int ⊃ D(1) in the K(spatial) group, (14-9)

where D′′
int and D′

int are the symmetries of Φ′′
int and Φ

′∗
int. If the inversion

operation E∗ is contained in the MS group, or if we are using the CNPI group
for classifying the molecular states, the selection rule of Eq. (14-8) can be
expressed as a condition on the parities of the wavefunctions Φint:

+↔ −, + 6↔ +, − 6↔ − (14-10)

(which means that a transition between a + and a − level can occur but a
transition between two + levels or between two − levels cannot occur). Equa-
tion (14-9) imposes the following conditions on the total angular momentum
quantum number F [see Eq. (7-47)] for the line strength not to vanish by
symmetry:

∆F = 0,±1 (F ′ + F ′′ ≥ 1). (14-11)

The equations (14-8) and (14-11) constitute rigorous (or strict) selection rules
for electric dipole transitions of an isolated molecule in field free space.
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The electric dipole representation Γ∗ is the same as the species in the MS
group of the product TzĴz for a symmetric top molecule [Hougen (1962c)], and
is the same as the species of any of the three products TaĴa, TbĴb or TcĴc for
an asymmetric top molecule [Hougen (1963)]. For a spherical top molecule Γ∗

is the same as the species of TxĴx + TyĴy + TzĴz [Hougen (1963)]. These
results follow from the considerations of the symmetry of Rα (which has the
same symmetry as Ĵα) and Tα given in Appendix 12-2.

14.1.3 Selection rules obtained after making approximations

Restrictions on the line strength are obtained by making approximations.
The approximations made are those required to obtain the separable wavefunc-

tions ΦnspinΦrotΦvibΦ
(e,S,mS)
elec given by Eq. (13-1), together with the neglect of

the dependence of the electronic transition moment on the nuclear coordinates,
the neglect of electrical anharmonicity, and the neglect of axis switching; these
three approximations are explained when they arise. As a result of these ap-
proximations selection rules are obtained that are much more restrictive than
the rigorous selection rules. These restrictions involve the nuclear and electron
spin, and the rotational, vibrational and electronic symmetries and quantum
numbers.

To implement these approximations we must write µA in the expression for
the line strength [Eq. (14-5)] in terms of the dipole moment components along
the molecule fixed (x, y, z) axes. We could make this transformation by using
direction cosine elements λαA [see Eq. (10-7)]:

µA = λxAµx + λyAµy + λzAµz, (14-12)

and this was done in Edition 1. However, it is more convenient in the determina-
tion of the selection rules on the various angular momentum quantum numbers
to transform this expression so that instead of using the Cartesian components
µA and µα (where α = x, y or z) we use the space fixed components

µ(1,±1)
s = [∓µξ − iµη] /

√
2

µ(1,0)
s = µζ , (14-13)

and the molecule fixed components

µ(1,±1)
m = [∓µx − iµy] /

√
2

µ(1,0)
m = µz . (14-14)

The quantities µ
(1,σ)
s and µ

(1,σ)
m each transform irreducibly according to the

representation D(1) of K(spatial) [see Wigner (1959), and Tinkham (1964)],
i.e., they are irreducible spherical tensor operators of rank 1 (see Section 10.3).
The transformation properties of these operators under rotations in space are
defined by the matrices D(j) (α, β, γ) (with j = 1) discussed before Eq. (7-44).
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These matrices have the elements D
(1)
mk(α, β, γ) that are related to the |1, k,m〉

functions given in Eq. (11-13). The molecule fixed axis system (x, y, z) can be
viewed as a rotated version of the space fixed axis system (ξ, η, ζ), where the
rotation that turns (ξ, η, ζ) into (x, y, z) is defined by the three Euler angles (φ,

θ, χ). Consequently, we obtain the following relation between the µ
(1,σ)
m and

the µ
(1,σ)
s [see, for example, Eq. (6.115) of Zare (1988)]

µ(1,σ)
s =

1∑

σ′=−1

[D
(1)
σσ′(φ, θ, χ)]∗µ(1,σ′)

m . (14-15)

This equation should be compared to Eq. (14-12). Equation (14-15) is a special
case of the equation

U (ω,σ)
s =

ω∑

σ′=−ω

[D
(ω)
σσ′ (φ, θ, χ)]∗U (ω,σ′)

m (14-16)

that relates the space fixed and the molecule fixed components of an irreducible
spherical tensor operator U of rank ω.

It is easily shown that in terms of the µ
(1,σ)
s matrix elements the line strength

is given by

S(f ← i) =
∑

Φ′

int,Φ
′′

int

1∑

σ=−1

∣∣∣
〈

Φ′
int

∣∣∣µ(1,σ)
s

∣∣∣Φ′′
int

〉∣∣∣
2

. (14-17)

The matrix elements entering into the line strength of Eq. (14-17) can be writ-
ten using separable wavefunctions as

〈
Φ′

nspinΦ′
rotΦ

′
vibΦ

(e′,S′,m′

S)
elec |µ(1,σ)

s |Φ′′
nspinΦ′′

rotΦ
′′
vibΦ

(e′′,S′′,m′′

S)
elec

〉
6= 0. (14-18)

The dipole moment operator is independent of the nuclear spin coordinates so
we can separate these variables in the integral and write it as

〈Φ′
nspin|Φ′′

nspin〉
〈

Φ′
rotΦ

′
vibΦ

(e′,S′,m′

S)
elec |µ(1,σ)

s |Φ′′
rotΦ

′′
vibΦ

(e′′,S′′,m′′

S)
elec

〉
6= 0. (14-19)

We insert Eq. (14-15) in Eq. (14-19), and if we take into account the facts that

[D
(1)
σσ′ (φ, θ, χ)]∗ involves only the Euler angles, and that µ

(1,σ′)
m involves only the

vibronic coordinates, then we can separate the rotational and vibronic parts in
Eq. (14-19) to give:

〈Φ′
nspin|Φ′′

nspin〉
1∑

σ′=−1

〈Φ′
rot|D

(1)∗
σσ′ |Φ′′

rot〉

×
〈

Φ′
vibΦ

(e′,S′,m′

S)
elec |µ(1,σ′)

m |Φ′′
vibΦ

(e′′,S′′,m′′

S)
elec

〉
6= 0. (14-20)
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The rotational functions Φ′
rot and Φ′′

rot are linear combinations of symmetric
top wavefunctions, i.e.,

Φ′
rot =

N ′∑

k′=−N ′

c
(N ′)
k′ |N ′, k′,m′〉 , (14-21)

with a similar equation for Φ′′
rot. For asymmetric tops the expansion coefficients

c
(N)
k are obtained as eigenvector components from the diagonalization of the

matrix representation of the asymmetric rotor Hamiltonian (see Chapter 11).
For other molecules linear combinations are formed so that the Φrot functions
transform irreducibly. Using Eq. (14-21) we can evaluate the rotational matrix
element as

〈Φ′
rot|D

(1)∗
σσ′ |Φ′′

rot〉

=

N ′∑

k′=−N ′

N ′′∑

k′′=−N ′′

c
(N ′)∗
k′ c

(N ′′)
k′′ 〈N ′, k′,m′|D(1)∗

σσ′ |N ′′, k′′,m′′〉. (14-22)

This expression can be simplified further by means of the analytical expression
[obtained, for example, from Zare (1988) using his Eq. (3.114) together with
his Eqs. (3.125), (2.28), (2.30) and (2.31); note that N ′ and N ′′ are integers]

〈N ′, k′,m′|D(ω)∗
σσ′ |N ′′, k′′,m′′〉

= (−1)k
′+m′

√
(2N ′′ + 1)(2N ′ + 1)

(
N ′′ ω N ′

k′′ σ′ −k′
)(

N ′′ ω N ′

m′′ σ −m′

)
,

(14-23)

where here ω = 1.

We can write the matrix element 〈N ′, k′,m′|U (ω,σ)
s |N ′′, k′′,m′′〉 of an arbi-

trary space fixed irreducible spherical tensor operator as

〈N ′, k′,m′|U (ω,σ)
s |N ′′, k′′,m′′〉

= (−1)N
′′−m′+ω

(
N ′′ ω N ′

m′′ σ −m′

)
〈N ′, k′ ‖ U (ω)

s ‖ N ′′, k′′〉. (14-24)

This equation is the Wigner-Eckart theorem [see, for example, Eqs. (5.14)
and (2.30) of Zare (1988)]. From Eqs. (14-16), (14-23), and (14-24), we can

express the so-called reduced matrix element 〈N ′, k′ ‖ U (ω)
s ‖ N ′′, k′′〉 as

〈N ′, k′ ‖ U (ω)
s ‖ N ′′, k′′〉

= (−1)N
′′+k′+ω

√
(2N ′′ + 1)(2N ′ + 1)

ω∑

σ′=−ω

(
N ′′ ω N ′

k′′ σ′ −k′
)
U (ω,σ′)
m .

(14-25)
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We can introduce a separate integration over the electronic coordinates in
the vibronic matrix element of Eq. (14-20) by writing
〈

Φ′
vibΦ

(e′,S′,m′

S)
elec

∣∣∣µ(1,σ′)
m

∣∣∣Φ′′
vibΦ

(e′′,S′′,m′′

S)
elec

〉
=
〈

Φ′
vib

∣∣∣µ(1,σ′)
m (e′, e′′)

∣∣∣Φ′′
vib

〉
,

(14-26)

where the electronic integrals

µ(1,σ′)
m (e′, e′′) =

〈
Φ

(e′,S′,m′

S)
elec

∣∣∣µ(1,σ′)
m

∣∣∣Φ(e′′,S′′,m′′

S)
elec

〉
, (14-27)

called the electronic transition moment functions , depend on the nuclear coor-
dinates.

By collecting the results from Eqs. (14-18)-(14-27) we obtain the following
expression for the matrix elements determining the line strength:

〈
Φ′

int

∣∣∣µ(1,σ)
s

∣∣∣Φ′′
int

〉
= 〈Φ′

nspin|Φ′′
nspin〉 (−1)m

′
√

(2N ′′ + 1)(2N ′ + 1)

×
(
N ′′ 1 N ′

m′′ σ −m′

) N ′∑

k′=−N ′

N ′′∑

k′′=−N ′′

(−1)k
′

c
(N ′)∗
k′ c

(N ′′)
k′′

×
1∑

σ′=−1

〈
Φ′

vib

∣∣∣µ(1,σ′)
m (e′, e′′)

∣∣∣Φ′′
vib

〉 ( N ′′ 1 N ′

k′′ σ′ −k′
)
. (14-28)

With this matrix element, we can derive an expression for the line strength us-
ing Eq. (14-17). The line strength is obtained as a sum of individual transition
probabilities for all transitions between the degenerate eigenstates correspond-
ing to the initial energy E′′ and the final energy E′, respectively. In the case
of a completely separable wavefunction, we are concerned with three types of
degeneracy:

1. The approximation of a completely separable wavefunction will only be
satisfactory if we can neglect the dependence of the molecular energy
on the nuclear spin functions Φ′

nspin and Φ′′
nspin. From the orthogonal-

ity of these functions it is clear that in order for the matrix element in
Eq. (14-28) to be nonvanishing we must have

Φ′
nspin = Φ′′

nspin. (14-29)

That is

∆I = 0. (14-30)

The spin functions are assumed to be normalized so that 〈Φ′′
nspin|Φ′′

nspin〉
= 1. When we consider the molecular energy to be independent of Φ′

nspin

and Φ′′
nspin both the initial and the final states of the transition will be

gns-fold degenerate, where gns is the nuclear spin statistical weight factor
discussed in Chapter 8. The summation of the transition probability over
these degenerate states will, because of Eq. (14-29), introduce a factor of
gns in the expression for the line strength.
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2. The operators Ŝ2 and ŜZ commute with µ
(1,σ′)
m . Consequently, the elec-

tronic integral µ
(1,σ′)
m (e′, e′′) in Eq. (14-27) will vanish unless S′ = S′′ and

m′
S = m′′

S. That is

∆S = 0. (14-31)

The electronic integral will be independent of m′
S = m′′

S because the
mS quantum number describes quantization along an arbitrarily chosen
space fixed direction. For the same reason the molecular energy will be
independent ofmS so that both the initial and final states of the transition
will be (2S+1)-fold degenerate. Consequently the expression for the line
strength will contain this degeneracy factor.

3. The molecular energy does not depend on the quantum numbers m′′ and
m′ [m-degeneracy]. The matrix element of Eq. (14-28), however, depends
on these quantum numbers through one of the 3j-symbols. The summa-
tion over the degeneracies in the initial and final states in Eq. (14-17) thus
involves sums over m′′ and m′. These sums can be evaluated together
with the sum over σ in Eq. (14-17) by means of the general relation

ω∑

σ=−ω

N ′′∑

m′′=−N ′′

N ′∑

m′=−N ′

(
N ′′ ω N ′

m′′ σ −m′

)2

= 1, (14-32)

where ω = 1 here. To obtain Eq. (14-32) we have used Eq. (2.32) of Zare
(1988) in conjunction with the fact that the 3j-symbols are real.

After having carried out the summations over the various degeneracies, we
obtain the final expression for the line strength

S(f ← i) = gns (2S + 1) (2N ′′ + 1)(2N ′ + 1)

×
∣∣∣∣∣

N ′∑

k′=−N ′

N ′′∑

k′′=−N ′′

c
(N ′)∗
k′ c

(N ′′)
k′′

× (−1)k
′

1∑

σ′=−1

〈
Φ′

vib

∣∣∣µ(1,σ′)
m (e′, e′′)

∣∣∣Φ′′
vib

〉 ( N ′′ 1 N ′

k′′ σ′ −k′
)∣∣∣∣∣

2

. (14-33)

This expression is valid when we take the wavefunction to be completely sep-
arable, and when we neglect the contributions to the molecular energy from
electron and nuclear spin. From the general properties of the 3j-symbol [see,
for example, Zare (1988)] in Eq. (14-33), we derive that the line strength will
vanish unless4

∆N = 0,±1 (N ′ +N ′′ ≥ 1). (14-34)

4Remember that for a singlet state N is called J .
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For an individual term in the summations of Eq. (14-33) not to vanish it must
satisfy the condition σ′ = k′ − k′′, so that the nonvanishing terms have |k′−k′′|
≤ 1. Transitions with ∆N = −1, 0, and +1 are said to belong to the P branch,
Q branch and R branch, respectively.

In obtaining Eq. (14-33), we have neglected the coupling of N̂ to Ŝ and Î

described by Eqs. (10-97) and (10-99). As a result we obtain the selection rules
on the angular momentum quantum numbers given by Eqs. (14-30), (14-31)
and (14-34), which are more restrictive than the rigorous selection rule of
Eq. (14-11).

The vibronic selection rules for completely separable wavefunctions are ob-
tained by applying the vanishing integral rule to the vibronic matrix element〈

Φ′
vib

∣∣∣µ(1,σ′)
m (e′, e′′)

∣∣∣Φ′′
vib

〉
in Eq. (14-33). For this matrix element to be non-

vanishing we must have in the MS group

Γ′′
vib ⊗ Γ′

vib ⊗ Γ′′
elec ⊗ Γ′

elec ⊃ Γ
(
µ(1,σ′)
m

)
, (14-35)

where Γ′′
vib and Γ′

vib are the respective symmetries of Φ′′
vib and Φ′

vib
∗
, Γ′′

elec

and Γ′
elec are the respective symmetries of Φ

(e′′,S′′,m′′

S)
elec and Φ

(e′,S′,m′

S)∗
elec , and

Γ
(
µ
(1,σ′)
m

)
is the symmetry of the operator µ

(1,σ′)
m . The three µ

(1,σ′)
m do not

necessarily transform irreducibly in the MS group, and in order to introduce
selection rules involving the MS group labels we use the three Cartesian com-
ponents µα; clearly the three µα generate the same representation of the MS

group as the three µ
(1,σ′)
m . From the useful result that in the MS group

Γ(µα) = Γ(Tα), (14-36)

where Tα is a translational coordinate [see Eq. (12-147)], Eq. (14-35) can be
rewritten as

Γ′′
vib ⊗ Γ′

vib ⊗ Γ′′
elec ⊗ Γ′

elec ⊃ Γ (Tα) . (14-37)

For each of the MS groups in Appendix A the species of the translational
coordinates Tα are given. In order that the line strength be nonvanishing
Eq. (14-37) must be satisfied for at least one of the α values x, y, or z. If k is a
near quantum number that we can use to label the rotational states it follows
from Eq. (14-14), and from the condition σ′ = k′ − k′′ = ∆k for the individual
terms in Eq. (14-33), that if Eq. (14-37) is satisfied for α = x or y (and not for
α = z) only transitions with ∆k = ±1 are allowed by Eq. (14-33), whereas if
Eq. (14-36) is satisfied for α = z (and not for α = x or y) then only transitions
with ∆k = 0 are allowed.

The three Cartesian components of the electronic transition moment function
[see Eq. (14-27)] are the nuclear coordinate dependent functions

µα(e′, e′′) =
〈

Φ
(e′,S′,m′

S)
elec |µα|Φ(e′′,S′′,m′′

S)
elec

〉
. (14-38)
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The symmetries of these functions in the MS group are

Γ (µα(e′, e′′)) = Γ′′
elec ⊗ Γ′

elec ⊗ Γ(µα), (14-39)

or, using the vanishing integral rule for Eq. (14-26) to be nonvanishing,

Γ′′
vib ⊗ Γ′

vib ⊃ Γ (µα(e′, e′′)) . (14-40)

Note that the vanishing integral rule is not applicable to the “partial” integral
(where the integrand depends on electronic and nuclear coordinates, but inte-
gration is only over the electronic coordinates) in Eq. (14-38), and we do not
get symmetry conditions on Γ (µα(e′, e′′)) from the fact that Eq. (14-38) should
be nonvanishing. However, in particular cases conditions can be derived from
the fact that µα(e′, e′′) depends on the internal nuclear coordinates (and on no
other coordinates). For example, for a triatomic molecule with a bent equilib-
rium structure [whose MS group will be either C2v(M) or Cs(M)] the internal
nuclear coordinates all have positive parity in that they are invariant under
the feasible operation E∗. Hence any function of these coordinates also must
be invariant under E∗. From this result, we can deduce that if the irreducible
representation Γ (µα(e′, e′′)) obtained from Eq. (14-39) has the character −1
under the operation E∗ [that is, if the representation is either A2 or B1 in
C2v(M) or A′′ in Cs(M)] then µα(e′, e′′) must necessarily vanish.

The function µα(e′, e′′) is expressed as a Taylor expansion in the normal
coordinates of one of the two electronic states involved:

µα(e′, e′′) = µ(0)
α (e′, e′′) +

∑

r

µ(r)
α (e′, e′′)Qr +

1

2

∑

r,s

µ(r,s)
α (e′, e′′)QrQs + · · · .

(14-41)

This expression is used below when we discuss further selection rules for dif-
ferent types of transitions. Evidently, the symmetry Γ (µα(e′, e′′)) of µα(e′, e′′)
provides information about the expansion coefficients in Eq. (14-41). For

example, in order that the constant term µ
(0)
α (e′, e′′) can be nonvanishing,

Γ (µα(e′, e′′)) must be the totally symmetric representation of the MS group.

The first derivative µ
(r)
α (e′, e′′) will vanish unless Γ (Qr) = Γ (µα(e′, e′′)) [where

Γ (Qr) is the symmetry of the normal coordinate Qr], the second derivative

µ
(r,s)
α (e′, e′′) will vanish unless Γ (Qr) ⊗ Γ (Qs) ⊃ Γ (µα(e′, e′′)), and so on. For

transitions between levels of different electronic states the approximation is
made of neglecting all but the first term in Eq. (14-41). For transitions within

one electronic state [that is, for Φ
(e′,S′,m′

S)
elec = Φ

(e′′,S′′,m′′

S)
elec ], the approximation

is made of neglecting all but the first two terms in Eq. (14-41); this is termed
the neglect of electrical anharmonicity, by analogy to the neglect of mechanical
anharmonicity which is the neglect of Vanh [see Eq. (13-5)].

A transition is said to be allowed if its line strength is nonvanishing when
calculated from Eq. (14-33) using the leading term of Eq. (14-41) for electronic
transitions and the first two terms for transitions within an electronic state. If
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this approximate line strength vanishes, the transition is said to be forbidden.
However, if we make fewer approximations in calculating the line strength, if
we allow for axis switching, or if we consider operators other than the electric
dipole moment for inducing transitions, many of the forbidden transitions will
acquire nonvanishing transition probability.

Before discussing the application of these ideas to electronic, vibrational and
rotational transitions we first show how the expression for the line strength
[Eq. (14-33)] is changed if we introduce interactions that spoil the approxima-
tion of a separable wavefunction. The interactions we consider are rotation-
vibration interaction, electron spin interaction and nuclear spin interaction.
These interactions enable forbidden transitions to gain intensity.

14.1.4 Rotation-vibration interaction

If we consider transitions within one electronic state, the most important
effect producing forbidden transitions is rotation-vibration interaction. As ex-
plained in Chapter 10, we have defined the molecular rovibrational coordinates
to obtain the highest possible degree of separation between the rotational and
vibrational motions [by means of the Eckart equations in Eq. (10-26)], but
a complete separation cannot be achieved. As a result of rotation-vibration

interaction, the completely separable wavefunction ΦnspinΦrotΦvibΦ
(e,S,mS)
elec is

replaced by ΦnspinΦrvΦ
(e,S,mS)
elec . The form of the rotation-vibration wavefunc-

tion Φrv can be inferred from Eq. (13-217) [since we are considering one isolated
electronic state here, the summation over e in Eq. (13-217) must be omitted]
as:

Φrv =
∑

V,L,k

c
(N)
eV Lk Φ

(V,L)
vib |N, k,m〉 . (14-42)

In obtaining the line strength from the wavefunction involving Φrv, we can
exercise all the techniques used above for the separable wavefunctions; the
matrix elements between the separable wavefunctions are now matrix elements
between basis functions, the complete wavefunction being a linear combination
of these functions. When we take into account rotation-vibration interaction,
the expression for the line strength from Eq. (14-33) is modified as follows

S(f ← i) = gns (2S + 1)

×
∣∣∣∣∣
∑

V ′,L′

∑

V ′′,L′′

N ′∑

k′=−N ′

N ′′∑

k′′=−N ′′

c
(N ′)∗
eV ′L′k′ c

(N ′′)
eV ′′L′′k′′ M

(eV ′L′N ′k′)
(eV ′′L′′N ′′k′′)

∣∣∣∣∣

2

, (14-43)

where

M
(e′V ′L′N ′k′)
(e′′V ′′L′′N ′′k′′) = (−1)N

′+N ′′+k′
√

(2N ′′ + 1)(2N ′ + 1)

×
1∑

σ′=−1

〈
Φ

(V ′,L′)
vib

∣∣∣µ(1,σ′)
m (e′, e′′)

∣∣∣Φ(V ′′,L′′)
vib

〉 ( N ′′ 1 N ′

k′′ σ′ −k′
)
. (14-44)
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This expression for the line strength leads to selection rules less restrictive
than those resulting from the simpler expression in Eq. (14-33) that was ob-
tained for separable wavefunctions. The reason is that for the line strength
in Eq. (14-33) not to vanish it is necessary that one of the three particu-

lar vibronic matrix elements
〈

Φ′
vib

∣∣∣µ(1,σ′)
m (e′, e′′)

∣∣∣Φ′′
vib

〉
, σ′ = 0, ±1, satisfy

Eq. (14-35) [or Eq. (14-37)]. For the line strength calculated from Eq. (14-43)
not to vanish it is sufficient that one of the very many vibronic matrix ele-

ments
〈

Φ
(V ′,L′)
vib

∣∣∣µ(1,σ′)
m (e′, e′′)

∣∣∣Φ(V ′′,L′′)
vib

〉
obtained by variation of σ′, (V ′, L′)

and (V ′′, L′′) satisfy conditions analogous to Eq. (14-35) or Eq. (14-37). These

conditions are not all identical because the Φ
(V,L)
vib functions entering into the

wavefunction of Eq. (13-217) do not all have the same symmetry. The func-
tion Φrv in this equation has a given symmetry Γrv, and so all the products

Φ
(V,L)
vib |N, k,m〉 will have this symmetry. However, for the factors in the prod-

uct [namely Φ
(V,L)
vib and |N, k,m〉] the only requirement is that the product of

their symmetries contain Γrv, and this condition will normally be fulfilled by
several pairs of irreducible representations. In Section 14.1.14 we discuss the
example of H+

3 where rotational transitions (i.e., transitions within one vibra-
tional state of one electronic state) are forbidden by Eq. (14-33) but permitted
by Eq. (14-43). We note that the transitions permitted by Eq. (14-43) will
satisfy Eq. (14-34), just as the transitions permitted in the approximation of
separable wavefunctions.

14.1.5 Electron spin interaction

Further relaxation of the selection rules is obtained when we allow for electron
spin interaction terms in the molecular Hamiltonian. In Chapter 13 we show

that we can take the wavefunction Φint as the product Φnspin Φ
(J,mJ )
rve when we

consider the effects of the electron spin in the molecular Hamiltonian. The

form of Φ
(J,mJ )
rve can be inferred from Eq. (13-219). In order to derive the

line strength from Eq. (14-17) for such wavefunctions, we need the matrix

element involving Φ′′
nspin Φ

(J′′,m′′

J )
rve and Φ′

nspin Φ
(J′,m′

J )
rve . A substantial advantage

of using irreducible spherical tensor operators µ
(1,σ′)
m and matrix elements D

(1)
σσ′

[Eq. (14-15)] for expressing the line strength [instead of using the molecule fixed
dipole moment components µα together with direction cosines such as λxζ , see
Eq. (14-12)] is that with irreducible spherical tensor operators, we can calculate
the desired matrix elements using the standard methods of angular momentum
theory. Here we use the Wigner-Eckart theorem [Eq. (14-24)] to rewrite the
matrix element

〈
Φ

(e′,N ′,S′,J′,k′,m′

J )
er

∣∣∣µ(1,σ)
s

∣∣∣Φ(e′′,N ′′,S′′,J′′,k′′,m′′

J )
er

〉

= (−1)J
′′−m′

J+1

(
J ′′ 1 J ′

m′′
J σ −m′

J

)
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×
〈

Φ(e′,N ′,S′,J′,k′)
er ‖ µ(1)

s ‖ Φ(e′′,N ′′,S′′,J′′,k′′)
er

〉
. (14-45)

The reduced matrix element can be rewritten using Eq. (5.72) of Zare (1988)
as

〈
Φ(e′,N ′,S′,J′,k′)

er ‖ µ(1)
s ‖ Φ(e′′,N ′′,S′′,J′′,k′′)

er

〉

= δS′S′′(−1)N
′+S′′+J′+1

√
(2J ′′ + 1)(2J ′ + 1)

{
N ′ J ′ S′

J ′′ N ′′ 1

}

×
〈

Φ(e′,N ′,S′,k′)
er ‖ µ(1)

s ‖ Φ(e′′,N ′′,S′,k′′)
er

〉
, (14-46)

where the quantity in braces is a 6j-symbol [see Eq. (10-100)]. The reduced
matrix element on the right hand side of Eq. (14-46) is like that on the left hand
side in Eq. (14-25), but here we must integrate over the electronic coordinates:

〈
Φ(e′,N ′,S′,k′)

er ‖ µ(1)
s ‖ Φ(e′′,N ′′,S′,k′′)

er

〉

= (−1)N
′′+k′+1

√
(2N ′′ + 1)(2N ′ + 1)

1∑

σ′=−1

(
N ′′ 1 N ′

k′′ σ′ −k′
)

×
〈

Φ
(e′,S′,mS)
elec

∣∣∣µ(1,σ′)
m

∣∣∣Φ(e′′,S′,mS)
elec

〉
. (14-47)

From these results the matrix elements of µ
(1,σ)
s between the wavefunctions

in Eq. (13-219) can be derived. We derive the line strength from these matrix
elements in the approximation that we neglect all nuclear spin contributions to
the energy, so that degeneracy will arise from the nuclear spin functions exactly
as before. However, the two types of degeneracy which, for the completely
separable wavefunction, were described by the mS and m quantum numbers,
are now both described by the mJ quantum number. Hence we must carry out
a summation over the nuclear spin functions (which leads to a factor of gns in
the expression for the line strength) and summations over m′′

J and m′
J . In these

latter summations, we add the squares of the 3j-symbol in Eq. (14-45). This
sum can be evaluated from Eq. (14-32) which remains valid when we replace
N , m by J , mJ . The final expression for the line strength is

S(f ← i) = gns (2J ′′ + 1)(2J ′ + 1)

×
∣∣∣∣∣
∑

S′′S′

δS′′S′ (−1)S
′

J′+S′∑

N ′=|J′−S′|

J′′+S′′∑

N ′′=|J′′−S′′|

{
N ′ J ′ S′

J ′′ N ′′ 1

}

×
∑

e′,V ′,L′

N ′∑

k′=−N ′

∑

e′′,V ′′,L′′

N ′′∑

k′′=−N ′′

M
(e′V ′L′N ′k′)
(e′′V ′′L′′N ′′k′′)

× c(J
′)∗

e′V ′L′S′N ′k′ c
(J′′)
e′′V ′′L′′S′′N ′′k′′

∣∣∣∣∣

2

, (14-48)
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Fig. 14-1. The absorption coefficient ǫ(ν̃) [Eq. (14-1)] for the fine structure components
of the NKaKc = 404 ← 413 transition in the ν2 band of X̃ 3B1 CH2, calculated theoretically
by Kozin and Jensen (1998). It is assumed that the CH2 molecules are in thermal equilibrium
at the absolute temperature T = 293 K, and that the broadening of ǫ(ν̃) is caused solely
by the Doppler effect [Thorne (1974)]. The theoretical calculation is based on the potential
energy surface of Jensen and Bunker (1988), the dipole moment functions of Bunker and
Langhoff (1983), and the spin-rotation and spin-spin interaction parameters from Kozin and
Jensen (1997). The individual fine structure transitions are labeled by J ′ ← J ′′.

where the expansion coefficients c
(J)
eV LSNk are defined in Eq. (13-219) and

the quantity M
(e′V ′L′N ′k′)
(e′′V ′′L′′N ′′k′′) is defined in Eq. (14-44). The 6j-symbol in

Eq. (14-48) vanishes unless

∆J = 0,±1 (J ′ + J ′′ ≥ 1). (14-49)

When electron spin effects are considered explicitly, this selection rule replaces
Eq. (14-34). In principle, Eqs. (14-31) and (14-34) are now meaningless because
N and S are no longer good quantum numbers. However N and S are often
near quantum numbers and Eqs. (14-31) and (14-34) will be near selection rules
labeling the more intense transitions.

For nonlinear molecules treated in a Hund’s case (b) basis, the nonzero elec-
tron spin will cause each rotation-vibration transition to split into a number
of fine structure components characterized by their values of J ′ ← J ′′. As an
example of this type of splitting we show in Fig. 14-1 the fine structure com-
ponents of the NKaKc = 404 ← 413 transition in the ν2 band of X̃ 3B1 CH2,
calculated theoretically by Kozin and Jensen (1998). It is seen from the figure
that the transitions with ∆J = ∆N are much stronger than those with ∆J 6=
∆N . This is a general phenomenon. For most rotation-vibration transitions
N ′ and N ′′ will both be larger than S and there will be 2S + 1 fine structure
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components with ∆J = ∆N . Normally, only these lines will be observed in
experimental spectra because they are much stronger than the ‘satellite lines’
with ∆J 6= ∆N .

14.1.6 Nuclear spin interaction

When the nuclear spin contributions [Ĥhfs in Eq. (7-23)] are explicitly ac-
counted for the molecular wavefunctions can be taken from Eq. (13-221), and
the expression for the line strength in terms of these wavefunctions is obtained
from the matrix element given in Eq. (37) of Bowater, Brown, and Carring-
ton (1973). The matrix element has been derived using the standard methods
of angular momentum theory as outlined above, and the result for the line
strength is

S(f ← i) = (2F ′′ + 1)(2F ′ + 1)

∣∣∣∣∣
∑

I′,I′′

δI′I′′

∑

S′,S′′

δS′S′′(−1)S
′+I′

×
F ′+I′∑

J′=|F ′−I′|

F ′′+I′′∑

J′′=|F ′′−I′′|
(−1)J

′+J′′
√

(2J ′′ + 1)(2J ′ + 1)

×
{
F ′′ J ′′ I ′

J ′ F ′ 1

} J′+S′∑

N ′=|J′−S′|

J′′+S′′∑

N ′′=|J′′−S′′|

{
J ′′ N ′′ S′

N ′ J ′ 1

}

×
∑

e′,V ′,L′

N ′∑

k′=−N ′

∑

e′′,V ′′,L′′

N ′′∑

k′′=−N ′′

M
(e′V ′L′N ′k′)
(e′′V ′′L′′N ′′k′′)

× c(F
′)∗

e′V ′L′I′J′S′N ′k′ c
(F ′′)
e′′V ′′L′′I′′J′′S′′N ′′k′′

∣∣∣∣∣

2

, (14-50)

where the expansion coefficients c
(F )
eV LIJSNk are defined in Eq. (13-221) and the

quantity M
(e′V ′L′N ′k′)
(e′′V ′′L′′N ′′k′′) is defined in Eq. (14-44). In obtaining Eq. (14-50), we

have summed over the degeneracies associated with the m′′
F and m′

F quantum
numbers. The energy does not depend on mF since it quantizes the projection
of F̂ on an arbitrarily chosen, space fixed direction. The molecular wavefunc-
tions Φ′

int and Φ′′
int used in deriving Eq. (14-50) are eigenfunctions of F̂2; they

are not eigenfunctions of N̂2, Ŝ2, Ĵ2, or Î2. Hence, in this very general approx-
imation, the line strength will satisfy the selection rule given by Eq. (14-11),
and the angular momentum quantum numbers will not be subject to any fur-
ther selection rules. It is seen directly from the first 6j-symbol of Eq. (14-50)
that Eq. (14-11) must be satisfied lest this symbol (and thus the entire line
strength) vanish.5

Equation (13-247) gives the internal wavefunction describing hyperfine ef-
fects in an isolated rovibronic level of an isolated singlet electronic state. The

5See, for example, Eqs. (4.9) and (4.10) of Zare (1988).
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wavefunction is obtained in the approximation that we can neglect hyperfine
interaction between the rovibronic state under study and all other rovibronic
states. From the expression for the internal wavefunction, we obtain the line
strengths of hyperfine transitions as [see Eq. (80) of Cook and De Lucia (1971)]

S(f ← i) =
S(f ← i)rve

gns
(2F ′′ + 1)(2F ′ + 1)

×

∣∣∣∣∣∣

∑

I′,I′

∑

I′′,I′′

δI′I′′ (−1)N
′+I′′

c
(F ′)∗
I′,I′ c

(F ′′)
I′′,I′′

{
N ′ F ′ I ′′

F ′′ N ′′ 1

}∣∣∣∣∣∣

2

. (14-51)

Here S(f ← i)rve is the line strength obtained from Eq. (14-43) in the absence
of hyperfine effects; gns is the nuclear spin statistical weight factor in this
equation.

The effect of nuclear spin is to make the rotation-vibration transition with
line strength S(f ← i)rve split into a number of hyperfine components , sub-
ject to the selection rule in Eq. (14-11). The sum of the line strengths of the
hyperfine components is the line strength S(f ← i)rve of the unsplit transi-
tion. In Fig. 14-2 we show, as an example, the hyperfine components for the
N = 15 ← 14 rotational transition in four vibrational states (the vibrational

ground state together with the ν1e5 , 2ν
2e/f
5 and 3ν

3e/f
5 states) of the 79BrCNO

molecule [Lichau, Gillies, Gillies, Winnewisser, and Winnewisser (1997)]. The
linear molecule notation used for labeling the vibrational states is analogous
to that used for NCCN in Section 8.4.2 (see also Appendix 8-1), and it will be
explained in Chapter 17. The ν5 mode for BrCNO corresponds to the BrCN
bend. The spectra are recorded with a BWO based millimeter spectrome-
ter with a free space absorption cell. This experimental technique does not
yield the transmittance Ttr [Eq. (14-2)] directly, instead the second derivative
d2Ttr/dν

2 is obtained as a function of the frequency ν. An absorption line,
which corresponds to a dip in the transmittance, thus produces a line shape
function with one central, positive lobe flanked by two smaller, negative lobes.
The hyperfine patterns are caused by the 79Br nucleus (I = 3/2) and the 14N
nucleus (I = 1), 12C and 16O both have I = 0. Their widths are typically
5 MHz ≈ c × 0.00017 cm−1. Thus the hyperfine splittings are extremely small
in comparison to typical spacings between rotational levels of, say, 10-100 cm−1,
and typical fine structure splittings of, say, 1 cm−1 (see Fig. 14-1). Figure 14-2
shows that the hyperfine patterns are strongly dependent on l, the quantum
number describing the projection of the rovibronic angular momentum on the
axis of least moment of inertia (see Chapter 17).

Above we have derived the line strengths for electric dipole transitions using
several different expressions for the molecular wavefunctions. In the crudest
approximation considered here, these wavefunctions were taken to be com-
pletely separable, and the subsequent expressions for them were obtained by
gradually relaxing the approximations. As discussed after Eq. (13-222), the
“coupling” of the various types of molecular motion spoils successively more
quantum numbers until we reach the final expression for the wavefunction given
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Fig. 14-2. The hyperfine components for the N = 15 ← 14 rotational transition of the
79BrCNO molecule in a: the vibrational ground state, b: the ν1e5 state, c: the 2ν

2e/f
5 state

and d: the 3ν
3e/f
5 state [Lichau, Gillies, Gillies, Winnewisser, and Winnewisser (1997)]. The

observed hyperfine components are labeled by their respective F ′′-values; they all have ∆F
= F ′ − F ′′ = +1. Some of the hyperfine components overlap and the corresponding peaks
are labeled by two F ′′-values. The recorded signal is proportional to d2Ttr/dν2, where ν is
the frequency and the transmittance Ttr is given by Eq. (14-2).

in Eq. (13-221). In this wavefunction, all possible types of coupling are taken
into account, and the line strength calculated from it will only be subject to the
selection rules given by Eqs. (14-8) and (14-11). In the line strength derivations
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we have neglected the effects of axis switching described below.

14.1.7 Electronic transitions

We return to discussing intensities and selection rules in the simplest possible
approximation, i.e., that of a completely separable wavefunction. Consequently,
we assume the line strength of rovibronic transitions to be given by Eq. (14-33).

When Φ
(e′,S′,m′

S)
elec 6= Φ

(e′′,S′′,m′′

S)
elec , a vibronic band will be allowed if Γ′′

vib, Γ′
vib,

Γ′′
elec and Γ′

elec satisfy Eq. (14-37). The strongest transitions of this type are
electronically allowed in that they further satisfy

Γ′
elec ⊗ Γ′′

elec ⊃ Γ(µα) = Γ(Tα) (14-52)

and

Γ′
vib = Γ′′

vib. (14-53)

These transitions are generally strong because when Eq. (14-52) is satisfied, the

constant term µ
(0)
α (e′, e′′) in Eq. (14-41) is nonvanishing. This term normally

contributes much more to the vibronic matrix elements 〈Φ′
vib |µα(e′, e′′)|Φ′′

vib〉
than the subsequent, higher-order terms depending on the normal coordinates.
The electronically allowed transitions are such that the species of the electronic
wavefunctions in the MS group6 must be connected by a translation. Further
the vibrational states involved in the transition must belong to the same sym-
metry species in the MS group. For an absorption transition from the vibronic
ground state of a molecule the vibrational ground state wavefunction is totally
symmetric so that only totally symmetric vibrations of the upper electronic
state can be excited by electronically allowed transitions.

In estimating the intensities of electronically allowed transitions we trun-

cate the expansion in Eq. (14-41) after the constant term µ
(0)
α (e′, e′′). In this

approximation, the vibronic matrix element

|〈Φ′
vib |µα(e′, e′′)|Φ′′

vib〉|
2

=
∣∣∣µ(0)

α (e′, e′′)
∣∣∣
2

|〈Φ′
vib|Φ′′

vib〉|
2

(14-54)

involves the Franck-Condon factor |〈Φ′
vib|Φ′′

vib〉|
2, which is the square of the

overlap integral between the initial and final vibrational wavefunctions. The
Franck-Condon factors give the relative intensities of the vibronic bands within
an electronic band system. This is referred to as the Franck-Condon principle.
If the equilibrium geometries of the two electronic states involved in the transi-
tion are significantly different then the Franck-Condon principle results in the
occurrence of long vibrational progressions [see, for example, Herzberg (1989)
pages 193-204, and Herzberg (1991b) pages 142-150].

6The MS group is that appropriate for the simultaneous treatment of the electronic states
under consideration.
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Electronically forbidden transitions [i.e., transitions for which Eqs. (14-52)
and (14-53) are not fulfilled] can still be vibronically allowed because they sat-
isfy Eq. (14-37). If we define Γve = Γvib ⊗ Γelec, we can reformulate Eq. (14-37)
as

Γ′
ve ⊗ Γ′′

ve ⊃ Γ(µα) = Γ(Tα), (14-55)

where α = x, y, or z. Such a vibronically allowed transition can have appre-
ciable intensity if the electronic transition moment µα(e′, e′′) depends strongly
on the nuclear coordinates, in which case the terms of first and higher order in
the normal coordinates in Eq. (14-41) will have significant magnitude.

A vibronically allowed (but electronically forbidden) transition can also ac-
quire intensity from vibronic or rovibronic interactions. If we neglect spin
effects then the internal molecular wavefunction is given by Eq. (13-217). We
consider a transition to an electronic state ei which is coupled to another elec-
tronic state ej by vibronic and/or rovibronic interactions. If we neglect the
coupling of the two states to all other electronic states we can use Eq. (13-217)
to express the internal wavefunctions as

Φ′
int = Φ′

nspin

[
Φ

(ei,S,mS)
elec

∑

Vi,Li,ki

ceiViLiki
Φ(Vi,Li,N,ki,m)

rv

+Φ
(ej ,S,mS)
elec

∑

Vj ,Lj,kj

cejVjLjkj
Φ(Vj ,Lj,N,kj,m)

rv

]

= Φ′
nspin

[
Φ

(ei,S,mS)
elec Φ(i)

rv + Φ
(ej ,S,mS)
elec Φ(j)

rv

]
, (14-56)

where the rotation-vibration wavefunctions Φ
(i)
rv and Φ

(j)
rv serve as coefficients

of the electronic wavefunctions in the expression for the internal wavefunction.

The wavefunctions Φ
(i)
rv and Φ

(j)
rv are not individually normalized but satisfy

∣∣∣
〈

Φ(i)
rv |Φ(i)

rv

〉∣∣∣
2

+
∣∣∣
〈

Φ(j)
rv |Φ(j)

rv

〉∣∣∣
2

= 1

so that Φ′
int is normalized. We consider rovibronic transitions to the interacting

ei/ej electronic states from an isolated electronic state e′′ for which the internal
wavefunctions can be written as

Φ′′
int = Φ′′

nspinΦ
(e′′,S,mS)
elec Φ′′

rv. (14-57)

The intensities of the rovibronic transitions are determined by the matrix ele-
ments

〈
Φ′

int

∣∣∣µ(1,σ)
s

∣∣∣Φ′′
int

〉
=
〈

Φ
(ei,S,mS)
elec Φ(i)

rv

∣∣∣µ(1,σ)
s

∣∣∣Φ(e′′,S,mS)
elec Φ′′

rv

〉

+
〈

Φ
(ej ,S,mS)
elec Φ(j)

rv

∣∣∣µ(1,σ)
s

∣∣∣Φ(e′′,S,mS)
elec Φ′′

rv

〉
, (14-58)

where the operator µ
(1,σ)
s is defined in Eq. (14-13) and we have used Eq. (14-29).

Each of the two matrix elements on the right hand side of Eq. (14-58) can be
determined by using the techniques leading to Eq. (14-43).
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We assume that the rovibronic states in the electronic state ei are only weakly
perturbed by those of ej ; this means that

∣∣∣
〈

Φ(i)
rv |Φ(i)

rv

〉∣∣∣
2

≫
∣∣∣
〈

Φ(j)
rv |Φ(j)

rv

〉∣∣∣
2

.

In this event, it is natural to say that the rovibronic transitions with intensities
described by Eq. (14-58) belong to the electronic transition ei ← e′′. However,
if this transition is electronically forbidden, whereas the electronic transition ej
← e′′ is electronically allowed, the dominant contribution to the intensities of
these rovibronic transitions normally originates in the second matrix element on
the right hand side of Eq. (14-58). This matrix element formally describes the
intensity of a rovibronic transition in the ej ← e′′ electronic band system, and
we say that the electronically forbidden transition ei ← e′′ steals (or borrows)
intensity from the electronically allowed transition ej ← e′′.

The effect of intensity stealing (or intensity borrowing) is often observed in
experimental spectra. When interactions are considered explicitly the internal
wavefunctions are linear combinations of many basis functions, each of which is
a completely separable wavefunction. When line strengths are calculated from
the internal wavefunctions some of the basis functions will provide nonvanish-
ing vibronic matrix elements, and some of them will not. States that provide
nonvanishing vibronic matrix elements are called bright states , those that do
not are dark states . As a result of intensity stealing (weak) transitions to states
with wavefunctions predominantly made up of dark basis states can often be
observed. In the event that the mixing of bright and dark basis states is caused
by accidental resonances (or accidental degeneracies, i.e., situations where two
zero order rovibronic energies associated with completely separable basis func-
tions happen to be close), intensity stealing can cause great irregularities in the
observed spectra.

14.1.8 Axis switching

If the equilibrium geometries of the two electronic states Φ
(e′,S′,m′

S)
elec and

Φ
(e′′,S′′,m′′

S)
elec are different then the molecule fixed (x, y, z) axes would be differ-

ently oriented in the two states for a given instantaneous nuclear arrangement.
This is because the orientation of the axes is determined by using the Eckart
conditions and the equilibrium geometry enters into these [see Eqs. (10-27)-
(10-37)]. This effect is called axis switching [Hougen and Watson (1965)]. As
a result we must choose the equilibrium configuration of one of the electronic
states as the equilibrium geometry to use in the Eckart equations in order to
define uniquely a set of (x, y, z) axes so that the Euler angles (θ, φ, χ) and the
molecule fixed dipole moment components µα [which, in turn, determine the

[D
(1)
σσ′ (φ, θ, χ)]∗ functions and the µ

(1,σ′)
m operators in Eq. (14-16)] can be un-

ambiguously determined. The rotational wavefunctions of the other electronic
state would then have to be written in terms of rotational wavefunctions that
are functions of Euler angles defined by these new axes in order that the rota-
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tional matrix elements of [D
(1)
σσ′(φ, θ, χ)]∗ involve only one set of angles. The

result of this would be that certain “extra” rotational transitions called axis
switching transitions would become allowed, and they do not obey the selection
rules on K (or Ka and Kc) that we derive below. This effect would also need to
be considered in the comparison of ab initio and experimental vibronic matrix
elements of µα. Axis switching transitions are not of common occurrence and
are generally weak.

14.1.9 The Herzberg-Teller effect

We have seen that an electronically forbidden (but vibronically allowed)
transition can gain observable intensity if the electronic transition moment
µα(e′, e′′) depends strongly on the nuclear coordinates or if the transition steals
intensity from another (electronically allowed) transition. These effects were
first discussed by Herzberg and Teller (1933), and intensities induced by the
dependence of µα(e′, e′′) on the nuclear coordinates or by intensity stealing re-
sulting from vibronic interaction [see also Sharf (Scharf) (1971), and Orlandi
and Siebrand (1972)], are said to be caused by the Herzberg-Teller effect.

The 2600 Å absorption system of benzene, studied by Callomon, Dunn, and
Mills (1966), exhibits the Herzberg-Teller effect. Figure 14-3 shows a low-
resolution spectrum of C6H6 between 37000 and 43000 cm−1. In both the up-
per and the lower electronic state of the transition, the equilibrium structure
of the benzene molecule has D6h point group symmetry, therefore the appro-
priate molecular symmetry group for describing the transition is D6h(M) [see
Table A-11]. The lower electronic state is the ground state of A1g symmetry in
D6h(M); the upper electronic state has B2u symmetry. The translational coor-
dinates of benzene have the symmetries Γ(Tx, Ty) = E1u and Γ(Tz) = A2u, so
Eq. (14-52) is not satisfied by the electronic symmetries Γ′

elec = B2u and Γ′′
elec

= A1g; the transition is electronically forbidden. However, Fig. 14-3 shows
that vibronically allowed absorption bands occur in the spectrum. The most
prominent progression of bands are labeled A in the figure; the band A0

n is a
vibronic transition from the vibrational ground state of the electronic ground
state to the (nν1 + ν6)′ vibrational state of the excited electronic state. The ν1
vibrational mode has A1g symmetry, and ν6 has E2g symmetry in both elec-
tronic states. Thus all of the bands in the A progression satisfy Eq. (14-55).
Figure 14-4 is a vibronic energy level diagram that identifies the bands labeled
in Fig. 14-3. The ν7 vibrational mode, which also gives rise to a vibronically
allowed transition, has E2g symmetry. In Fig. 14-4 we also label the transi-
tion from the v′′j νj vibrational state in the lower electronic state to the v′jνj

vibrational state in the upper electronic state using the standard notation j
v′

j

v′′

j
.

We have described two apparently different causes for the Herzberg-Teller
effect: the strong dependence of the electronic transition moment µα(e′, e′′)
on the nuclear coordinates, or an intensity stealing that results from vibronic
interaction. In fact these are simply two different ways of describing the same
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Fig. 14-3. Low-resolution spectrum of the 2600 Å absorption system of benzene [after
Callomon, Dunn, and Mills (1966)]. The vibronic band labels in the spectrum refer to
Fig. 14-4. The most prominent progression of bands (A) originates in the vibrational ground
state of the electronic ground state; the upper state of the band A0

n is the (nν1 + ν6)′

vibrational state of the excited electronic state. The energy difference between the vibrational
ground states of the two electronic states involved, T0, is marked.

physical effect, and we explain this following a line of reasoning suggested to
us by Prof. I. M. Mills. Consider initially the particular nuclear geometry in
which all normal coordinates Qr = 0; this will be the equilibrium geometry of
one of the electronic states under study. The electronic wavefunctions obtained
at this nuclear geometry (which depend on the electronic coordinates) are de-

noted Φ
(e′′,S,mS)
elec (0), Φ

(ei,S,mS)
elec (0), Φ

(ej ,S,mS)
elec (0), . . . , where the . . . indicate

other electronic states. Let one normal coordinate, Qt say, be different from
zero. In the displaced geometry we solve the electronic Schrödinger equation
by diagonalizing a matrix representation of the electronic Hamiltonian Ĥelec

in the basis set Φ
(e′′,S,mS)
elec (0), Φ

(ei,S,mS)
elec (0), Φ

(ej ,S,mS)
elec (0), . . . . The electronic

wavefunctions at the displaced geometry are expressed as linear combinations

of the basis functions, and we assume that at the displaced geometry Φ
(ei,S,mS)
elec
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Fig. 14-4. Basic vibronic energy level diagram for the 2600 Å absorption system of
benzene [after Callomon, Dunn, and Mills (1966)]. For each vibronic state we give on the
left the quantum number labels and on the right the vibronic symmetry Γve. The vibronic
transitions indicated all satisfy Eq. (14-55). The vibronic band labels refer to Fig. 14-3.

is given by

Φ
(ei,S,mS)
elec (Qr) ≈ c(i)i Φ

(ei,S,mS)
elec (0) + c

(i)
j Φ

(ej ,S,mS)
elec (0)

≈ c(i)i Φ
(ei,S,mS)
elec (0) + C

(i)
j,t Qt Φ

(ej ,S,mS)
elec (0), (14-59)

i.e., that we can neglect all contributions except those from Φ
(ei,S,mS)
elec (0) and

Φ
(ej ,S,mS)
elec (0). In Eq. (14-59) the expansion coefficient |c(i)i | ≈ 1 and |c(i)j | ≪ 1

(since we are considering a geometry only slightly displaced from that with all

Qr = 0). Further, the coefficient c
(i)
j must vanish when Qt = 0 and in a first

approximation we can take it to be proportional to Qt with the proportionality
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constant C
(i)
j,t as indicated in Eq. (14-59). For C

(i)
j,t to be nonvanishing we must

have

Γ
(i)
elec ⊗ Γ

(j)
elec ⊃ Γ(Qt), (14-60)

where Γ
(i)
elec and Γ

(j)
elec are the MS group symmetries of Φ

(ei,S,mS)
elec and Φ

(ej ,S,mS)
elec

respectively, and Γ(Qt) is the MS group symmetry of Qt. Comparison of
Eqs. (13-155) and (14-60) shows that the mixing described by Eq. (14-59) takes
place between electronic states that can be coupled by the vibronic interaction
caused by H1 in Eq. (13-150).

For simplicity we assume that the electronic wavefunction Φ
(e′′,S,mS)
elec , which

for an absorption transition would be the electronic ground state, is not appre-
ciably mixed with other electronic states at the displaced geometry so that

Φ
(e′′,S,mS)
elec (Qt) ≈ Φ

(e′′,S,mS)
elec (0). (14-61)

From the wavefunctions in Eqs. (14-59) and (14-61), we obtain the electronic
transition moment [Eq. (14-38)] at the displaced geometry as

µα(ei, e
′′) = c

(i)
i

〈
Φ

(ei,S,mS)
elec (0) |µα|Φ(e′′,S,mS)

elec (0)
〉

+ C
(i)
j,t Qt

〈
Φ

(ej ,S,mS)
elec (0) |µα|Φ(e′′,S,mS)

elec (0)
〉
, (14-62)

where the electronic integrals are calculated at the geometry with all Qr = 0.
The first matrix element on the right hand side of Eq. (14-62) vanishes because
the transition ei← e′′ is electronically forbidden, but the second matrix element
is nonvanishing. Comparison of Eqs. (14-41) and (14-62) shows that

µ(t)
α (ei, e

′′) = C
(i)
j,t

〈
Φ

(ej ,S,mS)
elec (0) |µα|Φ(e′′,S,mS)

elec (0)
〉
. (14-63)

The parameter µ
(t)
α (ei, e

′′) will have a large absolute value if |C(i)
j,t | is large.

This will be the case if displacement of the nuclei leads to strong mixing of the
electronic states, i.e., if there is strong vibronic interaction. In general, the elec-
tronic transition moment µα(e′, e′′) is strongly dependent on the nuclear coor-
dinates if there is strong vibronic interaction and vice versa. Consequently the
two apparently different causes for the Herzberg-Teller effect discussed above
are in fact two different manifestations of the same phenomenon.

Recent examples of work involving the Herzberg-Teller effect include a theo-
retical study of the resonance Raman spectrum of cyclobutene [Negri, Orlandi,
Zerbetto, and Zgierski (1995)] and an experimental and theoretical study of
an electronic spectrum of CS2 [Cossart-Magos, Horani, Jungen, and Launay
(1996)]. Rotationally resolved spectra of high overtones of the intermoiety
stretching vibration in the benzene-argon complex have been measured by
Neuhauser, Braun, Neusser and van der Avoird (1998) using the technique of
coherent ion dip spectroscopy. Herzberg-Teller coupling in the benzene chro-
mophore, induced by the ν6 vibrational mode in the excited electronic state (as
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described above), makes it possible to use the 61 level of the excited electronic
state as the upper state in the laser pumping stage of this excitation.7 In ad-
dition to the vibronic effects included in the Herzberg-Teller effect rovibronic
interaction can also cause intensity stealing and make electronically forbidden
transitions allowed.

14.1.10 The Renner effect

The Renner effect (see Section 13.4.1) is a rovibronic interaction between two
electronic states. If we name the two states ei and ej then the internal wave-
function associated with each of them can be expressed as in Eq. (14-56). For
rovibronic transitions within the two electronic states coupled by the Renner
interaction the line strength is determined by the matrix element

〈
Φ′

int

∣∣∣µ(1,σ)
s

∣∣∣Φ′′
int

〉
=
〈

Φ
(ei,S,mS)
elec Φ(i)′

rv

∣∣∣µ(1,σ)
s

∣∣∣Φ(ei,S,mS)
elec Φ(i)′′

rv

〉

+
〈

Φ
(ej ,S,mS)
elec Φ(j)′

rv

∣∣∣µ(1,σ)
s

∣∣∣Φ(ej ,S,mS)
elec Φ(j)′′

rv

〉

+
〈

Φ
(ei,S,mS)
elec Φ(i)′

rv

∣∣∣µ(1,σ)
s

∣∣∣Φ(ej ,S,mS)
elec Φ(j)′′

rv

〉

+
〈

Φ
(ej ,S,mS)
elec Φ(j)′

rv

∣∣∣µ(1,σ)
s

∣∣∣Φ(ei,S,mS)
elec Φ(i)′′

rv

〉
, (14-64)

where the operator µ
(1,σ)
s is defined in Eq. (14-13) and we have used Eq. (14-29).

In Eq. (14-64) we have added prime and double prime labels to the rotation-
vibration wavefunctions in order to identify the initial (′′) and final (′) states.
Each of the four matrix elements on the right hand side of Eq. (14-64) can be
determined by using the techniques leading to Eq. (14-43).

In connection with Eqs. (14-38) and (14-39) above we mentioned that for
a triatomic molecule a nonvanishing function µα(e′, e′′) transforms according
to the irreducible representation A1 or B2 if the MS group of the molecule is
C2v(M) (i.e., if the molecule is of type ABA), and according to A′ if the MS

group is Cs(M). We also know from Section 13.4.1 that the symmetries Γ
(i)
elec

and Γ
(j)
elec of the two electronic states coupled by the Renner effect are such that

Γ
(i)
elec ⊗ Γ

(j)
elec is B1 for C2v molecules, and A′′ for Cs molecules. The molecule

fixed axes of a triatomic molecule are normally defined with a Ir convention
(see discussion after Fig. 10-2 on page 211) so that the axis perpendicular to
the molecular plane (which is necessarily the c axis) is labeled y; the x and
z axes are in-plane. With these definitions we can use the symmetry infor-
mation summarized above to show that the five functions µx(ei, ei), µz(ei, ei),
µx(ej , ej), µz(ej , ej) and µy(ei, ej) are nonvanishing [see also Osmann, Bunker,
Jensen, and Kraemer (1997)]. If, for a C2v molecule, the molecule fixed axes
(x, y, z) are oriented as shown for the H2O molecule in Fig. 10-2, then µx(ei, ei),
µx(ej , ej) and µy(ei, ej) all have A1 symmetry whereas µz(ei, ei) and µz(ej , ej)
have B2 symmetry. For a Cs molecule all five functions have A′ symmetry.

7These authors use the notation PI(C6v) for what we call C6v(M).
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The two functions µx(ei, ei) and µz(ei, ei) determine the first matrix element
(which can be thought of as describing a rotation-vibration transition within
the ei electronic state) on the right hand side of Eq. (14-64), and the two func-
tions µx(ej , ej) and µz(ej, ej) determine the second matrix element (which can
be thought of as describing a rotation-vibration transition within the ej elec-
tronic state). The function µy(ei, ej) determines the last two matrix elements,
which can be thought of as describing rovibronic transitions between the ei and
ej states. There is obviously ample opportunity for intensity stealing between
ei ← ei, ej ← ej and ei ↔ ej transitions. The details of the Renner interac-
tion, and thus the details of the intensity stealing, are strongly dependent on
the exact structure of the bending potentials in the two interacting electronic
states (see Fig. 13-6 on page 373).

As an example we consider the ã 1A1 and b̃ 1B1 electronic states of CH2 (see
Fig. 13-7 on page 375 and Fig. 13-14 on page 399), which become degenerate
as a 1∆g state at linearity. The barrier to linearity in the ã state is close to

9000 cm−1, and that in the b̃ state is close to 1000 cm−1. Hence, the ã rovi-
bronic states significantly below the ã-state barrier are relatively unperturbed
by the Renner effect; this energy region of the ã state has been the subject of
several experimental studies (see Hartland, Qin, and Dai (1995) and references
therein). In the energy region above the ã-state barrier vibronic transitions
have also been observed, starting with the classic work of Herzberg and Johns
(1966) [see also Petek, Nesbitt, Darwin, and Moore (1987), Green, Chen, Bitto,
Guyer, and Moore (1989), and Chang, Wu, Hall, and Sears (1994)]. A sum-
mary of the data measured in this region prior to 1991 is given in Tables V-IX
of Green, Handy, Knowles, and Carter (1991). For transitions starting in the ã
vibrational ground state and ending in a state above the ã barrier to linearity,
the dominant source of intensity is the vibronic transition moment of the b̃ ←
ã transition. However, as seen in Tables VI-IX of Green, Handy, Knowles, and
Carter (1991), the experimental results include several transitions from the ã
vibrational ground state to rovibronic states with Ka > 0 which, according
to the theoretical calculations of these authors, belong predominantly to the
ã electronic state. These transitions steal intensity from the b̃ ← ã electronic
transition by means of the mechanism expressed in Eq. (14-64).

14.1.11 The Jahn-Teller effect

For a rovibronic transition within a doubly degenerate electronic state sub-
ject to the Jahn-Teller effect the intensity can be expressed in terms of the
matrix element given by Eq. (14-64) if we take ei and ej to be the two compo-
nents of the electronic state. Again, intensity stealing can take place between
the transitions within the two electronic components and the transitions con-
necting them. As mentioned above the detailed effects of Renner interaction
between electronic states will depend on the details of the Born-Oppenheimer
potential energy functions involved, and so it is impossible to give a general
description of the phenomenon. In the case of Jahn-Teller interaction, the zero
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order model is always that of the two degenerate, near-harmonic electronic
states at a high-symmetry nuclear configuration and it is easier to give a general
treatment. The intensities of rovibronic absorption transitions in Jahn-Teller
degenerate electronic states were discussed first by Child and Longuet-Higgins
(1961), and extensions of their work have been made by Scharf and Miller
(1986) and by Watson (1986).

For a doubly degenerate electronic state with MS group symmetry Γelec the
electronic matrix elements µα(ei, ei), µα(ej , ej) and µα(ei, ej) [α = x, y, z] will
transform according to the MS group representation

Γ(µ) = Γ(T)⊗ [Γelec]
2, (14-65)

where Γ(T) is a shorthand notation for the MS group symmetry spanned by
the translational coordinates (Tx, Ty, Tz), and [Γelec]

2 indicates the symmetric
product representation [see Eq. (6-119)]. Equation (14-65) is the degenerate-
electronic-state version of Eq. (14-39).

For example, if we consider a molecule with the MS group D3h(M) [Ta-
ble A-10], in an electronic state of symmetry E′ or E′′, we obtain

Γ(µ) = A1
′ ⊕A2

′ ⊕A2
′′ ⊕ 2E′ ⊕ E′′. (14-66)

Since Γ(µ) contains the totally symmetric representation A1
′, the condition for

the molecule to have a pure rotational spectrum [see Eqs. (14-84) and (14-85)]
is fulfilled. Closer inspection shows this spectrum to be caused by the dipole
moment components µx and µy, where the z axis is the C3 axis in the high-
symmetry nuclear configuration giving rise to the Jahn-Teller effect. For the
nondegenerate electronic ground state of the D3h(M) molecule H+

3 we showed
above that pure rotational transitions in the vibrational ground state can arise
because of intensity stealing from the ν2 fundamental. Such pure rotational
transitions will be extremely weak. In a degenerate electronic state, however,
a D3h(M) molecule will have a pure rotational spectrum comparable in inten-
sity with that of a normal polar molecule. That is, in the words of Scharf
and Miller (1986), the molecule possesses an anomalous permanent dipole mo-
ment. Watson (1986) points out that the rotational transitions in Jahn-Teller
states should not be regarded as forbidden transitions analogous to those in
nondegenerate electronic states. It arises from the third and fourth terms in
Eq. (14-64) and is to be interpreted as the rotational structure of a so-called
zero-frequency electronic transition.

Another interesting effect of the Jahn-Teller interaction is the occurrence of
‘Jahn-Teller enhanced’ fundamental bands. These are fundamental bands that
steal intensity from the zero-frequency electronic transition. Watson (1986) has
summarized the the symmetry conditions under which such enhanced bands can
occur:

(A) The electronic state in question must generate electronic matrix elements
µα(ei, ei), µα(ej , ej), µα(ei, ej), . . . with a degenerate MS group sym-
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metry. The corresponding symmetry condition can be expressed as

Γ(T)⊗
{

[Γelec]
2 − Γ(s)

}
⊃ Γ(s). (14-67)

(B) The normal mode νr must be Jahn-Teller active [see Eq. (13-187)], i.e.,
the MS group symmetry Γr of the normal coordinate Qr must satisfy

[Γelec]
2 − Γ(s) ⊃ Γr. (14-68)

(C) The MS group symmetry Γr of the normal coordinateQr must also satisfy

Γ(T)⊗ {Γelec}2 ⊃ Γr, (14-69)

where {Γelec}2 indicates the antisymmetric product representation [see
Eq. (6-120)].

Watson (1986) applies these conditions to various types of symmetric top and
spherical top molecules, and gives a detailed discussion of the results.

14.1.12 Vibrational transitions

When Φ
(e′,S′,m′

S)
elec = Φ

(e′′,S′′,m′′

S)
elec we can simplify Eq. (14-37) to

Γ′′
vib ⊗ Γ′

vib ⊃ Γ (µα) = Γ (Tα) . (14-70)

A vibrationally allowed transition fulfills this condition for α = x, y, or z. For
a vibrational transition Φ′

vib 6= Φ′′
vib so that Eq. (14-41) becomes an expansion

of the nuclear dipole moment in terms of its value at equilibrium and its depen-
dence on the nuclear coordinates. Even when the equilibrium dipole moment is

nonvanishing, i.e., µ
(0)
α (e′′, e′′) ≡ µ

(0)
α 6= 0, it will not contribute to the vibronic

matrix elements of Eq. (14-26) because the vibrational wavefunctions of a single
electronic state are orthogonal to each other. The most important contribution
to the vibrational matrix elements is thus expected to originate in the terms
of Eq. (14-41) linear in the normal coordinates Qr. For this contribution to be
nonvanishing we must have

〈Φ′
vib|Qr|Φ′′

vib〉 6= 0 (14-71)

and [as discussed in connection with Eq. (14-41), where we now have the addi-

tional constraint Φ
(e′,S′,m′

S)
elec = Φ

(e′′,S′′,m′′

S)
elec ]

Γ(Qr) = Γ(µα) = Γ(Tα). (14-72)

For Eq. (14-71) to be true in the harmonic oscillator approximation we have
the selection rule

∆vr = ±1, (14-73)
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where, from Eq. (14-72), the only allowed vibrational transitions are those for
which the normal coordinate transforms like a translation. For vibrational
transitions from the vibrational ground state only those vr = 1 states are
accessible (giving rise to fundamental bands in the spectrum) whose normal
coordinates transform like a translation. Since the number of normal coordi-
nates that transform like a translation differs if we make different assumptions
about the equilibrium symmetry of the molecule, we can use the observed
number of allowed fundamental bands to help us determine the equilibrium
symmetry. Electrical and mechanical anharmonicity will give rise to forbidden
transitions that do not satisfy Eq. (14-73), but Eq. (14-70) is still required.
Rotation-vibration and rovibronic interactions will make additional forbidden
transitions allowed [see Eq. (14-99)].

14.1.13 Rotational transitions

Rotational transitions will accompany the vibrational and vibronic transi-
tions just discussed. In the approximation of a completely separable wavefunc-
tion, the selection rules on the rotational quantum numbers are derived from
the product of the vibronic matrix element and the 3j-symbol in Eq. (14-33),
so that the selection rule on N is given by Eq. (14-34): ∆N = 0, ±1.

For a symmetric top molecule K (= |k|) will normally be a useful near quan-
tum number. It follows from the discussion given in connection with Eq. (14-40)
that when K can be used to label the molecular states, and Eq. (14-40) is sat-
isfied for a given value of α, then from the σ′=k′−k requirement for the 3j
symbol in Eq. (14-33) to be nonvanishing we obtain

∆K = 0 if α = z (σ′ = 0) (14-74)

and

∆K = ±1 if α = x or y (σ′ = ±1), (14-75)

with the restriction that ∆N = 0 is forbidden for K = 0← 0 [see Eq. (13-167)
and Table 12-15].

Rotation-vibration interactions caused by centrifugal distortion and Coriolis
coupling spoil K as a good quantum number for a symmetric top and hence
give rise to forbidden transitions that do not satisfy Eqs. (14-74) and (14-75).
However, the quantities grv, η and τ defined in Table 12-14 and in Eq. (12-78)
are good quantum numbers and subject to useful selection rules. When we
consider transitions within one electronic state, the respective symmetries Γ′

rv

and Γ′′
rv of the functions Φ′

rv and Φ′′
rv [Eq. (13-217)] will satisfy

Γ′
rv ⊗ Γ′′

rv ⊃ Γ∗, (14-76)

where Γ∗ is the electric dipole representation. From Eq. (14-76) we obtain the
selection rules on grv, η and τ given in Table 14-1.
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Table 14-1

Selection rules for symmetric top transitions
within one electronic state

Molecular symmetry group Selection rules

Cnv(M) (n ≥ 3) ∆grv = 0 ∆τ odd

Dnh(M) (n ≥ 3) ∆grv = 0 ∆η odd ∆τ = 0

Dnd(M) (n ≥ 3, n odd) ∆grv = 0 ∆η odd ∆τ = 0

D(n/2)d(M) (n/2 ≥ 2, n/2 even) ∆grv = n
2

+ nt ∆τ = 0

The quantum numbers grv and η are defined in Table 12-14, and τ is defined
in Eq. (12-78). We define ∆grv = g′rv − g′′rv, ∆η = η′ − η′′, and ∆τ = τ ′ − τ ′′.
t is an arbitrary integer.

If the rotational transitions within a vibrational or vibronic band of a sym-
metric top molecule satisfy Eq. (14-74) the band has a characteristic appear-
ance and is called a parallel band , whereas Eq. (14-75) leads to a perpendicular
band . As an example of a parallel band we consider the ν3 band in the elec-
tronic ground state [of A1 symmetry in C3v(M)] of CH3F shown in Fig. 14-5
[see Papoušek, Ogilvie, Civǐs, and Winnewisser (1991)]. The ν3 normal mode
describes the C-F stretching motion. The dipole moment component µz of
CH3F has A1 symmetry in C3v(M), µx and µy have E symmetry. The normal
coordinate Q3 has A1 symmetry [Eq. (13-42)]. Consequently for the ν3 band
Eq. (14-40) is satisfied for α = z, and Eq. (14-74) applies. In order to under-
stand the structure of the band we use the expressions for the rotation-vibration
energies of a prolate symmetric top given in Eqs. (13-127)-(13-133) (in which
we must set J = N). We denote by G0 and G3 the values of GV L calculated
from Eq. (13-128) for the vibrational ground state and the ν3 state of CH3F,
and we define ν̃0 = G3 − G0. Further, A0 and B0 are the A and B values for
the vibrational ground state, A3 and B3 are the corresponding values for the
ν3 state, and we define ∆A3 = A3 − A0 and ∆B3 = B3 − B0. In Eq. (13-129)
the dominant terms are those involving AV , BV , and (Aζzta,tb)V ; we neglect all
other terms here. For both the vibrational ground state and the ν3 state, the
term involving (Aζzta,tb)V vanishes because in these two vibrational states, all lr
= 0. With these definitions and approximations we can write the wavenumber
of a ν3 band transition as

ν̃ = ν̃0 + (∆A3 −∆B3) (K ′′)
2

+ ∆B3 (N ′′ + ∆N) (N ′′ + ∆N + 1)

+B0 ∆N (2N ′′ + ∆N + 1) . (14-77)

The N -value in the initial state (the vibrational ground state) is N ′′, and that
in the final state (the ν3 state) is N ′ = N ′′ + ∆N , where the allowed values
for ∆N are 0, ±1. Both the initial and the final states have the K-value
K ′′ [Eq. (14-74)]. The absolute values of the parameters ∆A3 and ∆B3 in
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Eq. (14-77) are small in comparison to B0, so for moderate values of N ′′ and
K ′′, the term involving B0 will dominate. If we neglect the terms involving
∆A3 and ∆B3, Eq. (14-77) predicts that P branch lines (∆N = −1) are found
at the wavenumbers ν̃0 − 2B0, ν̃0 − 4B0, ν̃0 − 6B0, . . . , all Q branch lines
(∆N = 0) are found at the wavenumber ν̃0, and the R branch lines (∆N
= +1) are found at the wavenumbers ν̃0 + 2B0, ν̃0 + 4B0, ν̃0 + 6B0, . . . .

Owing to the term involving (K ′′)2 in Eq. (14-77) [and to some of the terms
we have neglected in Eq. (13-129)] the transition wavenumbers will depend
weakly on K ′′. Hence the P and R branch transitions having the same value
of N ′′ but different values of K ′′ will cluster close to the positions given above,
and the Q branch transitions will cluster close to the wavenumber ν̃0. Also
the N ′′-dependent terms neglected here will cause small deviations from these
predictions. However, a parallel band of a prolate symmetric top will have P
and R branches consisting of nearly equidistantly spaced K structure , each
such structure consisting of lines with a common N ′′-value but different K ′′-
values, together with a Q branch whose transitions cluster tightly around the
wavenumber ν̃0. The P branch lines are located at wavenumbers lower than ν̃0
and the R branch lines at higher wavenumbers. The structure described here
is clearly recognized in Fig. 14-5.

Fig. 14-5. The ν3 band of CH3F [Papoušek, Ogilvie, Civǐs, and Winnewisser (1991)].
For this parallel band, ν̃0 = 1048.6 cm−1 (see text). The P, Q and R branch regions are
indicated. In the P and R branch regions, there are regular series of K structures (see text).
The spectrum also contains lines from the strong 2ν3 − ν3 and ν3 + ν6 − ν6 hot bands.

The ν6 band in the electronic ground state of CH3F [Papoušek, Tesař,
Pracna, Civǐs, Winnewisser, Belov, and Tretyakov (1991)] is an example of
a perpendicular band (Fig. 14-6). The normal coordinates (Q6a, Q6b) describe
the CH3 rocking mode. They have E symmetry in C3v(M) [Eq. (13-42)] so that
for the ν6 band Eq. (14-40) is fulfilled for α = x and y, and Eq. (14-75) applies.
In the upper vibrational state (the ν6 state) of this band l6 = ±1 and l4 = l5
= 0, and in the lower vibrational state (the vibrational ground state) all lr =
0. From the selection rule ∆grv = 0 in Table 14-1, together with Eq. (14-75)
and the definition of grv for a C3v molecule in Table 12-14, we find that for an
allowed rotation-vibration transition in the ν6 band the l6 value in the upper
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vibrational state enters into the selection rules as

l6 = K ′ −K ′′ = ∆K = ±1, (14-78)

where, as usual, K ′′ is the K-value in the initial state of the transition and K ′

the value in the final state.
Equations (13-128) and (13-130)-(13-133) show that the two ν6 states with l6

= ±1 have common values of GV L and (Aζzta,tb)V respectively, and we denote
these values by G6 and (Aζz6a,6b)6. It is left as an exercise for the reader to
show, by using Eq. (14-78) together with Eqs. (13-127)-(13-129), that in the ν6
perpendicular band the transition wavenumbers are given approximately by

ν̃ = ν̃K,∆K +B0 ∆N (2N ′′ + ∆N + 1) , (14-79)

(where ν̃K,∆K is defined below) so that the P branch lines (∆N = −1) are
found at the wavenumbers ν̃K,∆K−2B0, ν̃K,∆K−4B0, ν̃K,∆K−6B0, . . . , all Q
branch lines (∆N = 0) are found at the wavenumber ν̃K,∆K , and the R branch
lines (∆N = +1) are found at the wavenumbers ν̃K,∆K + 2B0, ν̃K,∆K + 4B0,
ν̃K,∆K + 6B0, . . . . We say that the P, Q and R branches with common values
of K and ∆K, whose individual transitions have N ′′ = K ′′, K ′′ + 1, K ′′ + 2,
. . . , form a subband . In a first approximation, the subband origin is given by

ν̃K,∆K = ν̃0 + 2
[
A0 −B0 −

(
Aζz6a,6b

)
6

]
∆KK ′′ + (A0 −B0) ∆K2, (14-80)

where ν̃0 = G6 − G0, ∆K = ±1 and K ′′ = 0, 1, 2, . . . . In a parallel band
there are also subbands, but they all have subband origins close to ν̃0 so that
they very nearly coincide. In the perpendicular band the subbands have near-
equidistantly spaced subband origins, the distance between two neighboring
origins being approximately 2[A0 − B0 − (Aζz6a,6b)6]. Consequently, in a per-
pendicular band of a symmetric top molecule the individual rotation-vibration
transitions are more spread out than in a parallel band, and the perpendicular
band makes a less ordered impression as seen in Fig. 14-6. Normally, the domi-
nating features in a perpendicular band is the series of Q branches with ∆KK ′′

= . . . , −4, −3, −2, −1, 0, 1, 2, 3, 4, . . . . A number of such Q branches can be
recognized in Fig. 14-6, they are marked by their respective values of ∆KK ′′.
The Q branches with ∆KK ′′ = −3, 0, 3 and 6 are clearly stronger than the
neighboring Q branches; this is because of the spin statistical weight factors8 of
CH3F discussed in Section 13.6.3. An unusual feature in the ν6 band of CH3F
is the fortuitous clustering of P branch lines between 1120 and 1160 cm−1. It
can be seen from the line lists of Papoušek, Tesař, Pracna, Civǐs, Winnewisser,
Belov, and Tretyakov (1991) that in this region seemingly unrelated P branch
lines cluster together forming the regular structure in Fig. 14-6.

The difference in structure between parallel bands and perpendicular bands
provides a useful diagnostic for the vibrational or vibronic states involved in

8For the K = 0 Q-branch the intensity is enhanced because of the square of 1/
√

2 that
does not occur when one calculates intensities involving K = 0 wavefunctions.
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Fig. 14-6. The ν6 band of CH3F [Papoušek, Tesař, Pracna, Civǐs, Winnewisser, Belov,
and Tretyakov (1991)]. For this perpendicular band, ν̃0 = 1182.7 cm−1 (see text). The Q
branches are marked by their values of ∆KK ′′.

a given transition, since it tells us the symmetry relationship between them
[from Eq. (14-55)]. If the transition involves a degenerate vibronic state then
selection rules on the (±l) label (see page 340) can be derived from the results in
Table 14-1 and these are useful [see Hougen (1962c), Mills (1964a) and Herzberg
(1991b), page 224]. In particular, transitions from an A vibronic state to an
E or E1 vibronic state (in which the vibronic symmetry species are connected
by the species of Tx and Ty) are such that the ∆K = +1 transitions are to the
(+l) levels and ∆K = −1 transitions are to the (−l) levels. For the example
considered here, this selection rule follows from Eq. (14-78).

For an asymmetric top molecule we can derive general selection rules on the
KaKc quantum numbers by means of the rotation group D2. To do this we
rewrite Eq. (14-12) as

µA = λaAµa + λbAµb + λcAµc, (14-81)

where A = ξ, η, ζ labels the space fixed axes, and the molecule fixed axes
are denoted a, b, c according to the convention discussed in connection with
Eqs. (11-8) and (11-9). For an asymmetric top molecule, we can write the

separable wavefunction Φint as Φnspin |NKaKc〉ΦvibΦ
(e,S,mS)
elec , where |NKaKc〉 is

an eigenfunction of the rigid asymmetric rotor. In order to calculate the line
strength from Eq. (14-5) we need the matrix element

〈Φ′
int |µA|Φ′′

int〉 = 〈Φ′
nspin|Φ′′

nspin〉
∑

α=a,b,c

〈Φ′
vib |µα(e′, e′′)|Φ′′

vib〉

×
〈
N ′

K′

aK
′

c
|λαA|N ′′

K′′

aK′′

c

〉
, (14-82)

where we have used Eq. (14-38). From the analytical form of the λαA functions
[see Eq. (10-7)] it is easy to show that λαA has Bα symmetry (α = a, b, or c;
see Table 12-16) in the rotation group D2. If we apply the vanishing integral
rule (using the irreducible representations of the group D2) to the rotational
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matrix element
〈
N ′

K′

aK
′

c
|λαA|N ′′

K′′

aK′′

c

〉
in Eq. (14-82) we derive from the results

of Table 12-16 the following general selection rules on KaKc:

∆Ka = even ∆Kc = odd if α = a,
∆Ka = odd ∆Kc = odd if α = b,
∆Ka = odd ∆Kc = even if α = c,

(14-83)

all with ∆N = 0,±1 in the case of separable wavefunctions. A rotation-
vibration band for which only 〈Φ′

vib |µa(e′, e′′)|Φ′′
vib〉, say, is nonvanishing, so

that the selection rules on KaKc are as given in Eq. (14-83) for α = a, is said
to be a Type a band (and to contain Type a transitions). Type b (or c) bands
and transitions are defined analogously. If more than one of the three vibronic
matrix elements 〈Φ′

vib |µα(e′, e′′)|Φ′′
vib〉 are nonvanishing we speak about a hy-

brid band . If, for the states concerned, the molecule is a near prolate rotor
(i.e., Ka is a useful near quantum number) then ∆Ka = even (or odd) can be
replaced by ∆Ka = 0 (or ±1); for a near oblate rotor similar remarks apply to
∆Kc. Transitions obeying Eq. (14-83) but not obeying these more restrictive
selection rules on ∆Ka or ∆Kc, as appropriate, can also be called forbidden.
For spherical top molecules we just have ∆N = 0,±1 as the rotational selection
rule when the wavefunction is separable.

Pure rotational transitions (in which the vibronic state does not change,

i.e., Φ′
vib = Φ′′

vib and Φ
(e′,S′,m′

S)
elec = Φ

(e′′,S′′,m′′

S)
elec ) can occur with the rotational

selection rules given above if the vibronic state is such that [for Eq. (14-26) to
be nonvanishing]

Γve ⊗ Γve ⊃ Γ(µα) = Γ(Tα). (14-84)

For a nondegenerate vibronic state Eq. (14-84) is satisfied only if Γ(Tα) is the
totally symmetric representation of the MS group. If Eq. (14-84) is satisfied
the molecule can have a nonvanishing permanent dipole moment given by

〈Φvib |µα(e, e)|Φvib〉 = µ(0)
α , (14-85)

where α = x, y, or z. Note that the diagonal matrix element of µ
(1,σ)
s in the

complete wavefunction Φint must vanish for a nondegenerate Φint state since

µ
(1,σ)
s only has nonvanishing matrix elements between states of opposite parity.

In a symmetric top molecule of Cnv symmetry the translational coordinate Tz
is totally symmetric so that such molecules can have a nonvanishing perma-
nent dipole moment in the z direction. In these circumstances pure rotational
transitions are allowed with selection rules ∆K = 0,∆N = 0,±1 in the case of
separable wavefunctions. For an asymmetric top the selection rules on Ka and
Kc depend on the direction of the permanent dipole moment [i.e., on the values
of α in Eq. (14-84)]. If the direction of the permanent dipole moment is along
an axis that is not a principal inertial axis then allowed hybrid transitions occur
with selection rules given by two, or all three, of Eq. (14-83) depending on the
projection of that axis direction on the a, b and c axes. If none of the Tα are
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totally symmetric in the MS group, for a given molecule, then nondegenerate
vibronic states cannot have a permanent dipole moment and pure rotational
transitions are forbidden within such vibronic states.

14.1.14 An example: The forbidden rotational spectrum of H+
3

The molecular ion H+
3 has an equilateral triangular equilibrium structure,

and its MS group is D3h(M) (Table A-10). In Fig. 14-7 we show an H+
3 molecule

at equilibrium together with the xyz molecule fixed axis system. The x and y
axes are in the plane defined by the three nuclei, and the z axis is perpendicular
to this plane so that the (x, y, z) axes form a right-handed axis system. We
consider here rotation-vibration transitions of H+

3 within the 1A1
′ electronic

ground state. The translational coordinates Tx and Ty transform together
as species E′ of D3h(M), and the translational coordinate Tz transforms as
A2

′′. Since none of the Tα transform as the totally symmetric species A1
′ the

molecule has no permanent dipole moment and the pure rotational spectrum
is forbidden. However, rotation-vibration interaction can give intensity to such
forbidden rotational transitions in this nonpolar molecule.

Before introducing the effect of the rotation-vibration interaction let us try
to calculate the line strength of a rotational transition in H+

3 from Eq. (14-33).
The H+

3 ion has two normal vibrational modes, ν1 of A1
′ symmetry and ν2

of E′ symmetry in D3h(M). We denote the separable rotation-vibration wave-
functions of H+

3 as |v1, v2, l2;N, k,m〉, and the vibrational wavefunctions as
|v1, v2, l2〉. Rotational transitions within the vibronic ground state of H+

3 , i.e.,
transitions |v1, v2, l2;N, k,m〉 = |0, 0, 0;N ′, k′,m′〉 ← |0, 0, 0;N ′′, k′′,m′′〉, sat-
isfy ∆N = N ′ − N ′′ = 0, ±1 [Eq. (14-34)], and it is further seen from Ta-
bles 12-14 (page 295) and 14-1 (page 445) that they must satisfy the selection
rules ∆k = k′ − k′′ = ±3, ±9, ±15, . . . . However, if we try to calculate the
line strength for such rotational transitions in the approximation of a com-
pletely separable wavefunction [i.e., from Eq. (14-33)], we discover that the
line strength vanishes because it is dependent on the two vibronic integrals
〈0, 0, 0 |µx(e′′, e′′)| 0, 0, 0〉 and 〈0, 0, 0 |µy(e′′, e′′)| 0, 0, 0〉, which are the diagonal
matrix elements of the electronic integrals µx(e′′, e′′) and µy(e′′, e′′) [compo-
nents of the ground state dipole moment function, see Eq. (14-38)] with the
vibrational function |v1, v2, l2〉 = |0, 0, 0〉. These two matrix elements vanish
because they do not satisfy Eq. (14-40): the vibrational function |0, 0, 0〉 has
A1

′ symmetry so we have Γ′′
vib = Γ′

vib = A1
′ and thus Γ′′

vib ⊗ Γ′
vib = A1

′, but
Γ (µx(e′′, e′′), µy(e′′, e′′)) = E′.

For H+
3 the vibronic matrix elements 〈0, 0, 0 |µα(e′′, e′′)| 0, 1,±1〉, α = x or y,

satisfy Eq. (14-40) since the functions |v1, v2, l2〉 = |0, 1,±1〉 transform accord-
ing to the E′ irreducible representation of D3h(M). Hence, rotation-vibration
transitions in the ν2 fundamental band are allowed in the approximation of a
completely separable wavefunction. It follows from Tables 12-14 and 14-1 that
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Fig. 14-7. The equilibrium structure and the defini-
tion of the molecule fixed axis system for an H+

3 molecule.

H3

H2 H1

the two types of transitions in the ν2 band,

|0, 1, 1;N ′, k′′ + 1,m′′〉 ← |0, 0, 0;N ′′, k′′,m′′〉 (14-86)

and

|0, 1,−1;N ′, k′′ + 2,m′′〉 ← |0, 0, 0;N ′′, k′′ + 3,m′′〉 (14-87)

are allowed if ∆N = 0, ±1. From Table 12-14 we see that each of the two
completely separable wavefunctions

|0, 1,−1;N ′′, k′′ + 2,m′′〉 and |0, 0, 0;N ′′, k′′,m′′〉

belong to the same irreducible representation in D3h(M), and so do

|0, 1, 1;N ′, k′′ + 1,m′′〉 and |0, 0, 0;N ′, k′′ + 3,m′′〉 .

Thus, when we diagonalize a matrix representation of the rotation-vibration
Hamiltonian in the basis set |v1, v2, l2;N, k,m〉 as indicated by Eq. (13-217),
in order include rotation-vibration interaction, each of these two basis function
pairs will be mixed. Detailed examination shows that for H+

3 the mixing is
caused by the centrifugal distortion terms given in Eq. (13-6).

The interaction is very weak since the difference between the zero order
energies is approximately equal to the vibrational energy of the ν2 state, and
so we can expect that the rotation-vibration problem will have a solution with
the following dominant contributions

|Φ′′
rv〉 = c′′0 |0, 0, 0;N ′′, k′′,m′′〉

+ c′′2 |0, 1,−1;N ′′, k′′ + 2,m′′〉+ . . . , (14-88)

where |c′′0 | ≈ 1 and |c′′2 | ≪ 1. Similarly, there will be another solution essentially
given by

|Φ′
rv〉 = c′0 |0, 0, 0;N ′, k′′ + 3,m′′〉

+ c′2 |0, 1, 1;N ′, k′′ + 1,m′′〉+ . . . . (14-89)
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where |c′0| ≈ 1 and |c′2| ≪ 1. Both of the rotation-vibration wavefunctions
|Φ′′

rv〉 and |Φ′
rv〉 can obviously be labeled as belonging to the vibrational ground

state, since the basis functions with the dominant contribution to the wave-
functions have v1 = v2 = 0. The point is, however, that when we take into
account rotation-vibration interaction we obtain contributions to the wavefunc-
tions from basis functions belonging to other vibrational states, such as the ν2
state considered here. This has the consequence that when we calculate the
line strength for the transition |Φ′

rv〉 ← |Φ′′
rv〉 (we have already checked above

that this transition satisfies the selection rules given in Table 14-1) with the
wavefunctions of Eqs. (14-88) and (14-89), we determine the rotation-vibration

matrix element
〈

Φ′
rv

∣∣∣µ(1,σ)
s

∣∣∣Φ′′
rv

〉
entering into the line strength of Eq. (14-17)

to have the following dominant contributions
〈

Φ′
rv

∣∣∣µ(1,σ)
s

∣∣∣Φ′′
rv

〉

= (c′0)
∗
c′′2

〈
0, 0, 0;N ′, k′′ + 3,m′′

∣∣∣µ(1,σ)
s

∣∣∣ 0, 1,−1;N ′′, k′′ + 2,m′′
〉

+ (c′2)
∗
c′′0

〈
0, 1, 1;N ′, k′′ + 1,m′′

∣∣∣µ(1,σ)
s

∣∣∣ 0, 0, 0;N ′′, k′′,m′′
〉

+ . . . . (14-90)

The two matrix elements on the right hand side of Eq. (14-90) are nonvanish-
ing because they determine the intensities of the allowed transitions given in
Eq. (14-86) and (14-87).

We describe the transition |Φ′
rv〉 ← |Φ′′

rv〉 discussed here as a rotational tran-
sition with k = k′′ + 3 ← k′′ in the vibronic ground state of H+

3 . In Fig. 14-8,
we show schematically the interactions giving rise to the intensity stealing that
gives this transition a nonvanishing intensity. We see that if we attempt to cal-
culate the line strength of such a transition in the approximation of a completely
separable wavefunction the line strength vanishes. However, if we use the less
approximate rotation-vibration wavefunctions of Eqs. (14-88) and (14-89) the
line strength acquires a nonvanishing contribution given by Eq. (14-90) for
N ′ −N ′′ = 0, ±1. The resulting intensity will be very small because |c′′2 | ≪ 1
and |c′2| ≪ 1. The rotational spectrum in the vibronic ground state of H+

3 thus
consists of forbidden transitions obeying the selection rule k′−k′′ = ±3 (in the
above example, we consider a transition with k′−k′′ = 3, but by interchanging
the k values in the initial and final states we can easily produce one with k′−k′′
= −3), whose intensities are induced by rotation-vibration interaction. This is
an example of intensity stealing caused by rotation-vibration interaction. The
pure rotational spectrum of H+

3 steals intensity from the ν2 fundamental band.
So far, these transitions have not been observed.

As a further example of intensity stealing caused by rotation-vibration in-
teraction, we show in Fig. 14-9a the ν1 band of diazirine H2

12C14N2 and
in Fig. 14-9b the corresponding spectral region for H2

12C15N2 [Winnewisser,
Gambi, and Winnewisser (1994)]. In H2

12C15N2, anharmonic resonances (see
page 330) between the ν1 state and the ν2 + ν3 and 2ν7 + ν3 states cause
three bands of nearly equal intensity. This type of intensity stealing occurs
frequently in high-vibrational overtone spectroscopy. An interesting example
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+2

+3N’,k"0,0,0,

0,0,0, N",k"

N’,k"+10,1,+1,

0,1, 1, N",k"

Fig. 14-8. Schematic interaction diagram for an H+
3 molecule showing the mechanism

leading to nonvanishing intensities for rotational transitions in the vibrational ground state.
The basis states shown in the left and right hand columns are labeled by v1, v2, l2, N, k.
These basis states interact as indicated by the dotted lines to produce the molecular eigen-
states shown in the middle column. Solid arrows indicate transitions between the eigenstates
whose line strengths are nonvanishing when calculated in the approximation of a completely
separable wavefunction. The forbidden rotational transition in the vibrational ground state,
which steals intensity from the two ν2 transitions, is shown as a dashed arrow.

is given for methanol CH3OH by Lubich, Boyarkin, Settle, Perry, and Rizzo
(1995) [see also the comment on this work by Mills (1995)].

Watson (1971b) has shown that rotation-vibration interaction caused by cen-
trifugal distortion can produce a dipole moment, and hence a pure rotation
spectrum, in the ground vibronic state of any nonpolar molecule belonging to
one of several point groups without a center of symmetry, including D3h, Dn,
D2d and Td [see also Dorney and Watson (1972)]. The forbidden rotational
spectrum of methane CH4 is an an important example for which the forbidden
transitions have been observed. The forbidden transitions satisfy Eq. (14-76)
[see, for example, Hougen (1976)].

We have used H+
3 as an example of rotation-vibration intensity stealing be-

cause it has only one fundamental transition from which the rotational transi-
tions can steal intensity. In a larger molecule there could be several vibrational
modes of the appropriate symmetry, and the rotational transitions would steal
intensity from all the corresponding fundamental transitions. It should be
noted, however, that because H+

3 is very light, its vibrational amplitudes are
so large that the rotation-vibration motion is poorly described by the har-
monic oscillator-rigid rotor model employed here. Accurate calculations of the
rotation-vibration energies and intensities for H+

3 require more sophisticated
models (see Section 13.2.5). Such models have been used by Jensen and Špirko
(1986) and by Miller, Tennyson, and Sutcliffe (1990) to calculate the intensities
of the forbidden rotational transitions discussed above. The two calculations



454 14. Transition Intensities

Fig. 14-9. a: The ν1 band of diazirine H2
12C14N2 and b: the corresponding spectral

region for H2
12C15N2 [Winnewisser, Gambi, and Winnewisser (1994)].

produce similar results.

14.1.15 The effective dipole moment operator

We review the calculation of rotation and rotation-vibration intensities using
the contact transformation technique described in Section 13.2.4. For more
details we refer the reader to the review article by Aliev and Watson (1985),
who base their calculation of the line strength on Eq. (14-5) (i.e., they do
not transform to irreducible spherical tensor operators as we do here). The

intensities of rotation-vibration transitions within one electronic state Φ
(e,S,mS)
elec

are determined by the matrix elements

〈
Φ′

rvΦ
(e,S,mS)
elec |µA|Φ(e,S,mS)

elec Φ′′
rv

〉
= 〈Φ′

rv |µA(e, e)|Φ′′
rv〉 , (14-91)

where the wavefunctions Φ′
rv and Φ′′

rv are given by Eq. (13-217), and

µA(e, e) =
〈

Φ
(e,S,mS)
elec |µA|Φ(e,S,mS)

elec

〉
=

∑

α=x,y,z

λαAµα(e, e). (14-92)

Here we use Eq. (14-12) to express the space fixed dipole moment component
µA in terms of the molecule fixed components µα(e, e) defined in Eq. (14-38).
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Using Eq. (13-120) to express the rotation-vibration wavefunctions Φ′
rv and Φ′′

rv

we obtain

〈Φ′
rv |µA(e, e)|Φ′′

rv〉 =
〈
e−iŜΦ(V ′,L′,N ′,k′,m′)

rv |µA(e, e)| e−iŜΦ(V ′′,L′′,N ′′,k′′,m′′)
rv

〉

=
〈

Φ(V ′,L′,N ′,k′,m′)
rv

∣∣∣eiŜµA(e, e)e−iŜ
∣∣∣Φ(V ′′,L′′,N ′′,k′′,m′′)

rv

〉
.

(14-93)

That is, we can formally calculate the matrix element in Eq. (14-91) as the ma-

trix element between two completely separable basis functions Φ
(V ′,L′,N ′,k′,m′)
rv

and Φ
(V ′′,L′′,N ′′,k′′,m′′)
rv of the effective dipole moment operator

µ̃A(e, e) = eiŜµA(e, e)e−iŜ , (14-94)

which is obtained from the “untransformed” dipole moment operator µA(e, e)
by exactly the same transformation that was applied to the rotation-vibration
Hamiltonian in Eq. (13-110). The operator µ̃A(e, e) is given by an expression
analogous to Eqs. (13-115)-(13-117):

µ̃A(e, e) = µA(e, e) + i
[
Ŝ, µA(e, e)

]
− 1

2

[
Ŝ,
[
Ŝ, µA(e, e)

]]
+ . . . . (14-95)

We do not discuss the derivation of µ̃A(e, e) in detail. We only note that this
operator is obtained as a sum of terms, each term being a constant coefficient
multiplied by powers of the normal coordinates Qr, their conjugate momenta
P̂r, the direction cosine matrix elements λαA and the angular momentum com-
ponents (N̂x, N̂y, N̂z). That is, we can expand µ̃A(e, e) in a manner analogous
to Eq. (13-121):

µ̃A(e, e) =

∞∑

m=0

∞∑

n=1

µ̃A(e, e)mn (14-96)

where we can write the operator µ̃A(e, e)mn symbolically as

µ̃A(e, e)mn =
(
Qr, P̂r

)m (
λαA, N̂α

)n
, (14-97)

so that µ̃A(e, e)mn contains all terms of degree m in the vibrational operators
[Qr or P̂r; r = 1, 2, 3, . . . ] and of degree n in the rotational operators [λαA or
N̂α; α = x, y, or z, and A = ξ, η, ζ].

In Eq. (14-90) we give the matrix elements determining the intensities of the
forbidden rotational transitions in the vibrational ground state of H+

3 . In the
effective dipole moment theory just outlined, these intensities are determined by

the matrix elements between Φ
(V,L,N ′,k′,m′)
rv and Φ

(V,L,N ′′,k′′,m′′)
rv of the operator

µ̃A(e, e)03 =
1

2

∑

α,β,γ=x,y,z

Θαβ
γ

(
N̂αN̂βλγA + λγAN̂βN̂α

)
, (14-98)
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where the coefficients Θαβ
γ are given by Eq. (136) of Aliev and Watson (1985). A

detailed treatment of forbidden transitions in X3 molecules, using the effective
dipole moment operator formalism, is given by Aliev and Mikhailov (1984) [see
also Pan and Oka (1986)].

14.1.16 Electric dipole transitions: Summary

The strongest vibronic transitions are expected to be those that are elec-
tronically allowed so that they satisfy Eqs. (14-52) and (14-53). The strongest
vibrational transitions within one electronic state are expected to be the fun-
damental bands which satisfy Eqs. (14-72) and (14-73). For symmetric top
molecules the strongest rotational lines accompanying these transitions will
satisfy Eqs. (14-74) and (14-75) so that they have |∆K| ≤ 1, and for an asym-
metric top the rotational lines will satisfy Eq. (14-83) (with ‘odd’ = ±1 and
‘even’ = 0). The strongest pure rotational transitions will occur within vi-
bronic states that satisfy Eq. (14-84) with rotational selection rules as given by
Eqs. (14-74) and (14-75) for symmetric tops and Eq. (14-83) for asymmetric
tops (with ‘odd’ = ±1 and ‘even’ = 0). All transitions that do not satisfy these
selection rules are called forbidden transitions.

Vibronic interactions and the dependence of the electronic transition mo-
ment on the nuclear coordinates give rise to forbidden electronic transitions
that do not satisfy Eq. (14-52) but which still satisfy Eq. (14-55). Mechanical
and electrical anharmonicity give rise to vibrational transitions that do not sat-
isfy Eqs. (14-71)-(14-73) but which satisfy Eq. (14-70), and rotation-vibration
interaction and axis-switching spoil the selection rules of Eqs. (14-74), (14-75),
and (14-83), although Eq. (14-76) must be satisfied [rotation-vibration inter-
action can also give rise to forbidden rotational transitions within a vibronic
state for which Eq. (14-84) is not satisfied]. Rovibronic interaction and inter-
action involving the electron spin, such as electron spin–orbit coupling, relax
the rovibronic selection rule to

Γ′
rve ⊗ Γ′′

rve ⊃ Γ∗ (14-99)

where Γrve = Γelec ⊗ Γrv. Finally nuclear spin interaction relaxes the selec-
tion rules completely to those of Eqs. (14-8) and (14-11) when ortho-para type
transitions become allowed. Ortho-para transitions in methane have been ob-
served by Ozier, Yi, Khosla, and Ramsey (1970) [see the Bibliographical Notes
at the end of the chapter]. Forbidden transitions are particularly important in
circumstances in which their occurrence allows otherwise inaccessible energy
level separations in a molecule to be determined [as, for example, in the deter-
mination of A0 from the infrared spectrum of a symmetric top molecule; Olson
(1972), Sarka (1976)]. Except in the case of resonances (when the interaction
spoiling the selection rules is between levels that are close lying in energy)
forbidden transitions are much weaker than allowed transitions.

Centrosymmetric molecules merit special attention. For a centrosymmetric
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molecule the species of the translations Tα are always u since the operation9

Ôi inverts the vibronic coordinates in the molecule fixed axis system. Thus
allowed vibrational or vibronic transitions must obey the selection rule u ↔ g.
The rotational levels within a g (u) vibronic state are all of g (u) symmetry
since the rotational wavefunctions must all be of g symmetry. The irreducible
representation Γ∗ spanned by each of the space fixed electric dipole moment
components µA, where A = ξ, η or ζ, must be u (Ôi is a permutation-inversion
operation and must reverse µA), and consequently no rotational transitions
within any vibronic state of a centrosymmetric molecule can occur as a result of
rotation-vibration or rovibronic interactions. Electron spin functions in either a
case (a) or case (b) basis must be of g species so that spin–orbit coupling cannot
induce rotational transitions. Only interactions involving the nuclear spins can
induce pure rotational transitions to occur in a centrosymmetric molecule. Such
transitions will be ortho-para type transitions, and the presence of identical
nuclei with nonzero spin is required. These forbidden transitions are most
likely to be observed in one of a pair of close lying electronic states if one is of g
symmetry and the other of u symmetry, when a magnetic interaction between
the nuclear spins and the electrons (from Ĥnso + Ĥnses in Table 7-1) mixes
levels and spoils the g/u classification. In Section 17.7 we discuss electronic
g/u mixing (or, equivalently, ortho-para mixing) in H+

2 in more detail.

In molecules that are not centrosymmetric, but which do not have a perma-
nent dipole moment, rotation-vibration or rovibronic interactions can give rise
to an allowed rotational spectrum as long as Eq. (14-76) or (14-99) is obeyed.
The forbidden rotational spectrum of CH4 is caused by rotation-vibration inter-
actions and Eq. (14-76) is satisfied by the observed transitions. The forbidden
rotational spectrum of HD is caused by rovibronic interaction and Eq. (14-99)
is satisfied by the observed transitions [see, for example, Bunker (1973)].

If we neglect electrical and mechanical anharmonicity only ∆vr = 1 transi-
tions are allowed. However, with modern experimental techniques it is possible
to detect transitions with high values of ∆vr; values of ∆vr = 5 and more are
not uncommon. The study of such vibrational transitions, vibrational over-
tone spectroscopy, is of great interest. The observed transitions mostly involve
high excitation of H-stretch vibrations [i.e., the stretching of bonds between
hydrogen atoms and other atoms in the molecule]. These vibrations have large
amplitudes (because the H nucleus is light) so that electrical and mechanical
anharmonicity become significant; the corresponding overtone transitions have
relatively high intensity.

Highly excited vibrational states, such as those accessed in vibrational over-
tone spectroscopy, are of particular interest because of their relevance to the un-
derstanding of bond breaking and chemical transformation. When a molecule
has a small amount of vibrational energy this energy is delocalized through-
out the molecule, and the normal mode picture is appropriate. As we “warm
the molecule up” to chemically significant energies, and give it more and more
vibrational energy, the energy becomes localized in the weakest bond which

9See Eq. (4-7) for the definition of Ôi.
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eventually breaks. The normal mode picture is not appropriate at such high
levels of vibrational excitation. Using a stationary state (time-independent)
picture we would say that at high energies the vibrational states consist of a
mixture of many harmonic oscillator (normal mode) basis states. However, to
link the study of highly excited vibrational states with chemical transforma-
tions we need to use a time-dependent picture. This is where the concept of
internal vibrational redistribution (IVR) enters. We picture IVR as the process
whereby vibrational excitation initially localized in one, or a set, of normal
modes, or alternatively in one, or a set, of bonds (neither situation being a
stationary state) redistributes itself with the passage of time. Often the initial
state is a zero order bright state produced by pulsed laser excitation. Because
of its relevance to chemistry the study of IVR is a large field. It is clear that
it is mainly through the use of the experimental and theoretical techniques of
high resolution spectroscopy that we will be able to understand IVR to the
extent necessary to predict and manipulate it.

In the Bibliographical Notes we give examples of work on vibrational overtone
spectroscopy, highly excited vibrational states, and IVR.

14.2 MAGNETIC DIPOLE AND ELECTRIC QUADRUPOLE
TRANSITIONS

A transition between the states Φ′
int and Φ′′

int can occur with the (weak)
absorption or emission of electromagnetic radiation even if the electric dipole
line strength [Eq. (14-5)] is zero as long as the matrix element of the magnetic
dipole moment operator or electric quadrupole moment operator is nonvan-
ishing (higher multipole transitions are possible but have not been observed).
In general magnetic dipole and electric quadrupole transition probabilities are
about 10−5 and 10−8, respectively, of electric dipole transition probabilities.
Such transitions are called forbidden since they are forbidden as electric dipole
transitions.

The transition probability of a magnetic dipole transition from an initial
state with the energy E′′ to a final state with the energy E′ involves matrix
elements 〈Φ′

int|dA|Φ′′
int〉 of the space fixed magnetic dipole moment components

dA, where A = ξ, η, ζ. The integrated absorption coefficient for a magnetic
dipole transition is obtained from Eq. (14-3) by changing c to c3 in the denom-
inator, and µA to dA in the expression for the line strength [see, for example,
Eqs. (8) and (13) in Section 54 of Condon and Shortley (1963) which are expres-
sions for the transition probabilities; these are proportional to the integrated
absorption coefficients.10]. Thus for the states Φ′

int and Φ′′
int to be connected

10Equation (14-101) below is in SI units. In older texts (including Edition 1) the mixed
(or Gaussian) system of units is used, and in that system electromagnetic units (emu) are
used for magnetic quantities. In emu a ‘c’ appears in the denominator of the expression
for the magnetic dipole moment. Condon and Shortley (1963) use emu for the magnetic
dipole moment [see Eq. (9) of Section 44], and this is why we require this extra c2 factor in
the denominator for the integrated absorption coefficient of a magnetic dipole transition in
relation to their expressions.
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by magnetic dipole radiation we must have

〈Φ′
int|dA|Φ′′

int〉 6= 0 (14-100)

for at least one of the A values ξ, η, or ζ. The ζ component of the magnetic
dipole moment operator is given by

dζ =
∑

j

ej
2mj

(l̂jζ + gj ŝjζ), (14-101)

where l̂jζ is the ζ component of the orbital angular momentum of particle j
given by

l̂jζ = −iℏ
(
ξj

∂

∂ηj
− ηj

∂

∂ξj

)
, (14-102)

and ŝjζ (= Îjζ for a nucleus) is the ζ component of the spin angular momentum
of particle j. The ξ and η components of the magnetic dipole moment operator
can be obtained from Eqs. (14-101) and (14-102) by cyclic permutation of the
symbols ξ, η and ζ. For each electron gj = g ≈ 2 [see, for example, Moss
(1973)]. The magnetic dipole moment operator can be expressed in terms of

the angular momenta N̂, Ŝ and Î. In their treatment of the Zeeman effect (see
below) Bowater, Brown, and Carrington (1973) use a magnetic dipole moment
operator consistent with the expression

d̂ = −gµBŜ + µB glŜ− µB grN̂ + gN µN Î, (14-103)

where µB is the Bohr magneton, µN is the nuclear magneton, and gN is a
nuclear g-factor [see, for example, Moss (1973)]. In Eq. (14-103), the operator

triples d̂, Ŝ, N̂, and Î are to be understood as three-component column vectors,
and gl and gr are 3 × 3 matrices with elements depending on the electronic
and vibrational coordinates.

We can calculate the matrix elements of dA [Eq. (14-100)] using exactly the
same techniques as we employed for the matrix elements of the electric dipole
moment components µA above. The three components of d̂ span the irreducible
representation D(1) in K(spatial), and we can transform them into space fixed
irreducible spherical tensor operators by means of the expression used for the
electric dipole moment components in Eq. (14-13):

d(1,±1)
s = [∓dξ − idη] /

√
2

d(1,0)s = dζ . (14-104)

The molecule fixed irreducible spherical tensor operators d
(1,σ)
m are obtained

from equations similar to Eq. (14-14), and the operators d
(1,σ)
s and d

(1,σ)
m will

satisfy Eq. (14-15) with µ replaced by d. Hence, in calculating the transition
probabilities of magnetic dipole transitions we can proceed exactly as described
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for electric dipole transitions in Eqs. (14-18)-(14-50). However, the magnetic
dipole moment operators differ from the electric dipole moment operators in
one important respect: they depend explicitly on the electron and nuclear spins
[Eq. (14-103)]. Hence there is no purpose in evaluating the transition proba-
bilities of magnetic dipole transitions in the approximation of a completely
separable wavefunction where the effects of the electron and nuclear spins are
neglected. If we take into account the contributions to d̂ from electron and
nuclear spin the transition probabilities must be derived in terms of the fully
coupled wavefunctions given by Eq. (13-221), and the result will be an ex-
pression which is analogous to, but [because of the four individual terms in
Eq. (14-103)] considerably lengthier than, Eq. (14-50). This expression can be
obtained from Eqs. (34)-(36) of Bowater, Brown, and Carrington (1973). It

contains vibronic matrix elements of the molecule fixed components of d̂, and
these matrix elements can be analyzed in terms of the vanishing integral rule.

The operator dA is invariant to any operation of the MS group (it transforms
like ĴA) and so for fully coupled wavefunctions the rigorous magnetic dipole
transition selection rules derived from the MS group are

Γ′
int ⊗ Γ′′

int ⊃ Γ(s). (14-105)

If the inversion operation E∗ is contained in the MS group, or if we are using
the CNPI group for classifying the molecular states, this can be expressed as a
condition on the parities of the initial and final wavefunctions as

+↔ +, − ↔ −, and + 6↔ −. (14-106)

As mentioned above, the operator triple d̂ transforms as D(1) in K(spatial) so
the selection rule on F is

∆F = 0,±1 (F ′ = 0 6↔ F ′′ = 0). (14-107)

As a result of the fact that the masses of the particles occur in Eq. (14-101)
we see that the terms involving the orbital and spin magnetic moments of
the electrons will be about 103 times larger than the terms involving the or-
bital and spin magnetic moments of the nuclei. Magnetic dipole transitions
involving a reorientation of the electron orbital or spin magnetic moment have
been known for a long time [see, for example, Herzberg (1946), Herzberg and
Herzberg (1947), Babcock and Herzberg (1948), Arpigny (1966), Brown, Cole,
and Honey (1972), and Zink and Mizushima (1987)]. For such transitions, we

can neglect the contribution to d̂ from the nuclear spin and obtain the transi-
tion probabilities in terms of the wavefunctions given by Eq. (13-219); in this
case we obtain a result analogous to Eq. (14-48). Again, the vibronic matrix
elements can be analyzed in terms of the vanishing integral rule. Magnetic
dipole rotation-vibration transitions can provide useful information that com-
plements the information obtained from the electric dipole rotation-vibration
spectrum of a molecule. Such transitions, belonging to the fundamental band
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of O2, have been identified in stratospheric spectra [Dang-Nhu, Zander, Gold-
man, and Rinsland (1990)]. Note that NMR transitions are magnetic dipole
transitions driven by nuclear spin magnetic moments.

Allowed electric quadrupole transitions involve the matrix element of the
electric quadrupole moment of the molecule. The electric quadrupole moment
components associated with the space fixed axes ξ, η, or ζ are given by

QAB =
∑

j

e2j
(
AjBj − δAB

[
ξ2j + η2j + ζ2j

]
/3
)

(14-108)

where A, B = ξ, η, or ζ, Aj (Bj) is the A (B) coordinate of particle j, and j runs
over all nuclei and electrons. Obviously, QAB is unchanged by the permutation
of nuclei (since identical nuclei have the same charge) and by the inversion
which takes Aj and Bj into −Aj and −Bj , respectively. That is, QAB belongs
to the totally symmetric irreducible representation Γ(s) in the MS group. From
the nine QAB components we can form the following nine irreducible spherical
tensor operators:

Q(0,0)
s = − 1√

3
[Qξξ +Qηη +Qζζ ] , (14-109)

Q(1,±1)
s =

1

2
[−Qξζ +Qζξ ∓ i (Qηζ −Qζη)] , (14-110)

Q(1,0)
s =

1√
2
i [Qξη −Qηξ] , (14-111)

Q(2,±2)
s =

1

2
[Qξξ −Qηη ± i (Qξη +Qηξ)] , (14-112)

Q(2,±1)
s =

1

2
[∓ (Qξζ +Qζξ)− i (Qηζ +Qζη)] , (14-113)

Q(2,0)
s =

1√
6

[2Qζζ −Qξξ −Qηη] . (14-114)

However it is easy to show from Eq. (14-108) that the Q tensor is traceless, i.e.,

Qξξ + Qηη + Qζζ = 0, so that the operator Q
(0,0)
s in Eq. (14-109) vanishes.

Further, for A 6= B we have from Eq. (14-108) that QAB = QBA, and therefore

the operators Q
(1,σ)
s (σ = 0, ±1) in Eqs. (14-110)-(14-111) vanish. Only the

operators Q
(2,σ)
s (σ = 0, ±1, ±2) in Eqs. (14-112)-(14-114) are nonzero, and

they transform as D(2) in K(spatial). From the transformation properties of
the QAB components in the MS group and in K(spatial) we derive the following
rigorous selection rules for allowed electric quadrupole transitions

Γ′
int ⊗ Γ′′

int ⊃ Γ(s), i.e., +↔ +, − ↔ −, and + 6↔ −, (14-115)

and from Eq. (7-45)

∆F = 0,±1,±2 (F ′ + F ′′ ≥ 2). (14-116)



462 14. Transition Intensities

From Eq. (7) of Section 64 of Condon and Shortley (1963), the expression
for the integrated absorption coefficient of an electric quadrupole transition is
given by Eq. (14-3) where we replace 8π3NAν̃if by 4π5NAν̃

3
if in the numerator,

and 3 by 5 in the denominator; we also replace µA by QAB (and introduce a
double sum over A and B) in the expression for the linestrength [Eq. (14-5)].

The selection rules are obtained by introducing in irreducible spherical tensor
notation a quantity analogous to the line strength given in Eq. (14-17):

P (f ← i) =
∑

Φ′

int,Φ
′′

int

2∑

σ=−2

∣∣∣
〈

Φ′
int

∣∣∣Q(2,σ)
s

∣∣∣Φ′′
int

〉∣∣∣
2

, (14-117)

where the operators Q
(2,σ)
s are given by Eqs. (14-112)-(14-114). We form

molecule fixed irreducible spherical tensor operatorsQ
(2,σ)
m by replacing (ξ, η, ζ)

by (x, y, z) on the right hand sides in Eqs. (14-112)-(14-114). The two sets of

operators Q
(2,σ)
s (σ = 0, ±1, ±2) and operators Q

(2,σ′)
m (σ′ = 0, ±1, ±2) will

satisfy Eq. (14-16) for ω = 2. The matrix elements entering into Eq. (14-117)
can be derived using exactly the same techniques as we employ for electric
dipole moment intensities. For example, in the approximation of a completely
separable wavefunction we obtain a result virtually identical to Eq. (14-33):

P (f ← i) = gns (2S + 1) (2N ′′ + 1)(2N ′ + 1)

×
∣∣∣∣∣

N ′∑

k′=−N ′

N ′′∑

k′′=−N ′′

c
(N ′)∗
k′ c

(N ′′)
k′′

× (−1)k
′

2∑

σ′=−2

〈
Φ′

vib

∣∣∣Q(2,σ′)
m (e′, e′′)

∣∣∣Φ′′
vib

〉 ( N ′′ 2 N ′

k′′ σ′ −k′
)∣∣∣∣∣

2

,

(14-118)

where the vibronic matrix elements are defined by analogy with the definitions
for electric dipole transitions. From the properties of the 3j-symbol we derive
that the transition probability will vanish unless

∆N = 0,±1,±2 (N ′ +N ′′ ≥ 2). (14-119)

Transitions with ∆N = −1, 0 and +1 said to belong to the P branch, Q
branch and R branch, respectively, exactly as for electric dipole transitions.
The additional transitions allowed here with ∆N = −2 and +2 are called O
branch transitions and S branch transitions, respectively. Further vibronic
selection rules (and selection rules on k determined from the condition σ′ = k′

− k′′) can be obtained by analyzing the vibronic matrix elements in terms of the
vanishing integral rule. In this analysis, we can use the fact that the molecule
fixed components of the electric quadruple moment Qβγ (where β, γ = x, y, z)
belong to the same irreducible representation of the MS group as the electric
polarizability component αβγ [see Eq. (14-138) that follows] and these species
are given in the character tables in Appendix A. Thus electric quadrupole
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transitions occur between vibronic states whose species are connected by the
species of a component of the electric polarizability tensor.

The most famous example of an electric quadrupole rotation-vibration spec-
trum is that of the hydrogen molecule [Herzberg (1949, 1950)]; the S(0) [N =
J = 2 ← 0] line of the v = 1 ← 0 fundamental is shown here in Fig 16-2 on
page 578. Reid, Sinclair, Robinson, and McKellar (1981) made the the first ob-
servation of quadrupole rotation-vibration transitions in a molecule other than
hydrogen; they measured the electric quadrupole S(5) [N = 7 ← 5] and S(7)
[N = 9 ← 7] transitions in the v = 1 ← 0 band of 16O2. Electric quadrupole
transitions in the v = 1 ← 0 band of atmospheric N2 have been observed by
Camy-Peyret, Flaud, Delbouille, Roland, Brault, and Testerman (1981), and
by Goldman, Reid, and Rothman (1981), and of laboratory N2 by Reuter,
Jennings, and Brault (1986).

14.3 MULTIPHOTON PROCESSES AND THE RAMAN EFFECT

The selection rules for multiphoton processes, such as occur in Raman scat-
tering, can be obtained by expressing the intensity of the multiphoton process
as the sum of products of one-photon electric dipole matrix elements. For ex-
ample, a two-photon transition from a state i to a state f can take place only
if there exists some third state j such that both transitions j ← i and f ← j
are electric dipole allowed. If states i and f are such that there are no states j
for which both j ← i and f ← j are electric dipole allowed then the transition
f ← i is forbidden as a two-photon process. The strict selection rules [obtained
from the strict one-photon selection rules of Eqs. (14-8)-(14-11)] are that the
transition between the states Φ′′

int and Φ′
int is forbidden as an n-photon electric

dipole transition unless

Γ′
int ⊗ Γ′′

int ⊃ [Γ∗]n (14-120)

and11

∆F = 0,±1,±2, . . . ,±n. (14-121)

Since

[Γ∗]n = Γ(s) if n is even (14-122)

and

[Γ∗]n = Γ∗ if n is odd, (14-123)

then for n even we have +↔ +, − ↔ −, and + 6↔ − whereas for n odd we have
+↔ −, + 6↔ +, and − 6↔ −. Further selection rules on the electronic, and vi-
brational symmetries, and on the vibrational and rotational quantum numbers,
can be obtained from the one-photon selection rules previously discussed.

11Where there is the further restriction F ′ + F ′′ ≥ n.
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In Raman scattering radiation of wavenumber ν̃ (usually visible light) is
incident on a molecule that is in a state i with energy E′′. Scattered radiation
of wavenumber ν̃ − ν̃if is detected, where hcν̃if = E′ − E′′, and the molecule
undergoes a two-photon transition to the state f (whose energy E′ can be above
or below the energy E′′ of the state i). The intensity of the scattered radiation
in the Raman effect [Placzek (1934)] depends on the intensity of the incident
radiation, on the wavenumber ν̃ − ν̃if , and on the square of the two-photon

transition moment CB
if , where CB

if has components CAB
if (A = ξ, η, or ζ) given

by [see, for example, Mills (1964b), Eq. (2)]

CAB
if =

∑

j

[
µB
ijµ

A
jf

hc (ν̃ji − ν̃)
+

µA
ijµ

B
jf

hc (ν̃jf + ν̃)

]
, (14-124)

where B is the direction of polarization of the electric vector of the incident
radiation (i.e., B = ξ, η, or ζ) and, for example, µA

ij is the electric dipole matrix
element

µA
ij =

〈
Φ

(i)
int |µA|Φ(j)

int

〉
(14-125)

with the wavefunctions Φ
(i)
int and Φ

(j)
int describing the states i and j, respectively.

Usually the states i and f are different rotation-vibration levels of the ground
electronic state of the molecule, ν̃ ≫ |ν̃if |, and excited electronic states (j) are
beyond the reach of visible light with ν̃ ≪ ν̃ji. In these circumstances more
restrictive selection rules for f ← i to be allowed in the Raman effect, over and
above those derived by considering the selection rules for the successive electric
dipole transitions j ← i and f ← j, can be derived. This approximation is
called the polarizability approximation.

The polarizability approximation is only applicable if

• i and f are ground electronic state rotation-vibration states,

• the Born-Oppenheimer separation is valid for these states and for the
intermediate states j,

• ν̃ ≪ ν̃ji and ν̃ ≪ ν̃jf so that we can satisfactorily approximate ν̃ji − ν̃
→ ν̃ji and ν̃jf + ν̃ → ν̃jf , and

• we can neglect the dependence of the wavenumbers ν̃ji and ν̃jf on the
rotation-vibration state.

In this case, we can write the intermediate wavefunction Φ
(j)
int as

Φ
(j)
int = Φ

(j)
nspinΦ(j)

rv Φ
(ej ,S,mS)
elec , (14-126)

with similar expressions for the wavefunctions of the i and f states, and we
can approximate the energy denominators in Eq. (14-124) as

hc (ν̃ji − ν̃) = hc (ν̃jf + ν̃) = E
(j)
elec − E

(0)
elec, (14-127)
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where the quantity on the right hand side is the difference in electronic energy
[see Eq. (9-61)] between the excited electronic state j and the electronic ground
state. In the polarizability approximation the quantity CAB

if in Eq. (14-124)
can be written as

CAB
if ≈ 〈Φ′′

rv |αAB |Φ′
rv〉 , (14-128)

where Φ′′
rv and Φ′

rv are the rotation-vibration wavefunctions of the i and f
states, respectively. The quantity αAB (A, B = ξ, η, or ζ) in Eq. (14-128) is a
space fixed component of the static electric polarizability tensor given by

αAB =
∑

j




〈
Φ

(e0,S,mS)
elec |µB|Φ(ej ,S,mS)

elec

〉〈
Φ

(ej ,S,mS)
elec |µA|Φ(e0,S,mS)

elec

〉

E
(j)
elec − E

(0)
elec

+

〈
Φ

(e0,S,mS)
elec |µA|Φ(ej ,S,mS)

elec

〉〈
Φ

(ej ,S,mS)
elec |µB|Φ(e0,S,mS)

elec

〉

E
(j)
elec − E

(0)
elec


 , (14-129)

where Φ
(e0,S,mS)
elec is the electronic wavefunction for the electronic ground state.

In obtaining Eqs. (14-128) and (14-129) we have used the fact that the nuclear
spin functions are normalized [see Eqs. (14-29)-(14-30)], and we have summed
out the rotation-vibration parts of the wavefunction for the intermediate state
j. This is permissible since these states form a complete basis set for rotation
and vibration. The sum in Eq. (14-129) is over the excited electronic states
only.

The polarizability tensor relates the induced dipole moment components PA

in a molecule to the electric vector components EB of the incident radiation
according to

PA =
∑

B=ξ,η,ζ

αABEB. (14-130)

In the polarizability approximation the intensity of a rotation-vibration tran-
sition in the Raman effect, within a nondegenerate ground electronic state, is
given by the values of matrix elements of the space fixed components of the
polarizability tensor, and so a Raman transition with a nonvanishing transition
probability will satisfy

〈Φ′
rv |αAB|Φ′′

rv〉 6= 0 (14-131)

with A, B = ξ, η, or ζ.
The matrix elements in Eq. (14-131) can be derived by transforming the

tensor components αAB to irreducible spherical tensor form. This is done by
replacing Q by α in Eqs. (14-109)-(14-114). The static electric polarizability
tensor is symmetric but not traceless, so Eqs. (14-109)-(14-114) produce a to-

tal of six irreducible spherical tensor operators, α
(0,0)
s and α

(2,σ)
s (σ = 0, ±1,
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±2). The operator α
(0,0)
s transforms as D(0) (i.e., the totally symmetric rep-

resentation) in K(spatial), and the operators α
(2,σ)
s transform as D(2). The

total transition probability for a Raman transition is proportional to a tran-
sition moment square, R(f ← i), which can be shown to depend on the two
quantities,

R0(f ← i) =
∣∣∣
〈

Φ′
rv

∣∣∣α(0,0)
s

∣∣∣Φ′′
rv

〉∣∣∣
2

, (14-132)

and

R2(f ← i) =

2∑

σ=−2

∣∣∣
〈

Φ′
rv

∣∣∣α(2,σ)
s

∣∣∣Φ′′
rv

〉∣∣∣
2

. (14-133)

We say that R0(f ← i) determines the transition probability for isotropic
Raman scattering, and R2(f ← i) determines the probability for anisotropic
Raman scattering. The extent to which isotropic and anisotropic Raman scat-
tering will contribute to the total transition moment square R(f ← i) depends
on the angle between the electric field vectors of the incident light and the
scattered light, i.e., on the experimental setup. For example, if the two electric
field vectors are parallel we have [Brodersen (1979)]

R(f ← i) = 10R0(f ← i) + 4R2(f ← i), (14-134)

whereas if the two vectors form an angle of 90◦

R(f ← i) = 3R2(f ← i). (14-135)

In order to obtain the selection rules for isotropic and anisotropic Raman
scattering we introduce molecule fixed irreducible spherical tensor operators

α
(ω,σ)
m by replacing the space fixed tensor components αAB (A, B = ξ, η, or
ζ) by molecule fixed components αδγ (δ, γ = x, y, or z) in the expressions
obtained from Eqs. (14-109)-(14-114). For isotropic Raman scattering, we sim-

ply have α
(0,0)
m =α

(0,0)
s because α

(0,0)
s is totally symmetric in K(spatial) and

thus invariant under rotations in space. In the approximation of a completely
separable wavefunction, we derive (cf. Eq. (14-33))

R0(f ← i) = gns (2S + 1) (2N ′′ + 1)

×
∣∣∣
〈

Φ′
vib

∣∣∣α(0,0)
m (e′′, e′′)

∣∣∣Φ′′
vib

〉∣∣∣
2

|〈Φ′
rot|Φ′′

rot〉|
2
. (14-136)

In order for R0(f ← i) not to vanish, we must have Φ′
rot = Φ′′

rot so that N ′ =

N ′′. Furthermore, the operator α
(0,0)
m is always totally symmetric in the MS

group. Thus, in the nondegenerate ground electronic state we consider here

α
(0,0)
m is also totally symmetric in the MS group, and the vanishing integral

rule applied to the vibronic integral in Eq. (14-136) produces the selection rule

Γ′
vib = Γ′′

vib (14-137)
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for isotropic Raman scattering.
The quantity R2(f ← i) is obtained in a manner identical to the derivation

of P (f ← i) [Eq. (14-118)] the transition probability for electric quadrupole
transitions. In the approximation of a completely separable wavefunction we
can take R2(f ← i) to be given by the right hand side of Eq. (14-118) if we

replace Q
(2,σ′)
m (e′, e′′) by α

(2,σ′)
m (e′′, e′′). Because of this, and because as men-

tioned above, the molecule fixed component αδγ (δ, γ = x, y, or z) of the static
electric polarizability tensor transforms under the operations in the MS group
exactly as the component Qδγ of the electric quadrupole moment, transitions
resulting from anisotropic Raman scattering obey the same selection rules as
electric quadrupole transitions. In particular, anisotropic Raman scattering
gives rise to O, P, Q, R and S branch transitions.

The molecule fixed component αδγ (δ, γ = x, y, or z) of the static electric
polarizability has the same symmetry as

〈
Φ

(e′′,S′′,m′′

S)
elec

∣∣∣∣∣

(
∑

m

e2γmδm

)∣∣∣∣∣Φ
(e′′,S′′,m′′

S)
elec

〉
, (14-138)

where m runs over all the electrons in the molecule. Since the polarizabil-
ity tensor is symmetric there are six independent αδγ components, and they
transform like the symmetrized square of the representation of the MS group
generated by the electric dipole moment operator components µx, µy and µz .
The allowed transitions are more restricted by demanding Eq. (14-131) to be
nonvanishing than by demanding Eq. (14-124) to be nonvanishing [see, for ex-
ample, Mills (1964b)]. In order for Eq. (14-131) to be nonvanishing the product
of the vibrational species, Γ′

vib ⊗ Γ′′
vib, must contain the symmetrized square

of the species of the dipole moment operator components (µx, µy and µz). The
vibrational part of Eq. (14-124) is nonvanishing if the product of the vibra-
tional species contains the complete square of the species of (µx, µy and µz).
For example, in a C3v molecule µx, µy and µz transform as A1 ⊕E the square
of which is 2A1 ⊕A2 ⊕ 3E, and the symmetrized square of which is 2A1 ⊕ 2E.
Using polarizability theory a vibrational transition of the type A2 ← A1 would
be forbidden in the Raman effect whereas using the less approximate theory
demanding that Eq. (14-124) be nonvanishing this transition would be allowed
in the Raman effect (A2 ← E ← A1 are both dipole allowed). The polar-
izability approximation is a very good one in practice when the criteria for
its applicability (ν̃ ≫ |ν̃if |, and hcν̃ much less than the electronic excitation
energies) are satisfied.

The species of the polarizability tensor components αδγ are the same as the
species of the products (TδTγ) and these species are indicated in the MS tables
in Appendix A. A vibrational transition will be Raman active if the vibrational
species are connected by the species of a polarizability tensor component. We
can expand the electronic polarizability tensor as a Taylor series in the normal
coordinates in the same way that µα(e′, e′′) is expanded in Eq. (14-41). As
a result the most intense vibrational Raman bands that can be excited from
the ground vibrational state will be the fundamentals (for which ∆vr = 1)
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and each Raman active state must have a normal coordinate that transforms
like a component of the polarizability tensor. In centrosymmetric molecules
the polarizability tensor is of g symmetry (it is the product of two Tα which
are u) and only fundamental bands involving g vibrations can be active. This
is in contrast to the infrared active fundamentals which must be u. Thus in
centrosymmetric molecules there is an exclusion principle that no fundamental
band can be simultaneously infrared and Raman active. The determination of
the number of infrared and Raman active fundamentals in a rigid molecule is
a great help in determining its symmetry in the equilibrium configuration.

14.4 THE ZEEMAN EFFECT

In the Zeeman effect a homogeneous magnetic field B is applied to the
molecule under study. Choosing the ζ axis to be along B, the field free molec-
ular Hamiltonian is augmented by the term [see, for example, Chapter 11 in
Townes and Schawlow (1955)]

ĤZeeman = −dζBζ = −d(1,0)s Bζ (14-139)

where dζ is the ζ component of the magnetic dipole moment operator for the
molecule; see Eq. (14-101). From Eq. (14-103) we see that dζ involves both
the orbital and spin angular momenta in the molecule. In the presence of
the external magnetic field the molecular Hamiltonian becomes Ĥ = Ĥint +
ĤZeeman, where Ĥint [Eq. (7-33)] is the Hamiltonian for the free molecule.
We can generate the eigenvalues and eigenfunctions for Ĥ by constructing its
matrix representation in a basis of eigenfunctions Φint for Ĥint. In this basis, the
matrix representation of Ĥint is obviously diagonal with the diagonal matrix
elements equal to the energies of the molecule in field free space. Since Bζ

is a constant, the matrix elements of ĤZeeman are proportional to the matrix
elements

〈Φ′
int|dζ |Φ′′

int〉 = 〈Φ′
int|d(1,0)s |Φ′′

int〉 (14-140)

which, as we have seen above, determine the intensities of magnetic dipole
transitions in the field-free case. These matrix elements can be evaluated using
the techniques discussed in this chapter [see Eqs. (34)-(36) of Bowater, Brown,
and Carrington (1973)]. The Zeeman effect is discussed in Chapter 11 of Townes
and Schawlow, and in Chapter 11 of Gordy and Cook (1984); we only discuss
the symmetry aspects.
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Table 14-2

The character table of the C∞ group

E 2Rζ
ε · · ·

Σ : 1 1 · · ·
Π :

{ 1 eiε · · ·
1 e−iε · · ·

∆ :
{ 1 e2iε · · ·

1 e−2iε · · ·
Φ :

{ 1 e3iε · · ·
1 e−3iε · · ·

...
...

... · · ·

We are interested in knowing how the addition of ĤZeeman to the molecular
Hamiltonian changes the energy levels and wavefunctions of the molecule from
those obtained in field-free space. We can appreciate this qualitatively from
the symmetry of ĤZeeman in the MS group and in the K(spatial) group. Since
identical particles have the same charge, mass, and spin, ĤZeeman is invariant to
any permutation of identical particles. Also the inversion, which simultaneously
changes the sign of all ξi, ηi, and ζi (but which does not affect the spins),
will leave ĤZeeman invariant. Thus the term ĤZeeman is totally symmetric in
the MS group. This means that ĤZeeman can only cause states of the same
MS group symmetry to interact and that the Hamiltonian matrix (including
Zeeman terms) can be factored into blocks by using the MS group symmetry
species. The term ĤZeeman is not, however, totally symmetric in the group
K(spatial) but it is invariant to any rotation about the direction of B (the ζ
direction in our example). The reader can see that twofold rotations about the
ξ or η directions will change the sign of the orbital part of ĤZeeman but that any
rotation about the ζ axis will leave it invariant. Thus the rotational symmetry
is reduced to C∞(spatial) and the C∞ character table is given in Table 14-2. In
the group C∞(spatial) the molecular states span the representations Σ,Π,∆
etc., as mF = 0,±1,±2, etc. (note that the Π,∆, etc., representations are
separably degenerate), and F does not remain a good quantum number. In the
presence of a magnetic field time reversal symmetry is lost, since ĤZeeman is not
invariant to the reversal of all momenta and spins, and separably degenerate
states are not required by symmetry to be degenerate. As a result each level
that in field free space is characterized by the quantum number F , with a
(2F + 1)-fold mF -degeneracy, is split into 2F + 1 levels each of which has a
definite mF value and the same MS group symmetry label. In a weak field F
would be a useful near quantum number and the most intense electric dipole
transitions for the molecule would satisfy ∆F = 0,±1. The strictly allowed
electric dipole transitions would be all those that satisfy ∆mF = 0,±1 (m′′

F =
0 6↔ m′

F = 0) with MS group species connected by Γ∗.
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In this section, we have investigated the transformation properties of Ĥint +
ĤZeeman separately for MS group operations and for operations in K(spatial).
A more systematic approach to this symmetry analysis has been employed by
Watson (1975). He considers first the zero field symmetry group (or ZFS group)

GZFS = K(spatial)⊗GMS, (14-141)

where GMS is the MS group. In the absence of external electric and mag-
netic fields, GZFS is the symmetry group of Ĥint associated with permutation-
inversion and rotational symmetry [see Chapter 7]. Watson then determines
the subgroup GMFS [the magnetic field symmetry group (or MFS group)] of
GZFS whose elements are symmetry operations also for Ĥint + ĤZeeman. It
follows from the arguments of the preceding paragraph that

GMFS = C∞(spatial)⊗GMS. (14-142)

In this situation, it is permissible to make the symmetry analysis separately for
C∞(spatial) and GMS as we have already done [see Sections 5.8.2 and 6.3.1].
Thus, for an external magnetic field, the explicit consideration of the group
GMFS does not provide more information than that obtained in our discussion
above.

14.5 THE STARK EFFECT

In the Stark effect a homogeneous electric field E is applied to the molecules
under study. Choosing the ζ axis to be along E, the field free molecular Hamil-
tonian is augmented by the term [see, for example, Chapter 10 in Townes and
Schawlow (1955)]

ĤStark = −


∑

j

ejζj


Eζ = −µζEζ = −µ(1,0)

s Eζ , (14-143)

involving the space fixed component µζ of the electric dipole moment operator.
By analogy with the treatment of the Zeeman effect discussed above, we can
obtain the eigenfunctions and eigenvectors of the total Hamiltonian Ĥ = Ĥint

+ ĤStark by diagonalizing its matrix representation in a basis of eigenfunctions
Φint for Ĥint. The central problem in determining the elements of this matrix

representation is to evaluate 〈Φ′
int|µζ |Φ′′

int〉 = 〈Φ′
int|µ

(1,0)
s |Φ′′

int〉. These are the
matrix elements determining the intensities of electric dipole transitions. Thus
the Stark effect mixes those states between which electric dipole transitions are
allowed. Note that ĤStark is invariant to time reversal (unlike ĤZeeman) since
it is unaffected by the reversal of momenta and spins. The matrix elements of
ĤStark are given in Eq. (37) of Bowater, Brown, and Carrington (1973). The
measurement of Stark shifts is the most precise way of determining the dipole
moment of a molecule [see Eq. (14-85) for the definition of the dipole moment].
The Stark effect is discussed in Chapter 10 of Townes and Schawlow (1975), in
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Chapter 10 of Gordy and Cook (1984), and in Chapter 7 of Kroto (1992); we
will concentrate on the symmetry aspects.

For the electric fields used in Stark shift measurements perturbation theory
is usually sufficient to account for the effect, and first order Stark shifts are
the most significant. Watson (1974) deduces the symmetry condition on the
rovibronic species Γrve of a level for it to have a first order Stark shift by using
a general theorem concerning the matrix elements of operators between com-
ponents of a degenerate state;12 this general theorem is deduced by considering
the effect of the time reversal symmetry operation. The symmetry condition is

Γ∗ ⊂ {Γ2
rve} (14-144)

where Γ∗ is the electric dipole representation (the symmetry of µζ), and {Γ2
rve}

is the antisymmetric square of the rovibronic species [see Eq. (6-118)]. In order
for this condition to be satisfied it is necessary (but not sufficient) that Γrve

be degenerate. Further, for any E species of a general symmetric top {E2} is
always the species of Jz, where z is the symmetry axis, and for any symmetric
top molecule Γ∗ is the species of JzTz (as discussed on page 419), so that
Eq. (14-144) reduces to the requirement that Tz be totally symmetric, i.e., that
the molecule be polar. The rotational energy levels of a nonpolar symmetric
top molecule cannot have a first-order Stark shift except in the case of an
appropriate accidental degeneracy. Watson (1974) shows that ‘accidentally’
degenerate l-doublet or k-doublet levels do not lead to a first order (or nearly
first order) Stark shift in a nonpolar symmetric top molecule. Two examples
illustrate the application of the rule: methyl fluoride and allene. For a C3v

molecule like methyl fluoride Γ∗ = A2 and for an E rovibronic level {E2} =
A2, so a first order Stark shift is allowed. For a D2d molecule like allene Γ∗

= B1 and for an E rovibronic level {E2} = A2, so a first order Stark shift is
forbidden. Note that centrosymmetric molecules cannot satisfy Eq. (14-144),
and thus the only point groups we need to consider for spherical top molecules
are T, Td, O and I. Detailed examination using Eq. (14-144) shows that of
these only the E levels of T or Td molecules can have a first order Stark shift.
In accordance with this symmetry rule first order Stark shifts are seen for E
levels in the Stark spectrum of the nonpolar molecule methane [see Uehara,
Sakurai, and Shimoda (1969), Luntz and Brewer (1971), Luntz (1971) and
Ozier (1971)]. Application of these same ideas to the Zeeman effect shows that
there is no symmetry restriction on a first order Zeeman shift [Watson (1974)].

We now turn to the consideration of the symmetry of HStark, and we make
use of another paper by Watson (1975). The Hamiltonian Ĥint + ĤStark of a
molecule in an electric field is invariant to any permutation of identical nuclei
but not to the inversion E∗ (since ĤStark is changed in sign by E∗). We can
write the MS group symbolically as

GMS =
{
GPSMS,Q∗

}
, (14-145)

12See also Chapter 13 on page 387.
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where GPSMS is the permutation subgroup of the MS group (the PSMS group),
and Q∗ is the set of permutation-inversion operations in the MS group [Q∗

is not a group since, for example, it contains no identity operation, and the
product of any two operations in it is a permutation and belongs to GPSMS].
Molecular symmetry group elements belonging to GPSMS leave Ĥint + ĤStark

unchanged, but elements in Q∗ leave only Ĥint unchanged and reverse the sign
of ĤStark.

The K(spatial) symmetry is spoiled by ĤStark, and F is no longer a good
quantum number. However, the Stark Hamiltonian is invariant to the op-
erations of the C∞(spatial) group, where the rotations are about the field
direction. Rotations of π about arbitrary axes in the ξη plane [i.e., axes per-
pendicular to the direction of the electric field] leave Ĥint invariant but reverse
the sign of ĤStark.

We follow Watson (1975) in determining the subgroup GEFS [the electric field
symmetry group (or EFS group)] of GZFS [see Eq. (14-141)]. The EFS group
contains the symmetry operations of the Stark Hamiltonian Ĥint + ĤStark, i.e.,
all operations obtained by combining

• an arbitrary rotation from the group C∞(spatial) [i.e., a rotation about
the field direction] with an arbitrary permutation of identical nuclei from
GPSMS, or

• an arbitrary rotation from R
(⊥ζ)
2 , the set of rotations of π about axes

in the ξη plane, with an arbitrary permutation-inversion operation from
Q∗.

It follows from the considerations above that these operations all leave Ĥint +
ĤStark invariant. We can write the EFS group symbolically as

GEFS =
{
C∞(spatial)⊗GPSMS,R

(⊥ζ)
2 Q∗

}
, (14-146)

where R
(⊥ζ)
2 Q∗ is the set of operations obtained by combining all operations in

R
(⊥ζ)
2 with all operations in Q∗. The group GEFS is the appropriate symmetry

group for classifying the eigenstates of Ĥint + ĤStark. Since time reversal
symmetry is not spoiled by an electric field, it can give rise to degeneracies
that are not predicted by the EFS group symmetry [Chapter 7; see also Watson
(1975)].

Unlike the MFS group of Eq. (14-142) the EFS group of Eq. (14-146) is
not usually the direct product of two simpler groups. Consequently a compre-
hensive symmetry analysis of the possible interactions in the presence of an
external electric field requires us to construct the complete EFS group, deter-
mine its irreducible representations, and classify the relevant eigenstates in it;
we cannot do the symmetry classification in separate subgroups of the EFS
group as we could for the MFS group in the treatment of the Zeeman effect.
Watson (1975), however, has shown that in some cases, the symmetry analysis
can be simplified.
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The simplest case is encountered for MS groups that contain permutation
operations only. For such a group Q∗ contains no elements and GPSMS = GMS.
The possible MS groups are Cn(M), Dn(M), T(M), O(M) and I(M). In this
case we have

GEFS = C∞(spatial)⊗GMS, (14-147)

and we can classify the basis functions separately in C∞(spatial) and GMS.
The irreducible representations of C∞(spatial) are given in Table 14-2, and the
molecular states span the representations Σ,Π,∆ etc., as mF = 0,±1,±2, etc.,
exactly as in the case of the Zeeman effect. Because of time reversal symmetry,
states with mF = ±|mF | are degenerate, and the eigenstates of Ĥint + ĤStark

can be labeled by their value of MF = |mF | and by the MS group label.
Another, relatively simple case occurs for MS groups that can be written as

GMS = GPSMS ⊗ {E,Q∗} , (14-148)

i.e., as the direct product of their PSMS group with a group of order two
containing the identity operation and only one permutation-inversion operation
Q∗. The molecular symmetry groups included are Ci(M), Cs(M), C2v(M),
Cnh(M), S4n+2(M), Dnh(M), D(2n+1)d(M), Th(M), Oh(M) and Ih(M), where
n is any integer. For these MS groups, we have

GEFS =
{
C∞(spatial),R

(⊥ζ)
2 Q∗

}
⊗GPSMS. (14-149)

The group
{
C∞(spatial),R

(⊥ζ)
2 Q∗

}
is isomorphic to the point group C∞v

whose irreducible representations are given in Table A-19. We can classify
the molecular states separately in this group and in GPSMS. In the group
isomorphic to C∞v, states with mF = 0 transform according to the irreducible
representation Σ+ or Σ−, and states with MF > 0 span Π,∆,Φ, . . . , as MF

= 1, 2, 3, . . . . Thus we can label the states by their value of MF [for mF = 0,
we distinguish between Σ+ or Σ− by using the labels 0+ and 0−] and by the
PSMS group label.

For the MS groups not included in the two cases just treated, the EFS group
cannot be written as a direct product, and the symmetry analysis is more
complicated. Watson (1975) gives detailed discussions of three such cases,
C3v(M), D2d(M) and Td(M). Symmetry in combined electric and magnetic
fields and the inclusion of nuclear spin are also considered by Watson (1975).

The EFS groups of nonrigid molecules have not been discussed or used in
the literature. Perhaps the Stark effect in the ammonia dimer might be an
example to consider (see Section 16.5.2).

The electric dipole spectrum of a molecule in an electric field will consist of
the normal (zero field) electric dipole transitions, and these will be shifted or
split by the field. In addition to these transitions it is possible that one might be
able to detect weak additional transitions made allowed by interactions caused
by ĤStark. Since these interactions satisfy electric dipole transition selection
rules the additional transitions will be those that constitute allowed two-photon
electric dipole transitions of the isolated molecule.
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BIBLIOGRAPHICAL NOTES

Optical selection rules and forbidden transitions

Herzberg (1991a). Chapter III discusses the selection rules for the appearance of vibra-
tional transitions, and for the appearance of forbidden transitions, in the infrared and Raman
spectra of polyatomic molecules in their ground electronic states. Chapter IV discusses the
selection rules on the rotational quantum numbers, and the appearance of forbidden transi-
tions, in rotation-vibration transitions.

Herzberg (1991b). Chapter II discusses the selection rules, and the appearance of forbidden
transitions, in electronic transitions.

Watson (1971b). It is shown that some of the pure rotation transitions of polyatomic
molecules that are forbidden according to rigid rotor selection rules (i.e., obtained using a
completely separable rotation-vibration wavefunction) can acquire intensity as a result of
centrifugal distortion. Methane and H+

3 are two important molecules to which this theory
applies.

Dorney and Watson (1972). This is a follow up to Watson (1971b) and deals with Stark
effects and ∆J = 0 transitions of Td molecules.

Oka (1976). In this review article entitled ‘Forbidden Rotational Transitions’ the results
of several experimental studies are presented.

Ortho-para transitions

Raich and Good (1964). In the ground vibronic state of the hydrogen molecule pure rota-
tion ortho-para transitions are strongly forbidden, but not strictly forbidden. For example,
the transition from the F = J = N = 0 para level to the F = 1 component of the J =
N = 1 ortho level satisfies Eqs. (14-10) and (14-11). In this forbidden transition the lower
state has rovibronic symmetry Σg

+ (+s), and rovibronic-nuclear spin symmetry Σu
+ (+a),

whereas the upper state has rovibronic and rovibronic-nuclear spin symmetry Σg
− (−a). The

symmetry labels are obtained by using the group D∞h(M) [see Fig. 17-6, and Tables A-18
and A-20]. This transition steals intensity from electronic transitions. For example, in a
1Σu

+ excited electronic state the N = J = 1 level has rovibronic symmetry Σu
− (−s), and

has to be a para (I = 0) state with rovibronic-nuclear spin symmetry Σu
− (−a). A tran-

sition to this excited state level from the ground state J = 0 level is not forbidden as an
electric dipole transition, and this excited state level can be mixed by terms in Ĥns (see
Table 7-1) with the J = 1 level of the ground state. Summing over all excited electronic
states that can contribute leads to the conclusion that the probability of the spontaneous
J → J−1 pure rotation transition in the ground vibronic state of the hydrogen molecule is
J6/[(2I+1)(2J+1)(5 × 1011)] year−1, where I is the initial nuclear spin. The calculation as-
sumes a mean electronic excitation energy of 12 eV for the states that give the intensity, and
it is estimated that this approximation leads to an uncertainty of about 20% in the result.
The radiative lifetime of the J = 1 level of the H2 molecule is thus about 5 × 1012 years,
which is two orders of magnitude greater than the age of the universe (≈ 1010 years). This
value for the radiative lifetime leads to the value 10−10 D for the electric dipole transition
moment for the ortho-para J = 1← 0 transition in the ground vibronic state of the hydrogen
molecule. The effect of electronic g/u mixing in H+

2 is discussed in Section 17.7, and this
is simultaneously ortho-para interaction. It provides intensity for ortho-para transitions in
H+

2 and such an ortho-para transition has been observed; see Bunker and Moss (2000) and
Critchley, Hughes, and McNab (2001).

Ozier, Yi, Khosla and Ramsey (1970). The first report of the observation of forbidden
ortho-para transitions. The transitions are observed in the J = 2 state of the ground vibronic
state of methane by combining a level-crossing technique with conventional molecular beam
magnetic resonance. The ortho-para interaction involved is enhanced by using a magnetic
field to bring the pair of interacting levels close together in energy. These results are analyzed
by Hougen (1971) using the MS group Td(M) [see Table A-14] and the CNPI group G48 [see
Table A-29]. The fact that elements of an MS group do not invert molecule fixed axes is
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pointed out explicitly by Hougen. In the presence of a magnetic field levels can interact with
each other only if they have the same symmetry in the CNPI group and the same value of mF

[see Section 14.4]. Hougen shows that the experimental results do demonstrate ortho-para
interactions and transitions, but that they cannot give information on the inversion splitting
in methane.

Bordé, Bordé, Salomon, Van Lerberghe, Ouhayoun, and Cantrell (1980). A report of the
observation of ortho-para interactions and transitions in the SF6 molecule. These results
could be analyzed using the MS group Oh(M) [see Table A-15] and the group K(spatial).

Figures 1 and 3 of Bunker and Jensen (1999) show the observed ortho-para transitions in
CH4 and SF6, respectively, with appropriate Molecular Symmetry Group labeling.

Overtone spectroscopy, highly excited vibrational states and IVR

Chemical Physics (1995). This is a special issue on overtone spectroscopy and dynamics
and the following two papers are from it.

Utz, Carrasquillo, Tobiason, and Crim (1995). This is an experimental study of ∆v = 3
transitions of the CH stretching modes in HCCH.

Gambogi, Pearson, Yang, Lehmann, and Scoles (1995). This is an experimental study of
CH overtone bands in diacetylene and diacetylene-d1 .

Lubich, Boyarkin, Settle, Perry, and Rizzo (1995). Intensity stealing in highly excited
vibrational states of CH3OH are studied.

Herman, El Idrissi, Pisarchik, Campargue, Gaillot, Biennier, Di Lonardo, and Fusina
(1998). Overtone spectroscopy for C2D2 is discussed.

Cavagnat and Lespade (1997). Overtone spectroscopy of CH3NO2. See Section 15.4.2 on
page 512.

Ye, Ma, and Hall (1998). The operating principles and performance levels for several
methods of achieving high sensitivity in spectral absorption measurements are reviewed.
An extraordinary sensitivity of 5 × 10−13 is achieved using noise-immune cavity-enhanced
optical heterodyne molecular spectroscopy (NICE OHMS), and measurement of a saturated
absorption signal at about 1064 nm for the R(6) line of the (v1, v2, v3) = (2,0,3)←(0,0,0)
band in 12C16O2 is made; this has an electric dipole transition moment of about 6 × 10−6

D.

Neuhauser, Braun, Neusser and van der Avoird (1998). High overtones of the benzene-
argon intermoiety vibration have been studied using coherent ion dip spectroscopy (CIS).
This is an alternative method of accessing highly excited vibrational states.

Ishikawa, Chen, Ohshima, Wang and Field (1996). Stimulated emission pumping (SEP)
spectroscopy is used to access the (v1, v2, v3) = (0,26,0) to (0,42,0) bending overtone levels
of HCP; the highest of these levels is at an energy of over 25000 cm−1 above the (0,0,0)
level. This technique involves pumping molecules from the ground (X̃) state into levels of
an excited electronic state that is not subject to significant predissociation (for HCP this is
the Ã or C̃ excited state) using a pulsed ‘pump’ laser, and then stimulating emission using
a pulsed ‘dump’ laser into high overtone levels of the ground electronic state. In assigning
such highly excited states it is very important, and useful, to categorize the various polyad
structures that occur, and to use polyad quantum numbers.

Dai and Field (1995). This book, entitled “Molecular Dynamics and Spectroscopy by
Stimulated Emission Pumping,” has several articles on IVR.

Nesbitt and Field (1996). This is a pedagogical review of IVR, and the interplay of theory
and experiment is stressed.

Zeeman and Stark effects

Bowater, Brown, and Carrington (1973). The general theory is presented for the descrip-
tion of the rotational energy levels of a nonlinear open-shell molecule in the presence of an
external electric or magnetic field. The selection rules are determined and expressions for
the relative intensities of the lines in the microwave spectrum are derived. Irreducible tensor
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methods are used throughout. For the HCO free radical in a weak magnetic field (up to 200
mT) the microwave spectrum between 8.3 and 8.7 GHz is obtained and analyzed.

Shostak, Ebenstein, and Muenter (1991). An example of experimental measurements of
Stark splittings (for H2O) is given.

Mengel and Jensen (1995). A calculation of the Stark splittings for H2O is made directly

from the dipole moment surface. The Schrödinger equation for Ĥ = Ĥint + ĤStark is solved
by first or second order perturbation theory, considering ĤStark as a perturbation. The dipole
moment surface is refined in a least squares fitting to experimental Stark data for H2O.
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Nonrigid Molecules

Nonrigid molecules have one or more large amplitude internal coordinates
in the electronic state (or states) under investigation, and to understand their
symmetry and spectroscopy we begin with the derivation of an appropriate zero
order rotation-vibration Hamiltonian. The approach used for a rigid molecule
in Chapters 10 and 11, must be modified. The zero order Hamiltonian for a
nonrigid molecule is set up as discussed by Hougen, Bunker and Johns (1970)
[called HBJ], and perturbation theory is used to allow for the neglected terms
arising from the effects of the small amplitude vibrations. The zero order
wavefunctions are symmetry classified in the MS group. The selection rules
for electric dipole transitions in nonrigid molecules have to be re-examined,
particularly as far as the vibrational and electronic degrees of freedom are
concerned. We consider several molecules (ammonia, nitromethane, toluene,
ethane, dimethylacetylene, hydrogen peroxide, ethylene and methylene) in or-
der to illustrate a variety of problems that can occur in the symmetry and
spectroscopy of nonrigid molecules. For example, for nonrigid molecules having
identical coaxial internal rotors (such as hydrogen peroxide, ethylene, ethane
and dimethylacetylene) it is not possible to classify the vibronic eigenfunctions,
and the other separate basis wavefunctions, in the MS group, but rather it is
necessary to introduce and use the extended molecular symmetry (EMS) group.
We also discuss the unusual rotational energy level clustering caused by cen-
trifugal distortion in highly excited rotational states; this type of nonrigidity is
exemplified here by the H2Te molecule. Weakly bound cluster molecules are a
special type of nonrigid molecule and for them the rotation-vibration Hamilto-
nian, and the derivation of the electric dipole selection rules, are discussed in
Chapter 16.

15.1 INTRODUCTION

We are concerned here with understanding the symmetry and spectroscopy
of molecules for which it is necessary to allow for large amplitude internal co-
ordinate changes. ‘Large amplitude’ in this context means a distortion that
is of the order of the length of a bond or the value of a bond angle, and it
almost always involves the nuclei tunneling through barriers that separate ac-
cessible minima in the potential energy surface VN of the electronic state under

477
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investigation. As a first step in trying to understand the spectrum of such a
molecule we set up the MS group to symmetry label the energy levels, and this
is explained in Chapter 3. To label the molecular energy levels using the irre-
ducible representations of the MS group we must choose molecular coordinates
that lead to an appropriate zero order Hamiltonian and diagonalize the matrix
representation of the Hamiltonian. The classification of the eigenfunctions of
the zero order Hamiltonian in the MS group gives the desired symmetry labels.
An appropriate zero order Hamiltonian in this context is such that its eigen-
values are close enough to the exact ones that it can be used to assign and
symmetry label the exact ones.

To set up an appropriate zero order Hamiltonian for a nonrigid molecule
we begin, just as for a rigid molecule, by neglecting spin coupling terms and
by making the Born-Oppenheimer approximation. As a result the zero order
nuclear spin wavefunctions and the electronic wavefunctions are as for a rigid
molecule, and the form of them, and the way they are determined, require
no further discussion. The classification of the nuclear spin wavefunctions in
the MS group, and the determination of the nuclear spin statistical weights, is
discussed for all molecules (rigid and nonrigid) in Chapter 8. The classification
of the electronic wavefunctions in the MS group of a nonrigid molecule requires
the transformation properties of the electronic coordinates in the MS group to
be determined. The zero order rotation-vibration Hamiltonian of a nonrigid
molecule is not the same as for a rigid molecule because the Taylor series
expansions of both µαβ [see Eq. (10-154)] and VN [see Eq. (10-143)] in the exact
Hamiltonian cannot, in general, be satisfactorily approximated by their leading
terms when one or more of the vibrational coordinates is of large amplitude. A
special discussion is therefore required of the rotation-vibration Hamiltonian,
the rotation-vibration coordinates, and the rotation-vibration wavefunctions of
a nonrigid molecule. We will call any large amplitude vibrational coordinate
of a nonrigid molecule a contortional coordinate, and to emphasize its presence
the rotation-vibration Hamiltonian of a nonrigid molecule will be called the
rotation-contortion-vibration Hamiltonian.

15.2 THE ROTATION-CONTORTION-VIBRATION WAVE
EQUATION

The rotation-contortion-vibration wave equation of a nonrigid molecule can
be solved in a way that closely parallels the traditional way of solving the
rotation-vibration wave equation of a rigid molecule. This is exemplified by
the work of HBJ. It involves using Eckart and Sayvetz conditions (as explained
below) to define the rotational and contortional coordinates in order to set
up the zero order rotation-contortion-vibration Hamiltonian as the sum of
a rotation-contortion Hamiltonian and a vibrational Hamiltonian. Thus, in
zero order, we do not separate rotation from vibration but rather we sepa-
rate rotation-contortion from the ordinary small amplitude vibrations. The
use of Eckart and Sayvetz conditions ensures that this separation involves min-
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imum approximation. We solve the rotation-contortion Hamiltonian and then
use contact transformation perturbation theory to account for the effects of
the ordinary small amplitude vibrations; this leads to an effective rotation-
contortion Hamiltonian. For the triatomic molecule, following HBJ, such an
effective rotation-bending Hamiltonian has been analytically developed [Hoy
and Bunker (1974,1979), Jensen and Bunker (1983), Jensen (1983a), Jensen
and Bunker (1986)]. The effective rotation-contortion Hamiltonian can be used
in a fitting to data (by varying the parameters in it), or in a straight through
calculation of the rotation-contortion energies of a particular small amplitude
vibrational state (using ab initio or presumed values for the parameters). For
very small nonrigid molecules it is possible to use the variational approach
as discussed in Chapter 13 to calculate numerically the rotation-contortion-
vibration energy levels and wavefunctions. As explained in Chapter 13 the
variational approach starts out using the exact rotation-vibration Hamilto-
nian, and we do not discuss it further in this chapter. For the purpose of
symmetry labeling the energy levels it is best, if possible, to use wavefunctions
obtained from an appropriate zero order separable Hamiltonian that can be
readily diagonalized.

15.2.1 The Hamiltonian

To appreciate the approach used in setting up the Hamiltonian for a nonrigid
molecule we first summarize the method used for setting up the Hamiltonian
of a rigid nonlinear molecule as discussed in Chapters 10 and 11:

(i) We obtain the rotation-vibration Hamiltonian, Hrv = TN +VN, in the co-
ordinates (ξ2, η2, ζ2, ζ2, . . . , ξN , ηN , ζN ) for the electronic state of interest after
having made the Born-Oppenheimer approximation. The (ξ, η, ζ) axis system
has origin at the nuclear center of mass and is oriented parallel to the space
fixed axis system.

(ii) We change the coordinates in Hrv to (θ, φ, χ,Q1, . . . , Q3N−6), where the
expressions for the Euler angles (θ, φ, χ) in terms of the (ξi, ηi, ζi) coordinates
are obtained from the Eckart equations, and the expressions for the normal
coordinates Qr in terms of the (ξi, ηi, ζi) coordinates are obtained by using the
l matrix. The Euler angles define the orientation of the molecule fixed (x, y, z)
axes relative to the (ξ, η, ζ) axes. This might seem a strange thing to say but
some people get confused about the molecule fixed (x, y, z) axes: The axes
are always right handed and their orientation in space is given by the Euler
angles. We use the Podolsky trick to transform Hrv to the quantum mechanical
operator Ĥrv which is expressed in terms of the components of the rovibronic
angular momentum operator Ĵα (α = x,y, or z), the normal coordinatesQr, and
their conjugate momenta P̂r (r = 1 to 3N−6). The kinetic energy operator T̂N
involves the elements µαβ of the 3 × 3 matrix µ, and it is given in Eq. (10-150).
The potential energy expression VN is given in Eq. (10-143).

(iii) We expand µαβ and VN as Taylor series, about their values at equilib-
rium, in the normal coordinates Qr [see Eqs. (10-154) and (10-143)].
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(iv) The zero order rotation-vibration Hamiltonian Ĥ0
rv is obtained by ne-

glecting all but the leading terms (µe
αβ and 1

2

∑
λrQr

2) in the Taylor series
expansions of µαβ and VN, and by neglecting the vibrational angular momenta

p̂α and electronic angular momenta L̂α. The Hamiltonian Ĥ0
rv obtained is

the sum of a three-dimensional rigid rotor Hamiltonian and of 3N − 6 one-
dimensional harmonic oscillator Hamiltonians [see Eq. (10-155)]. Using the
Eckart conditions the p̂α are minimized so that their neglect is not usually
a bad approximation, and the l matrix is such that the leading term in VN
contains no cross terms ΦrsQrQs to prevent the zero order separation of the
3N − 6 harmonic oscillators. The eigenfunctions of this Hamiltonian are func-
tions of the Euler angles and normal coordinates (see Chapter 11), and they
can be classified in the MS group once the transformation properties of the
coordinates have been determined (see Chapter 12).

(v) Contact transformation perturbation theory is used to account for the
neglected Coriolis coupling terms involving the vibrational angular momenta
p̂α, and the neglected terms from the Taylor series expansions of µαβ and
VN, and the resulting Hamiltonian is averaged over the vibrational state [see
Section 13.2.4]. As a result an effective rotational Hamiltonian (the Watsonian)
is obtained. The Watsonian is a sum of quadratic, quartic, sextic, etc., terms
in the angular momentum operators Ĵx, Ĵy and Ĵz.

The approach used to obtain the zero order rotation-contortion-vibration
Hamiltonian of a nonrigid molecule is slightly different [see, for example, the
review by Sørensen (1979)]. This is because in this case we cannot usually ap-
proximate both µαβ and VN by their leading terms in a Taylor series expansion
about equilibrium; the contortional coordinate is of large amplitude and can
prevent the convergence of either or both of the series (using rigid molecule
formalism the lack of convergence of µαβ and VN would give rise to a large
centrifugal rotation-contortion interaction and a large anharmonic contortion-
vibration interaction, respectively). The approach used for a molecule with one
contortional coordinate is as follows:

(i) We obtain the rotation-contortion-vibration Hamiltonian Hrcv (= TN +
VN) in the coordinates (ξ2, η2, ζ2, . . . ,ξN , ηN , ζN ) after having made the
Born-Oppenheimer approximation; this Hamiltonian will be basically the same
whether or not the molecule in the electronic state under consideration is rigid
or nonrigid.

(ii) We change coordinates in Hrcv to (θ, φ, χ, ρ,Q1, . . . , Q3N−7), where ρ
is the contortional coordinate. The expressions for the Euler angles (θ, φ, χ)
in terms of the (ξi, ηi, ζi) coordinates are obtained from the Eckart equations,
the expression for ρ in terms of the (ξi, ηi, ζi) coordinates is obtained from a
Sayvetz equation [Sayvetz (1939), see Eq. (15-20) below], and the expressions
for the 3N − 7 normal coordinates Qr are obtained from the l matrix. The
elements of the l matrix will depend on ρ. Once again the (x, y, z) axes are
always right handed and their orientation in space is determined by the Euler
angles. We use the Podolsky trick to transformHrcv to the quantum mechanical
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operator Ĥrcv which is expressed in terms of the components of the rovibronic
angular momentum operator Ĵα (α = x, y or z), the contortional coordinate ρ,
the contortional momentum operator Ĵρ=−iℏ∂/∂ρ, the normal coordinates Qr

and their conjugate momenta P̂r. As shown by HBJ [see also Eq. (1) of Sarka
and Bunker (1987)] the kinetic energy operator in this Hamiltonian can be
made to look similar to Ĥrv for a rigid molecule [see Eqs. (10-150)] except that
the sum over x, y and z becomes a sum over x, y, z and ρ (and the µ matrix
becomes a 4 × 4 matrix), and the sum over r runs from 1 to 3N−7, rather
than from 1 to 3N−6, since we have removed the contortional coordinate (ρ)
from the vibrational problem.

(iii) We expand µαβ (where α and β = x, y, z and ρ), and VN about their
values when all 3N − 7 Qr are zero as a Taylor series in the 3N − 7 Qr with
coefficients that depend on ρ. When all 3N − 7 Qr are zero the molecule is
said to be in its reference configuration; in the reference configuration the Euler
angles and the contortional coordinate are arbitrary. The expansions of µαβ

and VN can be written as

µαβ = µref
αβ − µref

αγa
γδ
r µref

δβQr + · · · (15-1)

and

VN = V0(ρ) +
∑

r

ΦrQr +
1

2

∑

r

λrQr
2 +

1

6

∑

r,s,t

ΦrstQrQsQt + · · · , (15-2)

where α, β, γ, δ = x, y, z or ρ, and r, s, t = 1, 2, . . . , 3N−7; µref
αβ and the aγδr are

functions of ρ, V0(ρ) is the pure contortional potential function of the reference
configuration, and λr and the Φ are also functions of ρ. The term linear in
Qr (i.e.,

∑
r ΦrQr) occurs in VN because Φr is a function of ρ; in the standard

(rigid molecule) expansion this term would become (expanding only to quartic
terms)

∑

r

[
Φrρρ+

1

2
Φrρρρ

2 +
1

6
Φrρρρρ

3

]
Qr. (15-3)

(iv) The zero order rotation-contortion-vibration Hamiltonian Ĥ0
rcv is ob-

tained by neglecting all but the leading terms [µref
αβ and V0(ρ) + 1

2

∑
λrQr

2] in
the Taylor series expansions, and by neglecting the vibrational angular and con-
tortional momenta p̂α, and electronic angular momenta, that occur in it. The
Hamiltonian Ĥ0

rcv is the sum of a four-dimensional rotation-contortion Hamil-
tonian Ĥrc and of 3N − 7 harmonic oscillator Hamiltonians. For a molecule
with n contortional coordinates the rotation-contortion Hamiltonian will in-
volve a (3 + n)×(3 + n) µαβ matrix, and the vibrational Hamiltonian will be
the sum of 3N − 6− n harmonic oscillator Hamiltonians; the µref

αβ , aγδr , V0, λr
and Φ will be functions of all n contortional coordinates.

(v) Contact transformation perturbation theory is used to account for the
neglected Coriolis coupling terms involving the vibrational angular and contor-
tional momenta p̂α, and the neglected terms from the Taylor series expansions
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of µαβ and VN. As a result an effective rotation-contortion Hamiltonian is
obtained. This is a sum of quadratic, quartic, sextic, etc., terms in the momen-
tum operators Ĵx, Ĵy, Ĵz, and Ĵρ and it also includes the effective contortional
potential function. The effective contortional potential function will be isotope
dependent, and it will depend on the small amplitude vibrational state.

We begin by studying the rotation-contortion Hamiltonian and the vibra-
tional Hamiltonian that together make up the zero order rotation-contortion-
vibration Hamiltonian. The rotation-contortion Hamiltonian for a molecule
with one contortional coordinate is given by [see Eq. (33) of HBJ and Eq. (9)
of Sarka (1971)]

Ĥrc =
1

2
µ1/4

∑

α,β

Ĵαµ
−1/2µref

αβ Ĵβµ
1/4 + V0(ρ), (15-4)

where α, β = x, y, z or ρ, and µ is the determinant of the 4 × 4 matrix µref

having elements µref
αβ . The quantities µref

αβ and V0(ρ) all depend on ρ in the

general case. This means that µ and the µref
αβ do not commute with Ĵρ and we

cannot remove the determinant µ from Ĥrc. Using the commutation relation
given in Eq. (13) of Hougen (1965) Ĥrc can be simplified to

Ĥrc =
1

2

∑

α,β

µref
αβ ĴαĴβ +

1

2

∑

β

(Ĵρµ
ref
ρβ)Ĵβ +

1

2
µ1/4[Ĵρµ

−1/2µref
ρρ (Ĵρµ

1/4)] + V0(ρ),

(15-5)

where the [ ] and ( ) brackets indicate, for example, that in the second term Ĵρ
acts only on µref

ρβ .
For certain molecules a value of ρ is accessible for which one or more of the

ρ-dependent functions µref
αβ become infinite; i.e., become a singular function of

ρ. In this circumstance the determinant µ, and the third term in Eq. (15-5),
will also be singular functions of ρ. The diagonalization of a rotation-contortion
Hamiltonian containing singular µref

αβ elements has to be performed in a special
way. The most common type of molecule for which this occurs is a so-called
quasilinear molecule, and below we treat the methylene molecule CH2 in its
ground electronic state as an example. Another situation in which singular
µref
αβ could occur would be internally rotating methanol in highly excited COH

bending states (a two-contortional coordinate problem) if a structure with a
linear COH bond became accessible. We develop the theory for molecules in
which the µref

αβ elements remain finite for all accessible values of ρ, and leave the
discussion of how to diagonalize a rotation-contortion Hamiltonian containing
singular µref

αβ elements until we deal with the methylene molecule.
The third term in Eq. (15-5) is called U1(ρ) and it is often ignored [it obvi-

ously cannot be ignored for the molecules discussed in the previous paragraph
since for them U1(ρ) is singular]. It comes from the kinetic energy but it appears
as a (small) nuclear-mass-dependent correction to the contortional potential.
If one does include U1(ρ) then one should also include the term U0(ρ) which is
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of the same order of magnitude and which arises from the similar vibrational
kinetic energy term 1

2µ
1/4
∑

r[P̂rµ
−1/2(P̂rµ

1/4)], where in this expression µ is
the determinant of the matrix having Qr dependent elements µαβ given in
Eq. (15-1). We write

U(ρ) = U0(ρ) + U1(ρ), (15-6)

and it can be shown that

U(ρ) = −ℏ2

8

[
µref
xx + µref

yy + µref
zz + µref

ρρ c(ρ)
]

(15-7)

where c(ρ) is an analytic function of the masses and bond lengths in the refer-
ence configuration [see Sarka and Bunker (1987)]. U(ρ) is the nonrigid molecule
analog of the rigid molecule term U given in Eq. (10-153). If all the elements of
µref
αβ are independent of ρ, and therefore commute with Ĵρ, then the second and

third terms in the expression for Ĥrc in Eq. (15-5) will completely disappear.
This fortunate state of affairs occurs for the nitromethane molecule, which we
discuss as an example below.

The rotation-contortion-vibration Hamiltonian of a nonrigid molecule is pre-
sented here in a way that makes it look very similar to the rotation-vibration
Hamiltonian of a rigid molecule (see Section 10.5). This is deceptive. Because
the µref

αβ , aγδr , λr and Φ are functions of the contortional coordinate many com-

plications arise. One obvious result is that the µref
αβ do not commute with Ĵρ.

This means that1

1

2

∑

β

(Ĵρµ
ref
ρβ Ĵβ + Jβµ

ref
βρĴρ) 6=

∑

β

µref
ρβ ĴρĴβ (15-8)

for β 6=ρ,

1

2
Ĵρµ

ref
ρρ Ĵρ 6=

1

2
µref
ρρ Ĵ

2
ρ , (15-9)

and in Ĥrc [see Eq. (15-5)] the term 1
2

∑
β(Ĵρµ

ref
ρβ)Ĵβ occurs. If we were to omit

this term then Ĥrc would not be Hermitian. The operators on the left hand
sides of Eqs. (15-8) and (15-9) are Hermitian but those on the right hand sides
are not if µref

ρβ depends on ρ. In the effective Hamiltonian Ĥeff
rc discussed below

[see Eq. (15-16)] the term ταβγδĴαĴβ Ĵγ Ĵδ is generally not Hermitian if ταβγδ
depends on ρ and one has to include terms such as (Ĵρτρβγδ)Ĵβ Ĵγ Ĵδ. Such
terms usually are of small magnitude unless there are singularities.

The 4 × 4 matrix µref is the inverse of the 4 × 4 generalized moment of
inertia matrix Iref of the reference configuration. The elements of Iref are given

1µref
ρβ = µref

βρ.
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by:

Irefαα =
∑

i

mi(a
2
iβ + a2iγ), (15-10)

Irefαβ = −
∑

i

miaiαaiβ with α 6= β, (15-11)

Irefρρ =
∑

i

mi(a
′
ix

2
+ a′iy

2
+ a′iz

2
), (15-12)

and

Irefαρ = −
∑

i

mi(aiγa
′
iβ − aiβa′iγ), (15-13)

where mi is the mass of the ith nucleus, aiα is the Cartesian coordinate of the
ith nucleus along the α molecule fixed axis in the reference configuration, a′iα
is the partial derivative of this coordinate2 with respect to ρ, and [αβγ] must
be chosen in cyclic order from [xyz]. Note that in Eqs. (15-10) to (15-13) the
indices α, β and γ only run over x, y and z.

The orientation of the molecule fixed axes in the reference configuration is
normally chosen so that they are the principal inertial axes (in the same way as
they are located in the equilibrium configuration of a rigid molecule), and the
xy, yz and zx elements of Iref will then vanish. In the general case using princi-
pal axes, however, the xρ, yρ and zρ elements of Iref will not vanish, and after
inverting Iref to obtain µref the Hamiltonian Ĥrc that is derived will contain
every possible cross term ĴαĴβ (where α and β = x, y, z and ρ). For sym-
metrical molecules like ammonia with inversion, and triatomic ABA molecules
having large amplitude bending, it conveniently happens that the Ĥrc obtained
in this way has no cross terms ĴαĴβ. In HBJ it is shown that for unsymmetrical
triatomic molecules having large amplitude bending ρ the axes can be oriented
in the reference configuration in an appropriate ρ dependent way so that the
only nonvanishing cross term is the ĴyĴz term. This will be discussed further in
the CH2 example below. For other nonrigid molecules a choice similar to that
made in HBJ for locating the axes in the reference configuration can be made in
order to eliminate ĴαĴρ cross terms in Ĥrc [see, for example, Krȩglewski (1978)
in his treatment of methylamine]. For a molecule with internal rotation the use
of principal inertial axes when setting up Ĥrc is called the principal axis method
(PAM). PAM is conceptually simple from the point of view of understanding
the Hamiltonian and its symmetry, for determining the transformation prop-
erties of the molecular coordinates, and for setting up and using zero-order
rotation and internal-rotation basis functions. For example, the internal rota-
tion wavefunctions are periodic in 2π and basis functions like those given in
Eq. (15-49) below for the PAM Hamiltonian of nitromethane can be used. For
molecules like methanol and acetaldehyde in which there is internal rotation of

2Once the reference configuration, and the location of the (x, y, z) axes in it, have been
defined, the aiα and a′iα are easily determined.
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a methyl group against an asymmetric frame the PAM Hamiltonian does how-
ever suffer from the problem, as stated above for the general nonrigid molecule,
that it contains nonvanishing rotational cross terms ĴxĴy, ĴyĴz and ĴzĴx, and

nonvanishing Coriolis coupling cross terms ĴxĴρ, ĴyĴρ and ĴzĴρ. In this case
it is customary to ‘rotate’ the xyz axes (this rotation of axes is achieved by
an appropriate contact transformation of the PAM Hamiltonian) to eliminate
some of the cross terms in Ĥrc before solving the rotation internal-rotation wave
equation. There are three degrees of freedom in such a rotation transformation
and so in the general case we cannot eliminate all the cross terms, but we can
eliminate some of them. If we transform the Hamiltonian so that the ĴxĴρ and

ĴyĴρ terms are eliminated then the rotation internal-rotation coupling term

that remains [the Ĵz Ĵρ term] will be diagonal in the rotational quantum num-
ber K, and this is a convenience in calculations. This is called the rho axis
method (RAM). It is possible to transform the Hamiltonian so that it contains
no ĴαĴρ cross terms, and this is called the internal axis method (IAM); this is
analogous to the HBJ axis choice that is made for a triatomic molecule with
large amplitude bending. In IAM there is no internal-rotation angular mo-
mentum in the xyz axis system and this minimizes rotation internal-rotation
interaction; the ρ dependence of the nonvanishing µref

αβ prevents the complete
separation of rotation from internal-rotation. The drawback of the RAM and
IAM Hamiltonians is that the momenta and coordinates that occur in them
are not simple to understand as they are in the PAM Hamiltonian. The IAM
Hamiltonian is worse than the RAM Hamiltonian in this regard. In PAM the
Hamiltonian involves the principal axis components of the rovibronic angular
momentum, and its eigenfunctions involve the Euler angles that give the ori-
entation of the principal inertial axes of the reference configuration. In RAM
and IAM the ‘Ĵα’ that occur are a mixture of the Ĵα occurring in the PAM
Hamiltonian. The classic review paper by Lin and Swalen (1959) discusses
PAM and IAM, and the more recent paper by Hougen, Kleiner and Godefroid
(1994) discusses RAM as well.

The rotation-contortion Hamiltonian for a molecule with n contortional co-
ordinates will involve 3 + n degrees of freedom, and the extended matrix µref

will be a (3 + n)×(3 + n) matrix. If we label the contortional coordinates ρ1,
ρ2, . . . , ρn the rotation-contortion Hamiltonian is given by Eq. (15-4) where
α and β are summed over x, y, z, ρ1, ρ2, . . . , ρn. The (3 + n)×(3 + n)
matrix µref is the inverse of a (3 + n)×(3 + n) matrix Iref. The elements
of Iref are obtained by a straightforward extension of Eqs. (15-10)-(15-13).
Equations (15-10) and (15-11) are the same, and Eqs. (15-12) and (15-13) are
generalized to

Irefρjρk
=
∑

i

mi

[
∂aix
∂ρj

∂aix
∂ρk

+
∂aiy
∂ρj

∂aiy
∂ρk

+
∂aiz
∂ρj

∂aiz
∂ρk

]
, (15-14)
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and

Irefαρj
= −

∑

i

mi

[
aiγ

∂aiβ
∂ρj

− aiβ
∂aiγ
∂ρj

]
, (15-15)

where j, k = 1, 2, . . . , n.
From Eq. (15-4) to here we have discussed the rotation-contortion Hamil-

tonian. To this we must add the vibrational Hamiltonian. In zero order the
vibrational Hamiltonian for a molecule having n contortional coordinates is the
sum of 3N − 6− n harmonic oscillator Hamiltonians each of which is like that
in Eq. (11-7) but each of which is a parametric function of the ρi (in the same
way as the electronic Hamiltonian of a molecule is a parametric function of the
nuclear coordinates in the Born-Oppenheimer approximation) because of the
dependence of the λr in Eq. (15-2) on the ρi [see Eq. (34) of HBJ]. The normal
coordinates and harmonic wavenumbers vary with the ρi values; this ρi depen-
dence can be determined explicitly if the ρi dependence of the molecular force
field is known. In higher approximation the ρi dependence of the anharmonic
force constants will also have to be allowed for.

In the development of the zero order rotation-contortion-vibration Hamilto-
nian the concept of a reference configuration is central, and it is worth explain-
ing it in some detail. The reference configuration of a nonrigid molecule is the
analog of the equilibrium configuration of a rigid molecule. A nonrigid molecule
is in its reference configuration when all the small amplitude vibrational dis-
placements are set to zero but when the Euler angles and ρi coordinates are
arbitrary. The extended moment of inertia tensor Iref of the reference config-
uration has the elements Irefαβ just discussed [see Eqs. (15-10)-(15-15)]. Thus,
for example, in the hydrogen peroxide molecule the reference configuration is
that molecular configuration in which the O–H and O–O bond lengths and
H–O–O angles are fixed at their equilibrium values but in which the internal-
rotation angle and rotational orientation in space are arbitrary. A criterion is
used (usually that of them being principal inertial axes) to locate the molecule
fixed (x, y, z) axes in the reference configuration, and the energy levels of the
molecule in its reference configuration (as it rotates and contorts) are obtained
by diagonalizing its rotation-contortion Hamiltonian [see Eq. (15-5)]. Having
defined the reference configuration, the method for locating the (right-handed)
(x, y, z) axes in the reference configuration, and the contortional coordinates ρi
of the reference configuration, it is easy to determine the effect of the elements
of the MS group on the coordinates θ, φ, χ, and ρi.

In the reference configuration just discussed the molecule can be said to
rigidly contort, i.e., the ordinary small amplitude bond lengths and angles re-
main fixed at their equilibrium values as the molecule contorts. For a triatomic
molecule with large amplitude bending this approach leads to the rigid-bender
Hamiltonian [Bunker and Stone (1972)]. For the purpose of labeling by sym-
metry the rotation-contortion states of a nonrigid molecule one need consider
only the eigenstates of the zero order rotation-contortion Hamiltonian discussed
above for a rigidly contorting molecule, and this is quite straightforward. How-
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ever, to calculate accurately the energies, or to make a precise fitting to exper-
imental data, improvements in the Hamiltonian are required.

An improvement in the model is obtained by allowing the ordinary bond
lengths and angles to relax to their optimum values as the molecule contorts,
and in this new reference configuration the molecule semirigidly contorts ; for
a triatomic molecule this leads to the semirigid-bender Hamiltonian [Bunker
and Landsberg (1977)]. This approach has been extended to larger molecules
[see, for example, East and Bunker (1997)], and to molecules in degenerate vi-
brational states [Jensen (1984) and Jensen and Johns (1986)]. The semirigid-
bender Hamiltonian corrects for some of the deficiencies of the rigid-bender
Hamiltonian. However, we can allow for the neglected terms in the expansions
of µαβ and VN [see Eqs. (15-1) and (15-2)] in a more systematic and complete
way by using contact transformation perturbation theory (see Section 13.2.4).
This leads, in a triatomic molecule, to the nonrigid-bender Hamiltonian [Hoy
and Bunker (1974,1979), Jensen and Bunker (1983), Jensen (1983a), Jensen and
Bunker (1986)], which is an effective rotation-bending Hamiltonian in which the
effective bending potential, and the effective µαβ elements, are different for each
stretching vibrational state, and in which centrifugal distortion and Coriolis
coupling arising from the ordinary vibrations are also included [see Eqs. (5.24)-
(5.29) in Jensen (1983a)]. Such an effective rotation-inversion Hamiltonian has
also been introduced for the four-atomic molecule ammonia [Špirko (1983)].
For a nonrigid molecule larger than four-atomic it would involve very extensive
algebra to develop analytically the effective rotation-contortion Hamiltonian
because of the increased number of ordinary (small amplitude) vibrations in-
volved. However, one can develop the effective rotation-contortion Hamiltonian
in a parameterized form, suitable for fitting data, with the inclusion of centrifu-
gal distortion and Coriolis coupling effects from the ordinary vibrations. With
some simplifying approximations we can write the effective rotation-contortion
Hamiltonian for a molecule having no singular µeff

αβ elements as

Ĥeff
rc =

1

2

∑

α,β

µeff
αβ ĴαĴβ +

1

2

∑

β

(Ĵρµ
eff
ρβ)Ĵβ +

1

4

∑

α,β,γ,δ

ταβγδĴαĴβ Ĵγ Ĵδ + Veff(ρ),

(15-16)

where α,β,γ,δ = x, y, z or ρ. The coefficient ταβγδ is a generalized centrifugal
distortion coefficient involving ρ as a subscript as well as x, y and z. Sym-
metry can be used to determine which µeff

αβ and ταβγδ are nonvanishing since

each term in Ĥeff
rc has to be totally symmetric in the MS group. A recent pa-

per that discusses and solves the general problem of constructing an effective
rotation-contortion Hamiltonian for a molecule having any number of contor-
tional coordinates, and which gives a good list of references to other work, is
by Makarewicz (1996).

When a nonrigid molecule is not in its reference configuration the Eckart
and Sayvetz conditions enable one to calculate the rotational and contortional
coordinate values, i.e., we can calculate the values of the coordinates θ, φ, χ,
and ρ (where here we presume there to be only one contortional coordinate)



488 15. Nonrigid Molecules

from the values of the 3N − 3 nuclear coordinates (ξi, ηi, ζi). Having chosen a
convention for locating the (x, y, z) axes in the reference configuration, nucleus
i will have coordinates aix, aiy, and aiz in that axis system. The reference
configuration coordinates of all the nuclei in a molecule are known, once the
reference configuration is defined, in the same way that the equilibrium nu-
clear coordinates xei , y

e
i , and zei of a rigid molecule are known. The reference

configuration coordinates of each nucleus will not be constants (as are the equi-
librium configuration coordinates of a rigid molecule) but they will depend on
the contortional angle ρ. The Eckart equations become

N∑

i=1

mi(aixyi − aiyxi) = 0, (15-17)

N∑

i=1

mi(aiyzi − aizyi) = 0, (15-18)

and

N∑

i=1

mi(aizxi − aixzi) = 0, (15-19)

and the Sayvetz condition is

∑

α,i

mi(αi − aiα)a′iα = 0, (15-20)

where α = x, y, or z. The aiα and a′iα (= ∂aiα/∂ρ) are known functions of
ρ, and the instantaneous molecule fixed coordinates αi can be expressed in
terms of the direction cosine elements (i.e., the Euler angles) and the known
(ξi, ηi, ζi) nuclear coordinates as done in Eqs. (10-34)-(10-36). We will then
have four equations in the four unknowns θ, φ, χ, and ρ which can be solved
simultaneously for any given set of (ξi, ηi, ζi) coordinates, i.e., for any given
nuclear configuration in space.3 We also obtain the (xi, yi, zi) coordinates of
the nuclei once we know the Euler angles. These equations could be used to
determine how θ, φ, χ, and ρ are transformed by elements of the MS group but
it is easier to study the transformation properties of the reference configuration
for this purpose [i.e., we determine the transformation properties of the coor-
dinates θ, φ, χ, and ρ when all 3N − 7 Qr’s are zero]. In the same way that
the Eckart conditions define “rotation” so as to minimize the terms that cou-
ple rotation and vibration in the kinetic energy, the Sayvetz condition defines
“contortion” so as to minimize the term that couples contortion and vibration
in the kinetic energy. Loosely speaking Eq. (15-20) defines ρ so that the change
in nuclear coordinates when ρ is changed, ∂αi/∂ρ, is orthogonal to the change

3See Fig. 2 and Eq. (8) of HBJ.
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in nuclear coordinates, αi−aiα, that results from the vibrations. For a molecule
with several contortional coordinates there is one Sayvetz condition for each
contortional coordinate ρj :

∑

α,i

mi(αi − aiα)
∂aiα
∂ρj

= 0, (15-21)

where j = 1, 2, . . . n.

15.2.2 The symmetry labeling of states

The rotation-contortion wavefunctions are obtained by diagonalizing a ma-
trix representation of Ĥrc in basis functions that are products of the rotational
basis functions Φrot(θφχ), invariably symmetric top functions, and eigenfunc-
tions Φcon(ρ) of Ĥcon, where

Ĥcon =
1

2
µref
ρρ Ĵ

2
ρ +

1

2
(Ĵρµ

ref
ρρ )Ĵρ + U(ρ) + V0(ρ). (15-22)

The symmetry classification of the rotation-contortion energy levels is made by
classifying the basis functions Φrot(θφχ) and Φcon(ρ) in the MS group. Know-
ing the equivalent rotations of the elements of the MS group makes classify-
ing the Φrot(θφχ) easy, and the classification of the Φcon(ρ) follows once the
transformation properties of ρ are determined. Normally one determines the
contortional species at the high barrier and zero barrier limits. The examples
below will show how this is done in practice. The extension of these ideas
to a situation in which there is more than one contortional coordinate is, in
principle, straightforward and some references are given in the Bibliographical
Notes.

In studying rotation-contortion energy levels it is very helpful to construct
a correlation diagram connecting the rotation-contortion energy levels of the
limiting situations of an high (insuperable) barrier (when there is no tunneling)
and of a zero barrier (when the contortional wavefunction is simple to deter-
mine and to symmetry classify). The determination of the nonrigid molecule
MS group symmetry labels at the high barrier limit proceeds by using the
reverse correlation table of the species of the conformer MS group and the non-
rigid molecule MS group. The correlation of the high barrier and zero barrier
levels is drawn maintaining the MS group symmetry labels and the label J
from the group K(spatial). As shown at the end of Chapter 8 one can add nu-
clear spin statistical weights to such correlation tables, and these are helpful in
understanding the intensity alternations in the spectrum. Similar correlation
diagrams for the contortional levels alone can also be useful, as we show below
for the torsional energy levels of the hydrogen peroxide molecule in Fig. 15-13.

The symmetry classification of the vibrational wavefunctions is complicated
by the fact that the λr are ρ-dependent, and this makes the determination
of the symmetry species of the normal coordinates, and hence of the vibra-
tional wavefunctions, more involved than for a rigid molecule. As we allow the
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contortional coordinate to vary over its allowed range the point group sym-
metry of the instantaneous nuclear configuration will usually change, e.g., as
the dimethylacetylene molecule twists the instantaneous point group symmetry
changes from D3h through D3 to D3d. For each different point group geome-
try we can determine the symmetry species, in that point group, of the normal
coordinates using the technique discussed in Chapter 12 [see Eq. (12-7)]. Ex-
cluding the species of the contortional coordinate from these we obtain the
species of the 3N − 7 normal coordinates in each possible instantaneous point
group. We use the correlation tables of these point groups (or really of the rigid
molecule MS group with which they are isomorphic) to the nonrigid molecule
MS group to determine the species of the normal coordinates in the nonrigid
molecule MS group (see the nitromethane example below). The species of the
normal coordinates in the nonrigid molecule MS group is often not unique; the
species will depend on the details of the ρ dependence of the force field. This
means that one begins a spectral simulation by choosing a zero order ρ de-
pendence in the force field, which then leads to zero order normal coordinates.
One can then determine zero order rotation-contortion-vibration energy levels,
wavefunctions, symmetries, selection rules, intensities and spectra. Neglected
terms in the force field could then be introduced in order to determine their
effect.

The classification of an electronic wavefunction of a nonrigid molecule in
its MS group proceeds after first determining how the electronic coordinates
transform. The toluene and ethylene molecules treated below as examples will
show how this is done. If more than one electronic state is considered in a
problem then one will need to use the MS group that is appropriate for the
simultaneous treatment of the states (see Section 3.5).

15.3 OPTICAL SELECTION RULES

The rigorous electric dipole selection rules obtained in Eqs. (14-8)-(14-11)
apply to all molecules, rigid, nonrigid, and linear. The general line strength
expressions in Eqs. (14-33), (14-43), (14-48), and (14-50) are also valid for all

molecules [where the Φ
(V,L)
vib in Eq. (14-44) include Φcon] and so are, conse-

quently, all near selection rules on angular momentum quantum numbers that
can be derived from these equations, such as Eqs. (14-30), (14-31), (14-34),
and (14-49). However, the vibrational and electronic selection rules obtained
in Chapter 14 must be reexamined for nonrigid molecules since the zero order
wavefunction is different from that used in Eq. (14-18).

The zero order roconvibronic wavefunctions for a molecule with one contor-
tional coordinate are of the form

Φrcve = Φrot(θφχ)Φcon(ρ)ΦvibΦ
(e,S,mS)
elec , (15-23)

where here Φvib involves 3N − 7 coordinates. The rotational quantum numbers
involved will be J, k, and m for symmetric or spherical tops and J,Ka,Kc,
and m for asymmetric tops; we use ki for the contortional quantum number.
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The selection rules are obtained by considering the conditions under which the
following is true [from Eq. (14-19)]

〈
Φ′

rotΦ
′
conΦ′

vibΦ
(e′,S′,m′

S)
elec |µ(1,σ)

s |Φ′′
rotΦ

′′
conΦ′′

vibΦ
(e′′,S′′,m′′

S)
elec

〉
6= 0. (15-24)

for σ = 0, ±1. The irreducible tensor operator µ
(1,σ)
s is defined in Eq. (14-13).

As indicated above, we can use the techniques discussed in Chapter 14 to ob-
tain, from the matrix element in Eq. (15-24), expressions for the line strength
similar to those in Eqs. (14-33), (14-43), (14-48) and (14-50) [where we use
Eq. (14-33) for completely separable wavefunctions, Eq. (14-43) if rotation-
vibration and rotation-contortion interaction is taken into account, Eq. (14-48)
if the effects of the electron spin are considered, and Eq. (14-50) if also the ef-
fects of the nuclear spin are accounted for]. The only difference between the line
strength expressions derived for nonrigid molecules and those in Eqs. (14-33),
(14-43), (14-48) and (14-50) is in the form of the vibronic matrix elements deter-
mining the line strength. For a rigid molecule these matrix elements are given
by Eqs. (14-26) and (14-27). For a nonrigid molecule Eq. (14-26) is changed to

〈
Φ′

conΦ′
vibΦ

(e′,S′,m′

S)
elec

∣∣∣µ(1,σ′)
m

∣∣∣Φ′′
conΦ′′

vibΦ
(e′′,S′′,m′′

S)
elec

〉

=
〈

Φ′
conΦ′

vib

∣∣∣µ(1,σ′)
m (e′, e′′)

∣∣∣Φ′′
conΦ′′

vib

〉
, (15-25)

whereas Eq. (14-27) is still valid. In order that the matrix element in Eq. (15-25)
can be nonvanishing, the vanishing integral rule requires

Γ′
con ⊗ Γ′′

con ⊗ Γ′
vib ⊗ Γ′′

vib ⊗ Γ′
elec ⊗ Γ′′

elec ⊃ Γ
(
µ(1,σ′)
m

)
, (15-26)

which is the nonrigid-molecule version of Eq. (14-35). Equivalently, we can
express this condition as in Eq. (14-37) to obtain

Γ′
con ⊗ Γ′′

con ⊗ Γ′
vib ⊗ Γ′′

vib ⊗ Γ′
elec ⊗ Γ′′

elec ⊃ Γ (Tα) (15-27)

where α = x, y, or z.

As we did in Eq. (14-38) we now introduce Cartesian components of the
electronic transition moment function. For a rigid molecule in zero order we
neglect the dependence of the electronic transition moments µα(e′, e′′) on the
vibrational displacements because the vibrational displacements are small, and
only a very small region of the µα(e′, e′′) around equilibrium is probed. If
vibrational displacements become large (of the order of the vibrational coor-
dinates themselves), either because the vibrational energy levels involved are
highly excited or because the molecule is nonrigid then the dependence of the
µα(e′, e′′) on the coordinates that have a large amplitude cannot usually be
neglected.
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For a molecule with one contortional coordinate ρ, we replace Eq. (14-41) by

µα(e′, e′′) = µ(0)
α (e′, e′′; ρ) +

∑

r

µ(r)
α (e′, e′′; ρ)Qr

+
1

2

∑

r,s

µ(r,s)
α (e′, e′′; ρ)QrQs + · · · , (15-28)

where r and s = 1 to 3N − 7. The electronic integral µα(e′, e′′) is expressed as
a Taylor expansion in the small-amplitude vibrational normal coordinates Qr

of one of the electronic states, but the expansion coefficients are no longer
constants as they were in Eq. (14-41); they are allowed to depend on the
large amplitude coordinate ρ. The MS group symmetry of µα(e′, e′′) is given
by Eq. (14-39), exactly as for a rigid molecule. For a nonrigid molecule the
symmetry analysis outlined below Eq. (14-41) has to be revised if ρ is not to-

tally symmetric in the MS group, since the expansion coefficients µ
(0)
α (e′, e′′; ρ),

µ
(r)
α (e′, e′′; ρ), . . . , will not necessarily be totally symmetric. We discuss this

point below.
A rotation-contortion-vibration transition is allowed within the electronic

transition e′ ← e′′ if
∑

α

〈Φ′
rot|λαζ |Φ′′

rot〉〈Φ′
con|µ(0)

α (e′, e′′; ρ)〈Φ′
vib|Φ′′

vib〉|Φ′′
con〉 6= 0. (15-29)

We say that an electronic transition of a nonrigid molecule is electronically

allowed if the leading term µ
(0)
α (e′, e′′; ρ) is Eq. (15-28) is nonvanishing, even

if this term vanishes for ρ equal to its equilibrium value ρe. The contortional
transitions of an electronically allowed transition have

〈
Φ′

con

∣∣∣µ(0)
α (e′, e′′; ρ)

∣∣∣Φ′′
con

〉
6= 0. (15-30)

Since µ
(0)
α (e′, e′′; ρ) has the same MS group symmetry as µα(e′, e′′), this condi-

tion requires

Γ′
elec ⊗ Γ′′

elec ⊗ Γ′
con ⊗ Γ′′

con ⊃ Γ(Tα) (15-31)

and the strong vibronic transitions associated with the electronically allowed
transition will satisfy

Γ′
vib = Γ′′

vib (15-32)

for the 3N − 7 small amplitude vibrations. The MS group used here has to be
appropriate for the simultaneous treatment of both electronic states involved.
Applying Eq. (15-31) we see that, in an electronic transition, bands will be
allowed that in the approximation of neglecting the ρ-dependence of µα(e′, e′′)
would be forbidden. These bands will have ∆ki 6= 0. A good example of this is
provided by the S1 ← S0 electronic band system of the toluene molecule which
is discussed in Section 15.4.3.
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Similarly allowed rotation-contortion-vibration transitions within an elec-
tronic state e, say, must satisfy

∑

α

〈Φ′
rot|λαζ |Φ′′

rot〉〈Φ′
con|[µ(0)

α (e, e; ρ)

+
∑

r

µ(r)
α (e, e; ρ)〈Φ′

vib|Qr|Φ′′
vib〉]|Φ′′

con〉 6= 0. (15-33)

We deduce the general symmetry rule for an allowed vibrational transition as

Γ′
vib ⊗ Γ′′

vib ⊗ Γ′
con ⊗ Γ′′

con ⊃ Γ(Tα), (15-34)

which should be compared to Eq. (14-70). Using the second term on the right
hand side of Eq. (15-28) we obtain the conditions for an allowed contortion-
vibration transition as

〈Φ′
vib|Qr|Φ′′

vib〉 6= 0 (15-35)

together with Eq. (15-34). In the harmonic oscillator approximation Eq. (15-35)
leads to

∆vr = ±1. (15-36)

We see that for a nonrigid molecule, when we allow for contortional fine struc-
ture, vibrational fundamentals are allowed for normal modes that do not have
the species of a translation. This arises from the fact that we are not neglecting

the ρ dependence of µ
(r)
α (e, e; ρ). This point is perhaps made clearer by refer-

ence to Fig. 15-1 which depicts the allowed contortional lines in a fundamental
band for which the species of the normal coordinate is not that of a translation.
Thus the ki = 0← 0 subband, in the vr = 1← 0 band shown, is forbidden. It
is supposed that the contortional symmetries are such that ∆ki = ±1 transi-
tions accompanying the vr = 1← 0 band are allowed; these would be sum and
difference bands if the molecule were rigid and the contortional energy separa-
tion large. Thus for the nonrigid molecule with small contortional energy level
separations the vr = 1← 0 band is allowed; it consists of contortional subbands
that satisfies ∆ki = ±1. Rotational transitions are ignored in Fig. 15-1.

Pure rotation-contortion transitions (the nonrigid molecule analogue of a
pure rotation transition in a rigid molecule) must satisfy

∑

α

〈Φ′
rot|λαζ |Φ′′

rot〉〈Φ′
con|µ(0)

α (e, e; ρ)|Φ′′
con〉 6= 0. (15-37)

This leads to the symmetry selection rule

Γ′
con ⊗ Γ′′

con ⊃ Γ(Tα), (15-38)

which is less restrictive than demanding a nonvanishing permanent dipole mo-
ment given by Eq. (14-85).
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Fig. 15-1. The contortional fine structure (∆Ki = ±1) on a vr = 1 ← 0 fundamental
band for which Γ(Qr) 6⊃ Γ(Tα) but for which Γ(Qr)⊗Γ[Φcon(ki)]⊗Γ[Φcon(ki±1)] ⊃ Γ(Tα).
The full lines are allowed transitions and the dotted lines are forbidden transitions. Ki = |ki|.
The rotational energy levels are omitted.

15.4 EXAMPLES

We discuss the application of these ideas to the nonrigid molecules ammonia
NH3, nitromethane CH3NO2, toluene CH3C6H5, ethane CH3CH3, dimethy-
lacetylene CH3CCCH3, hydrogen peroxide H2O2, ethylene C2H4, methylene
CH2, and H2Te. These examples are chosen to illustrate various aspects of
the spectroscopy and symmetry of nonrigid molecules. Ammonia is used as
an example for determining the symmetry of rotation-inversion states, the se-
lection rules for rotation-inversion transitions, and forbidden transitions. Ni-
tromethane is introduced as an example for showing the effect of extra ĴαĴβ
terms that can arise in the effective rotation-contortion Hamiltonian, and for
showing how nonunique species for the normal coordinates can occur. Toluene
provides an example that shows how forbidden torsional bands can occur in
an electronic transition when allowance is made for the dependence of the
transition moment on the torsional angle, and it also shows how we have to
deal with the symmetry properties of the effective torsional potential function.
Dimethylacetylene provides an example for introducing the extended molecular
symmetry (EMS) group, and for showing how one deals with normal coordi-
nates having nonunique symmetry species. Hydrogen peroxide is discussed in
order to show how torsional tunneling can sometimes produce a staggering of
energy levels rather than a splitting, and to show the use of energy level cor-
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relation diagrams. Ethylene demonstrates how one deals with the symmetry
classification and selection rules in situations when two electronic states hav-
ing different point group symmetry have to be considered together. Methylene
shows how we deal with quasilinear molecules (for which an element of the µref

matrix is singular). Finally H2Te provides an example of nonrigidity caused by
strong centrifugal forces in highly excited rotational states; we discuss how the
definition of the molecular symmetry group can be extended to describe such
states.

Notation

For nonrigid molecules the notation used in the literature for labeling the
rotation-contortion-vibration energy levels is not entirely consistent. The dif-
ferent types of contortion that can occur, such as internal rotation, inversion,
bending and pseudorotation, the different axis system definitions (PAM, RAM,
IAM), and the variations in the magnitude of the contortional splittings be-
tween molecules, and between different energy regions in the same molecule,
probably make it impossible to develop a simple single consistent set of rota-
tional, contortional and vibrational quantum number labels that are useful for
describing the spectra, the interactions and the selection rules for all molecules.
It should at least be universal to always use the irreducible representations of
the appropriate MS group, or EMS group, for symmetry labeling the levels. Un-
fortunately, for historical reasons, even this is not the case for some molecules.
To understand the existing literature for such molecules one has to learn the
‘special’ symmetry ideas that have been developed for it, and in this circum-
stance it is a moot point whether using the MS group labels will help or confuse
by adding alternative labels. However, since the MS group is always the correct
group to use for labeling distinguishable energy levels (by definition), it is nec-
essary to check the results obtained using the ‘special’ symmetry by using the
MS group. The nitromethane molecule below provides an example of where
the historic ‘special’ symmetry group leads to error. As a general principle
molecular energy levels exhibit a hierarchy of clustering patterns: nuclear-spin
energy levels cluster together in each rotational state, rotational energy levels
cluster together in each vibrational state, and vibrational energy levels cluster
together in each electronic state. The development of approximately separable
Hamiltonians and of useful near quantum number labels is based on this fact.
However, contortional energy levels do not usually fit neatly into this hierar-
chy and we cannot, in general, label them as rotations or vibrations. For the
examples we discuss below the notation used is as follows:

(a) The rotations

The rotational quantum number labels are generally based on the use of the
appropriate molecular rotation group. This does not appear to lead to any
particular difficulties for nonrigid molecules. The identity of the rotational
quantum number k and the vibrational angular momentum quantum number
l for a quasilinear molecule is discussed in Section 17.5.2.



496 15. Nonrigid Molecules

(b) The contortions.

We suggest the use of the triple label (vhigh,vlow,Γcon) on contortional energy
levels where vhigh is the vibrational quantum number in the high (insuperable
contortional barrier) limit, vlow is the appropriate quantum number in the zero
barrier limit, and Γcon is the MS group symmetry species of the contorsional
energy level in the low barrier MS group.4 This is somewhat akin to the label
(N ,J ,Γrve) used on rotational energy levels of multiplet electronic states. For
example, for ammonia, we use the label (v2,vinv,Γinv) for the inversion states;
in the high barrier situation (or in a low resolution spectrum) v2 is more use-
ful, whereas vinv is needed if the inversion splitting is resolved. The vinv label
leads directly to the MS group symmetry label Γinv. For nitromethane and
dimethylacetylene the label ki (with Ki = |ki|) is used to label low barrier
internal-rotation states.5 We advocate the universal adoption of ki as the in-
ternal rotation quantum number with Ki = |ki|; it is used in Herzberg (1991a,
1991b), but unfortunately in the literature letters such as m or l are some-
times used (these are already ‘reserved’ as magnetic and vibrational angular
momentum quantum numbers, respectively). In hydrogen peroxide the tor-
sional barrier is much higher; our proposed notation for the torsional states
would be (v4,Ki,Γ) where Γ is the symmetry of the torsional level in the fully
torsionally tunneling molecule. The historic τ notation used for hydrogen per-
oxide is essentially the same as this Γ label. Choosing Γ to be a number that is
keyed to the MS group symmetry labels (as we do below) would then parallel
the traditional use of the label τ .

(c) The vibrations.

The normal coordinates of a nonrigid molecule are functions of the contor-
tional coordinate (or coordinates) and this often leads to the situation that the
symmetry species of the normal coordinates is not fixed; it can depend on the
way the force constants vary with the contortional coordinate (or coordinates).
This makes it difficult to number the normal modes and to state their symme-
try. One possible way to achieve an unambiguous symmetry, and numbering
of the vibrations, is to define the symmetry and the numbering for a special
choice of the symmetry coordinates. For nitromethane we choose symmetry
coordinate that are independent of the torsional angle (see Table 15-5), and
for dimethylacetylene in Table 15-10 we use degenerate symmetry coordinates
that remain cis and trans coupled for all values of the torsional angle. Another
much less serious source of confusion can arise depending on whether the con-
tortion is included with the vibrations when we number them. It is probably
best to include the contortion with the vibrations for the purpose of making
the vibrational numbering, even if this leads to the situation exemplified in Ta-
ble 15-5 for nitromethane, and in Table 15-10 for dimethylacetylene, of there

4One might wish to add the symmetry species in the high (insuperable) barrier MS group.
5For convenience we often use the word ‘torsion’ to describe the internal rotation motion

in a low barrier case as well as the torsional motion in a high barrier case.
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being a ‘missing’ vibrational number.

15.4.1 Ammonia

An ammonia molecule in its equilibrium configuration is shown in Fig. 15-2,
and inversion between the two configurations shown in the figure gives rise to
observable splittings in the spectrum. The inversion potential and inversion
energy levels for 14NH3 are shown in Fig. 15-3 [see Špirko and Kraemer (1989)
and page 9755 of Császár, Allen, and Schaefer (1998)]. In this figure the in-
version barrier height is the barrier height in the effective inversion potential
Veff(ρ) of 14NH3 averaged over the zero point motion of the three high fre-
quency vibrations ν1, ν3 and ν4 [see Eq. (15-82)]. The barrier height in the
Born-Oppenheimer potential surface V0(ρ) is 1885 cm−1 [see Fit III in Table
II of Špirko and Kraemer (1989)]. If the effects of inversion tunneling were not
observable the energy level situation would be as shown in Fig. 15-4. NF3 is
an example of such a case and the states of the umbrella vibration are labeled
v2 = 0, 1, 2, . . . . The MS group of NF3 is C3v(M) and that of inverting NH3

is D3h(M); the character table of the D3h(M) group is given in Table A-10. In
Fig. 15-3 we number the inversion states by the v2 value for the rigid molecule
level with which they correlate and also with the quantum number vinv. The
use of the quantum number vinv (which gives the total number of nodes in
the inversion wavefunction) is preferable to v2 for NH3, particularly for the
higher vibrational states, and it allows us to treat NH3 as a planar molecule
with a highly anharmonic out-of-plane vibration. Using this quantum number
the vibrational and rotational selection rules for allowed optical transitions and
perturbations are easy to formulate.

Fig. 15-2. The reference configuration of NH3. The NH bond lengths are equal to their
equilibrium values and the three HNH angles are equal to each other. The molecule fixed
(x, y, z) axes are the principal inertial axes.

It is first necessary to define the reference configuration, the orientation of
the molecule fixed axes in the reference configuration, and the inversion angle
ρ of the reference configuration. The reference configuration of the ammonia
molecule is defined as having all three NH bond lengths equal to their equilib-
rium values and all three HNH angles equal to each other. The molecule fixed
(x, y, z) axes are chosen to be right handed and to be the principal axes of the
reference configuration, as indicated in Fig. 15-2. The positive z axis direction
is defined as that direction a right handed screw would travel if twisted in the
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Fig. 15-3. The inversion energy levels and effective inversion potential of 14NH3.

Fig. 15-4. The potential function and umbrella
vibration energy levels of a rigidly C3v molecule such
as NF3. The abscissa is the inversion coordinate.

direction H1 → H2 → H3, and the x axis is in the z-N-H1 plane. The inver-
sion angle in the reference configuration is the angle between the positive z
axis direction and an NH bond. This completes the definition of the reference
configuration. For an arbitrarily oriented ammonia molecule in its reference
configuration we can use this definition to determine θ, φ, χ, and ρ and hence
we can determine the transformation properties of these angles in the D3h(M)
group.

There is confusion in some of the literature about the transformation of
molecule fixed axes, and molecule fixed coordinates, under ‘sense reversing’
symmetry operations such as the E∗ operation, and the correct discussion was
first given by Hougen (1963). The molecule fixed axes are defined to be right
handed when the molecule is in its reference configuration, just as they are
when the molecule in an arbitrary distorted configuration. The operation E∗

does not invert the molecule fixed axes of the NH3 molecule. It rotates them.
No operation of any molecular symmetry group of any molecule inverts the
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molecule fixed axes. When the molecule is not in its reference configuration
the Eckart and Sayvetz conditions are used to obtain θ, φ, χ, and ρ; the Euler
angles give the orientation of the right-handed (x, y, z) axes.

The rotation-inversion Hamiltonian of the ammonia molecule is particularly
simple since by choosing the axes of the reference configuration as principal axes
all off-diagonal elements of µref vanish, and also for all values of ρ the reference
configuration remains a symmetric top with µref

xx = µref
yy . The rotation-inversion

Hamiltonian is

Ĥri =
1

2
µref
xx(Ĵx

2 + Ĵy
2) +

1

2
µref
zz Ĵz

2 +
1

2
Ĵρµ

ref
ρρ Ĵρ + U(ρ) + V0(ρ), (15-39)

It is easy to solve the corresponding Schrödinger equation by writing a general
solution as |J, k,m〉|vinv〉 where |J, k,m〉 is a symmetric top function and |vinv〉
is an inversion function of ρ that remains to be determined. Acting on the
left of this function with 〈J, k,m|Ĥri and integrating out the Euler angles we
obtain the rotation-inversion energy levels by solving

{
1

2
Ĵρµ

ref
ρρ Ĵρ + U(ρ) + V0(ρ) +

ℏ2

2

{
µref
xx[J(J + 1)−K2]

+ µref
zzK

2
}
}
|vinv; (J,K)〉 = Eri|vinv; (J,K)〉. (15-40)

This is a one dimensional inversion equation that is easy to solve numerically.
This equation is solved for each J,K value and the terms in J and K enter as
a rotationally dependent correction to the potential function. One can imagine
the molecule as inverting in a given rotational state with a ‘rotation-state-
dependent’ inversion potential. The inversion wavefunctions are then labeled
with the appropriate J,K rotational quantum numbers. Each inversion state
vinv has a set of symmetric top energy levels built up on it.

The transformation properties of the rotational eigenfunctions |J, k,m〉 in
D3h(M) can be determined using the equivalent rotations indicated in Ta-
ble A-10, and the results in Eqs. (12-46) and (12-47). The inversion Hamilto-
nian can be diagonalized for any shape of V0(ρ) by numerical methods. For
determining the symmetry of the eigenfunctions Γinv we can take V0(ρ) as being
harmonic and centered on the planar configuration. Doing this we see [from
Eq. (12-55) and the results after it] that the states with vinv even are totally
symmetric in D3h(M) and that the states with vinv odd have the same symme-
try as ρ; ρ has the symmetry A2

′′. We can therefore write the species of the
inversion states as

Γ(Φinv) = [A2
′′]vinv . (15-41)

The species of the rotational states are given in Table 15-1. In the C3v group
of any nonplanar conformation of the reference configuration the (small am-
plitude) normal coordinate representation (excluding the inversion) is A1⊕2E,
and in the D3h group of the planar conformation it is A1

′⊕2E′. However, the
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MS group D3h is isomorphic to the point group of the planar conformation
which means that the normal coordinate species in the MS group is uniquely
given by6

Γ(Q) = A1
′ ⊕ 2E′. (15-42)

By the same reasoning the electron spin–orbit wavefunction of the ground state
of NH3 is totally symmetric in D3h(M) which means that the rotation-inversion-
vibronic species of the ground electronic state levels of ammonia can be ob-
tained from the results in Table 15-1 together with Eqs. (15-41) and (15-42).

Table 15-1

Symmetry species of rotational states
of NH3 in D3h(M)a

K Γrot

(J even) A1
′

0
(J odd) A2

′

6n± 1 E′′

6n± 2 E′

6n + 3 A1
′′ ⊕ A2

′′

6n + 6 A1
′ ⊕ A2

′

a n is a nonnegative in-
teger and K ≥ 0.

Having determined the symmetry species of the rotational, inversion, and
vibrational states of the molecule the selection rules for allowed electric dipole
transitions can be determined. The selection rules for transitions between the
rotation-inversion states are particularly important. From Table A-10 we see
that the species of Tz is A2

′′, that of (Tx, Ty) is E′, and that of Γ∗ is A1
′′. Thus

the E′ fundamentals will be infrared active with selection rules ∆K = ±1 and
∆J = 0, ±1, and the rotation-inversion spectrum will satisfy the selection rules
∆K = 0, ∆vinv = odd with ∆J = 0, ±1. Since the vinv = 1 inversion state is
very close to the vinv = 0 state, hot transitions from it will be as important as
those from the ground (vinv = 0) state. In Fig. 15-5 the lowest rotational levels
of the vinv = 0, 1, 2, and 3 states are drawn, and some of the rotation-inversion
transitions allowed in the electric dipole absorption spectrum are marked by
solid lines. The vinv = 3 ← 0 and vinv = 2 ← 1 bands are completely on
top of each other in the infrared spectrum, and these bands correlate with the
v2 = 1← 0 band of the rigid nonplanar molecule. In the microwave spectrum
vinv = 1 ← 0 and vinv = 0 ← 1 transitions occur in absorption, and three of
these types of transition are also marked in Fig. 15-5; these correlate with pure
rotation transitions of the rigidly nonplanar molecule.

6The inversion is ν2 and the vibrations are numbered ν1(A1
′), ν3(E′) and ν4(E′).
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Forbidden transitions are also indicated in Fig. 15-5. Rotational transitions
within the vinv = 0 or 1 states are forbidden, but rotation-vibration interaction
makes such forbidden transitions weakly allowed with ∆k = ±3 selection rules
(as discussed for H+

3 in Section 14.1.14); four of these transitions are indicated
by a dashed line in Fig. 15-5 [see Oka, Shimizu, Shimizu and Watson (1971b)
and Oka (1976)]. The vinv = 2 ← 0 and 3 ← 1 forbidden bands also gain
intensity (with the same selection rules on k) by such interactions and three of
these transitions, in the vinv = 2 ← 0 band, are also marked by a dashed line
in the figure. In an electric field (i.e., in the Stark effect) rovibrational states
connected by the species A1

′′ with ∆J = 0 or ±1 are mixed. In particular states
with the same K value and with vinv values differing by one will be mixed by
an electric field, and as a result forbidden transitions with ∆vinv even will
steal intensity from allowed transitions having ∆vinv odd; such transitions will
have ∆K = 0. Two examples of such a forbidden transition made allowed by
applying an electric field are indicated by a dot-dash line in Fig. 15-5.

The nuclear spin states and the nuclear spin statistical weights for 14NH3

are discussed in Chapter 8 [see Eq. (8-9) and Table 8-6] and in Section 13.6.2.
Rotational levels of species A1

′ and A1
′′ are missing, the levels of species A2

′

and A2
′′ can be in the 12 nuclear spin states of species A1

′ (and therefore they
have a nuclear spin statistical weight of 12), and the levels of species E′ or E′′

can be in the 6 nuclear spin states of species E′ (and therefore they have a
nuclear spin statistical weight of 6). As already indicated for H2 and CH3F in
Section 13.6.3, the levels with the greater nuclear spin statistical weight (the
A2

′ and A2
′′ levels) are called the ortho levels and the levels with the lesser

nuclear spin statistical weight (the E′ and E′′ levels) the para levels. We see
that all the transitions indicated in Fig. 15-5 are para-para (E′ ↔ E′′ in the
absence of an external field) transitions. We could have indicated some ortho-
ortho transitions (A2

′ ↔ A2
′′) such as (vinv,J ,K) = (3,0,0) ← (0,1,0) but we

did not want to overburden the figure. What about ortho-para transitions that
involve a change in nuclear spin state? Just as for BF3 in Problem 8-1 the
complete internal wavefunction of NH3 can only be of species A2

′ or A2
′′ in

D3h(M) as the parity of Φint is + or −. Rotational levels of species E′ have to
be in nuclear spin states of species E′,and rotational levels of species A2

′ have
to be in nuclear spin states of species A1

′. As a result E′ and A2
′ rotational

levels produce hyperfine Φint states of species A2
′ (+ parity levels). Similarly

E′′ and A2
′′ levels produce Φint states of species A2

′′ (− parity levels). Thus
ortho-para mixing can mix E′ and A2

′ rotational levels, and separately it can
mix E′′ and A2

′′ levels. Allowing for ortho-para mixing, and using the rigorous
selection rule that parity must change in an allowed transition [see Eq. (14-10)],
we see that ortho-para transitions will connect rotational levels E′ ↔ A2

′′ and
E′′ ↔ A2

′ [with the rigorous selection rule ∆F = 0, ±1 from Eq. (14-11)]. The
transitions E′ ↔ A2

′ and E′′ ↔ A2
′′ are strictly forbidden as electric dipole

transitions in an isolated ammonia molecule in field free space since they do not
involve a change of parity. In an electric field they become allowed since par-
ity is not then conserved.
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Fig. 15-5. The lower rotational energy levels of the (v2,vinv,Γinv) = (0,0,A1
′), (0,1,A2

′′),
(1,2,A1

′) and (1,3,A2
′′) states of NH3. The D3h(M) symmetry labels Γrve have been added

and rovibronic states forbidden by nuclear spin statistics are in parentheses. Some of the
allowed transitions are marked and a full line is used; these transitions satisfy ∆vinv = odd
and ∆K = 0. Using a dashed line some of the forbidden transitions made allowed by rotation-
vibration interaction are marked and these have ∆vinv = even, ∆k = 3. Both of these types
of transition occur with ∆J = 0 or ±1. Forbidden transitions made allowed by applying an
external electric field (these transitions are allowed two-photon transitions) have selection
rules ∆vinv = even, ∆K = 0, and ∆J = 0, ±1, and ±2; two of these transitions are marked
by a dot-dash line.



15.4. Examples 503

15.4.2 Nitromethane

In Fig. 15-6 the nitromethane molecule is shown in its reference configuration:
all bond lengths and angles have their equilibrium values (except the torsional
angle ρ), and the molecule fixed axes are located (using PAM) as principal
axes with the z axis is in the C → N direction and the x axis is in the CNO4

plane. The torsional angle ρ is the dihedral H1CNO4 angle measured from CH1

in a right handed sense about the z axis. This molecule has practically free
internal rotation, and its MS group is the group G12 which is isomorphic to
the D3h group. Following the notation of Table 1 in Longuet-Higgins (1963),
who considered the CH3BF2 molecule, the character table of G12 is given in
Table A-24. It is easy to see that the only nonvanishing elements of the µref

are the xx, yy, zz, ρρ and the zρ = ρz elements. Also all of these elements are
independent of ρ.

Fig. 15-6. The reference configuration of CH3NO2. All bond lengths and angles, except
the torsional angle ρ, have their equilibrium values, and the molecule fixed (x, y, z) axes are
the principal inertial axes.

Before discussing the rotation-torsion Hamiltonian and the symmetry species
of the rotational, torsional and vibrational wavefunctions in G12 we briefly
look at the nuclear spin statistical weights of CH3NO2 and CH3BF2. Using
Eq. (8-28) we determine that for 12CH3

14N16O2

Γsw
rve = 12A1

′ ⊕ 12A2
′ ⊕ 12E′, (15-43)

and for 12CH3
11B19F2 we have

Γsw
rve = 16A1

′ ⊕ 16A2
′ ⊕ 16E′ ⊕ 48A1

′′ ⊕ 48A2
′′ ⊕ 48E′′. (15-44)

Because of the zero spin of the 16O nucleus the levels that are antisymmetric
in the operation (45), i.e., levels of symmetries A1

′′, A2
′′, and E′′, are missing
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for CH3N16O2. In CH3BF2 there is a 1:3 intensity alternation depending on
the symmetry under (45). The results given here for CH3BF2 accord with
those given by Longuet-Higgins (1963) when allowance is made for the fourfold
degeneracy of the I = 3/2 11B nucleus.

The zero order rotation-torsion PAM Hamiltonian for nitromethane is

Ĥrt =
1

2
µref
xxĴx

2 +
1

2
µref
yy Ĵy

2 +
1

2
µref
zz Ĵz

2 +
1

2
µref
ρρ Ĵ

2
ρ + µref

zρ ĴzĴρ + V0(ρ),

(15-45)

where none of the µref
αβ elements depend on ρ. To diagonalize this Hamiltonian

we use a basis set of symmetric top and free internal rotor functions. If the
torsional barrier is ignored then the only off-diagonal matrix elements are the
asymmetric rotor ∆Ka = ±2 matrix elements. The zero-barrier eigenfunctions
are thus the simple product of asymmetric top rotor functions and free internal
rotor torsional functions. From the equivalent rotations given in Table A-24 we
deduce the asymmetric rotor species to be those in Table 15-2. This molecule
is a near oblate top (Iaa ≈ Ibb < Icc) and the asymmetric top rotational energy
levels can be determined in the usual way using a |J, kc〉 basis. Longuet-Higgins
(1963) classified the |J, kc〉 symmetric top functions as being of species A2

′⊕A2
′′

for Kc odd and A1
′⊕A1

′′ for Kc even, which is correct.

Table 15-2

Species of asymmetric top rotational wavefunctions
of CH3NO2 in the group G12

KaKc Γrot KaKc Γrot

ee A1
′ oe A1

′′

eo A2
′ oo A2

′′

The zero barrier torsional wavefunctions are the eigenfunctions of 1
2µ

ref
ρρ Ĵ

2
ρ

with the boundary condition that Φtor(ρ + 2π) = Φtor(ρ). Thus the torsional
eigenfunctions and eigenvalues (in cm−1) are given by:

Φtor = exp(ikiρ) (15-46)

and

Etor =
ℏ2

2hc
µref
ρρki

2 = Fki
2, (15-47)

respectively, where ki = 0,±1,±2, . . . , and F is the rotational constant (in
cm−1) of the CH3 group about the CN axis. The transformation properties of ρ
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Table 15-3

Species of torsional wavefunctions, Φ
(±)
tor ,

of CH3NO2 in the MS group G12
a

Ki Γ

0 A1
′

6n± 1 E′′

6n± 2 E′

6n + 3 (+) A1
′′

6n + 3 (−) A2
′′

6n + 6 (+) A1
′

6n + 6 (−) A2
′

an is a nonneg-
ative integer and
Ki = |ki| ≥ 0.

Fig. 15-7. The effect of the operation (23)∗ on the torsional angle of the reference
configuration CH3NO2.

under the effect of the elements of G12 are determined from the transformations
of the reference configuration to be

(123)ρ = ρ− (2π/3),

(23)∗ρ = 2π − ρ,
(45)ρ = ρ+ π, (15-48)

(123)(45)ρ = ρ+ (π/3),

(23)(45)∗ρ = π − ρ.

The effect of (23)∗ is depicted in Fig. 15-7. Since (23)∗ changes ρ to −ρ torsional
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functions that transform irreducibly in the MS group, for all Ki = |ki| values,
are

Φ
(±)
tor = [exp(iKiρ)± exp(−iKiρ)]/(2

√
π). (15-49)

These functions are normalized to unity. The species of the torsional func-

tions depend on Ki and on (±) as shown in Table 15-3. Note that Φ
(+)
tor is

(1/
√
π)cos kiρ and Φ

(−)
tor is (i/

√
π)sin kiρ. This means that Table 15-3 can be

used to obtain the species of the functions sinnρ and cosnρ which is useful.
The effect of introducing a torsional barrier leads to a very interesting con-

clusion. A completely general expansion for the torsional potential function
would be as an expansion in sinnρ and cosnρ functions, i.e.,

V (ρ) =

∞∑

n=0

(Vn cosnρ+Wn sinnρ)/2, (15-50)

where Vn and Wn are constants. From Table 15-3 we can determine that the
only terms in this series that are of symmetry A1

′, and which can therefore
be present in the Hamiltonian, are the cosnρ terms having n = 6, 12, 18, . . . .
Thus only the constants V6, V12, V18 etc. can be nonvanishing. Sørensen and
Pedersen (1983) could fit the microwave spectrum of CH3NO2 to experimental
precision by taking just the V6 term. The value of V6 is then the height of the
torsional barrier. The effect of a V6 term in V (ρ) is to split the degeneracy

of the Φ
(±)
tor levels for Ki = 3; in first order the Φ

(+)
tor state gets energy 9F

+ V6/4 and the Φ
(−)
tor gets energy 9F − V6/4. Sørensen and Pedersen (1983)

determined that in the ground vibrational state the torsional barrier is 2.1
cm−1 for CH3NO2 and 1.8 cm−1 for CD3NO2. Adding this V6 potential also
adds off-diagonal Hamiltonian matrix elements having ∆ki = ±6. Changing
the sign of V6 (i.e., changing the equilibrium structure from being eclipsed to
being staggered) has no effect on the rotation-torsion energies, and it would
seem that the sign of the torsional barrier cannot be determined.

However, microwave spectroscopy is very precise, and a satisfactory fitting
of the levels is only possible if we allow for the effect of the small amplitude
vibrations. Thus we must use the effective rotation-contortion Hamiltonian in
which, as well as quartic centrifugal distortion terms, there are corrections to
the terms quadratic in the Ĵα. Sørensen and Pedersen (1983) carefully studied
the symmetry of various operators in G12. Using the results that cos3ρ has
symmetry A1

′′ and sin3ρ has symmetry A2
′′ (see Table 15-3), together with

the symmetries of the Ĵα given in Table A-24, they show that the following
rotation-torsion coupling term, which they call R3, is totally symmetric in G12

and can therefore be present in the effective rotation-torsion Hamiltonian:

R3 = kbĴb(Ĵρ cos 3ρ+ cos 3ρĴρ) + kcĴc(Ĵρ sin 3ρ+ sin 3ρĴρ), (15-51)

which we can rewrite as

R3 = µeff
bρ ĴbĴρ + µeff

cρ ĴcĴρ +
1

2
(Ĵρµ

eff
bρ)Ĵb +

1

2
(Ĵρµ

eff
cρ)Ĵc, (15-52)
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where µeff
bρ = 2kbcos3ρ and µeff

cρ = 2kcsin3ρ (where kb and kc are not rota-
tional quantum numbers). Sørensen and Pedersen (1983) use the notation of
Eq. (15-51), and Eq. (15-52) is the same term put into our notation. Not all
possible ĴαĴβ terms allowed by symmetry in the effective rotation-contortion
Hamiltonian have determinable coefficients [see Sørensen (1988, 1996)]. This is
in the same sense that only five of the quartic centrifugal distortion constants
can be determined for a general asymmetric top molecule (see page 354). The
rotation-torsion coupling term R3 mixes states that have ki values differing
by 3 and ka values differing by 1. Sørensen and Pedersen (1983) were able
to identify perturbations caused by this term in the microwave spectrum and
hence confirm that G12 is indeed the correct symmetry group as proposed by
Longuet-Higgins (1963) when he invented the MS group. The invariance group
of the rotation-torsion Hamiltonian of Eq. (15-45) was used in an earlier study
of CH3BF2 by Wilson, Lin and Lide (1955) and it is a group isomorphic to
D6h which is larger than G12 [see, for example, Table VIII in Lin and Swalen
(1959)]; the term R3 is not totally symmetric in this larger group. Sørensen
and Pedersen (1983) show very clearly that it is not rigorous to start with an
assumed form of the Hamiltonian and then to determine the invariance group
of that Hamiltonian. Neglected terms in the complete Hamiltonian may break
that symmetry. On the other hand the complete Hamiltonian of any isolated
molecule in field free space has to be invariant to all the elements of the MS
group.

In analyzing perturbations caused by the term R3, given in Eq. (15-51) above,
Sørensen and Pedersen (1983) were also able to determine the sign of V6. This
was an unexpected bonus. It could be proved that the minimum in the torsional
potential occurs when the NO2 group is staggered relative to the CH3 group,
i.e., when ρ = π/2 + 2πn/6 (see Fig. 15-6).

Fig. 15-8. Three rigid conformers of CH3NO2 having different symmetries.

To determine the species of the normal coordinates in G12 we consider the
species of the normal coordinates of the molecule when it is rigidly in each of the
three conformers shown in Fig. 15-8. Conformer (a) [in which the dihedral angle
H1CNO4 is 0◦] has MS group Ga = {E, (23)∗}, conformer (b) [in which the
dihedral angle H3CNO4 is somewhat larger than 90◦] has MS group Gb = {E},
and conformer (c) [in which the dihedral angle H1CNO4 is 90◦] has MS group
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Gc = {E, (23)(45)∗}. The character tables of Ga and Gc are the same as that
of Cs(M) given in Table A-2. Classifying the normal modes of each of these
rigid conformers in its MS group (using the technique discussed in Chapter 12)
and omitting the torsional species we obtain

Ga : Γ(Q) = 10A′ ⊕ 4A′′,

Gb : Γ(Q) = 14A, (15-53)

Gc : Γ(Q) = 9A′ ⊕ 5A′′.

The correlation table of G12 with Ga, Gb and Gc is given in Table 15-4, and
by using this table with Eq. (15-53) we can determine that the species of the
normal coordinates of free rotor CH3NO2 in the group G12. To do this let us
initially say that this species is given by

Γ(Q) = pA1
′ ⊕ qA2

′ ⊕ rA1
′′ ⊕ lA2

′′ ⊕mE′ ⊕ nE′′. (15-54)

For the Ga conformer the number of A′ normal coordinates is 10, whereas the
number of A′′ normal coordinates is 4. Thus we must have (from the correlation
of Ga and G12 species in Table 15-4) the restrictions

p+m+ r + n = 10, and q +m+ l + n = 4. (15-55)

Similar considerations for the Gc conformer lead to the restrictions

p+m+ l + n = 9, and q +m+ r + n = 5. (15-56)

Thus for a given choice of l, m and n these four equations lead to the result
that

Γ(Q) = (9− l −m− n)A1
′ ⊕ (4− l −m− n)A2

′ ⊕ (l + 1)A1
′′ ⊕ lA2

′′

⊕mE′ ⊕ nE′′, (15-57)

where l, m, and n are integers satisfying

l ≥ 0, m ≥ 0, n ≥ 0, (l +m+ n) ≤ 4. (15-58)

The restrictions of Eq. (15-58) result from the fact that none of the coefficients
in Eq. (15-57) can be negative. As a result of this there are 35 different possible
normal coordinate species for nitromethane. A similar analysis for methanol
CH3OH, for which the species of the normal coordinates in the rigid Cs con-
former is 8A′⊕3A′′ (excluding the torsion), yields the normal coordinate species
in the G6 MS group (see Table A-22):

Γ(Q) = (8 − n)A1 ⊕ (3− n)A2 ⊕ nE′, (15-59)

where n is an integer satisfying

0 ≤ n ≤ 3. (15-60)
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There are thus four different possible normal coordinate species for methanol.
For acetaldehyde CH3CHO, for which the species of the normal coordinates
in the rigid Cs conformer is 10A′⊕4A′′ (excluding the torsion), the normal
coordinate species in the G6 MS group is:

Γ(Q) = (10− n)A1 ⊕ (4 − n)A2 ⊕ nE′, (15-61)

where n is an integer satisfying

0 ≤ n ≤ 4. (15-62)

There are thus five different possible normal coordinate species for acetaldehyde
[see Hougen (1997)].

Table 15-4

The correlation table of the MS group G12

for torsionally tunneling CH3NO2
a

G12 : Ga Gb Gc

A1
′ : A′ A A′

A2
′ : A′′ A A′′

E′ : A′ ⊕A′′ 2A A′ ⊕A′′

A1
′′ : A′ A A′′

A2
′′ : A′′ A A′

E′′ : A′ ⊕A′′ 2A A′ ⊕A′′

a The groups Ga,Gb, and Gc

are for the rigid conformers of
Fig. 15-8.

For nitromethane there are very many possibilities for the symmetry species
of the small amplitude normal coordinates in the MS group. In general, for a
nonrigid molecule, if the order of each of the rigid conformer point groups is
less than that of the nonrigid molecule MS group then there will be multiple
possibilities for the species of the small amplitude normal coordinates. This
comes about because of the ρ-dependence of the normal coordinates.

To analyze in detail the vibrational spectrum, experience with dimethylacety-
lene (see below) leads us to suggest that the way to proceed would be to as-
sume a particular form for the ρ dependence of the symmetry coordinates. One
would then determine the G matrix for the chosen coordinates, and assume a
ρ-independent F matrix in zero order. After calculating the rotation-torsion-
vibration energy levels, and determining the selection rules on the rotational
and torsional quantum numbers for vibrational transitions, the ρ dependence
of the F matrix would be dealt with by perturbation theory or exact matrix
diagonalization. If one were to completely neglect the ρ dependence of the
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normal coordinates then the normal coordinate representation of CH3NO2 is
obtained as the species of the ρ independent symmetry coordinates given in
Table 15-5. This species is

Γ0(Q) = 5A1
′ ⊕ 2A1

′′ ⊕A2
′′ ⊕ 3E′ (15-63)

[i.e., this has l = 1, m = 3, and n = 0 in Eq. (15-57)]. Note that the three
perpendicular vibrations of the methyl group are doubly degenerate here; we
have neglected the coupling of such vibrations with the NO2 frame that arises
from the G matrix and from the ρ dependence of the F matrix. It seems likely
that such a description will be appropriate for states having high Ki. At low
values of Ki the double degeneracies of the methyl group vibrations S10, S11,
and S12 will be significantly split by interactions with the NO2 frame into in-

plane S
(i)
r and out-of-plane S

(o)
r modes, and if we wished to allow for this in

zero order we would use symmetry coordinates

S(i)
r = cos ρ Sra − sin ρ Srb, S(o)

r = sin ρ Sra + cos ρ Srb (15-64)

for r = 10, 11, and 12. S
(i)
r is of species A1

′′; and S
(o)
r is of species A2

′′ so that
the symmetry coordinate representation is now

5A1
′ ⊕ 5A1

′′ ⊕ 4A2
′′ (15-65)

[i.e., l = 4 and m = n = 0 in Eq. (15-57)]. With this latter choice for the
symmetry coordinates the G matrix will be independent of ρ.

Table 15-5

Symmetry coordinates of CH3NO2 that do not involve the torsional anglea

A1
′ S1= (∆r1 + ∆r2 + ∆r3)/

√
3

S2= ∆rCN

S3= (∆r4 + ∆r5)/
√

2

S4= (∆α4 + ∆α5)/
√

2

S5= (∆α1 + ∆α2 + ∆α3)/
√

3

A1
′′ S6= (∆r4 −∆r5)/

√
2

S7= (∆α4 −∆α5)/
√

2
A2

′′ S9= ∆λ (out-of-plane NO2 wag)

E′ S10a= (2∆r1 −∆r2 −∆r3)/
√

6, S10b = (∆r2 −∆r3)/
√

2

S11a= (2∆β23 −∆β13 −∆β12)/
√

6, S11b = (∆β13 −∆β12)/
√

2

S12a= (2∆α1 −∆α2 −∆α3)/
√

6, S12b = (∆α2 −∆α3)/
√

2

a The bond and angle coordinates are defined in Fig. 15-6. ν8 is the
torsion.

For dimethylacetylene very detailed theoretical and experimental studies
have been undertaken of the problems associated with interpreting its infrared
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and Raman spectra, and these will be introduced below. Very similar con-
siderations will be required to interpret fully the rotation-contortion-vibration
spectrum of nitromethane, and of similar molecules such as methanol and ac-
etaldehyde.

We use the normal coordinate representation of Eq. (15-65), together with
the rotational and torsional species of Tables 15-2 and 15-3, in order to give a
zero order discussion of the selection rules. The actual analysis of vibrational
spectra will require careful determination of the effects of the ρ dependence of
the G and F matrices. In the infrared spectrum a transition can occur if the
states satisfy the symmetry requirement

Γ′
rtv ⊗ Γ′′

rtv ⊃ Γ∗ = A2
′. (15-66)

The five A1
′ fundamentals are infrared active with accompanying rotational-

torsional transitions satisfying

Γ′
rt ⊗ Γ′′

rt ⊃ A2
′ (15-67)

and, from Tables 15-2 and 15-3, the most intense of the rotational-torsional
transitions satisfy the selection rules

∆Ki = 0, ∆Ka = 0, ∆Kc = ±1. (15-68)

The five A1
′′ fundamentals are infrared active with accompanying rotational-

torsional transitions satisfying

Γ′
rt ⊗ Γ′′

rt ⊃ A2
′′ (15-69)

for which the most intense transitions satisfy

∆Ki = 0, ∆Ka = ±1, ∆Kc = ±1. (15-70)

For the four A2
′′ fundamentals the infrared selection rules from

Γ′
rt ⊗ Γ′′

rt ⊃ A1
′′ (15-71)

are, for the most intense transitions,

∆Ki = 0, ∆Ka = ±1, ∆Kc = 0. (15-72)

The CH3NO2 and CH3BF2 molecules to which all these results apply are near
oblate tops so that Kc, but not Ka, is a useful near quantum number. As
a result of asymmetric top effects forbidden transitions with ∆Ka = ±2 will
occur in the A1

′ fundamentals, and with ∆Ka = ±3 will occur in the A1
′′ and

A2
′′ fundamentals. Torsional transitions with ∆Ki = 6n±3 and ∆Ki = 6n±6

are allowed by symmetry in these bands, but these will be very weak since

they depend on rather high terms in the expansion of µ
(r)
α (e′′, e′′; ρ) in ρ [see

Eq. (15-28)].



512 15. Nonrigid Molecules

Hazra, Ghosh and Kshirsagar (1994) have measured and analyzed the Ki

(called m) = 0 subbands in the ν2 A1
′ CN stretching fundamental band at

917.5 cm−1. An asymmetric top Hamiltonian including quartic centrifugal
distortion was used in the analysis; it would be interesting to analyze a high
resolution spectrum of the Ki 6= 0 subbands.

Absorption spectra of the methyl CH stretching overtone bands of CH3NO2

with ∆vCH = 1–6 have been recorded by Cavagnat and Lespade (1997). The
spectra show that at high energy the vibrational contribution to the effective
internal rotation potential induces a relative localization of the CH stretching
vibrational energy. This study also illustrates how weak interactions between
the methyl group and the molecular moiety to which it is attached can have
some important consequences for internal vibrational redistribution (IVR) [see
the Bibliographical Notes to Chapter 14 on page 475].

The ethyl radical (C2H5) has the same MS group as nitromethane, and it has
recently become the subject of high resolution spectroscopic study [see Sears,
Johnson, Jin and Oatis (1996) and Sørensen (1996)].

15.4.3 Toluene

Toluene CH3C6H5 has the same MS group as nitromethane CH3NO2, and
thus many of the results obtained above apply to it.
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Fig. 15-9. The nuclear numbering convention and the location of the abc inertial axes
for the toluene molecule.

Figure 15-9 gives the nuclear numbering convention and the abc axis locations
for the toluene molecule. Just as for nitromethane we number the protons
in the methyl group 1, 2 and 3. The MS group G12 for toluene is given in
Table A-24, where the operation (45) has to be replaced by the operation
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(59)(68) which permutes the two pairs of symmetrically located CH nuclei.
The sixfold torsional barrier in the ground electronic state (the S0 state) has
been determined to be 4.9 cm−1 in CH3C6H5 (toluene-d0) and 4.1 cm−1 in
CD3C6H5 (toluene-d3) from an analysis of microwave spectra [see Table X in
Kreiner, Rudolph and Tan (1973)]. The torsional barrier in the first excited
singlet electronic state (the S1 state) has been estimated as 25 cm−1 in toluene-
d0 [Breen, Warren, Bernstein, and Seeman (1987)]. One point of interest in
studies of the spectrum of toluene is the appearance of forbidden torsional
bands in the S1 − S0 electronic band system, and we will discuss this in detail.
It serves as an example of how the optical selection rules become modified
when a molecule is nonrigid. We will also discuss the symmetry of the effective
torsional potential function of unsymmetrical isotopomers of toluene at the end
of this subsection.

Murakami, Ito and Kaya (1981) were the first to observe forbidden torsional
bands in the S1 − S0 electronic band system of toluene. They have also been
studied by Breen, Warren, Bernstein and Seeman (1987), Walker, Richard,
Lu, Sibert and Weisshaar (1995), and Siebrand, Zgierski, Zerbetto, Wójcik,
Boczar, Chakraborty, Kofron and Lim (1997). The rotational and torsional
selection rules for these forbidden bands can be understood using some of the
symmetry results discussed above for nitromethane, and a consideration of the
dependence of the electronic transition moment on the torsional angle.

In order to determine the torsional and rotational selection rules for allowed
transitions in the S1 − S0 electronic band system of toluene we apply the
general analysis presented above in Eqs. (15-23)-(15-32). The selection rules
that we require are obtained by considering the conditions under which the
following is true [from Eq. (15-24)]

〈Φ′
rotΦ

′
torΦ

′
vibΦ

(S1)
elec |µ(1,0)

s |Φ′′
rotΦ

′′
torΦ

′′
vibΦ

(S0)
elec 〉 6= 0, (15-73)

where the Φtor are torsional wavefunctions [the Φ
(±)
tor of Eq. (15-49)]. Expressing

the space fixed component µ
(1,0)
s = µζ of the dipole moment operator in terms

of the molecule fixed abc components µα [see Eqs. (14-12)] and separating the
rotational and vibronic integrals we can rewrite this condition as

∑

α=abc

〈Φ′
rot|λαζ |Φ′′

rot〉〈Φ′
torΦ

′
vibΦ

(S1)
elec |µα|Φ′′

torΦ
′′
vibΦ

(S0)
elec 〉 6= 0. (15-74)

The vibronic matrix element determining the line strength is obtained as [see
Eq. (15-25)]

〈Φ′
torΦ

′
vibΦ

(S1)
elec |µα|Φ′′

torΦ
′′
vibΦ

(S0)
elec 〉

= 〈Φ′
torΦ

′
vib|µα(S1, S0)|Φ′′

torΦ
′′
vib〉, (15-75)

where µα(S1, S0) is the electronic transition moment 〈Φ(S1)
elec |µα|Φ(S0)

elec 〉, and we
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use Eq. (15-28) to expand it as

µα(S1, S0) = µ(0)
α (S1, S0; ρ) +

∑

r

µ(r)
α (S1, S0; ρ)Qr

+
1

2

∑

r,s

µ(r,s)
α (S1, S0; ρ)QrQs + · · · , (15-76)

where r and s = 1 to 38 for toluene. We neglect the dependence of the electronic
transition moment on the 38 small amplitude vibrations but do not neglect its
dependence on the torsional angle ρ so that the condition given by Eq. (15-74)
becomes

∑

α=abc

〈Φ′
rot|λαζ |Φ′′

rot〉〈Φ′
tor|µ(0)

α (S1, S0; ρ)〈Φ′
vib|Φ′′

vib〉|Φ′′
tor〉 6= 0. (15-77)

This is the equation to be used for determining the selection rules for the S1 −
S0 electronic transition in toluene.

The dipole moment components µa, µb and µc have symmetries A1
′, A1

′′ and
A2

′′ respectively (see Table A-24), and to proceed further we need the symme-
tries of the S0 and S1 electronic states in G12. This is an electronic transition
in the benzene ring of toluene and we can make the following identities of the
elements of G12 with the elements of the D6h point group as regards the effect
of the G12 elements on the vibronic variables in the benzene moiety:

{E, (123),(23)∗, (45)(67), (123)(45)(67), (23)(45)(67)∗}
→ {E,E, σh, C2, C2, σv}. (15-78)

The X̃ 1A1g state of benzene correlates with the S0 state of toluene, and the

Ã 1B2u state of benzene correlates with the S1 state of toluene. Correlating
species we obtain the species of the S0 and S1 states of toluene as A1

′ and A1
′′

respectively. From these results we see that µ
(0)
α (S1, S0; ρ) has symmetry A1

′′,
A1

′ and A2
′ as α is a, b or c. The results in Table 15-3 show that cos(6n+ 3)ρ

transforms as A1
′′, cos 6nρ transforms as A1

′, and sin(6n + 6)ρ transforms as
A2

′ (where n is a nonnegative integer). Thus we can write [see Eq. (6) of
Walker, Richard, Lu, Sibert and Weisshaar (1995)]

µ(0)
a (S1, S0; ρ) = Ma

3 cos 3ρ+Ma
9 cos 9ρ+ . . . , (15-79)

µ
(0)
b (S1, S0; ρ) = M b

0 +M b
6 cos 6ρ+M b

12 cos 12ρ+ . . . , (15-80)

and

µ(0)
c (S1, S0; ρ) = M c

6 sin 6ρ+M c
12 sin 12ρ+ . . . , (15-81)

where the Mα
n are expansion constants that could be determined, for example,

by ab initio calculation of the three µ
(0)
α (S1, S0; ρ) at several ρ values. Note that

because of the transformation properties of ρ none of the µ
(0)
α (S1, S0; ρ) has to
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vanish. However, if the dependence on the torsional angle ρ were neglected (as
one would do if one were to implement the approximation, appropriate for a
rigid molecule, of neglecting the dependence of the electronic transition moment

on all the nuclear coordinates) then only µ
(0)
b (S1, S0) would be nonvanishing. In

this ‘rigid molecule’ approximation the only vibrational transitions that would
occur would be those between vibrational states of the same symmetry [see
Eq. (14-53)] and this would result in the torsional selection rule ∆Ki = 0,
6, 12, . . . [transitions between (+) and (−) components being forbidden; see
Eq. (15-49) and Table 15-3]; such bands would have b type rotational structure
[see Eq. (14-83)]. Allowing for the dependence of µα(S1, S0) on ρ means that
in addition there can be vibrational bands with ∆Ki = 3, 9, . . . [(+) ↔ (+)
and (−) ↔ (−)] having a type rotational structure, and bands with ∆Ki = 6,
12, . . . [(+) ↔ (−)] having c type rotational structure. One can expect that
the most significant Mα

n in Eqs. (15-79)-(15-81) will be M b
0 and Ma

3 , and this
is what is found experimentally.

Toluene provides a good example for discussing the effective torsional poten-
tial energy function that occurs in the effective rotation-torsion Hamiltonian
[see Eq. (15-16)]. Analytical expressions for the effective inverse inertia tensor
elements and effective bending potential of a triatomic molecule are given in
Eqs. (5.25) and (5.29) of Jensen (1983a) as part of the expression for the non-
rigid bender Hamiltonian. These correction terms are obtained as power series
in [vr+(1/2)]. Making such an analytical development of the effective rotation-
torsion Hamiltonian for toluene is hardly realistic. However, Siebrand, Zgierski,
Zerbetto, Wójcik, Boczar, Chakraborty, Kofron and Lim (1997) show an impor-
tant qualitative result from using the effective torsional potential Veff(ρ), rather
than the Born-Oppenheimer potential V0(ρ), in unsymmetrical isotopomers.

If we presume that the 3N − 7 = 38 ordinary vibrations in toluene are
harmonic, and ignore Coriolis coupling corrections, then the effective torsional
potential can be written (in cm−1) as

Veff(ρ) = V0(ρ) +

38∑

r=1

[vr + (1/2)]ωr(ρ), (15-82)

where the 38 harmonic frequencies ωr(ρ) are all, in principle, functions of the
torsional angle ρ. In the ground state of the 38 ordinary vibrations (i.e., all
vr = 0) the effective torsional potential in this approximation is simply the
sum of V0(ρ) and the zero point energy

∑
[ωr(ρ)/2]. The zero point energy is

ρ dependent and isotope dependent. This effective potential is the potential
that the molecule feels as it internally rotates while the other 38 vibrations
are undergoing their zero point vibrations. Since the zero point energy can
change as ρ changes the effective potential can be noticeably different from the
Born-Oppenheimer potential. In any fitting of experimental torsional energy
levels for a single isotopomer it is the effective potential for that isotopomer
that will be determined.

For toluene-d0 and toluene-d3 the MS group is G12 and Veff(ρ) has to be
totally symmetric in that group. The most general expansion of Veff(ρ) is as
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given in Eq. (15-50) and, as in nitromethane, the only nonvanishing terms (i.e.,
terms of symmetry A1

′ in G12) are the cosnρ terms having n = 6, 12, 18, . . . .
The V6 term is sufficient to fit the data for toluene-d0 or toluene-d3, giving
experimentally determined effective torsional barriers of 4.9 cm−1 for d0, and
4.1 cm−1 for d3 (see above). For toluene-d1 and toluene-d2 (having one and
two of the protons in the CH3 group replaced by a deuteron, respectively) the
MS group is G4 = {E,(45)(67),(12)∗,(12)(45)(67)∗} where the 1 and 2 label
the two protons in the methyl group for toluene-d1 and the two deuterons in
toluene-d2. The Born-Oppenheimer potential V0 is, by definition, isotopically
invariant and therefore totally symmetric in G12, but the zero-point energy
only has to be symmetric in G4 for these two isotopomers. This means that
in general Veff(ρ) only has G4 symmetry for these isotopomers, and therefore
terms in cosnρ with n = 2, 4, 6, 8 . . . can be nonvanishing. Experimental
results and ab initio calculations support this conclusion. In the d1 and d2
molecules V eff

2 has opposite sign and a magnitude of about 20 cm−1; the V
(eff)
4

constants are close to zero for both molecules [see Siebrand, Zgierski, Zerbetto,
Wójcik, Boczar, Chakraborty, Kofron and Lim (1997)].

15.4.4 Ethane and dimethylacetylene

The ethane and dimethylacetylene molecules have been of great spectro-
scopic interest for more than 60 years because of their internal rotation and
high symmetry. Before the work of Kemp and Pitzer (1936) it was thought
that there was essentially free internal rotation about single bonds such as that
which occurs between the two CH3 groups in ethane [see for example Eyring
(1932)]. Kemp and Pitzer (1936), in their historic statistical mechanics paper
on ethane, show that a high torsional barrier of about 1000 cm−1 is required
to explain the results of experiments on the entropy and specific heat. As far
as spectroscopists are concerned it is unfortunate that the paper by Howard
(1937), who shows that a study of the rotation-vibration spectrum of ethane
also leads one to conclude that there is a high torsional barrier, was submit-
ted for publication after that of Kemp and Pitzer (1936).7 The most precise
determination of the torsional barrier in C2H6 ethane (1012.5 cm−1) is from
a high resolution infrared study by Moazzen-Ahmadi, McKellar, Johns and
Ozier (1992). The most precise determination of the torsional barrier in C4H6

dimethylacetylene (6.0 cm−1) is from high resolution infrared studies by Pĺıva,
Pine and Civǐs (1996) and di Lauro, Bunker, Johns and McKellar (1997). Nak-
agawa, Hayashi, Endo, Saito and Hirota (1984) have determined the torsional
barrier in CH3CCCD3 to be 5.6 cm−1 using microwave spectroscopy.

However, there is much more to the study of ethane and dimethylacetylene

7In fact, as the late Prof. E. B. Wilson told PRB many years ago in a conversation at
an Ohio State University International Symposium on Molecular Spectroscopy, J. B. Howard
had obtained his result sometime earlier. Prof. Wilson, to his great regret, caused a delay in
the publication of Howard’s paper because he found the first draft obscure and recommended
that it be reworked.



15.4. Examples 517

than the determination of the torsional barriers, and the determination of the
barriers is far from straightforward. The molecules have very interesting dy-
namics and unusual symmetry properties; Longuet-Higgins (1963) introduced
the MS group G36 for them, after which Hougen (1964a) showed that it is nec-
essary to introduce an extended molecular symmetry (EMS) group, or double
group, which we denote here as G36(EM) in order to make full use of symmetry
in their study. Dimethylacetylene was the first nonrigid molecule for which the
nonuniqueness of the symmetry species of the normal coordinates was pointed
out [Hougen (1965)], and for which quantitative calculations of the effect of
the ρ dependence of the F matrix on the normal coordinates were carried out
[Bunker and Hougen (1967)]. Hougen (1980b), in a discussion of the pertur-
bations that can occur between the rotation-torsion-vibration energy levels of
ethane when internal rotation tunneling is allowed for, relates the results ob-
tained using the D3d and G36(EM) groups, and points out that when ethane
undergoes internal rotation its center of symmetry is destroyed and rotation-
vibration levels of g and u symmetry in D3d can perturb each other. The
‘torsional splittings’ in degenerate vibrational states of ethane are discussed by
di Lauro, Lattanzi and Nivellini (1997) (see also references therein); such split-
tings depend significantly on the extent of torsional Coriolis coupling. Bunker,
Johns, McKellar and di Lauro (1993) (and references therein) and Bunker and
di Lauro (1995) discuss the problems involved in analyzing the infrared and
Raman perpendicular bands of dimethylacetylene in order to determine the
barrier. In this work a detailed study of the normal modes, and an analysis of
the infrared and Raman selection rules, are made.

Except in ultra high resolution spectroscopic studies ethane can be consid-
ered to be a rigid molecule and the possibility of torsional tunneling can be
neglected. The lack of coincidences between the infrared active (u) and Ra-
man active (g) fundamentals shows that the equilibrium structure of ethane is
centrosymmetric (staggered) of D3d point group symmetry (see Section 14.3).
The ν4 A1u torsional fundamental band in ethane is forbidden in the infrared
in absorption, but it can steal intensity from the allowed infrared active fun-
damental bands by rotation-vibration interaction. Moazzen-Ahmadi, Gush,
Halpern, Jagannath, Leung and Ozier (1988) have measured the forbidden tor-
sional fundamental v4 = 1← 0, and forbidden hot band v4 = 2← 1 of ethane in
the 225 to 340 cm−1 region of the infrared spectrum at high resolution; Fig. 1
of that paper gives a relevant energy level diagram. In a high barrier molecule
such as ethane the determination of the v = 0, 1 and 2 torsional energies al-
lows one to determine the torsional barrier height by adjusting the parameters
of the torsional potential function in a fitting of the torsional eigenvalues to
the experimental torsional energies. In this way, and including data involving
the ν9 fundamental and ν9+ν4−ν4 hot band, a barrier of 1012.5 cm−1 was
determined for C2H6 ethane by Moazzen-Ahmadi, McKellar, Johns and Ozier
(1992), who also give references to earlier theoretical and experimental work.
More recent studies are concerned with the Raman spectra of ethane and its
deuterated isotopomers [see Fernández-Sánchez, Gómez, and Montero (1993)
and the references therein].
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A very important feature of the symmetry of the ethane and dimethylacety-
lene molecules is the need to use an extended molecular symmetry (EMS)
group. We discuss how this group arises and we use the dimethylacetylene
molecule as the example.

The dimethylacetylene molecule in its reference configuration is shown in
Fig. 15-10. The molecule has a very low barrier to internal rotation, and
its MS group is the group G36. The MS group of acetone is isomorphic to
that of dimethylacetylene, and its character table is given in Table A-28. The
transformation properties of the Ĵa, µa, αab, etc., given in Table A-28 apply to
acetone but not to dimethylacetylene. The species of Γ∗ is A3.

Fig. 15-10. The reference configuration of dimethylacetylene and the definition of the
rotor fixed axes (xa, ya, z) and (xb, yb, z). These axes have origin at the nuclear center of
mass O and the xa and xb axes are in the H1C7C8 and H4C8C7 planes, respectively. ON is
the node line from which the Euler angles χa and χb are measured (see Fig. 10-1).

The molecule fixed z axis of the reference configuration is defined as pointing
from C7 to C8, and its orientation in space is given by the Euler angles θ and
φ. We introduce xaya and xbyb axes that rotate with the C7(H1H2H3) and
C8(H4H5H6) rotors, respectively; xa being in the H1C7C8 plane and xb being
in the H4C8C7 plane as indicated in Fig. 15-10. The orientation of these axes
is defined by the two Euler angles χa and χb. Assuming no torsional barrier
the zero order rotational-torsional Hamiltonian is (in cm−1)

[B(Ĵx
2 + Ĵy

2) +Atop(Ĵ2
za + Ĵ2

zb)]ℏ
−2, (15-83)

where Atop is the rotational constant for a CH3 group, and Ĵza and Ĵzb are
the z components of the angular momenta of each CH3 group. The zero order
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rotational-torsional wavefunctions are

Φrt = [(1/(2π)]SJkm(θ, φ) exp(ikaχa) exp(ikbχb), (15-84)

where k, ka, and kb are positive or negative integers, and k = ka + kb. The
function SJkm(θ, φ) is introduced in Eq. (11-16). The transformation properties
of θ, φ, χa, and χb under the effect of the generating operations of G36 are
given in Table 15-6; from these results the effect of any operation of G36 on the
angles can be deduced. The symmetry classification of the rotational-torsional
wavefunctions can be determined from the results in Table 15-6, and the results
are given in Table 15-7.

Table 15-6

The transformation properties of the Euler angles of dimethylacetylene
under the effect of the generating operations of G36

E (123) (456) (23)(56)∗ (14)(26)(35)(78)(90)∗

θ θ θ π − θ θ
φ φ φ φ + π φ
χa χa + 2π/3 χa π − χa χb + π
χb χb χb − 2π/3 π − χb χa + π

Table 15-7

The symmetry classification of the rotational-torsional functions of
dimethylacetylene in G36

a

|ka + kb|

|ka − kb| 0 3n± 1 3n± 3

0:
A1(J even) E1 A1 ⊕ A2

A2(J odd)
3m ± 1 : E3 G E3 ⊕ E4

3m ± 3 : A1 ⊕A3(J even) E1 ⊕ E2 A1 ⊕A2 ⊕ A3 ⊕ A4

A2 ⊕A4(J odd)

an and m are nonnegative integers.

In the above there has been no attempt made to separate rotation from tor-
sion. However, a detailed understanding of the spectrum and energy levels
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of this molecule requires that we introduce a torsional barrier and ρ depen-
dent force constants. To do this we must use a zero order wavefunction that
is separable into rotational, torsional, and vibrational parts. We do this by
introducing the rotational and torsional angles

χ = (χa + χb)/2, γ = (χa − χb)/2, (15-85)

where these angles are defined mod 2π. The torsional (dihedral) angle τ =
(χa−χb) = 2γ. The zero order rotation-torsion Hamiltonian (in cm−1) becomes

[B(Ĵx
2 + Ĵy

2) +A(Ĵ2
z + Ĵ2

γ )]ℏ−2, (15-86)

where A = Atop/2 is the rotational constant for the whole molecule. The
rotational wavefunctions will involve the three Euler angles θ, φ, and χ upon
which the intramolecular potential function does not depend. The zero order
wavefunctions are

Φrtv = [1/(2π)]SJkm(θ, φ) exp(ikχ) exp(ikiγ)Φvib[Qs(γ)], (15-87)

and the 23 normal coordinates Qs(γ) are allowed to depend parametrically on
the torsional angle γ. The Hamiltonian and zero order wavefunctions are now
written in terms of IAM, rather than PAM, coordinates.

We wish to classify the rotational, torsional, and vibrational wavefunctions
separately where these functions are

Φrot = [1/(2π)]1/2SJkm(θ, φ) exp(ikχ),

Φtor = [1/(2π)]1/2 exp(ikiγ), (15-88)

Φvib = Φvib[Qs(γ)].

Once we have achieved this we can determine selection rules on K and Ki

for vibrational transitions. However, to make the separate classification of
Φrot,Φtor, and Φvib in G36 we run into a difficulty of double valuedness as was
first pointed out by Hougen (1964a). For example,

(123)χ = (123)[(χa + χb)/2] (15-89)

and if we use the transformation properties of χa, and χb given in Table 15-6
we obtain

(123)χ = χ+ (π/3). (15-90)

However, if we replace χa by χa+2π (or χb by χb+2π) in Eq. (15-89), which
does nothing to the coordinates of the nuclei and electrons in space, we obtain

(123)χ = χ+ (4π/3). (15-91)

An exactly similar result is obtained for the transformation properties of γ.
Because of this ambiguity in the transformation properties of χ and γ we cannot
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classify Φrot having an odd value of k, or Φtor having an odd value of ki,
unambiguously in the group G36. For example, the character generated by
Φrot under (123) is + exp(iπk/3) using Eq. (15-90), but it is exp(4iπk/3) =
− exp(iπk/3) using Eq. (15-91) if k is odd. The same kind of thing happens
for Φtor and for some Φvib, and this happens for all elements of G36 (including
E).

One might think that this means that there is something wrong with the
elements of G36. This is not the case and there is no difficulty classifying the
rotation-torsion-vibration wavefunction in G36. For example, in the vibrational
ground state Φvib has species A1 in G36 and k and ki have the same parity.
This means that when k is odd then ki is also odd and the character generated
by the product function ΦrotΦtor is unambiguous. This is because Φrot and Φtor

have canceling ambiguities. This problem of double valuedness arises because
we want to classify the wavefunctions Φrot, Φtor and Φvib separately. This is
a good idea but it involves defining the angles χ and γ, and these coordinates
are rather peculiar. Any configuration of the molecule in space is defined by
two sets of these coordinates; the configurations represented by the coordinates
(χ,γ) and (χ+π,γ+π) are identical. Although these coordinates lead to a useful
expression for the Hamiltonian and wavefunctions they have this unfortunate
ambiguity as to their values. In order to deal with this we have to pretend
that the configurations described by the angles (χ,γ) and (χ+π,γ+π) are not
the same. We achieve this by introducing the special symmetry operation E′

(which we consider to be different from the identity E), and by defining four
generating operations a, b, c and d as transforming χ and γ unambiguously.
The operation E′ is defined as an operation that increases both χ and γ by
π (this is equivalent to changing χa or χb by 2π, and it does not affect the
space fixed coordinates; it is the identity operation for the overall rotation-
torsion-vibration wavefunction). We introduce the operations a, b, c and d
which have the same effect on the space fixed coordinates as the G36 opera-
tions (123), (456), (14)(26)(35)(78)(90)∗ and (23)(56)∗ respectively but which
we define to have the single valued effect on the Euler angles χ and γ as given8

in Table 15-8. The group generated by these five operations is twice the size
of the MS group G36 and it is called a double group or an extended molec-
ular symmetry (EMS) group; we denote9 it G36(EM). The character table of
G36(EM) is given in Table A-33. The irreducible representations having the
same character under E′ as under E constitute the (single valued) irreducible
representations of G36 and we add an extra subscript label ‘s’. The irreducible
representations having characters of opposite sign under E′ and E constitute
double valued representations of G36 and are labeled with a ‘d’ subscript. The
overall wavefunction cannot belong to a d representation (since the group G36

is perfectly fine for the classification of such ‘real’ states), but the individual
(artificial) basis wavefunctions Φrot, Φtor and Φvib can.

8Note that Table 1 of Bunker and di Lauro (1995) has some misprints.
9It is sometimes called G

†
36 or G

(2)
36 .
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Table 15-8

The transformation properties of θ, φ, χ and γ for dimethylacetylene
under the effect of the generating operations of G36(EM)a

E a b d c E′

θ θ θ π − θ θ θ
φ φ φ φ + π φ φ
χ χ + π/3 χ− π/3 π − χ χ + π χ + π
γ γ + π/3 γ + π/3 −γ −γ γ + π

aφ, χ, and γ are mod 2π and 0 ≤ θ ≤ π.

Table 15-9

The separate classification of the rotationala and torsionalb

wavefunctions of dimethylacetylene in G36(EM)

K Γrot Ki Γtor

0 (J even) A1s 0 A1s

(J odd) A2s

6n± 1 E2d 6m ± 1 E3d

6n± 2 E1s 6m ± 2 E3s

6n± 3 A3d ⊕ A4d 6m ± 3 A1d ⊕ A3d

6n± 6 A1s ⊕ A2s 6m ± 6 A1s ⊕ A3s

an is a nonnegative integer ; K ≥ 0.
bm is a nonnegative integer; Ki ≥ 0.

In the EMS group G36(EM) the transformation properties of θ, φ, χ, and
γ are definite and are given in Table 15-8. Notice that a3≡b3≡E′. We can
classify unambiguously all rotational, torsional, and vibrational wavefunctions
in the group. The rotational and torsional species are given in Table 15-9. The
species of the 3N−7 = 23 normal coordinates of dimethylacetylene in G36(EM)
are not unique, and as shown by Hougen (1965) the species are given by

Γ(Q) = 4A1s ⊕ 3A4s ⊕ (4 − n)E1d ⊕ (4− n)E2d ⊕ nE1s ⊕ nE2s, (15-92)

where n is an integer satisfying

0 ≤ n ≤ 4. (15-93)

The degenerate normal coordinates occur in pairs, and an E1d ⊕ E2d pair
can be converted into an E1s ⊕ E2s pair by a suitable change in the γ de-
pendence of the force constants. This is discussed in detail in Bunker (1967).
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Further discussion, with application to the spectrum of ethane, is given by Lat-
tanzi, di Lauro and Legay-Sommaire (1992) and di Lauro and Lattanzi (1993).
Symmetry coordinates having ‘n = 0 symmetry’ in Eq. (15-92) are given in Ta-
ble 15-10. The selection rules on the fundamentals of these vibrations are given
in Table 15-10. In this table the symmetry coordinates numbered 9 though 16
involve vibrational displacements perpendicular to the CCCC skeleton, and it
is these vibrations that have the variable symmetry species in G36(EM). The
E1d vibrations involve perpendicular vibrations in each half of the molecule
that are cis coupled for all values of γ, and the E2d vibrations are trans cou-
pled for all values of γ. One can immediately appreciate intuitively why the
E1d vibrations are infrared active and why the E2d vibrations are infrared inac-
tive. Alternatively, the E1s vibrations are cis coupled when the molecule is at
eclipsed configurations but trans coupled at staggered configurations, and the
E2s vibrations are trans coupled when the molecule is at eclipsed configurations
but cis coupled at staggered configurations. Lattanzi, di Lauro and Legay-
Sommaire (1992) have determined that all three pairs of degenerate vibrations
in ethane are of the E1d/E2d type from a detailed study of its infrared spec-
trum. Ironically, for the only perpendicular fundamentals of dimethylacetylene
that have been rotational and torsionally analyzed, the most useful symmetry
coordinates do not have E1d/E2d or E1s/E2s symmetry. They have symmetry
Gs, and this symmetry cannot arise for the normal coordinates from the diag-
onalization of the FG matrix. Such coordinates are fourfold degenerate and
uncoupled perpendicular vibrations of the ends of the molecule analogous to
the coordinates S9 to S11 for nitromethane in Table 15-5.

Fig. 15-11. The ν11/ν15 (Gs) methyl rocking fundamental band of dimethylacetylene.
The absorption path was 8 m, the gas pressure was 1.6 Torr and the temperature was 213 K.
The spectrum was taken by Drs. J. W. C. Johns and A. R. W. McKellar.

The measurement and analysis of the perpendicular fundamental bands of
dimethylacetylene and ethane has long been of interest. Howard (1937) first
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Fig. 15-12. The ν9 (Eu) methyl rocking fundamental band of ethane. The absorption
path was 2 m, the gas pressure was 0.4 Torr and the temperature was 133 K. The hot band
ν9+ν4−ν4 is marked ‘H’ (ν4 is the torsion at 289 cm−1). The spectrum was taken by Drs.
J. W. C. Johns and N. Moazzen-Ahmadi.

studied the structure of these bands in ethane, and his theoretical ideas were re-
considered by M. H. L. Pryce [in Mills and Thompson (1954)] for the low barrier
molecule dimethylacetylene. It was realized that for the three types of perpen-
dicular methyl group vibration ν9/ν13, ν10/ν14, and ν11/ν15 of dimethylacety-
lene it was appropriate to use ‘end-to-end uncoupled’ vibrational coordinates
which we would classify as being of Gs symmetry in G36(EM). Further devel-
opments were made by Kirtman (1964), Bunker and Longuet-Higgins (1964),
Hougen (1964a,1965), and Papoušek (1968). Infrared spectra of dimethylacety-
lene were recorded by Crawford (1939), Mills and Thompson (1954), and Olson
and Papoušek (1971). But it was not until the work of Bunker, Johns, McKellar
and di Lauro (1993) that the rotational fine structure in a perpendicular band
(the ν11/ν15 methyl rocking fundamental band) was resolved. This spectrum
was taken at a resolution of 0.002 cm−1 of a sample cooled to about 213 K,
and an overview is shown in Fig. 15-11 from 1000 to 1070 cm−1; here the res-
olution has been degraded to 0.04 cm−1 to make the spectrum clearer. This
important experimental breakthrough gave impetus for the development of the
theory, and necessary computer codes, so that the spectrum could be fitted and
simulated. The theory required to analyze this band is given in Bunker and di
Lauro (1995), and this was extended in di Lauro, Bunker, Johns and McKellar
(1997) to allow the perturbing E2d band ν4+ν16 at 1057 cm−1 to be included
in the simulation. This lead to a determination of the effective torsional barrier
as 6.0 cm−1 in the ground vibrational state in agreement with that obtained by
Pĺıva, Pine and Civǐs (1996) from their analysis of the ν11/ν15 perpendicular
CH stretching fundamental band made using the same theory. To show that
Howard was clearly correct in his analysis that the structure of the perpendic-
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ular fundamentals of ethane show it to be essentially rigid we show a scan of
the perpendicular methyl rocking fundamental band of ethane in Fig. 15-12.
Comparing this with Fig. 15-11 we see that there are none of the clusters of
Q-branches that the low barrier molecule gives.

Table 15-10

The selection rulesa on the fundamentals of dimethylacetylene using
the G36(EM) group

Selection rules

Approximate Infrared Raman
No. description Species (∆J = 0,±1) (∆J = 0,±1.± 2)

1 C–H stretch
2 C ≡ C stretch
3 CH3 deformation A1s Inactivea ∆K = ∆Ki = 0
4 C–C stretch

6 C–H stretch
7 CH3 deformation A4s ∆K = ∆Ki = 0 Inactivea

8 C–C stretch

9 C–H stretch
10 CH3 deformation
11 CH3 rock E1d ∆K = ±1,∆Ki = 0 Inactivea

12 Skeletal bend

13 C–H stretch
14 CH3 deformation
15 CH3 rock E2d Inactivea ∆K = ±1,∆Ki = 0
16 Skeletal bend

a Neglecting the very weak transitions with ∆K or ∆Ki larger than one. ν5 is
the torsion.

As mentioned above the fact that ethane has a D3d staggered equilibrium
structure, rather than a D3h eclipsed one, was determined by studying both
the infrared and Raman spectrum. For dimethylacetylene the determination
of its equilibrium structure as being eclipsed or staggered also requires that
the infrared and Raman spectra be studied [see Bunker and di Lauro (1995)].
The Raman spectrum of a perpendicular fundamental band of dimethylacety-
lene has not yet been obtained with enough intensity and resolution to enable
this determination to be made [but see Messler, Schrötter and Sarka (1994)].
Thus although the magnitude of the torsional barrier for dimethylacetylene is
accurately known its sign is unknown.
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15.4.5 Hydrogen peroxide

The equilibrium structure of the hydrogen peroxide molecule is nonplanar
and it has point group symmetry C2. To symmetry label the rotational levels
in the event of there being no torsional tunneling one would use the group
C2(M) given in Table A-4. However, torsional tunneling effects are observed
in the spectrum and the MS group that one needs to use to allow fully for
this tunneling is the MS group G4 given in Table A-21. As with dimethy-
lacetylene a separate classification of the rotational, torsional and vibrational
basis functions requires the use of an extended molecular symmetry group. The
character table of the EMS group for hydrogen peroxide, G4(EM), is given in
Table A-31. We will briefly summarize some interesting aspects of the symme-
try and spectroscopy of the molecule. For more information the reader should
study the theoretical details given in the papers of Dellepiane, Gussoni and
Hougen (1973) and Hougen (1984), and the experimental and theoretical anal-
ysis given by Flaud, Camy-Peyret, Johns and Carli (1989). In Edition 1 we
followed the convention of Dellepiane, Gussoni and Hougen (1973) in label-
ing the irreducible representations of G4(EM) in a manner based on C2v, but
Hougen (1984) changed to a better notation based on C2h, and so we have
done the same in Table A-31.

We follow the same procedure as used for dimethylacetylene to obtain the
EMS group from the MS group G4 given in Table A-21. We label the nuclei
H1O3O4H2, and we introduce in the reference configuration the rotor fixed
axes (x1, y1, z) and (x2, y2, z) such that the z axis points from O3 to O4, and
the x1 and x2 axes are in the H1O3O4 and H2O4O3 planes respectively.10 We
introduce Euler angles (θ, φ, χ1) and (θ, φ, χ2) to give the orientations in space
of the rotor fixed axes. The transformation properties of these four Euler angles
under the elements of G4 are given in Table 15-11.

We use a zero order separable rotation-torsion-vibrational wavefunction as
given in Eq. (15-87) with χ = (χ1 + χ2)/2 and γ = (χ1−χ2)/2, respectively.
Note that, as in dimethylacetylene, the torsional (dihedral) angle τ = χ1−χ2 is
given by 2γ, and χ and γ both range from 0 to 2π. To define the elements of the
EMS group G4(EM) we define symmetry operations E′, a and b. The operation
E′ is defined as increasing both χ and γ by π (this is equivalent to changing χ1

or χ2 by 2π, and it does not change the space fixed coordinates). The operations
a and b transform the space fixed coordinates in the same way as the G4

operations (12)(34) and E∗ respectively, and they are defined as transforming
χ and γ according to Table 15-12. With these three operations we can generate
all the elements of the group G4(EM), and we can use Table 15-12 to determine
the effect of any element of the group on θ, φ, χ and γ. Hougen (1984) calls

10We label the rotors using 1 and 2, rather than a and b as done for dimethylacetylene to
avoid the possibility of introducing a rotor quantum number ka that could be confused with
the asymmetric top rotational quantum number.
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Table 15-11

The transformation properties of θ, φ, χ1 and χ2 for hydrogen
peroxide under the effect of the operations of G4

a

E (12)(34) E∗ (12)(34)∗

θ π−θ π−θ θ
φ φ+π φ+π φ
χ1 π−χ2 −χ1 χ2 + π
χ2 π−χ1 −χ2 χ1 + π

aφ, χ1, and χ2 are mod 2π and
0 ≤ θ ≤ π.

a, b and E′ by the names c, ic, and iσ respectively, and in Dellepiane, Gussoni
and Hougen (1973) they are called A, E′C and E′ respectively.11

Table 15-12

The transformation properties of θ, φ, χ and γ for hydrogen peroxide
under the effect of the generating operations of G4(EM)a

E a b E′

θ π−θ π−θ θ
φ φ+π φ+π φ
χ π−χ π−χ χ+π
γ γ π−γ γ+π

aφ, χ, and γ are mod
2π and 0 ≤ θ ≤ π.

With the notation used here the operation ab in G4(EM) does not change
the Euler angles and so it is appropriate to use this operation as the operation
that defines the g and u label of the irreducible representations. All rotational
wavefunctions are of g symmetry in G4(EM). The effect of these operations on
the ordinary bond lengths and angles is straightforward to determine, and it is
possible to classify rotational, torsional and vibrational basis wavefunctions in
the G4(EM) group [see Tables 2, 3 and 4 in Hougen (1984)].

In hydrogen peroxide there are two distinct torsional barriers: The cis barrier
at the planar cis conformation (for which τ = 0) and the trans barrier at the
planar trans conformation (for which τ = π). These barriers are substantial

11We have attempted to adopt a consistent notation for the three EMS groups G4(EM),
G16(EM) and G36(EM).
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and the cis barrier is much higher than the trans barrier. Thus, in contrast to
dimethylacetylene, a high torsional barrier model is more appropriate in zero
order rather than a low barrier model. We can understand the symmetry of
the energy levels of this molecule by using a torsional energy level correlation
diagram in which we connect the high and zero torsional barrier energy levels
maintaining G4(EM) symmetry.

Table 15-13

The C2(M) subgroup of G4(EM), and the reverse-correlation species in G4(EM)

C2(M): E a : G4(EM) species

A: 1 1 : Ags⊕Aus⊕Agd⊕Aud

B: 1 −1 : Bgs⊕Bus⊕Bgd⊕Bud

Different subgroups of G4(EM) are appropriate for different torsional bar-
rier situations [see Dellepiane, Gussoni and Hougen (1973)]. If both the cis
and trans barriers are insuperable (when the molecule can be considered as
a C2 molecule) the MS group is C2(M) = {E,a}. If only the cis barrier is
insuperable (when the molecule can be considered as a C2h molecule) the MS
group is C2h(M) = {E,a,ab,b}. Finally, if only the trans barrier is insupera-
ble (when the molecule can be considered as a C2v molecule) the MS group
is C2v(M) = {E,a,E′ab,E′b}. The character tables of these groups are given
in Tables 15-13, 15-14 and 15-15. The reverse correlations to the irreducible
representations of G4(EM) are also given in these three tables.

Table 15-14

The C2h(M) subgroup of G4(EM), and the reverse-correlation species in G4(EM)

C2h: E a ab b : G4(EM) species

Ag: 1 1 1 1 : Ags ⊕Agd

Au: 1 1 −1 −1 : Aus ⊕ Aud

Bg: 1 −1 1 −1 : Bgs ⊕ Bgd

Bu: 1 −1 −1 1 : Bus ⊕ Bud

We now construct the correlation diagram for the torsional energy levels.
In the high barrier limit with no observable torsional tunneling effects the
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MS group is the C2(M) group given in Table 15-13. The torsional normal
coordinate Q4 is of symmetry A and thus each torsional energy level, labeled
successively v4 = 0, 1, 2, . . . , is of symmetry A which reverse-correlates with
Ags ⊕ Agd ⊕ Aud ⊕ Aus in G4(EM) [Flaud, Camy-Peyret, Johns and Carli
(1989) use n instead of v4]. If there is tunneling through the trans barrier,
but not through the cis barrier, the MS group is the C2h(M) group, and the
torsional normal coordinate is of species Au. Successive torsional states are of
symmetry Ag or Au as the torsional quantum number (which we call vt4 in this
case) is even or odd respectively, and these reverse-correlate with Ags⊕Agd or
Aus⊕Aud respectively in G4(EM). In the free rotor limit the free rotor torsional
wavefunctions (cosKiγ,sinKiγ) are of symmetry (Aud,Agd) for Ki odd and
(Ags,Aus) for Ki even (Ags for Ki=0).

Table 15-15

The C2v(M) subgroup of G4(EM), and the reverse-correlation species in G4(EM)

C2v: E a E′ab E′b : G4(EM) species

A1: 1 1 1 1 : Ags ⊕ Aud

A2: 1 1 −1 −1 : Aus ⊕ Agd

B1: 1 −1 1 −1 : Bgs ⊕Bud

B2: 1 −1 −1 1 : Bus ⊕Bgd

The result of correlating the torsional levels labeled v4, vt4 and Ki using
the G4(EM) symmetry labels is given in Fig 15-13. In this diagram we have
introduced Γ = 1, 2, 3 and 4 to label the four components into which each
v4 level is split [Flaud, Camy-Peyret, Johns and Carli (1989) use τ instead of
Γ]. These four levels that are split apart by torsional tunneling have respective
symmetries Ags, Agd, Aud and Aus, but this order of the symmetry labels for the
split levels is only true if the trans barrier is smaller than the cis barrier. The Γ
= 2 (Agd) and Γ = 3 (Aud) components will switch in energy order if the trans
barrier is larger than the cis barrier. The reader can show this by drawing the
alternative correlation diagram in which the central torsional levels (labeled vc4
in this case) are those of the C2v molecule having an insuperable trans barrier.
If the cis barrier is so high that there is no observable tunneling through it then
components 1 and 2 would be degenerate and components 3 and 4 would also
be degenerate. This is the situation observed by Flaud, Camy-Peyret, Johns
and Carli (1989) in the v4 = 0 torsional ground state of the vibrational ground
state, and the observed energy of the Γ = (3,4) component (vt4 = 1) above the
Γ = (1,2) component (vt4 = 0) is 11.4372 cm−1 as a result of tunneling through
the trans barrier.
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Fig. 15-13. A correlation diagram for the torsional energy levels of the hydrogen per-
oxide molecule. Levels with a given v4 torsional quantum number label are not split when
both the trans barrier Htrans and the cis barrier Hcis are insuperable. Levels with a given
vt4 torsional quantum number label are not split when the cis barrier is insuperable. The
Ki torsional quantum number is appropriate in the low torsional barrier limit. The levels
labeled Γ = 1, 2, 3 and 4 have symmetries Ags, Agd, Aud, and Aus respectively.

To calculate the rotation-torsion energy levels we use a rotation-torsion
Hamiltonian of the form given in Eq. (15-5) above where ρ is replaced by
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γ. This Hamiltonian can be subjected to a contact transformation that puts
it into a form in which only the xx, yy, zz, xz, and γγ elements of µref are
nonvanishing, and the torsional Hamiltonian is as given in Eq. (15-22) above.
Note that in solving this equation one must allow γ to range from 0 to 2π which
means the torsional angle τ ranges from 0 to 4π. A general expansion for the
potential is as given in Eq. (15-50) above (with ρ replaced by γ) and the only
terms that are of symmetry Ags, and which can therefore be nonvanishing, are
the cosnγ terms having n even. Flaud, Camy-Peyret, Johns and Carli (1989)
[see Eq. (8) in their paper] use terms in the potential up to n = 8 in a fitting
to their experimental results.

Introducing tunneling through the cis barrier, which will resolve the degen-
eracies of the Γ = (1,2) components [and separately of the Γ = (3,4) compo-
nents], brings in an interesting symmetry consideration. The total rotation-
torsion-vibrational-electronic wavefunctions have to be of s symmetry since
they must be invariant to E′ which does not affect the space fixed coordinates.
From the transformation properties of the Euler angles we can determine that
the rotational wavefunctions are of s symmetry if K is even and of d symme-
try if K is odd. Thus in the ground vibronic state, which is of s symmetry,
a torsional component of s symmetry can only have even K, and a torsional
component of d symmetry can only have odd K. (In the vibrational ground
state of dimethylacetylene torsional states of even Ki can only have even K,
and torsional states of odd Ki can only have odd K for the same reason.) The
Γ = 1 and 4 components are of s symmetry and the Γ = 2 and 3 components
are of d symmetry. This means that in the vibronic ground state the torsional
components having Γ = 1 and 4 can only have K even, whereas the components
having Γ = 2 and 3 can only have K odd. Thus there is no value of K for which
both members of a pair of components, whose energies are split apart by tun-
neling through the cis barrier, will occur. The cis tunneling will not produce
any splittings of the rotational levels, but rather a staggering of the energies of
the K even states with respect to the K odd states. As a result a fitting, using
a single Watsonian, of the rotational levels in a given torsional state labeled
vt4 will only fit to experimental precision if the effect of the cis tunneling is
negligible. Flaud, Camy-Peyret, Johns and Carli (1989) find that for the v4
= 2 and 3 states the staggering is significant, and to take it into account they
use a Watsonian matrix where the Γ = 1 and 2 components (the same being
true for the Γ = 3 and 4 components) are considered simultaneously but are
allowed to have different values for the band centers and distortion constants,
i.e., the K even and K odd sets of levels are fitted using different values for
the band centers and distortion constants. The difference between the band
centers can be considered as the value of the cis tunneling splitting. By making
such a fitting Flaud, Camy-Peyret, Johns and Carli (1989) were able to deter-
mine that the cis barrier height is 2560 cm−1, the trans barrier height is 387
cm−1, and the equilibrium torsional (dihedral) angle is 112◦. From this special
Watsonian fitting the cis splitting of the vt4 = 6 level, between the Γ = 1 and 2
components of the v4 = 3 state, has been determined by Camy-Peyret, Flaud,
Johns and Noël (1992) to be 0.0487 cm−1; the vt4 = 6 level is determined to be
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1000.9 cm−1 above the vt4 = 0 level.

15.4.6 Ethylene

There are interesting similarities and differences in the symmetry and spec-
troscopy of the ethylene molecule as compared to that for the hydrogen peroxide
and dimethylacetylene molecules considered above. Our discussion here is from
the results presented in the papers of Merer and Watson (1973), and Watson,
Siebrand, Pawlikowski and Zgierski (1996), to which the reader should refer
for more details. In its ground electronic state (the N state) ethylene is a pla-
nar molecule of D2h symmetry with a torsional barrier of about 20000 cm−1

[Wallace (1989)], and the effects of torsional tunneling within this state have
not been observed. Thus whereas dimethylacetylene has a very low torsional
barrier, and hydrogen peroxide has two intermediate torsional barriers, ethy-
lene has an insuperably high barrier. One might wonder why we discuss it
in this chapter. The reason is that we wish to interpret experimental results
involving transitions between the levels of the N state and the levels of the
V electronic excited state which has D2d symmetry. In order to understand
properly such results it is necessary to allow complete internal rotation in the
wavefunctions of the two states. As discussed in Chapter 3, in Section 3.5,
elements of the CNPI group such as (12) and (34) now become feasible (i.e.,
useful), and the MS group we need for a satisfactory symmetry classification
of the states becomes the group G16 (see Table A-25).

And, just as for dimethylacetylene and hydrogen peroxide, we need the EMS
group in order to be able to classify the separate rotational, torsional and vi-
bronic wavefunctions of the ethylene molecule. The character table of G16(EM)
is given in Table A-32. The defined effect of each of the generating elements a,
b, c and E′ on the Euler angles is given in Table 15-16, where these operations
have the same effect on the space fixed coordinates as the MS group elements
(1423)(56)∗, (13)(24)(56), E∗ and E respectively. We follow the same notation
for the irreducible representations as used by Merer and Watson (1973). With
this definition for the Euler angle transformations the operation bc, which has
the same effect on the space fixed coordinates as (13)(24)(56)∗, does not change
the Euler angles, and [just as with the operation ab in G4(EM)] it is appropri-
ate to use it to define the g and u label on the irreducible representations. As
a result the rotational wavefunctions all have to be of g symmetry as usual. In
a similar way the effect of the operation a gives the A/B symmetry, the effect
of b gives the 1/2 subscript and the effect of c gives the +/− superscript. This
labeling is redundant for the A and B species but it is useful. Since b does not
change γ all torsional wavefunctions have to be of the ‘subscript 1’ type. For
the dimethylacetylene and hydrogen peroxide molecules the EMS group is the
direct product of the MS group and the group {E,E′}, but G16(EM) does not
have a direct product structure. The double valued irreducible representations
(those having character under E′ of opposite sign to that under E) are the
four doubly degenerate representations at the bottom of the character table;
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the other irreducible representations are single valued and the only symmetries
possible for the rovibronic states. As with dimethylacetylene and hydrogen
peroxide, the fact that E′ has equivalent rotation Rz

π means that rotational
states having odd Ka are changed in sign by E′, and hence transform as a dou-
ble valued representation, whereas rotational states having even Ka transform
as a single valued representation.

Table 15-16

The transformation properties of θ, φ, χ and γ for ethylene
under the effect of the generating operations of G16(EM)a

E a b c E′

θ θ π−θ π−θ θ
φ φ φ+π φ+π φ
χ χ+(π/2) −χ −χ χ + π
γ (π/2)−γ γ π−χ γ + π

aφ, χ, γ are mod 2π, 0 ≤ θ ≤ π.

We want to understand the selection rules on the torsional quantum number
v4 in the V -N resonant Raman spectrum of ethylene, i.e., the Raman spec-
trum of ethylene when the Raman exciting radiation is resonant with the V -N
electronic transition.12 From Eqs. (14-120) and (14-122) we see that allowed
Raman transitions within the N state are between states that have the same
rovibronic symmetry. Using the group D2h the torsional normal coordinate Q4

is of species Au, and (of course) the rotational states are all of g species (see
Table 12-10). So we expect allowed rotation-torsion transitions to satisfy ∆v4
= even. The problem is to account for the appearance of bands [see Sension and
Hudson (1989) and references therein] that satisfy the selection rule ∆v4=odd,
and which are, therefore of the type u ↔ g in D2h.

The selection rule ∆v4 = even is obtained if we just consider D2h symmetry.
This symmetry is appropriate if it is satisfactory to allow only infinitesimal
displacements away from the planar D2h geometry in the calculation of the two
successive electric dipole matrix elements needed to calculate the intensity in
the resonant Raman effect. Since the V state has D2d equilibrium structure we
expect to see a long Franck-Condon progression [see Chapter 14] in the torsional
vibration, and we must allow for complete internal rotation in the calculation
of the electric dipole matrix elements. As a result it becomes necessary to use
the G16(EM) group for the simultaneous symmetry classification of N and V

12The reader may wish to reread Section 14.3 at this point; in the notation of that section
the resonant Raman effect occurs when ν̃ji = ν̃. As a result there is resonantly enhanced
intensity [see, for example, Siebrand and Zgierski (1979)].
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electronic state energy levels. Doing this resolves the problem of accounting
for the appearance of the ∆v4=odd bands in the spectrum, as we now show.

From the rotational species given in Table 12-10, the fact that Q4 is Au and
the fact that the N electronic state is of symmetry Ag, we deduce the D2h

symmetry species of the rotation-torsion energy levels in the N state to be as
given in Table 15-17. Using the reverse correlation table for D2h to G16(EM)
the species in G16(EM) are obtained; the double valued species, which do not
occur, are placed in parentheses. We see that ∆v4 = odd transitions are allowed
in the Raman effect but with Ka = odd only. Thus, for example, in the v4 =
1 ← 0 band, only the KaKc = oo ← oe (both E+) and oe ← oo (both E−)
subbands will appear, whereas in the v4 = 2 ← 0 band the ee ← ee (both
A1g

+⊕B1g
+), eo← eo (both A2g

−⊕B2g
−), oe← oe (both E+), and oo← oo

(both E−) subbands will appear. The calculation of the relative intensity of the
∆v4 odd and even bands has been considered by Watson, Siebrand, Pawlikowski
and Zgierski (1996). The rotational structure has yet to be resolved in these
bands.

Table 15-17

The species of the rotation-torsion levels of the N electronic state of ethylenea.

v4 KaKc D2h(M) → G16(EM)

even ee Ag → A1g
+ ⊕ B1g

+ ⊕ (E1)
eo B1g → A2g

− ⊕ B2g
− ⊕ (E2)

oe B3g → E+ ⊕ (Eg)
oo B2g → E− ⊕ (Eg)

odd ee Au → A1u
− ⊕ B1u

− ⊕ (E1)
eo B1u → A2u

+ ⊕ B2u
+ ⊕ (E2)

oe B3u → E− ⊕ (Eu)
oo B2u → E+ ⊕ (Eu)

aThe double valued species in G16(EM),
which do not occur, are placed in parentheses.

Using the reverse correlation table in the purely torsional problem the levels
of even v4 value have G16(EM) species A1g

+⊕B1g
+⊕E1 and the levels of odd

v4 value have species A1u
−⊕B1u

−⊕E1. Torsional tunneling would split each
level into three levels, two of which have (single valued) A/B species and Ka

even and the third of which has (double valued) E1 species and Ka odd. There
would be the same kind of staggering between even and odd Ka as a result of
torsional tunneling as there is in hydrogen peroxide; the levels with even Ka

could be split into two as a result of torsional tunneling, whereas the levels
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with odd Ka cannot show any torsional tunneling splitting.

15.4.7 Methylene

The present subsection considers the problem of calculating the rovibronic
energies of X̃ 3B1 CH2 as an example to show how quasilinear molecules are
treated. There are some other discussions of the spectroscopy of methylene in
Chapters 13 and 14. In Chapter 13 the ã 1A1 and b̃ 1B1 electronic states are
used as an example of the Renner effect [see Figs. 13-7 and 13-8 on pages 375
and 377, respectively], and the singlet-triplet interaction between the X̃ 3B1

ground electronic state and the ã 1A1 first excited electronic state is mentioned
in connection with Fig. 13-14 on page 399. In Chapter 14 we briefly consider
the spin splittings in the X̃ 3B1 electronic state, and we use the ã 1A1 and b̃ 1B1

states as an example of intensity stealing caused by the Renner effect.

For quasilinear molecules difficulties arise because an element of µref is a sin-
gular function of ρ [see Eq. (15-5) and the discussion after it]. The HBJ treat-
ment was specifically set up for such molecules, and developments of the HBJ
Hamiltonian have lead to the rigid bender, semirigid bender, and nonrigid ben-
der Hamiltonians discussed above in connection with Eq. (15-16). The reader
is referred to the references cited above for the details, and particularly to the
review by Jensen (1983a). The spectroscopic investigation of CH2, in which
theoretical interpretations and predictions made using these Hamiltonians were
very successful, is reviewed by Bunker (1985). A more recent development of
the HBJ Hamiltonian is the Morse oscillator rigid bender internal dynamics
(MORBID) Hamiltonian that we discuss below. The alternative approach us-
ing the exact kinetic energy operator and variational theory is described in
Section 13.2.5 and will not be discussed further in this section.

As can be recognized from Fig. 13-14 the equilibrium structure of X̃ 3B1

state methylene is bent but the barrier to linearity in the potential energy func-
tion is lower than 2000 cm−1. This means that there will be large amplitude
bending and the linear geometry is accessible, i.e., X̃ 3B1 CH2 is quasilinear.
The method for calculating rotation and vibration energies for nonlinear rigid
molecules is given in Chapters 10 and 11, and it is appropriate if the potential
energy surface of the molecule under study has an insuperable barrier to lin-
earity so that the linear configuration is inaccessible. Alternatively the method
for rigid linear molecules is given in Chapter 17, and it can be successfully
applied if the equilibrium structure of the molecule is linear and if its potential
energy surface is such that it can only carry out small oscillations around the
linear configuration. We cannot use either of these rigid molecule approaches
for X̃ 3B1 methylene. Instead we treat a quasilinear molecule as a nonrigid
molecule and develop a special rotation-contortion Hamiltonian in which the
bending coordinate is the contortion.

To develop the treatment we take the contortion coordinate ρ as the supple-
ment of the bond angle in the reference configuration as shown in Fig. 15-14.
The figure shows the relationship between the instantaneous configuration [with
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variable bond lengths r12 and r32, where rj2 is the instantaneous value of the
distance from the “terminal” nucleus j (labeled 1 or 3) to the “central” nucleus
labeled 2, and bond angle supplement ρ̄] and the reference configuration [with
constant bond lengths re12 and re32, taken as the equilibrium values of r12 and
r32, and bond angle supplement ρ]. The z axis is the molecule fixed axis with
the smallest moment of inertia; it coincides with the molecular axis at linear
geometries. See also Fig. 2 of HBJ.

For a symmetrical ABA triatomic molecule the MS group is C2v(M) =
{E,(13),E∗,(13)∗} where the identical nuclei A are labeled 1 and 3, and for
an unsymmetrical triatomic molecule the MS group is Cs(M) = {E,E∗}. The
bending (contortional) coordinate ρ and its conjugate momentum Ĵρ are both
totally symmetric in the MS group. Therefore, the ρ-dependent matrix ele-
ments µref

αβ in Eq. (15-5) are all totally symmetric. With the molecule fixed
axis system defined as in Fig. 15-14 the molecule fixed angular momentum
components (Ĵx, Ĵy, Ĵz) of a C2v(M) molecule have the MS group symmetries
B2, A2, and B1, respectively [see Table A-5]. Since all the elements µref

αβ are

totally symmetric in the MS group it follows that for the term (1/2)µref
αβ ĴαĴβ

in Eq. (15-5) to be totally symmetric in C2v(M) we must have α = β. Thus,
only the diagonal matrix elements µref

xx, µref
yy , µref

zz , and µref
ρρ are nonvanishing for

a triatomic molecule with C2v(M) symmetry.

For a Cs(M) molecule ρ, Ĵρ and Ĵx are totally symmetric (i.e., of A′ sym-

metry) in the MS group, and Ĵy and Ĵz have A′′ symmetry [see Table A-2].
Consequently, in this case the elements µref

xx, µref
yy , µref

zz , µref
ρρ , µref

yz = µref
zy and µref

xρ

= µref
ρx can be nonvanishing. However, we are free to choose the orientation

of the molecule fixed axis system relative to the reference configuration. In
applications of HBJ theory to triatomic molecules it is customary to use this
freedom of choice to eliminate µref

xρ . The molecule fixed axes are chosen so that
the molecule is in the yz plane, but the angle ǫ [Fig. 15-14] is determined as
a function of ρ so that µref

xρ = µref
ρx = 0. The function ǫ(ρ) for an unsymmetri-

cal triatomic molecule was derived in HBJ and is given in Eq. (2.7) of Jensen
(1983a). For a triatomic molecule with C2v(M) symmetry the reference config-
uration has C2v point group symmetry, the y axis coincides with the C2 axis,
and ǫ = ρ/2.

In the treatment of the Renner effect given in Chapter 13 we point out that
the µ-matrix element µzz is singular at ρ = 0 [i.e., when the molecule is linear;
see Eq. (13-176)]. Similarly the µref-matrix element µref

zz is also singular at ρ =
0. The value of µref

zz near ρ = 0 can be related to the value of the function µref
ρρ

which is a slowly varying positive-valued function of ρ. If we let µref
ρρ (0) (> 0)

denote the value of this function at ρ = 0 then

µref
zz ≈

µref
ρρ (0)

ρ2
. (15-94)

This behavior causes the determinant µ of µref to be singular at ρ = 0. The
nuclear-mass-dependent correction to the contortional potential [the third term
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Fig. 15-14. The definitions of the angles ρ̄, ρ, and ǫ and the molecule fixed axis system
used in the HBJ Hamiltonian for a triatomic molecule. The open circles are the positions
of the nuclei in the reference configuration; the shaded circles are their instantaneous posi-
tions. The angle ρ̄ is the instantaneous value of the supplement of the bond angle and ρ
is the corresponding angle in the reference configuration. The angle ǫ depends on ρ and is
determined so that µref

xρ = 0. The (x, y, z) axes form a right-handed axis system where the x
axis is perpendicular to the molecular plane.

in Eq. (15-5)] can be rewritten as

1

2
µ1/4[Ĵρµ

−1/2µref
ρρ (Ĵρµ

1/4)] =
ℏ2

2
µref
ρρ g(ρ) +

1

2
µ−1/4

(
Ĵρµ

ref
ρρ

)(
Ĵρµ

1/4
)
,

(15-95)

where the dimensionless function

g(ρ) = −µ1/4 d

dρ

[
µ−1/2 d

dρ

(
µ1/4

)]
. (15-96)

For ρ near 0 we can approximate g(ρ) as

g(ρ) ≈ − 1

4ρ2
, (15-97)

i.e., the first term on the right hand side of Eq. (15-95) is singular at ρ = 0. The
second term can be shown to be non-singular and small; it can be neglected in
the zero order treatment of a triatomic molecule.
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For a triatomic molecule the terms

1

2
µref
zz Ĵ

2
z and

ℏ2

2
µref
ρρ g(ρ)

in the Hamiltonian Ĥrc of Eq. (15-5) both have a strong modifying effect on
the bending motion because of their singularity at ρ = 0. In the zero order
treatment it is not a satisfactory approximation to separate these terms from
the other important bending terms (1/2)µref

ρρ Ĵ
2
ρ , (1/2)(Ĵρ µ

ref
ρρ )Ĵρ and V0(ρ) in

Eq. (15-22). Thus we cannot separate the bending and z-axis rotation in zero
order, which means that for a quasilinear triatomic molecule we treat them
together and replace Eq. (15-22) by

Ĥcon,z =
1

2
µref
ρρ Ĵ

2
ρ +

1

2
(Ĵρµ

ref
ρρ )Ĵρ +

ℏ2

2
µref
ρρ g(ρ) +

1

2
µref
zz Ĵ

2
z + V0(ρ). (15-98)

From the fact that Ĵz = −iℏ∂/∂χ commutes with Ĥcon,z it follows that we can

express the eigenfunctions of Ĥcon,z as

Φcon,z(ρ, χ) = ψ(k)
con,z(ρ)

(
µref
ρρ

)−1/2 1√
2π

exp(ikχ), (15-99)

where k is an integer and the function ψ
(k)
con,z(ρ) satisfies the equation [see

Eq. (13) of Bunker and Stone (1972)]

d2ψ
(k)
con,z(ρ)

dρ2
=

{
f1(ρ) +

µref
zz

µref
ρρ

k2 +
2

ℏ2µref
ρρ

(
V0(ρ)− E(k)

con,z

)}
ψ(k)
con,z(ρ),

(15-100)

where E
(k)
con,z is the eigenvalue of Ĥcon,z corresponding to the eigenfunction in

Eq. (15-99), and we have introduced the dimensionless function

f1(ρ) = µ1/4
(
µref
ρρ

)−1/2 d2

dρ2

[
µ−1/4

(
µref
ρρ

)1/2]
. (15-101)

The difference g(ρ) − f1(ρ) is non-singular and small for all ρ, so for ρ near 0
we have from Eq. (15-97)

f1(ρ) ≈ − 1

4ρ2
. (15-102)

Equation (15-100) is solved numerically [see Eqs. (14)-(19) of Bunker and
Landsberg (1977), and Section 6 of Jensen (1983a)], and we obtain numeri-

cal values of the functions ψ
(k)
con,z(ρ) over a grid of ρ values from ρ = 0 to ρmax.

We choose the grid fine enough and ρmax large enough to ensure convergence.
For X̃ 3B1 state methylene a ρmax value of 1.9 rad with 400 grid points is
sufficient.
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It is of interest to understand the form of the wavefunctions near ρ = 0. For
ρ = 0 the two first terms in the { } braces of Eq. (15-100) are singular. Thus,
for ρ near 0, they dominate over the third, non-singular term. This term can
be neglected and the two singular terms can be approximated by Eqs. (15-94)
and (15-102), respectively, so that we have

d2ψ
(k)
con,z

dρ2
≈ k2 − 1/4

ρ2
ψ(k)
con,z(ρ) (15-103)

with the solution

ψ(k)
con,z(ρ) ≈ C′ ρ|k|+1/2, (15-104)

where C′ is a constant. As discussed above, µref
ρρ has the positive value µref

ρρ (0)

at ρ = 0, so the eigenfunction of Ĥcon,z, Φcon,z(ρ, χ) from Eq. (15-99), is given
by

Φcon,z(ρ, χ) ≈ C ρ|k|+1/2 1√
2π

exp(ikχ), (15-105)

for ρ near 0, where C = C′ (µref
ρρ (0)

)−1/2
.

Having obtained the eigenfunctions Φcon,z(ρ, χ) [Eq. (15-99)] of Ĥcon,z, the

matrix representation of Ĥrc [Eq. (15-5)] is diagonalized in a basis of functions

Φ(b)
rc =

{
SJkm(θ, φ)[1/(2π)]1/2 exp(ikχ)

}
ψ(k)
con,z(ρ)

(
µref
ρρ

)−1/2
, (15-106)

where the superscript ‘(b)’ means ‘basis’ [see Eq. (16) of Bunker and Stone
(1972)]. In Eq. (15-106), the (θ, φ, χ)-dependent function in the { } braces
[obtained by combining the SJkm(θ, φ) factor with the factor exp(ikχ)/

√
2π

from Eq. (15-99)] is a symmetric top function [see Eq. (11-16)].
The Hamiltonian Ĥcon,z of Eq. (15-98) describes the bending motion and the

rotation about the z axis for a triatomic molecule. In the general treatment
given here, we cannot separate these two motions since, for example, the degree
of rotational excitation, defined by k, determines the behavior of the bending
wavefunctions near linearity as given in Eq. (15-105). Only in the event that
the bending potential energy V0(ρ) has its minimum at ρ = ρe > 0 and is such
that on the time scale of the experiment being interpreted, the molecule can
only carry out small oscillations around ρ = ρe without approaching the linear
configuration, would it be permissible to approximate µref

zz by the constant value
µref
zz (ρe). If we make this approximation we can separate the rotation around

the z axis from the bending, but this description will break down for bending
states so highly excited that the linear configuration becomes accessible.

The HBJ Hamiltonian for a quasilinear molecule has been applied to lin-
ear chain molecules such as HCNO [see Bunker, Landsberg, and Winnewisser
(1979), and Jensen (1983b)] and C3O2 [see Bunker (1980), and Jensen (1984)].

For a triatomic molecule the treatment of rotation and bending motion out-
lined above is combined with a harmonic-oscillator treatment of the stretching
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motion to give zero order rotation-bending-stretching energies. In the nonrigid-
bender approach the anharmonic terms in the potential energy function for
the stretching motion and all stretch-bend interaction terms in the rotation-
vibration Hamiltonian are treated by means of perturbation theory. The non-
rigid bender Hamiltonian obtained in this way is an effective rotation-bending
Hamiltonian designed for the calculation (or fitting) of the rotation bending
energy levels of any stretching state of a triatomic molecule. It was very suc-
cessful in the fitting and predicting of rotation bending levels in methylene [see
Bunker (1985)]. However, it is not designed for the accurate prediction of the
stretching energies since it uses perturbation theory, and Jensen (1992) shows
that it is unreliable for such calculations. Accurate predictions are desirable for
the purpose of aiding the experimental search for the ν1 and ν3 CH stretching
fundamental bands. In order to make accurate calculations of rotation-bending
and stretching states of a triatomic molecule the MORBID (Morse Oscillator
Rigid Bender Internal Dynamics) Hamiltonian and computer program [Jensen
(1988a, 1988b, 1992, 1994)] were developed.

The MORBID approach is based on the HBJ Hamiltonian for a triatomic
molecule. It describes the rotation by the Euler angles (θ, φ, χ) and the bend-
ing vibration of the triatomic molecule by the coordinate ρ, defined as the
supplement of the bond angle in the reference configuration. The coordinates
(θ, φ, χ, ρ) are defined by using Eckart and Sayvetz conditions as explained
above. However, the HBJ Hamiltonian is transformed to a form where the
stretching motion is described by the geometrically defined coordinates r12
and r32. The rotation-vibration energies and wavefunctions are obtained in a
variational calculation [i.e., by diagonalization of a matrix representation of the
Hamiltonian]. The basis functions used for the diagonalization are obtained as

products of the functions Φ
(b)
rc [Eq. (15-106)] and Morse oscillator eigenfunc-

tions [see, for example, Efremov (1977) or Špirko, Jensen, Bunker, and Čejchan
(1985)] describing the stretching vibrations. In order to implement the Eckart
and Sayvetz conditions it is necessary to approximate the kinetic energy oper-
ator by a fourth order expansion in the stretching vibrational coordinates. No
approximations are made for the bending motion. Owing to the minimization
of the coupling between the different types of motion resulting from the Eckart
and Sayvetz conditions, MORBID calculations require significantly less com-
puter capacity than calculations based on kinetic energy operators expressed in
terms of geometrically defined coordinates and employing a body fixed axis sys-
tem [see Section 13.2.5]. However, the MORBID results will differ slightly from
those of such “non-Eckart-Sayvetz” calculations because of the approximations
in the MORBID kinetic energy operator.

In Table 15-18 we compare three MORBID predictions of the fundamental
energies of 12CH2 made with three different potential energy functions, two
ab initio potentials and one obtained by Jensen and Bunker (1988) in a least-
squares fitting to experimental spectroscopic data using the MORBID program.
It is seen that the predictions for the ν1 and ν3 energies are close in the three
calculations, and they should be of assistance in the experimental search for
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Table 15-18

Vibrational energies of 12CH2 (in cm−1) predicted with the MORBID program

Reference Method ν1 ν2b ν3

Jensen (1988a)a ab initio 2994 973 3212

Comeau, Shavitt, Jensen, and Bunker (1989) ab initio 3015 974 3236

Jensen and Bunker (1988) Fitting 2992 963 3214

aPotential energy surface from McLean, Bunker, Escribano, and Jensen
(1987).

bThe experimental value for the ν2 energy is 963 cm−1 [Sears, Bunker,
and McKellar (1982)].

the ν1 and ν3 fundamental bands. However, Jensen (1988c) has calculated
the intensities of the rotation-vibration transitions for X̃ 3B1 CH2 using the
rotation-vibration wavefunctions obtained by the MORBID program and an
ab initio dipole moment surface by Bunker and Langhoff (1983). These ab
initio calculations predict that the ν1 and ν3 CH stretching fundamentals are
very weak. Their integrated absorption coefficients [Eq. (14-3)] are typically
two orders of magnitude smaller than those of the ν2 band transitions, and this
explains why they have not yet been observed.

The MORBID program has been applied to a large number of triatomic
molecules other than methylene, and the appropriate references up to 1994 are
listed by Jensen (1994) (for more recent applications, see also Section 15.4.8).
Kozin and Jensen (1997) have extended the MORBID formalism to electronic
states with S > 0, and they have calculated the fine structure splittings in
X̃ 3B1 CH2.

As a postscript to this subsection we say a few words about symmetry, about
the bending angle ρ, and about the Euler angle χ. The MS group for a tri-
atomic molecule [C2v(M) or Cs(M)] is independent of the height of the barrier
to linearity. This is because there is never any tunneling through linearity and
never any energy level splitting arising from penetration of the barrier at lin-
earity for a triatomic molecule. The bending angle ρ is defined in the range 0
≤ ρ ≤ π only, and the angle specifying the extent of the rotation about the z
axis is χ which can range from 0 to 2π. With these two angles in these two
ranges the molecule covers the entire space of bending and z axis rotation. The
molecule never ‘bends through’ the linear configuration. Starting from a bent
configuration if we change the Euler angle χ by π this will rotate the molecule
around the z axis to the position ‘on the other side’ of the linear configuration.
We are always careful in drawing the bending potential of a triatomic molecule
[see Fig. 13-6 for example] only to present it for ρ in the allowed range of 0 to



542 15. Nonrigid Molecules

π, and not to draw it from −π to +π which gives the false impression that a
double minimum potential is involved for a bent molecule.

15.4.8 Hydrogen telluride

In highly excited rotational states centrifugal forces are strong, and they can
cause such a large distortion of a molecule away from its equilibrium config-
uration that the molecule has to be treated as being nonrigid. An example
of this is afforded by the H2Te molecule, and by the related molecules H2S,
H2Se, and H2Po. For high values of J and Ka the rotation-vibration energy
levels of these molecules cluster together in groups of four, and this cannot
be understood easily using the Watsonian for the rotational energy levels of
an asymmetric top13 [see Eq. (13-126)]. A detailed discussion of the way to
deal with the problem is given by Jensen, Osmann, and Kozin (1997) [see also
the references therein]. The treatment leads to the introduction of a further
feasibility requirement on the elements of the CNPI group when such clusters
are unresolved.

In Section 13.2.4 we mention the analogous clustering pattern that emerges
in the energy levels of spherical tops at high rotational excitation; this was
discovered and explained by Dorney and Watson (1972). In methane for a
given value of J there are14 2J+1 rotational states that are degenerate in the
rigid-rotor approximation. The symmetry species of these 2J+1 states in the
MS group Td(M) is given in Table 12-12; the species for J = 18 is spelled out
as an example in Eq. (13-134). Centrifugal distortion splits the levels apart
but at high J the top eight states cluster together and the bottom six cluster
together. Between these two energy level clusters the levels have a somewhat
complicated pattern with no systematic clustering. Table III of Dorney and
Watson (1972) gives numerical values of the centrifugal distortion contribution
to the energies and we see, for example, that for J = 18 the eight centrifugal fine
structure states having symmetry A1 ⊕ F1 ⊕ F2 ⊕ A2 cluster close together at
the top of the stack and the six states having symmetry A2 ⊕ F2 ⊕ E cluster
close together at the bottom; the remaining states (spanning A1 ⊕ 2E ⊕ 3F1

⊕ 3F2) give nine levels that occur between these clusters. Dorney and Watson
(1972) give a simple classical interpretation for the clustering in which they
begin by writing the quartic centrifugal energy expression hcent as a classical
energy expression in the angular momentum J = |J|. Using this expression
they show that the highest value for hcent (8J4/3) occurs when the molecule is
rotating about one of the C3 axes; there are four such axes and the molecule can
rotate in two directions about each axis to give eight states in all. The lowest

13In order to obtain a satisfactory Watsonian fitting of the frequencies for transitions in-
volving cluster levels, very many parameters must be varied. However, the energies calculated
with the fitted parameter values do not provide a good extrapolation to levels not yet ob-
served. An improvement can be obtained by a re-parameterization of the Watsonian, in
which some of the higher order terms are expressed in terms of Ĵ2 and Ĵ2 − Ĵz2 rather than
in terms of Ĵ2 and Ĵz2 [see Eq. (8) of Kozin, Belov, Polyansky, and Tretyakov (1992)].

14Neglecting the m-degeneracy.
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value of hcent (−4J4) occurs when the molecule is rotating about one of its S4

axes; there are three such axes and thus six states. The ‘centrifugal’ rigidity
of the molecule to rotation about the C3 and S4 axes is different, and this is
the reason why the upper and lower sets of levels have different energy for a
given amount of angular momentum. However, within the sets the centrifugal
distortions are the same.

Similar arguments explain the fourfold clustering of the rotational levels of
H2Te at high J . We will couch the explanation in the language of the rotational
energy surface (RES) [see, for example, Harter and Patterson (1984)]. By doing
so we can extend the definition of ‘feasibility’ for elements of the CNPI group
in language involving the rotational energy surface that is similar to that used
in Chapter 3 involving the potential energy surface.

A rotational energy surface is a three-dimensional radial plot of the energy
of a molecule as a function of the direction of the total angular momentum J in
the molecule fixed axis system (x, y, z). In this treatment J is a classical vector
(as opposed to a vector of operators) of fixed length J with components Jx, Jy
and Jz. Thus a rotational energy surface EJ(θ, φ) is obtained by making the
following substitutions15

Ĵx → J sin θ cosφ

Ĵy → J sin θ sinφ

Ĵz → J cos θ, (15-107)

in the Watsonian for the vibrational state under study. Makarewicz (1990)
has shown how the RES can be obtained directly from the rotation-vibration
Hamiltonian. In obtaining the RES, the magnitude of J in units of ℏ, J =
|J| /ℏ ≥ 0, is chosen as one of the integer values 0, 1, 2, 3, . . . allowed by
quantum mechanics. Because we do this, and because we treat the vibrational
motions quantum mechanically, we say that this is now a semi-classical calcu-
lation rather than a classical calculation. In the treatment of rotational motion
proposed by Harter and Patterson (1984) the rotational energy surface plays
much the same role as the potential energy surface in a study of vibrational
motion. Since energy is conserved during the rotational motion, the possible
trajectories of the tip of the angular momentum vector on the rotational energy
surface (as the molecule rotates) correspond to intersections of the RES with
constant energy surfaces; these constant energy surfaces are spheres. For H2X
molecules the theory of rotational energy surfaces is considered by Pavlichenkov
and Zhilinskii (1988), Makarewicz and Pyka (1989), Makarewicz (1990), and
by Kozin, Belov, Polyansky, and Tretyakov (1992).

In Fig. 15-15 we show part of the rotational energy level structure for a
H2

130Te molecule taken to be rigidly rotating in its equilibrium configuration
with no centrifugal distortion [this equilibrium geometry is as determined by
Gómez and Jensen (1997)]. The calculation of the rotational energies for a rigid

15J , θ and φ are the spherical coordinates of J in the (x, y, z) axis system, and the angles
have nothing to do with the Euler angles.
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Fig. 15-15. The rotational energy level structure of a rigid H2
130Te molecule (taken

to be in its equilibrium configuration). Term values are plotted relative to the highest term
value for each J multiplet.

asymmetric top is discussed in Section 11.2.4. The pattern seen in Fig. 15-15
can be understood in terms of RES theory. For example, the figure shows
that the two highest energies for each J value [with (Ka,Kc) = (J, 0) and
(J, 1), respectively; see Section 11.2.4] become nearly degenerate for high J .
On the RES of an asymmetric rigid rotor the maximum rotational energy for
a given value of J is obtained when the angular momentum is directed along
the a axis; choosing z = a, as in Fig. 15-16, this can be along either the
positive (+z) or the negative (−z) direction. We say that the RES has two
symmetrically equivalent stationary points in the +z and −z directions. The
doubly degenerate energy cluster formed by the (Ka,Kc) = (J, 0) and (J, 1)
energies for higher J values corresponds to the two smallest oval trajectories of
J precessing around the +z and −z directions. In general, it can be seen that
if the RES has a set of t symmetrically equivalent stationary points there will
exist sets of t symmetrically equivalent trajectories, where each trajectory in a
set orbits about one of the stationary points. All trajectories in a set have the
same energy, and consequently each set of trajectories corresponds to an t-fold
degenerate energy cluster for the rotating molecule.

For a rigid asymmetric rotor the highest possible t value is 2, in accordance
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Fig. 15-16. The numbering of the nuclei and the molecule fixed axes (x, y, z) used for
the H2Te molecule. The x axis is perpendicular to the plane of the molecule and is defined
so that the (x, y, z) axes form a right-handed coordinate system. The figure also shows the
two stable rotation axes A and A′ (see text).

with the twofold energy clusters in Fig. 15-15. As J is increased the shape
of the RES of a rigid rotor hardly changes and the successive RES can be
nested like Russian dolls. However, the introduction of centrifugal distortion
into the calculation of the RES can lead to drastic changes. As in the methane
example studied by Dorney and Watson (1972) the centrifugal rigidity about
different molecule fixed axis directions in H2Te is not constant, and at higher J
the RES will “dimple-in” in directions of high centrifugal nonrigidity; relative
to this there will be a “ballooning-out” in directions of centrifugal rigidity.
This is simply because the rotational energy depends on the reciprocal of the
instantaneous moment of inertia and the instantaneous moment of inertia is
increased more when there is rotation around axes about which there is greater
centrifugal nonrigidity.

Makarewicz (1990) has studied the RES of a triatomic molecule that is al-
lowed to bend under the effect of the centrifugal forces of rotation, but for
which the bond lengths are kept fixed. As J increases a dramatic change in the
structure of the RES takes place at the so-called critical J-value Jcrit. For J <
Jcrit the RES of the rigid-bender molecule is similar to that of the correspond-
ing rigid rotor, so that it has stationary points (maxima) in the ±z directions.
For J > Jcrit these maxima are replaced by saddle points, and four new sym-
metrically equivalent maxima are formed in the yz plane (i.e., the molecular
plane; see Fig. 15-16). The directions to the four stationary points are given
by the axes A and A′ in the figure. As shown in Fig. 15-16 the axes A and A′

are at angles ±δ with the molecule fixed z axis. The angle δ (≈ 45◦) is slightly
J dependent. Each of the two axes almost coincides with a Te-H bond.

For J > Jcrit the maximum energy on the RES is at the four new sym-
metrically equivalent stationary points, and nearly fourfold degenerate energy
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Fig. 15-17. The rotational energy level structure in the vibrational ground state of
the H2

130Te molecule, calculated with the MORBID program (see Section 15.4.7) from the
potential energy surface determined by Gómez and Jensen (1997) by fitting to experimental
data. The term values are plotted relative to the highest term value for each J multiplet.

clusters emerge. The components of the fourfold energy cluster correspond to
the set of four smallest possible, symmetrically equivalent, trajectories of J

around the four stationary points. That is, in the highest energy levels for a
given J value, the angular momentum vector lies essentially along either the
A or the A′ axis in Fig. 15-16. In classical theory the angular momentum vec-
tor is conserved in time and so, during the classical rotation of the molecule,
the direction of one of the axes A or A′ relative to a space-fixed axis system
remains fixed. Hence we can say that the molecule rotates around this axis.
It is easy to appreciate that if the bond angle is 90◦ then in the rigid-bender
model there is complete centrifugal rigidity if the molecule rotates about either
of the bonds. This will lead to a relative ballooning-out of the RES in these
directions. There are two of these centrifugally rigid axes (A and A′) and the
molecule can rotate in two directions about each. Hence we get fourfold energy
clusters. In Fig. 15-17, we show a part of the rotational energy level struc-
ture in the vibrational ground state of H2

130Te, calculated using the MORBID
program (see Section 15.4.7) from the potential energy surface determined by
Gómez and Jensen (1997) by fitting to experimental data. The calculation
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now allows for stretching centrifugal distortion but this makes no qualitative
change.

The energy level structure in Fig. 15-17 is very different from that of the rigid
rotor shown in Fig. 15-15 in that the four highest energies for each J value [with
(Ka,Kc) = (J, 0), (J, 1), (J − 1, 1), and (J − 1, 2), respectively] form fourfold
clusters as predicted by the RES theory taking into account vibrational motion.
The MORBID results agree well with term values derived from experimental
data [see Gómez and Jensen (1997)]. For H2

130Te, the term values with Ka

= J and J − 1 in each J multiplet of the vibrational ground state have been
determined experimentally for J ≤ 16 [Kozin, Jensen, Polanz, Klee, Poteau,
and Demaison (1996)].

The formation of fourfold energy clusters was first experimentally verified
for the vibrational ground state of H2

80Se16 by Kozin, Belov, Polyansky, and
Tretyakov (1992) and for the ν1/ν3 states of H2

80Se [where the clustering pat-
tern is different from that in the vibrational ground state; see Lehmann (1991)
and Kozin and Jensen (1993)] by Flaud, Camy-Peyret, Bürger, Jensen, and
Kozin (1995). Further experimental studies are summarized by Jensen, Os-
mann, and Kozin (1997) [see also Gómez and Jensen (1997) and Gómez, Pacios,
and Jensen (1997), and the references therein].

Simple semi-classical theory [see Kozin, Belov, Polyansky, and Tretyakov
(1992)] predicts Jcrit-values of 15 for H2

32S, 12 for H2
80Se, and 8 for H2

130Te.
For H2

32S [Kozin and Jensen (1994)] and H2
80Se [Jensen and Kozin (1993)],

MORBID calculations have shown that at J ≈ Jcrit, the energy separation
between the two doublets at highest energy in the J multiplets of the vibra-
tional ground state starts decreasing with increasing J . Hence we can say
that for H2S and H2Se, the quantum mechanical MORBID calculations [whose
results agree well with the available experimental data] confirm the values of
Jcrit obtained from semi-classical theory. For H2

130Te, the low semi-classical
value of Jcrit suggested that clusters would appear at relatively low J values
and thus be easily observable. This expectation was not confirmed by quan-
tum mechanics since it could be shown, first in ab initio calculations [Jensen,
Li, Hirsch, Buenker, Lee, and Kozin (1995)] and then experimentally [Kozin,
Jensen, Polanz, Klee, Poteau, and Demaison (1996)], that the cluster forma-
tion in H2

130Te is very similar to that in H2
80Se. Obviously the semi-classical

theory does not correctly describe the rotational motion at J values as low as
8.

The rotation-vibration wavefunctions obtained from the MORBID calcula-
tions on H2S, H2Se, and H2Te have been subjected to detailed analysis [see
Jensen, Osmann, and Kozin (1997) and the references therein], and the results
provide a quantum mechanical confirmation of the semi-classical description
of the rotational motion at high J values. Specifically, the MORBID analysis
shows that in the cluster states of highest energy in a J multiplet, the proba-

16In this case, the term values with Ka = J and J − 1 have been derived from experiment
for J ≤ 23 [Kozin, Belov, Polyansky, and Tretyakov (1992); Kozin, Klee, Jensen, Polyansky,
and Pavlichenkov (1993)]. MORBID calculations [Jensen and Kozin (1993)] reproduce well
the experimentally derived term values.
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bility of the angular momentum having a projection of Jℏ or −Jℏ along one of
the axes A or A′ is very close to unity. Thus, to the extent allowed by quantum
mechanics, the angular momentum is directed along the A or A′ axis in these
states, as predicted by the semi-classical theory. The MORBID results also
demonstrate that in excited stretching vibrational states, the cluster formation
is closely related to the onset of local mode behavior in the molecule. That
is, in the cluster levels of these vibrational states, the vibrational excitation is
localized in one of the H-X bonds.17 Conventional local mode theory, which
often neglects molecular rotation entirely, expects the local mode localization
to be brought about by vibrational excitation so that it will be found for highly
excited stretching states only. In the case of cluster formation, the local mode
behavior arises through rotation-vibration interaction so that, in a sense, it is
caused by rotational excitation.

Zhilinskii and Pavlichenkov (1988) [see, also, Pavlichenkov and Zhilinskii
(1988)] were the first to point out that at high J values, the rotational energy
levels of an H2X molecule form fourfold clusters. They reached this conclusion
in a purely classical study which neglected the stretching vibrations. Their cal-
culations were carried out for H2O, and it is ironic that so far, energy clusters
have not been identified for this molecule, either experimentally or in realistic
quantum mechanical calculations. The work of Kozin and Pavlichenkov (1996)
strongly suggests a reason for this. These authors calculated Jcrit for the vi-
brational ground state of H2

16O in a classical model that accounts only for
the bending motion of the molecule [i.e., a rigid bender model analogous to
that used by Zhilinskii and Pavlichenkov (1988)], and in a classical model that
takes into account all vibrational motions of the molecule. For the rigid bender
model, they obtained Jcrit = 27, but for the ‘complete’ model, they obtained
Jcrit = 36. The analogous displacements for H2S, H2Se, and H2Te were all less
than 2. Obviously the cluster formation in the vibrational ground state of H2O
is very strongly influenced by the stretching vibrational motion. This influence,
which was not accounted for in the work of Zhilinskii and Pavlichenkov (1988),
produces a Jcrit value so large that if fourfold clusters form in H2O, they will
appear at J-values so high that the corresponding rotational energies are not
easily obtained in spectroscopic experiments or in precise quantum mechanical
calculations.

The clustering pattern of the energy levels of heavy spherical top molecules
such as CF4 and SF6 have been the subject of much experimental and the-
oretical study [see Harter and Patterson (1984) and Brodersen and Zhilinskii
(1995), and the papers to which they refer].

For the H2X molecules studied here, the MS group (which is equal to the
CNPI group) is C2v(M) [see Table A-5]. For the molecules H2S, H2Se, and
H2Te, MORBID calculations [see Jensen, Osmann, and Kozin (1997) and ref-
erences therein] have shown that the rotation-vibration wavefunctions corre-
sponding the fourfold energy clusters formed at high J and Ka values have the

17See, for example, Mills and Robiette (1985) and Jensen (2000) for discussions of local
mode theory.
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MS group symmetry A1 ⊕ A2 ⊕ B1 ⊕ B2. As discussed above, according to
classical arguments the four components of each cluster represent the molecule
rotating either about the A axis [which almost coincides with the Te-H3 bond;
see Fig. 15-16] or the A′ axis [which almost coincides with the Te-H1 bond] in
either a right-handed or left handed sense; an obvious notation for these four
states is 1R, 1L, 3R and 3L. The cluster states represent the four stationary
points on the rotational energy surface, and for sufficiently high values of J
and Ka the molecules (or equivalently the rotation-vibration wavefunctions)
become localized at one of these points. This is exactly analogous to the lo-
calization described in Section 3.3 for the wavefunctions of a molecule with
multiple equivalent minima on the potential energy surface.

In Chapter 3 criteria for determining whether an element of the CNPI group
of a molecule is feasible were given. When we only consider a molecule in a
single electronic state this criterion depends on whether energy level clusters
arising from the localization of states in equivalent potential energy minima
are resolved. (We have reworded the criterion given in Chapter 3 in order
to draw a parallel with the clustering discussed in the present section.) The
clustering discussed in Chapter 3 can be called “potential energy clustering”
whereas that discussed in this section is “kinetic-energy clustering.” We are
now led naturally to the definition of another criterion for feasibility that is
to be used if such kinetic-energy clusters are unresolved, and when we do not
wish to label the individual components of such a cluster. This new criterion
can be phrased as follows: An element of the CNPI group is unfeasible if it
interconverts wavefunctions that are localized on the rotational energy surface
and if the resultant cluster is unresolved at the experimental resolution being
used [see Jensen and Bunker (1994)].

In the case of an H2X molecule in a state with high J and Ka the new
definition means that the operation (13) (which interconverts 1R with 3R and
1L with 3L), the operation E∗ (which interconverts 1R with 1L and 3R with
3L), and the operation (13)∗ (which interconverts 1R with 3L and 1L with 3R)
are all unfeasible. The MS group becomes G1 = {E}. The clustered energy
levels are non-degenerate in G1.

If we apply the idea of the reverse correlation table [Section 5.9] to the
group C2v(M) and its subgroup G1, it follows unambiguously that the four
wavefunctions representing the states in an unresolved fourfold degenerate ro-
tational cluster must necessarily span the reducible representation A1 ⊕ A2 ⊕
B1 ⊕ B2 in C2v(M). This confirms the conclusions drawn from the results of
MORBID calculations [see Jensen, Osmann, and Kozin (1997) and references
therein].

BIBLIOGRAPHICAL NOTES

Hougen and DeKoven (1983) discuss the application of EMS groups to the classification of
the rotation-torsion states of molecules containing a symmetric rotor attached to an asym-
metric rotor.

Krȩglewski (1978,1989,1993) has considered methylamine (CH3NH2) which has two con-
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tortional coordinates (inversion and internal rotation). The MS group of inverting and
internally-rotating methylamine is G12 (see Table A-24), the same as nitromethane. It would
be best if the same notation for the irreducible representations were used for both molecules.

 Lodyga, Krȩglewski and Makarewicz (1997) have considered hydrazine which has three
contortional coordinates (two inversions and internal rotation). The MS group of this
molecule was discussed by Longuet-Higgins (1963); it is the group G16 (see Table A-25)
as for ethylene or the water dimer.

The effective Hamiltonian approach

Achieving a fitting of the rotation-contortion-vibration energy levels that is at the level
of the experimental precision is very difficult, but Hougen and coworkers have developed
effective Hamiltonians that allow this [see, for example, Tsunekawa, Kojima and Hougen
(1982), Ohashi, Takagi, Hougen, Olson and Lafferty (1987), Ohashi, Tsunekawa, Takagi and
Hougen (1989), Coudert and Hougen (1990), and Xu and Hougen (1995)].

Cordonnier and Coudert (1996) have developed the so-called internal axis method like
(IAM like) formalism, which is an effective Hamiltonian matrix method originally set up
by Hougen (1985) for the water dimer, to analyze the microwave spectrum of the nonrigid
molecular ion C2H+

3 . This method can be applied to any nonrigid molecule and is capable of
achieving results, i.e., the calculation of the magnitude of the contortional splittings including
their variation with rotational state, that are at the level of experimental precision.

Groner (1997) discusses the development of an effective rotational Hamiltonian for the pur-
pose of fitting ground contortional-vibrational energies of molecules having two contortional
motions.

Methanol

There is an enormous literature on methanol and some of the papers are listed below.
The system used for labeling the torsional energy levels stems from before the MS group was
introduced.

Koehler and Dennison (1940).
Burkhard and Dennison (1951).
Ivash and Dennison (1953).
Hecht and Dennison (1957).
Lin and Swalen (1959).
Kirtman (1962).
Lees and Baker (1968)
Kwan and Dennison (1972).
Herbst, Messer, De Lucia, and Helminger (1984).
Anderson, Herbst, and De Lucia (1992).
Tang and Takagi (1993).
Hougen, Kleiner, and Godefroid (1994).
Xu and Hougen (1995a).
Xu and Hougen (1995b).
Odashima, Matsushima, Nagai, Tsunekawa, and Takagi (1995).
Xu and Lovas (1997).
Hougen (1997).
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Weakly Bound Cluster

Molecules

Weakly bound cluster molecules form a special class of nonrigid molecule and
they require special discussion. We give a general derivation of the rotation-
contortion-vibration Hamiltonian of a dimer using both space fixed and body
fixed axis systems. We also give general derivations of the dipole moment
expansions that lead to the optical selection rules for both these cases. It is
very appropriate for molecules of this type to use irreducible spherical tensor
notation in the derivations. The hydrogen and ammonia dimers are used as
examples.

16.1 INTRODUCTION

The study of weakly bound cluster molecules (see page 43) is a large field
of research and we give a review here. The reader is referred to the papers
mentioned in the text below, and to those given in the Bibliographical Notes
for more details.

We use the same notation of ‘contortional’ coordinates for weakly bound clus-
ter molecules as we have used in Chapter 15. The contortional coordinates are
the intermoiety distances (and angles) required to specify the relative locations
of the moiety centers of mass, and the angles specifying the relative orientations
of the moieties. As an example, a trimer consisting of three nonlinear moieties
has 12 contortional coordinates and the rotation-contortion Hamiltonian has 15
degrees of freedom. In exceptional cases, for example involving moieties such
as NH3 and CH3OH, one or more moiety coordinates might be included as a
contortional coordinate. If one or more of the moieties is linear, or an atom,
there will be fewer contortional degrees of freedom. The multi-dimensional
rotation-contortion Hamiltonian can be written as in Eq. (15-5), generalized to
include many contortional coordinates, and depending on the convention used
for locating (or embedding) the molecule fixed axes (more generally called the
body fixed axes when we do not use the Eckart conditions to locate them) in
the molecule the kinetic energy operator takes on different forms. The choice
of how to locate the body fixed axes is part of the general process of choosing
the coordinates for expressing the Hamiltonian, and this is the first stage in

551
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developing the optimum strategy for calculating the energy levels. As usual the
coordinates are chosen with an eye to obtaining a zero order Hamiltonian that
is (ideally) appropriate, separable and tractable with minimum approximation.
In general, the coordinate choice we make is mainly governed by the nature
and strength of the dependence of the intermoiety potential on the contortional
(particularly angular) degrees of freedom. We also have to consider how easy it
is to express the kinetic and potential energies in the chosen coordinates, and
how easy it is to solve the resultant Schrödinger equation.

The main reason for studying weakly bound clusters is to determine the
potential energy functions, and thereby to achieve a greater understanding of
the intermolecular forces that hold such clusters together. The forces can be
calculated from the slopes of the intermolecular potential (the force is given
by F = −∂V /∂R in one dimension). These forces are also responsible for the
interaction between molecules in liquids and solids, and so the study of increas-
ingly larger clusters will lead to a better understanding of the condensed phase.
A recent book [Stone (1996)] is devoted entirely to the subject of intermolec-
ular forces, and a detailed account is out of place here. However, it should
be realized that the use of highly correlated ab initio methods with large well
balanced basis sets (see Section 9.4) can lead to very accurate potentials for
dimers. Such calculations fall into two categories: Supermolecule calculations
using many-body perturbation theory (MBPT) based on the Møller-Plesset
partitioning of the Hamiltonian [see, for example, Cha lasiński and Szczȩśniak
(1994)], and the symmetry-adapted perturbation theory (SAPT) method in
which one calculates directly the interaction energy between the moieties [see,
for example, Jeziorski, Moszyński and Szalewicz (1994)]. Calculations at such
a high level of ab initio theory are not usually practical for larger clusters and
some elements of modeling, together with some limitations in the number of
contortional coordinates that are allowed to vary, have to be introduced. For
the water trimer, for example, such limited dimensionality ab initio calculations
by Bürgi, Graf, Leutwyler and Klopper (1995), and by van Duijneveldt-van de
Rijdt and van Duijneveldt (1995), have proved very useful, when combined
with some semiempirical modeling, in analyzing the high resolution spectrum
[see van der Avoird, Olthof, and Wormer (1996) and Olthof, van der Avoird,
Wormer, Liu and Saykally (1996) and references therein]. The MS group of
the water trimer (H2O)3 or (D2O)3 is discussed in van der Avoird, Olthof, and
Wormer (1996); it is a group of 48 elements. The group is not isomorphic to
the CNPI group G48 of CH4 (see Table A-29); it has separably degenerate
irreducible representations. The group is the direct product of {E,E∗} and a
pure permutation group of order 24 that is isomorphic to the point group Th.

16.2 THE HAMILTONIAN

The simplest limiting case is that in which the intermoiety potential does
not depend on the relative angular orientations of the moieties. Such an inter-
moiety potential is isotropic and it is like the limiting case of the free internal
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rotor model for a torsional potential. For a dimer in this limiting case the
rotation-contortion-vibration coordinates are the Euler angles (three for a non-
linear moiety, two for a linear moiety and none for an atom moiety) of the two
moiety fixed axis systems, the vibrational normal coordinates QrA and QrB of
the moieties [where rA = 1, 2, . . . 3NA− 6 and rB = 1, 2, . . . 3NB− 6 for non-
linear moieties containing NA and NB nuclei respectively], and the coordinates
R, θ and φ that specify the length and spatial orientation of the intermoiety
vector R. In using these coordinates we refer the moiety orientations, and the
intermoiety vector, to the space fixed axis system, and as a result the Hamil-
tonian obtained is said to involve using a ‘space fixed reference frame’. This
form for the rotation-contortion Hamiltonian for a dimer was initially used for
the calculation of molecule-molecule scattering cross sections using the close-
coupling method [see Arthurs and Dalgarno (1960) and Green (1975)], but
the bound states of the Hamiltonian can also be calculated [see, for example,
Hutson (1991)].

An important fact about the space fixed reference frame Hamiltonian is that
it does not separate into rotation and contortion-vibration parts. Such a sep-
aration is often desirable in zero order and is achieved by introducing a set of
body fixed (x, y, z) axes. This leads to the ‘body fixed reference frame’ Hamilto-
nian. When the anisotropy of the potential is large compared to the rotational
constants of the molecule one can still express the potential in the space fixed
reference frame coordinates, but it is more natural and straightforward to ex-
press it in terms of the angles that relate the orientations of the moieties to the
intermoiety bonds, and such coordinates will naturally occur if we use a body
fixed axis system. The price we pay for using coordinates that simplify the
potential energy is, of course, increased complexity in the derivation of, and
expression for, the kinetic energy. A comparison of space fixed and body fixed
formalisms for calculating scattering cross sections is given by Pack (1974).
He shows that the space fixed formalism is simpler and computationally faster
for large values of the angular momentum J in distant collisions, whereas the
body fixed formalism is simpler and computationally faster for low J values in
short-range collisions. Thus, we expect the body fixed Hamiltonian to be more
appropriate for the calculation of the bound states of a weakly bound cluster
molecule having a significantly anisotropic potential unless J is high.

16.2.1 The space fixed reference frame Hamiltonian

The space fixed reference frame Hamiltonian for the dimer AB is

Ĥrcv
(s) = Ĥmoieties + T̂int

(s) + Vint
(s), (16-1)

where Ĥmoieties is the sum of the rotation-vibration Hamiltonians of the moi-
eties, given by

Ĥmoieties = Ĥrv(A) + Ĥrv(B), (16-2)
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and

T̂int
(s) = − ℏ2

2µR2

∂

∂R

(
R2 ∂

∂R

)
+

1

2µR2
l̂
2
, (16-3)

where

µ = MAMB/(MA +MA), (16-4)

is the dimer reduced mass (MA and MB are the moiety masses), and l̂ is the
end-over-end angular momentum operator of the moiety centers of mass. In
this space fixed reference frame the moiety Euler angles are (θA,φA,χA) and
(θB,φB,χB), and the space fixed Euler angles specifying the orientation of the
intermoiety bond are (θ,φ). We can expand the space fixed intermoiety po-
tential energy (including the coupling of the moiety normal coordinates with
R) as a function of these eight Euler angles by writing it as the product of

three rotation functions D
(j)∗
mk [see Eqs. (11-13)-(11-19)]. We do this to facil-

itate the calculation of the matrix elements of V
(s)
int in a basis set involving

symmetric top functions |jA, kA,mA〉, |jB, kB,mB〉 and |l, 0,ml〉 depending on
the three sets of Euler angles (θA,φA,χA), (θB,φB,χB) and (θ,φ,0) respectively.

The matrix elements of D
(j)∗
mk functions between symmetric top wavefunctions

are straightforwardly obtained from Eq. (14-23). Since V
(s)
int is a scalar the ex-

pansion used must transform according to the totally symmetric representation

D(0) of K(spatial). We obtain such an expansion by coupling the D
(j)∗
mk func-

tions using Eq. (10-98) twice. Once with (N ,S,J) = (λA,λB,λAB), and a second
time (remembering that the potential is a scalar) with (N ,S,J) = (λAB,λR,0)
= (λR,λR,0). Making use of the identity

(
λR λR 0
mR −mR 0

)
= (−1)λR−mR(2λR + 1)−1/2, (16-5)

we obtain the appropriate expression having D(0) symmetry in K(spatial) as

V
(s)
int =

∑

Ω

VΩ(R,QrA , QrB)
∑

mA,mB,m

(
λA λB λR
mA mB mR

)

× [D
(λA)
mAkA

(φA, θA, χA)]∗[D
(λB)
mBkB

(φB, θB, χB)]∗[D
(λR)
mR0(φ, θ, 0)]∗, (16-6)

where Ω = λAλBλRkAkB, and the sum is truncated once the VΩ(R,QrA , QrB)
have become sufficiently small. If moiety A is linear kA and χA disappear,
and if moiety B is linear kB and χB disappear. A factor (−1)λA−λB+λR [ob-
tained from using Eq. (10-98) twice] has been absorbed into the VΩ coefficient.
Other expansions of the potential are possible but this functional form ensures
completeness, and with it the angular matrix elements are straightforward to
determine. The coefficients VΩ(R,QrA ,QrB) are appropriately chosen analyti-
cal functions of R, QrA and QrB involving parameters that are either modeled
or that are determined by fitting to ab initio or other theoretical values for
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the contortional potential energy. The VΩ(R,QrA ,QrB) coefficients will be re-

stricted by the fact that V
(s)
int has to be totally symmetric in the MS group. For

an isotropic potential, with no coupling of the moiety coordinates with R, the
eigenfunctions of this Hamiltonian are ‘free-rotor’ products [see Eqs. (16-32)-
(16-34) below] of the rotation-vibration wavefunctions of each moiety times
the rotation-vibration eigenfunctions of Ĥint

(s) (= T̂int
(s) + Vint

(s)), and the
energies are simply the sum of the eigenvalues of Ĥint

(s) built on the rotation-
vibration energies of the moieties. The eigenfunctions and eigenvalues of Ĥint

(s)

when the potential is isotropic are like the rotation-vibration eigenfunctions and
eigenvalues of a diatomic molecule; in particular the zero order rotational en-
ergies will be given (in cm−1) by Bl(l+ 1) where B is the expectation value of
ℏ2/(2µR2hc) and l is the end-over-end rotational quantum number.

In practice the potential usually depends very significantly on the orien-
tations of the moieties with respect to the intermoiety bond, but very weak
anisotropy (relative to the end-over-end rotational constant B) does occur in
a few dimers including the important case of the H2 dimer. This form of the
Hamiltonian with an isotropic potential function does provide us with an im-
portant limiting case for which we can easily appreciate the rotation-contortion-
vibration energy level pattern and symmetry labels. For a weakly bound cluster
molecule that contains more than two moieties the zero order isotropic space
fixed reference frame Hamiltonian Ĥrcv

(s) will be as in Eq. (16-1) but Ĥmoieties

will involve the sum of the the rotation-vibration Hamiltonians of all the moi-
eties, and T̂int

(s) will be the rotation-vibration kinetic energy operator involving
the motions of all the centers of mass of the moieties. In this limiting case the
isotropic molecular cluster potential energy function would not depend on the
angular orientations of the moieties.

16.2.2 The body fixed reference frame Hamiltonian

The body fixed reference frame rotation-contortion-vibration Hamiltonian
is set up for a dimer by using body fixed (x, y, z) axes with origin at the
nuclear center of mass, with z axis directed along the line pointing from the
center of mass of moiety A to that of moiety B (which specifies the Euler
angles θ and φ), and with xy axes oriented so that the Euler angle χ is 0.
The derivation of the Hamiltonian is identical to that given in Eqs. (17-12)-
(17-40) for the rovibronic Hamiltonian of a diatomic molecule, except in that
derivation the (x, y, z) coordinates of the electrons should be replaced by the
(x, y, z) coordinates of the moiety nuclei. As a result the electronic kinetic
energy [Eq. (17-38)] should be replaced by Ĥmoieties, and the electronic angular

momentum L̂ in the (x, y, z) axis system [Eq. (17-20)] should be replaced by
the angular momentum

̂ = ̂A + ̂B (16-7)

of the moiety nuclei in the (x, y, z) axis system. The derivation uses the Method
I technique for changing coordinates in a Hamiltonian, i.e., it uses the chain
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rule rather than the Podolsky trick (see Section 9.2). The rotation-contortion-
vibration Hamiltonian obtained [see Eqs. (17-38)-(17-40)] is

Ĥrcv
(m) = Ĥmoieties + T̂int

(m) + Vint
(m), (16-8)

where

T̂int
(m) = − ℏ2

2µR2

∂

∂R

(
R2 ∂

∂R

)

+
1

2µR2

[
(Ĵx − ̂x)2 +

1

sin θ
(Ĵy − ̂y) sin θ(Ĵy − ̂y)

]
. (16-9)

The potential Vint
(m) is a function of R, QrA and QrB , a function of the angles

specifying the orientations of the moieties with respect to the intermoiety bond,
and a function of the torsional angle between the moieties (six coordinates in
the case of two nonlinear moieties). It is not a function of the Euler angles of the
(x, y, z) axis system, and so it involves three variables less than Vint

(s). It is the
natural coordinate system in which an ab initio potential energy function would
be determined. We discuss the potential Vint

(m) further below. The expression
for T̂int

(m) given above is derived by Brocks, van der Avoird, Sutcliffe and
Tennyson (1983), and by van der Avoird, Wormer and Moszynski (1994).

In Eq. (16-9) the (x, y, z) components of the total angular momentum Ĵ, and
of the internal moiety angular momentum ̂, satisfy the commutation relations
given in Eqs. (17-27)-(17-29) and Eqs. (17-31)-(17-36) (where L̂ should be re-
placed by ̂). As a result of the absence of χ as a rotational variable we see
that Ĥint

(m) contains awkward sin θ angular factors, and that the commutation
relations of the (x, y, z) components of the angular momentum operators are
complicated. Also the matrix elements involving these operator components in
the rotational eigenfunctions are not the standard ones as given in Table 11-1.
In Chapter 17, which focuses on linear molecules, it is shown how these prob-
lems are overcome by introducing Hougen’s isomorphic Hamiltonian [Hougen

(1962a)]. We do this here by introducing Ĵ
′

and ̂
′ referred to an x′y′z′ axis

system having Euler angles (φ, θ, χ) instead of Ĵ and ̂ that are referred to the
(x, y, z) axis system having Euler angles (φ, θ, 0), and by restricting the basis
functions used to diagonalize this Hamiltonian to be such that they have eigen-
value zero for (Ĵz − ̂z). In this way the angle χ is introduced as a variable,
which simplifies the treatment, and we restrict the calculation so that only
‘real’ states are calculated. The reader should refer to Section 17.4 for more
details. The isomorphic body fixed rotation-contortion-vibration Hamiltonian
for a dimer is

Ĥ iso
rcv

(m) = Ĥmoieties + T̂ iso
int

(m) + Vint
(m), (16-10)

where

T̂ iso
int

(m) = − ℏ2

2µR2

∂

∂R

(
R2 ∂

∂R

)
+

1

2µR2

[
(Ĵ ′

x − ̂′x)2 + (Ĵ ′
y − ̂′y)2

]
, (16-11)
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and, as already stated, this is to be diagonalized in a basis having eigenvalue
zero for (Ĵ ′

z − ̂′z). The awkward looking sin θ angular factors have disappeared
from the Hamiltonian, the Ĵ ′

α operators are the same as the Ĵα operators in
Eqs. (10-84)-(10-86) and they commute with the ̂′α operators. The ̂′α have the
same commutation relations as the ̂α given in Eq. (17-36). The eigenvalue of
Ĵz and ̂z is kℏ, and K = |k| is a useful near quantum number label for the
eigenstates. Coriolis coupling caused by the term −[(1/(µR2)](Ĵ ′

x ̂
′
x + Ĵ ′

y ̂
′
y)

will mix states having different K values. For cluster molecules having more
than two moieties the body fixed (x, y, z) axes would usually be located as
principal axes of the moiety centers of mass frame, and we would not have the
need to transform to an isomorphic Hamiltonian except if these centers of mass
were colinear.

The expression for the intermoiety potential for a dimer AB in terms of
the body fixed Euler angles (θmA ,φmA ,χm

A) and (θmB ,φmB ,χm
B ) in the body fixed

xyz axis system, is easily obtained from the expression for V
(s)
int in the space

fixed reference frame given in Eq. (16-6). We note that the VΩ(R,QrA , QrB)
are unaffected by a rotation of axes, and that in the body fixed frame θ and

φ becomes θm and φm which are both zero; the last D
(j)∗
mk function in V

(s)
int

becomes [D
(λR)
mR0(0, 0, 0)]∗ which is just δ0mR . Thus we obtain

V
(m)
int =

∑

Ω

VΩ(R,QrA , QrB)
∑

mA

(
λA λB λR
mA mB 0

)

× [D
(λA)
mAkA

(φmA , θ
m
A , χ

m
A)]∗[D

(λB)
mBkB

(φmB , θ
m
B , χ

m
B )]∗, (16-12)

where Ω = λAλBλRkAkB and mB = −mA. If moiety A is linear kA and χm
A

disappear, and if moiety B is linear kB and χm
B disappear. The potential does

not depend on the angle χA+χB, and as a result it will not mix basis functions
having different values of the angular momentum quantum number K. The
stronger is the anisotropy of the potential the more terms will be required in this
expansion, and the larger the basis set required to achieve convergence. Thus
at some point this expansion will be impractical to use. In this circumstance
the molecule is heading in the direction of being a rigid molecule and other
expansions of the potential, and other basis sets, will be more appropriate.

There are other ways that the body fixed (x, y, z) axes can be defined in a
weakly bound cluster molecule. It can happen that one or more moieties in the
cluster form a heavy rigid substructure around which the other moieties move
more freely. In such a case the dynamics of the molecule is better approximated
if we define the rotational variables by this rigid substructure. This means that
the (x, y, z) axes would be located by reference to this substructure without re-
gard for the location of the more freely moving moieties. A molecule of this
type is the molecule CO@C60, in which the CO moiety rather freely rotates
within the C60 cage. Olthof, van der Avoird, and Wormer (1996) have made
a theoretical study of this molecule and have predicted the infrared spectrum
using the MS group Ih(M) given in Table A-16. Another problem can occur if
one wants to include a moiety distortion (such as the inversion of the ammonia
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moieties in the ammonia dimer) as a contortion in the Hamiltonian. On the
other hand one may want to restrict attention to just a few contortional coordi-
nates in a complicated case and construct a rotation-contortion Hamiltonian of
limited dimensionality. Such specialized Hamiltonians can be derived individu-
ally either by changing coordinates in the Cartesian coordinate representation
of the quantum mechanical Hamiltonian using the chain rule (Method I), or by
changing coordinates in the classical Hamiltonian in curvilinear coordinates us-
ing the Podolsky trick (Method II). The article by van der Avoird, Wormer and
Moszynski (1994) reviews the various forms that the kinetic energy operator
can take, and it has many references to other work in this area.

The Hamiltonian is set up above with inclusion of the coupling in the poten-
tial function of the vibrational coordinates of the moieties with the contortional
coordinates. This occurs because the force constants of the moieties will in gen-
eral be functions of the contortional coordinates, and it is allowed for by letting
the VΩ coefficients depend on the moiety normal coordinates. However, this
coupling is usually very weak, as attested to by the fact that states in which
the moiety vibrational energy greatly exceeds the dissociation energy of the
intermoiety bond often exist with a long lifetime. The hydrogen dimer with an
intermoiety dissociation energy (D0) of only 3 cm−1 is an impressive example
of this with sharp absorption spectra even at 8600 cm−1 [see Fig. 5 of McKellar
(1990)]. A zero order treatment of the coupling between the contortional coor-
dinates and the moiety vibrational coordinates involves the use of an effective
contortional potential that depends on the vibrational states of the moieties,
but more exact treatments are possible [see, for example, Qiu and Bačić (1997),
and Qiu, Zhang, and Bačić (1998)].

16.3 THE DETERMINATION OF OPTICAL SELECTION RULES

To determine line strengths, and the selection rules, for allowed electric dipole
transitions between rotation-contortion-vibration states of a weakly bound clus-
ter molecule we begin by formally writing down the matrix elements of the

components of the space fixed dipole moment operator µ
(1,σ)
s [see Eq. (14-18)].

If a body fixed axis system is used to set up the wavefunctions we express

µ
(1,σ)
s in terms of the body fixed components µ

(1,σ′)
m [see Eq. (14-20)]. The

µ
(1,σ′)
m would be expanded in the body fixed contortion-vibration coordinates

and the matrix elements evaluated to determine line strengths, or used in order
to determine selection rules. This is how one proceeds for rigid molecules, and
for normal nonrigid molecules, when a body fixed axis system is used. However,
if the wavefunctions are set up in the space fixed reference frame it is not ap-

propriate to introduce µ
(1,σ′)
m . In this case we expand µ

(1,σ)
s in the space fixed

coordinates and evaluate its matrix elements using the space fixed reference

frame wavefunctions. We thus need to discuss the expansions of both µ
(1,σ)
s in

the space fixed coordinates, and µ
(1,σ)
m in the body fixed coordinates.

For a dimer AB in the space fixed reference frame we expand µ
(1,σ)
s as a
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function of the angles (θA,φA,χA,θB,φB,χB,θ,φ) in the same way that we expand

the dimer potential V
(s)
int in Eq. (16-6). Again, we aim at using Eq. (14-23) for

calculating the integrals over the Euler angles. We again use three rotation

functions D
(j)∗
mk , and we again use Eq. (10-98) twice. But now the expansion

has to transform as the representation D(1) of K(spatial), rather than as D(0),

because µ
(1,σ)
s has D(1) symmetry. Because of this the expression does not

simplify as much, and λAB runs from |λA − λB| to λA + λB. We obtain

µ(1,σ)
s =

∑

Λ,λR

µ
(s)
Λ,λR

(R,QrA , QrB)

×
∑

Γ

(−1)λA−λB+σAB
√

2λAB + 1

(
λA λB λAB

σA σB −σAB

)

× (−1)λAB−λR+σ
√

3

(
λAB λR 1
σAB σR −σ

)

× [D
(λA)
σAσ′

A
(φA, θA, χA)]∗[D

(λB)
σBσ′

B
(φB, θB, χB)]∗[D

(λR)
σR0 (φ, θ, 0)]∗, (16-13)

where Λ = λAλBλABσ
′
Aσ

′
B, and Γ = σA, σB, σR, σAB. If moiety A is linear

σ′
A and χA disappear, and if moiety B is linear σ′

B and χB disappear. The

expansion coefficients µ
(s)
Λ,λR

will be restricted by the symmetry Γ∗ of µ
(1,σ)
s in

the MS group.

For a dimer AB in the body fixed reference frame we expand µ
(1,σ′)
m as a

function of the angles (θmA ,φmA ,χm
A ) and (θmB ,φmB ,χm

B ), and we obtain the expres-

sion for µ
(1,σ′)
m by using the same arguments that led to Eq. (16-12). If we

set (θ, φ) = (θm, φm) = (0, 0) the body fixed axes will coincide with the space

fixed axes so that in this special situation we have µ
(1,σ′)
m = µ

(1,σ′)
s . Making

the substitution [D
(λR)
mR0(0, 0, 0)]∗ = δ0mR we derive

µ(1,σ′)
m =

∑

Λ,λR

µ
(s)
Λ,λR

(R,QrA , QrB)

× (−1)λA−λB+σ′
√

2λAB + 1
∑

σA,σB

(
λA λB λAB

σA σB −σ′

)

× (−1)λAB−λR+σ′
√

3

(
λAB λR 1
σ′ 0 −σ′

)

× [D
(λA)
σAσ′

A
(φmA , θ

m
A , χ

m
A)]∗[D

(λB)
σBσ′

B
(φmB , θ

m
B , χ

m
B )]∗. (16-14)

We have eliminated σAB from Eq. (16-14) since, for σR = 0, the second 3j-
symbol in Eq. (16-13) will vanish unless σAB = σ (= σ′ here). If moiety A is
linear σ′

A and χm
A disappear, and if moiety B is linear σ′

B and χm
B disappear. It

follows from Eq. (14-15) that if we use χ = 0 to define the body fixed axes,

µ(1,σ)
s =

1∑

σ′=−1

µ(1,σ′)
m [D

(1)
σσ′(φ, θ, 0)]∗. (16-15)
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For a dimer with a χ = 0 body fixed reference frame we use this equation to
calculate line strengths, following the procedure discussed for rigid molecules
in Chapter 14. If we were to use the isomorphic Hamiltonian of Eq. (16-10)
then χ would not be set to zero in Eq. (16-15).

Equation (16-14) can be rewritten in the form

µ(1,σ′)
m =

∑

Λ

µ
(m)
Λ,σ′(R,QrA , QrB)

× (−1)λA−λB+σ′
√

2λAB + 1
∑

σA,σB

(
λA λB λAB

σA σB −σ′

)

× [D
(λA)
σAσ′

A
(φmA , θ

m
A , χ

m
A)]∗[D

(λB)
σBσ′

B
(φmB , θ

m
B , χ

m
B )]∗ (16-16)

with

µ
(m)
Λ,σ′(R,QrA , QrB) =

∑

λR

µ
(s)
Λ,λR

(R,QrA , QrB)

× (−1)λAB−λR+σ′
√

3

(
λAB λR 1
σ′ 0 −σ′

)
. (16-17)

If the dipole moment of the dimer were determined entirely by the free dipole
moments of the two moieties, we could express the expansion function of
Eq. (16-17) as

µ
(m)
Λ,σ′(R,QrA , QrB) = µ

(m)
λAλBλABσ′

Aσ′

B,σ′(QrA , QrB)

= δλA1 δλB0 δσ′

B0 µ
(1,σ′

A)
m,A (QrA)

+ δλA0 δλB1 δσ′

A0 µ
(1,σ′

B)
m,B (QrB), (16-18)

where µ
(1,σ′

A)
m,A (QrA) and µ

(1,σ′

B)
m,B (QrB) are the irreducible spherical tensor opera-

tors representing the dipole moments for each of the moieties, expressed in the
body fixed axis system of the respective moiety. We derive Eq. (16-18) by first
using Eq. (14-15) to transform the dipole moment of each moiety to the body
fixed reference frame of the dimer. These transformations involve the Euler
angles (θmA ,φmA ,χm

A ) and (θmB ,φmB ,χm
B ), respectively. Then we add the two dipole

moments and cast the resulting equation in the form of Eq. (16-16) by using
the relation [see Eq. (2.30) of Zare (1988) and Eq. (16-5) here]

(
1 0 1
σ′ 0 −σ′

)
=

(
0 1 1
0 σ′ −σ′

)
= (−1)σ

′+1/
√

3 (16-19)

together with [D
(0)
00 (θmA , φ

m
A , χ

m
A )]∗ = [D

(0)
00 (θmB , φ

m
B , χ

m
B )]∗ = 1. Higher order

corrections to µ
(m)
λAλBλABkAkB,σ′(QrA , QrB) are obtained if we consider the dipole

moment on one moiety induced by the multipole moments of the other moiety.
The dipole moment induced on moiety A by the free multipole moments on
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monomer B gives rise to the expansion coefficient given in Eq. (40) of van der
Avoird, Wormer and Moszynski (1994):

µ
(m)
λAλBλABσ′

Aσ′

B,σ′(R,QrA , QrB)

=
∑

lA

(−1)σ
′+lA

√
(2λA + 1)(2lA + 2λB + 1)(2λAB + 1)

×
(

2lA + 2λB
2lA

)1/2 (
lA + λB λAB 1

0 σ′ −σ′

)

×
{
lA + λB λB lA
λA 1 λAB

}
µ
(λB,σ′

B)
m,B (QrB)α

(1,lA;λA,σ′

A)
m,A (QrA)R−lA−λB−1,

(16-20)

where the binomial coefficient
(

2lA + 2λB
2lA

)
=

(2lA + 2λB)!

(2lA)! (2λB)!
, (16-21)

µ
(λB,σ′

B)
m,B (QrB) is component σ′

B of the irreducible spherical tensor operator

representing the 2λB-pole moment of moiety B, averaged over the electronic
wavefunction for the electronic state occupied by the moiety [in a manner
analogous to that described for the dipole moment operator in Eq. (14-27)

for Φ
(e′,S′,m′

S)
elec = Φ

(e′′,S′′,m′′

S)
elec ], and the mixed dipole-2lA-pole polarizability of

moiety A is given by [see Eqs. (19), (20), and (35) of Heijmen, Moszynski,
Wormer, and van der Avoird (1996)]

α
(1,lA;λA,σ′

A)
m,A (QrA) = 2 (−1)1−lA+σ′

A

√
2λA + 1

×
∑

σ1,σ2

∑

i6=0

〈
0
∣∣∣Q(1,σ1)

m,A

∣∣∣ i
〉〈

i
∣∣∣Q(lA,σ2)

m,A

∣∣∣ 0
〉

Ei − E0

(
1 lA λA
σ1 σ2 −σ′

A

)
. (16-22)

In Eq. (16-22), Q
(1,σ1)
m,A is component σ1 of the irreducible spherical tensor op-

erator representing the dipole moment. This operator depends on the nuclear
and electronic coordinates; it is not averaged over the electronic wavefunction.

The operator Q
(lA,σ2)
m,A represents the component σ2 of the 2lA-pole moment,

it also depends on the nuclear and electronic coordinates. The ket |0〉 repre-
sents the electronic wavefunction for the electronic state occupied by moiety
A; the electronic energy of this state is E0. All the other electronic states of
the moiety are represented by kets |i〉 with corresponding energies Ei. In the
matrix elements of Eq. (16-22), integration is over the electronic coordinates

only. For lA = 1, we have λA = 0, 1, or 2, and α
(1,1;λA,σ′

A)
m,A (QrA) = α

(λA,σ′

A)
m ,

where the latter quantity is a molecule fixed component of the static electric
polarizability tensor, expressed in irreducible spherical tensor form [see Sec-

tion 14.3]. We obtain α
(λA,σ′

A)
m by replacing Q by α, s by m, and (ξ, η, ζ) by

(x, y, z) in Eqs. (14-112)-(14-114).
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The dipole moment induced on moiety B by the multipole moments of moi-
ety A is obtained by interchanging A and B in Eq. (16-20) and multiplying
the resulting expression by (−1)λB+λAB−lB [see van der Avoird, Wormer and
Moszynski (1994)]. This factor is obtained in a somewhat involved derivation,
in which the most important consideration is that renaming A to B and B to
A causes the direction of the body fixed z axis to be reversed since this axis is
defined as pointing from the center of mass of A to the center of mass of B.

In most of the methods used for calculating the rotation-vibration energies
of a weakly bound cluster molecule, the molecular wavefunction is expressed as
a linear combination of known basis functions. The form of the basis functions
depends on the coordinates chosen to describe the molecule. For a dimer AB in
the space fixed reference frame, we use the rotation-vibration Hamiltonian given
in Eqs. (16-1)-(16-6). The eigenfunctions of this Hamiltonian are normally
expressed in terms of the basis functions

|n, jA, kA, jB, kB, jAB, l; J,m〉(s)
= (−1)jA−jB+jAB−l+m

√
2jAB + 1

√
2J + 1 Φn(R,QrA , QrB)

×
∑

mA,mB

∑

mAB,ml

(−1)mAB

(
jA jB jAB

mA mB −mAB

)(
jAB l J
mAB ml −m

)

× |jA, kA,mA〉(s) |jB, kB,mB〉(s) Ylml
(θ, φ). (16-23)

The ‘(s)’ subscript on the symmetric top wavefunctions |jA, kA,mA〉(s) and

|jB, kB,mB〉(s) indicates that these functions depend on the Euler angles (θA,

φA, χA) and (θB, φB, χB), respectively. In Eq. (16-23) we can choose the func-
tion Φn(R,QrA ,QrB) as a product of harmonic oscillator functions describing
the vibrational motion of the moieties, multiplied by basis functions describing
the intermolecular stretching motion. These latter functions can for example
be chosen as the Morse oscillator eigenfunctions or the distributed Gaussian
functions mentioned in Section 13.2.5. The basis function in Eq. (16-23) is
an eigenfunction of ̂A

2 (with associated quantum number jA), ̂B
2 (with as-

sociated quantum number jB), of the internal angular momentum ̂AB
2 (with

associated quantum number jAB), and of the end-over-end angular momentum

l̂2 (with associated quantum number l). Further, it is an eigenfunction of the

rovibronic angular momentum operator Ĵ2 and the space fixed component Ĵζ
with associated quantum numbers J and m, respectively; we obtain such an
eigenfunction by using Eq. (10-98) twice. When we calculate the matrix ele-
ments of the intermolecular potential energy given by Eq. (16-6) between the
basis functions in Eq. (16-23), we obtain the integrals over the Euler angles in
analytical form from Eqs. (11-13), (11-19), and (14-23) in conjunction with the
Wigner-Eckart theorem [Eq. (14-24)].

If a body fixed axis system is used to define the Hamiltonian, we employ the
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following basis functions

|n, jA, kA, jB, kB, jAB, k; J,m〉(m)

= (−1)jA−jB+k
√

2jAB + 1 Φn(R,QrA , QrB)

×
∑

mA,mB

(
jA jB jAB

mA mB −k

)

× |jA, kA,mA〉(m) |jB, kB,mB〉(m) SJkm(θ, φ), (16-24)

where the function SJkm(θ, φ) is defined in Eqs. (11-15) and (11-16). The sym-
metric top wavefunctions |jA, kA,mA〉(m) and |jB, kB,mB〉(m) depend on the

Euler angles (θmA , φ
m
A , χ

m
A ) and (θmB , φ

m
B , χ

m
B ), respectively. The basis function

in Eq. (16-24) is a simultaneous eigenfunction of ̂A
2 (with associated quan-

tum number jA), ̂B
2 (with associated quantum number jB), and of ̂AB

2 (with

associated quantum number jAB). Further, it is an eigenfunction of Ĵ2, the
body fixed component Ĵz, and the space fixed component Ĵζ with associated
quantum numbers J , k, and m, respectively. The Euler angles φmA and φmB de-
scribe the rotation around the body fixed z axis of the two moieties, and φmB −
φmA is the torsional angle. If we extract from Eq. (16-24) the factor SJkm(θ, φ)
describing the end-over-end rotation and the factors depending on φmA and φmB ,
we obtain the zero order rotational-torsional basis function

Φrt = [(1/(2π)]SJkm(θ, φ) exp(imAφ
m
A ) exp(imBφ

m
B ), (16-25)

where the two complex exponential factors come from the symmetric top wave-
functions |jA, kA,mA〉(m) and |jB, kB,mB〉(m), respectively [see Eq. (11-15)].

The nonvanishing terms in Eq. (16-24) have k = mA + mB. If this condition
is not fulfilled the 3j-symbol vanishes. We see that the rotational-torsional
basis functions Φrt used for a dimer described in a body fixed axis system are
identical to those given for dimethylacetylene in Eq. (15-84). The angles φmA
and φmB used for the dimer are analogous in definition to the angles χa and χb

in Eq. (15-84). The relationship between the basis functions in Eqs. (16-23)
and (16-24) is discussed in detail by van der Avoird, Wormer, and Moszynski
(1994).

For later use in obtaining optical selection rules, we derive here the matrix

elements of the ‘space fixed’ dipole moment component µ
(1,σ)
s in Eq. (16-13)

between the basis functions in Eq. (16-23). These matrix elements are fairly
straightforwardly obtained from the standard results of angular momentum
theory. The derivation involves repeated use of the Wigner-Eckart theorem
[Eq. (14-24)], of Eq. (5.68) of Zare (1988), and of the fact that the rotation

matrix elements D
(ω)∗
σσ′′ , σ = −ω, −ω + 1, . . . , ω, are irreducible spherical

tensor operators of rank ω. The reduced matrix element associated with these

operators can be obtained from Eq. (14-25) by setting U
(ω,σ′)
m = δσ′σ′′ [see also

Eq. (25) of Bowater, Brown, and Carrington (1973)]. We obtain the matrix
element〈
n′, j′A, k

′
A, j

′
B, k

′
B, j

′
AB, l

′; J ′,m′
∣∣∣µ(1,σ)

s

∣∣∣n′′, j′′A, k
′′
A, j

′′
B, k

′′
B, j

′′
AB, l

′′; J ′′,m′′
〉
(s)
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= (−1)J
′′−m′+j′′A+k′

A+j′′B+k′

B+l′′+1
√

3(2J ′ + 1)(2J ′′ + 1)(2j′AB + 1)(2j′′AB + 1)

×
√

(2j′A + 1)(2j′′A + 1)(2j′B + 1)(2j′′B + 1)(2l′ + 1)(2l′′ + 1)

×
(

J ′′ 1 J ′

m′′ σ −m′

) ∑

Λ,λR

(−1)λA+λB+λR
√

2λAB + 1

×
〈

Φn′

∣∣∣µ(s)
Λ,λR

∣∣∣Φn′′

〉




j′AB j′′AB λAB

l′ l′′ λR
J ′ J ′′ 1









j′A j′′A λA
j′B j′′B λB
j′AB j′′AB λAB





×
(
j′′A λA j′A
k′′A σ′

A −k′A

) (
j′′B λB j′B
k′′B σ′

B −k′B

) (
l′′ λR l′

0 0 0

)
. (16-26)

where Λ = λAλBλABσ
′
Aσ

′
B and the quantities in braces are 9j-symbols [see,

for example, Zare (1988)]. Inserting the matrix element of Eq. (16-26) into
Eq. (14-17) gives the line strength of a rotation-vibration transition. The first
3j-symbol in Eq. (16-26) gives the usual selection rule ∆J = 0, ±1. The sum-
mations over σ, m′, and m′′ entering into the expression for the line strength
will involve the square of this 3j-symbol; these summations are carried out by
means of Eq. (14-32). For a 3j-symbol to be nonvanishing, a triangular condi-
tion ∆(j1j2j3)1 must be satisfied by the numbers j1j2j3 in its upper row. In
order for a 9j-symbol not to vanish, six triangular conditions must be satisfied,
one for each row and one for each column.

For a dimer described in the body fixed reference frame, we require the ma-

trix elements of µ
(1,σ)
s between the basis functions in Eq. (16-24) for calculating

the line strength. The operator µ
(1,σ)
s is expressed by Eq. (16-15), where the

body fixed component µ
(1,σ′)
m is given by Eq. (16-16). The basis function in

Eq. (16-24) is obtained as a ‘vibrational’ basis function multiplied by the rota-
tional basis function SJkm(θ, φ), and the first step towards obtaining the line

strength is to derive the matrix elements of µ
(1,σ′)
m between the vibrational basis

functions. These matrix elements can, in principle, be obtained from standard
angular momentum theory. However, we have the added complexity that we
are coupling angular momentum eigenfunctions and irreducible spherical tensor
operators labeled by quantum numbers mA, mB, . . . , measuring projections of
the angular momentum along body fixed axes. The results of standard angular
momentum theory as given, for example, in Zare (1988) are derived under the
assumption that all angular momentum components satisfy the commutation
relations of Eq. (10-90). The body fixed components (Ĵx, Ĵy, Ĵz) of the angu-
lar momentum obey the commutation relations of Eq. (10-92), and the three
reversed components [see Van Vleck (1951)] (−Ĵx,−Ĵy,−Ĵz) satisfy the com-
mutation relations of Eq. (10-90), so we can apply the Wigner-Eckart theorem
and all the related results to the body fixed angular momentum components,
and the eigenfunctions and irreducible spherical tensor operators associated

1Where ∆(j1j2j3) indicates that |j2− j3| ≤ j1 ≤ j2 + j3 and |j1− j3| ≤ j2 ≤ j1 + j3 and

|j1 − j2| ≤ j3 ≤ j1 + j2. These conditions ensure that j1, j2, and j3 could be the lengths of
the sides in a triangle.
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with them, by reversing the signs of all quantum numbers describing projec-
tions on body fixed axes. In this manner we can derive an expression for the

matrix elements of µ
(1,σ′)
m between the vibrational basis functions. With these

matrix elements we can obtain the matrix elements of µ
(1,σ)
s between the ba-

sis functions in Eq. (16-24) from Eq. (16-15). We must derive the rotational

matrix element
〈
SJ′k′m′

∣∣∣[D(1)
σσ′ (φ, θ, 0)]∗

∣∣∣SJ′′k′′m′′

〉
which involves integration

over the Euler angles θ and φ only. It turns out that the matrix elements of

µ
(1,σ′)
m between the vibrational basis vanish unless σ′ = k′ − k′′. With this re-

striction, it is easy to show that the rotational matrix element of [D
(1)
σσ′ (φ, θ, 0)]∗

is given by the right hand side of Eq. (14-23) [in which we replace N by J ].
These considerations lead to:2

〈
n′, j′A, k

′
A, j

′
B, k

′
B, j

′
AB, k

′; J ′,m′
∣∣∣µ(1,σ)

s

∣∣∣n′′, j′′A, k
′′
A, j

′′
B, k

′′
B, j

′′
AB, k

′′; J ′′,m′′
〉
(m)

= (−1)j
′′

A+j′′B+j′′AB+k′

A+k′

B+m′

√
(2J ′ + 1)(2J ′′ + 1)(2j′AB + 1)(2j′′AB + 1)

×
√

(2j′A + 1)(2j′′A + 1)(2j′B + 1)(2j′′B + 1)

×
(

J ′′ 1 J ′

m′′ σ −m′

) ∑

Λ,σ′

(−1)λA+λB+λAB
√

2λAB + 1

×
〈

Φn′

∣∣∣µ(m)
Λ,σ′

∣∣∣Φn′′

〉 (
J ′′ 1 J ′

k′′ σ′ −k′
) 


j′A j′′A λA
j′B j′′B λB
j′AB j′′AB λAB





×
(
j′′A λA j′A
k′′A σ′

A −k′A

) (
j′′B λB j′B
k′′B σ′

B −k′B

) (
j′′AB λAB j′AB

k′′ σ′ −k′
)

(16-27)

where, again, the first 3j-symbol gives ∆J = 0, ±1. As usual, in obtaining the
line strength this 3j-symbol is “summed away” by means of Eq. (14-32).

16.4 SOLVING THE SCHRÖDINGER EQUATION

There are six general ways that are regularly used in the literature for solving
the Schrödinger equation for weakly bound cluster molecules. These are the
variational method, the discrete variable representation (DVR) technique, the
collocation method, the close-coupling method, the variational Monte Carlo
method, and the diffusion quantum Monte Carlo method.

In a variational calculation, the rotation-vibration wavefunctions are ex-
pressed in a Finite Basis Representation [FBR, see Section 13.2.5] of basis
functions such as those given in Eqs. (16-23) and (16-24), the corresponding
matrix representation of the rotation-vibration Hamiltonian is constructed and
diagonalized numerically.

2Here we correct mistakes in the two phase factors in Eq. (16-27) that were present in the
1998 and 2006 editions of the book.



566 16. Weakly Bound Cluster Molecules

The DVR technique starts by expressing the wavefunctions in an FBR but
transforms the resulting coupled equations to an equivalent set of coupled equa-
tions, labeled by discrete values of some of the coordinates. This method has
been discussed briefly in Section 13.2.5.

The collocation method [Peet and Yang (1989a, 1989b); Yang, Peet, and
Miller (1989)] is closely related to the DVR method. The wavefunctions are
given in an FBR, and a set of coupled equations in the expansion coefficients
is obtained by requiring that the Schrödinger equation be exactly satisfied at
a finite number of discrete coordinate values.

If we are using a space fixed reference frame Hamiltonian in a close-coupling
calculation, we write the wavefunction as

Φrv =
∑

Λ,n(Q)

Φn(R);Λ,n(Q)(R)
∣∣∣n(Q), jA, kA, jB, kB, jAB, l; J,m

〉
(s)
, (16-28)

where the compound index Λ = jA, kA, jB, kB, jAB, l and

∣∣∣n(Q), jA, kA, jB, kB, jAB, l; J,m
〉
(s)

= (−1)jA−jB+jAB−l+m
√

2jAB + 1
√

2J + 1 Φn(Q)(QrA , QrB)

×
∑

mA,mB

∑

mAB,ml

(−1)mAB

(
jA jB jAB

mA mB −mAB

)(
jAB l J
mAB ml −m

)

× |jA, kA,mA〉(s) |jB, kB,mB〉(s) Ylml
(θ, φ). (16-29)

In Eq. (16-29), Φn(Q)(QrA , QrB) is a known basis function, chosen for exam-
ple as a product of harmonic oscillator functions depending on the normal
coordinates of the two moieties. We insert the wavefunction of Eq. (16-28) in
the Schrödinger equation for the rotation and vibration, multiply the left and
right hand sides of the resulting equation by one of the functions |n(Q),jA,kA,
jB,kB, jAB,l;J ,m〉(s), and integrate the two products over all coordinates ex-
cept R. We obtain a set of coupled equations (one for each of the basis func-
tions |n(Q),jA,kA, jB,kB, jAB,l;J ,m〉(s)) in the unknown R-dependent functions
Φn(R);Λ,n(Q)(R). These equations are solved by means of numerical propagator
methods developed for scattering problems [see, for example, Johnson (1973)];
such calculations produce the values of the radial wavefunctions Φn(R);Λ,n(Q)(R)
on a grid of equidistantly spaced R values. One iterates to find the energies for
which the corresponding radial wavefunctions Φn(R);Λ,n(Q)(R) → 0 for R → 0
and remain finite at R = 0.

In the variational Monte Carlo method [Rick, Lynch, and Doll (1991), Bačić,
Kennedy-Mandziuk, Moskowitz, and Schmidt (1992)], a parameterized ana-

lytical form of the wavefunction (i.e., a trial wavefunction Φ
(trial)
rv ) is chosen.

The parameter values producing the optimum wavefunction are determining
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by minimizing the functional

E =

〈
Φ

(trial)
rv

∣∣∣Ĥrv

∣∣∣Φ(trial)
rv

〉

〈
Φ

(trial)
rv |Φ(trial)

rv

〉 . (16-30)

The expectation value in the numerator is calculated by means of a random-
walk algorithm, this is the Monte Carlo aspect of such a calculations. By choos-
ing the trial wavefunction to have a particular symmetry in the MS group the
lowest energy associated with a state of this symmetry can be calculated for
J = 0. Monte Carlo methods for calculating excited states of any given MS
group symmetry, or states having nonzero J value, have not yet been devel-
oped. Clearly this limits the usefulness of the method. However, weakly bound
cluster molecules are often studied in molecular jets at very low temperatures,
and only a few low-lying states are populated. Thus the energies obtained
from the variational Monte Carlo calculation can be sufficient to enable one to
understand the experimental data.

Diffusion Monte Carlo calculations [see Anderson (1975), Coker and Watts
(1986), and Buch (1992)] are based on the time-dependent Schrödinger equation

−i ℏ ∂Ψ

∂t
= −ĤΨ = −T̂Ψ− VΨ (16-31)

which describes the development in time of a wavefunction Ψ. By substituting
τ = i t/ℏ in Eq. (16-31) and by inserting the expression for the kinetic en-
ergy operator in Cartesian coordinates [i.e., in solving the rotation-vibration
Schrödinger equation we would use the nuclear kinetic energy operator in
Eq. (10-2) which is expressed in terms of the (ξi, ηi, ζi) coordinates, and we
would have to neglect the second term involving ∇i ·∇j ] we obtain an equation
which is formally identical to a differential equation encountered in the theo-
retical description of diffusion. It is well known that this latter equation can be
solved by means of a random-walk algorithm, and the same algorithm can be
used to solve the quantum mechanical problem. Again only the lowest state of
each symmetry, and only J = 0 states, can be calculated. But, as mentioned
above, this still enables some important understanding to be achieved. Obvi-
ously, the diffusion Monte Carlo method is an example of a direct method for
solving the molecular Schrödinger equation [see the discussion at the beginning
of Chapter 9]. Diffusion Monte Carlo calculations can be carried out for large
clusters. For example, the method has been applied to calculate the zero-point
averaged structure of the water hexamer using a model theoretical intermoiety
potential, and this gives good agreement with the experimentally determined
ground state rotational constants A0, B0 and C0 [Liu, Brown, Carter, Saykally,
Gregory, and Clary (1996)].

Various more approximate techniques are also used in which there is an
adiabatic separation of some of the contortional coordinates, or perhaps even
the complete neglect of some of them [see, for example, Althorpe, Clary and
Bunker (1991)]. The review paper by van der Avoird, Wormer and Moszynski
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(1994) discusses the methods used, and many references to the literature are
given.

16.5 EXAMPLES

We discuss two examples. The first, the hydrogen dimer, is an example in
which the intermolecular potential is only weakly anisotropic. In this case the
space fixed reference frame Hamiltonian is appropriate. The second example,
the ammonia dimer, is much more complicated but it provides a very good
example of a cluster with a body fixed reference frame Hamiltonian. We also
use it to explain the problems encountered when using a large MS group; for
the ammonia dimer an MS group of order 144 is required. By working through
these two examples the reader will learn general techniques that are important
for understanding the symmetry properties, and the use of such properties, for
weakly bound cluster molecules.

16.5.1 The hydrogen dimer

As an example using space fixed coordinates we consider the symmetry clas-
sification of the rotation-contortion-vibration states of the hydrogen dimer,
and the symmetry restrictions on electric dipole transitions. For more details
concerning the spectrum of the hydrogen dimer, and of the theory needed to
interpret it, see Bunker (1979b), McKellar (1990), Schaefer (1994), and the ref-
erences therein. We consider the following isotopomers: (H2)2, (D2)2, (HD)2,
H2-D2, and H2-HD. The general symmetry results quoted for (H2)2 and (D2)2
are applicable to weakly anisotropic dimers such as (N2)2 and (O2)2, and the
results for (HD)2 and H2-HD are applicable to (CO)2 and N2-CO respectively.
A theoretical calculation of the infrared spectrum (N2)2 has been published by
Brocks and van der Avoird (1985), and (CO)2 has been considered by van der
Pol, van der Avoird and Wormer (1990), Bunker, Jensen, Althorpe and Clary
(1993), and Meredith and Stone (1998).

The MS group for (H2)2 or (D2)2 is the group G16 given3 in Table A-25;
we use the MW convention for labeling the irreducible representations. The
convention used for labeling the nuclei, and the definition of the nine space fixed
coordinates (rA,θA,φA,rB,θB,φB,R,θ,φ), are given in Fig 16-1. The rotation-
contortion-vibration wavefunctions and the dipole moment function will involve
these coordinates, and the transformation properties of the coordinates in G16

are given in Table 16-1.

The rotation-vibration wavefunction of a single hydrogen molecule in the
state (v, j) is Φv(r)Yjm(θ, φ), and basis functions for the rotation-contortion-
vibration states of (H2)2 and (D2)2 are:

Φrcv = |vAvB±〉|jAjB±〉|n〉|l〉, (16-32)

3Omitting the permutation (56).
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Fig. 16-1. The numbering convention and coordinates for the hydrogen dimer.

Table 16-1

The transformation properties of the coordinates in G16.

E (1423)∗ (12)(34) (13)(24) (34)∗ E∗

θA π−θB π−θA θB π−θA π−θA
φA φB + π φA + π φB φA + π φA + π
rA rB rA rB rA rA

θB θA π−θB θA θB π−θB
φB φA φB+π φA φB φB+π
rB rA rB rA rB rB

θ θ θ π−θ π−θ π−θ
φ φ φ φ+π φ+π φ+π
R R R R R R

where

|vAvB±〉 = ΦvA(rA)ΦvB(rB)± ΦvA(rB)ΦvB(rA), (16-33)

|jAjB±〉 = YjAmA(θAφA)YjBmB(θBφB)± YjAmA(θBφB)YjBmB(θAφA) (16-34)

and

|l〉 = Ylm(θ, φ). (16-35)

We have introduced the vibrational quantum numbers vA and vB for the hy-
drogen moieties, and n for the intermoiety bond, and the similar rotational
quantum numbers jA, jB and l (with space fixed component quantum numbers
mA, mB and ml). The two angular momenta ̂A and ̂B are coupled to give

̂AB, and ̂AB and l̂ are coupled to give Ĵ, the total angular momentum. A
given (jA,jB,l) state gives rise to many different J levels [J = jA + jB + l, jA
+ jB + l −1, . . . , || jA − jB | − l|; see Eq. (7-45)], and these are split apart
by anisotropic terms in the potential function [see Fig. 17 of McKellar (1990)].
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To determine the symmetries of the angular basis wavefunctions in G16 from
the results in Table 16-1 we use the result4 that

YJm(π − θ, φ+ π) = (−1)JYJm(θ, φ). (16-36)

The symmetries of the basis functions are given in Table 16-2. The coupled
wavefunctions |jAB,mAB〉 are written in terms of the uncoupled wavefunctions
|jA,mA〉|jB,mB〉, and hence in terms of the MS group symmetry adapted com-
binations |jAjB±〉, using Eq. (10-98) with N = jA, S = jB and J = jAB. When
jA = jB the relation

(
jA jA jAB

mA mB −mAB

)
= (−1)jAB

(
jA jA jAB

mB mA −mAB

)
(16-37)

is used in Eq. (10-98) to determine the effect of the evenness or oddness of jAB

on whether the + or − combinations of uncoupled wavefunctions are present
in the coupled wavefunction (see footnote to Table 16-2).

Table 16-2

The symmetries of the basis wavefunctions of (H2)2 and (D2)2 in G16.

Function Symmetry

|vAvB+〉 A1
+

|vAvB−〉 B2
+

|jAjB+〉a A1
+(jA and jB even), B1

+(jA and jB odd)

|jAjB−〉a B2
+(jA and jB even), A2

+(jA and jB odd)

}

E−(one odd one even)

|l〉 A1
+(l even), A2

−(l odd)
|n〉 A1

+

aIf jA = jB coupled functions having jAB even can only contain |jAjA+〉 func-
tions, and coupled functions having jAB odd can only contain |jAjA−〉 functions [see
Eq. (16-37)].

Applying the statistical formulae we find that the overall wavefunctions can
only be of symmetry B1

+ or A1
− for (H2)2, and of symmetry A1

+ or B1
−

for (D2)2. As usual this restricts the nuclear spin states that each rotation-
contortion-vibration state can be combined with, and it gives rise to nuclear
spin statistical weights (see Chapter 8). It is helpful to think of the nuclear
spin states of the moieties in building up the nuclear spin states of the dimer.
As discussed in Section 13.6.3 there are two nuclear spin states for an H2

molecule: a para state having I = 0, and an ortho state having I = 1. In

4This can be seen by using Eq. (11-19) to relate YJm(θ, φ) to the symmetric top function
|J0m〉, and then using Eq. (12-47) with k = 0 to determine the transformation property.
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an H2 molecule the para state can only be combined with J = even rotation-
vibration wavefunctions, and the ortho state with J = odd wavefunctions. In
the (H2)2 dimer we can talk about a (para-para) form as one built up from
two para moieties, and there are also (ortho,ortho) and (ortho,para) forms.
By considering transformation properties in G16 we determine that the (para-
para) form has jA and jB both even, I = 0, and nuclear spin symmetry 1B1

+.
The (para-ortho) form has (jA,jB) = (even,odd) or (odd,even), I = 1, and
nuclear spin symmetry 3E+. The (ortho-ortho) form has jA and jB both odd,
I = 0, 1 or 2 with nuclear spin symmetries 1A1

+, 3B2
+ or 5A1

+, respectively.
The nuclear spin statistical weights for (H2)2 are the same as for torsionally
tunneling ethylene given in Table 8-2:

Γsw
rve = A1

+ ⊕B1
− ⊕ 3(A2

+ ⊕B2
−)⊕ 6(A1

− ⊕B1
+)⊕ 3(E+ ⊕ E−),

(16-38)

and states of symmetry A2
− or B2

+ are missing. The statistical weights for
(D2)2 or (14N2)2 are given by

Γsw
rve =21(A1

+ ⊕B1
−)⊕ 3(A2

+ ⊕B2
−)⊕ 6(A1

− ⊕B1
+)

⊕ 15(A2
− ⊕B2

+)⊕ 18(E+ ⊕ E−), (16-39)

and there are no missing levels, whereas for (16O2)2 the statistical weights are

Γsw
rve = A1

+ ⊕B1
− (16-40)

and many levels are missing (because only moiety states having N even exist).

The coarse rotation-vibration energy level structure is determined by the
values of the hydrogen moiety quantum numbers vA, vB, jA and jB, and the
fine structure is determined by the values of the R-stretching quantum number
n and the end-over-end rotational quantum number l. For (H2)2 the levels
with n ≥ 1 and l ≥ 2 are above the dissociation energy D0 (about 3 cm−1)
of the intermoiety bond, and the energy separation between the l = 1 and 0
states is about 1.5 cm−1. There will be further splittings [typically of the order
of 0.3 cm−1 in (H2)2] caused by the anisotropy of the potential and giving
the J structure of a given (jA,jB,jAB,l) state [see Table III of McKellar and
Schaefer (1991)]. The best available interaction potential for (H2)2 is that of
Schaefer (1994) which has been determined by adjusting a previously obtained
ab initio potential [Schaefer and Meyer (1979), Schaefer and Köhler (1989)]. In
the notation of Eq. (16-6) only the terms VΩ(R, 0, 0) with Ω = 000, 022, 202
(V022 = V202) and 224 occur, and the isotropic term (i.e., the term having Ω
= 000) dominates. Nuclear spin hyperfine structure produces splittings in the
100 kHz range [Verberne and Reuss (1980,1981)].

In Table 16-3 we give the wavefunctions, jAB values, symmetries (called
Γcoarse) and zero order wavenumbers for some of the coarse (vA, vB, jA, jB)
structure in (H2)2 and (D2)2. Degeneracies such as those between the zero
order states (| 10;00 〉 + | 00;10 〉) and (| 10;00 〉 − | 00;10 〉) will be resolved by
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Table 16-3

Coarse energy level structure (in cm−1) for (H2)2 and (D2)2.

|vAjA; vBjB〉 jAB Γcoarse (H2)2 (D2)2

|11; 03〉 − |03; 11〉 2,3,4 A2
+ 4979.2 3408.5

|11; 03〉+ |03; 11〉 2,3,4 B1
+

|13; 01〉 − |01; 13〉 2,3,4 A2
+ 4949.8 3398.0

|13; 01〉+ |01; 13〉 2,3,4 B1
+

|03; 10〉, |10; 03〉 3 E− 4866.6 3350.9
|12; 02〉 − |02; 12〉 0,2,4 B2

+ 4852.2 3345.3
1,3 A1

+

|12; 02〉+ |02; 12〉 0,2,4 A1
+

1,3 B2
+

|13; 00〉, |00; 13〉 3 E− 4831.3 3338.2
|11; 02〉, |02; 11〉 1,2,3 E− 4628.1 3230.3
|01; 12〉, |12; 01〉 1,2,3 E− 4616.3 3226.1
|10; 02〉 − |02; 10〉 2 B2

+ 4515.5 3172.6
|10; 02〉+ |02; 10〉 2 A1

+

|12; 00〉 − |00; 12〉 2 B2
+ 4497.8 3166.3

|12; 00〉+ |00; 12〉 2 A1
+

|11; 01〉 − |01; 11〉 0,2 A2
+ 4392.2 3111.1

1 B1
+

|11; 01〉+ |01; 11〉 0,2 B1
+

1 A2
+

|01; 10〉, |10; 01〉 1 E− 4279.6 3053.4
|11; 00〉, |00; 11〉 1 E− 4273.7 3051.3
|10; 00〉 − |00; 10〉 0 B2

+ 4161.1 2993.6
|10; 00〉+ |00; 10〉 0 A1

+

|02; 00〉 − |00; 02〉 2 B2
+ 354.0 179.1

|02; 00〉+ |00; 02〉 2 A1
+

|01; 01〉 0,2 B1
+ 237.0 119.6

1 A2
+

|01; 00〉, |00; 01〉 1 E− 118.5 59.8
|00; 00〉 0 A1

+ 0.0 0.0

coupling terms in the potential function that depend on R and on the moiety
bond lengths rA and rB. The symmetry Γrcv of a rotation-contortion-vibration
level is obtained by multiplying Γcoarse by A1

+ or A2
− as l is even or odd

respectively. For given values of jAB and l each of the possible J levels (J =
jAB + l, jAB + l − 1, . . . , |jAB − l|) has the same symmetry Γrcv. The (n, l)
structure is built on the coarse energy level structure like rotational structure
is built on the vibrational energy level structure in a rigid molecule. The J = 0
levels are obtained by combining each coarse level with (n, l) states having l =
jAB, the J = 1 levels by combining each coarse level with (n, l) states having
l = jAB ± 1, and so on for higher J . Excluding spin effects only states of the
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same Γrcv in the MS group can perturb each other. The possible Γcoarse are
A1

+ (para-para), A2
+ (ortho-ortho), B1

+ (ortho-ortho), B2
+ (para-para), or

E− (ortho-para), and because of the symmetry properties of the |n, l〉 states
this means that such perturbations will only be between states having the
same Γcoarse as well. As usual perturbations involving the nuclear spins can
occur between any levels that have the same parity (given as + or − by the
effect of E∗). The calculation of the hyperfine energy level splittings in (H2)2
is discussed by Verberne and Reuss (1981) and Schaefer (1994); we do not
consider that problem here.

We consider the determination of the selection rules for allowed electric dipole

transitions in (H2)2 and (D2)2 using the general expansion of µ
(1,σ)
s given in

Eq. (16-13). Each µ
(1,σ)
s transforms as the dipole representation Γ∗, which is

B−
1 in G16, and so allowed transitions are connected by this species. Also

classifying µ
(1,σ)
s in K(spatial) we have the usual ∆J = 0, ± 1 selection rule.

For diatomic molecules expansions are customarily made in terms of the bond
length r rather than in terms of the normal coordinate Q so that Eq. (16-13)
for a dimer of two diatomic molecules becomes:

µ(1,σ)
s =

∑

P

µ
(s)
P (R, rA, rB)FP;σ(φA, θA, φB, θB, φ, θ), (16-41)

where P = λAλBλABλR and

FP;σ(φA, θA, φB, θB, φ, θ)

=
∑

Γ

(−1)λA−λB+σAB
√

2λAB + 1

(
λA λB λAB

σA σB −σAB

)

× (−1)λAB−λR+σ
√

3

(
λAB λR 1
σAB σR −σ

)

× [D
(λA)
σA0 (φA, θA, 0)]∗[D

(λB)
σB0 (φB, θB, 0)]∗[D

(λR)
σR0 (φ, θ, 0)]∗, (16-42)

with Γ = σA, σB, σR, σAB.
As an aside to the symmetry analysis of the dipole moment expansion it

should be mentioned that Meyer, Frommhold and Birnbaum (1989) (called
MFB) have made an ab initio calculation of the dipole moment of (H2)2 over
a grid of relative moiety orientations and intermoiety distances, with the H–H
bond lengths fixed at the zero-point value r0. The dipole moment is induced by
intermoiety interaction. By least squares fitting MFB show that eight terms in

the sum in Eq. (16-41) are significant for the H2 dimer. The eight µ
(s)
P (R, r0, r0),

called Bc(R) in MFB, that are significant are found to be (the symmetry prop-
erties of the terms are discussed below):

B2021(R) = −B0221(R), B2023(R) = −B0223(R),

B2211(R), B2233(R), and B4045(R) = −B0445(R), (16-43)

where the subscript c on B is λAλBλABλR (called λ1λ2ΛL in MFB). At R =
6a0 the ab initio value of the dipole moment for the T-shaped configuration5

5This configuration has the largest value for the induced dipole moment.
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is calculated to be 0.027 D (9.0 × 10−32 C m), and at all orientations the
dominating contribution is the quadrupole induced term (λABλR = 23). MFB
found that the Bc(R) can be fitted to the analytical expansion:

Bc(R) =
B

(n)
c

Rn
+B(0)

c exp[ac(R−R0) + bc(R−R0)2], (16-44)

where R0=6a0 is fixed, and B
(n)
c , B

(0)
c , ac and bc are determined in a least

squares fitting with n fixed at the value appropriate for the leading term [4 for
c = 2023 and 2233, 6 for c = 4045, and 7 for c = 2021 and 2211; see Eq. (20) and
the discussion following it in MFB]. The accuracy of this ab initio calculation
of the dipole moment is assessed in MFB to be of the order of 1%.

Returning to the symmetry analysis, we can use G16 to determine which

µ
(s)
P (R, rA, rB) are nonvanishing, and from these results the selection rules for

allowed electric dipole transitions follow. In order to obtain coefficients that
transform irreducibly in the MS group we write

µ
(s)
P (R, rA, rB) =

∑

n1≥n2

[µ
(+)
Pn1n2

(R)c(+)
n1n2

(rA, rB)

+ µ
(−)
Pn1n2

(R)c(−)
n1n2

(rA, rB)], (16-45)

where

c(±)
n1n2

(rA, rB) = [(∆rA)n1(∆rB)n2 ± (∆rA)n2(∆rB)n1 ], (16-46)

n1, n2 = 0, 1, 2, . . . , ∆r = r−re, and c
(+)
00 (rA, rB) = 1. The c

(+)
n1n2(rA, rB)

transform as A1
+ and the c

(−)
n1n2(rA, rB) (which only exist for n1 6=n2) transform

as B2
+. Since µ

(1,σ)
s is of symmetry B1

− the only nonvanishing µ
(+)
Pn1n2

(R)
are those that occur in Eq. (16-41) as coefficients of FP;σ functions having

symmetry B1
−, and the only nonvanishing µ

(−)
Pn1n2

(R) are those that occur as
coefficients of FP;σ functions having symmetry A2

−. Terms with n1n2 = 00
give rise to transitions within the vibrational ground states of the moieties, and
terms with n1n2 = 10 give rise to transitions in which one H2 moiety stretching
vibrational quantum number changes by one unit (in the harmonic oscillator
approximation).

We have to determine which FP;σ functions are of symmetry B1
−, and which

are of symmetry A2
−, in order to determine which µ

(±)
Pn1n2

(R) are nonvanishing.

The FP;σ functions transform like the angular basis functions6 |jAjB±〉|l〉 given
in Eqs. (16-34) and (16-35), and we can use the results in Table 16-2 to deter-
mine their symmetries. Functions |jAjB±〉|l〉 of symmetry B1

− are |jAjB−〉|l〉
functions, and those of symmetry A2

− are |jAjB+〉|l〉 functions; in each case

they must have jA and jB even and l odd. Thus nonvanishing µ
(±)
Pn1n2

(R) have

6In Eq. (11-19) the relation between the [D
(j)
m0(φ, θ, 0)]∗ functions and the spherical har-

monic functions is given.
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λA and λB even, and λR odd; if λA = λB then λAB must be odd for non-

vanishing µ
(+)
Pn1n2

(R), whereas λAB must be even for nonvanishing µ
(−)
Pn1n2

(R).
Because of the ‘−’ sign in |jAjB−〉|l〉 having symmetry B1

−, and the ‘+’ sign
in |jAjB+〉|l〉 having symmetry A2

−, we have the relation

µ
(+)
λAλBλABλRn1n2

(R) = −µ(+)
λBλAλABλRn1n2

(R), (16-47)

used in Eq. (16-43) above, and the relation

µ
(−)
λAλBλABλRn1n2

(R) = +µ
(−)
λBλAλABλRn1n2

(R). (16-48)

For the 3j symbols in an FP;σ function to be nonvanishing we have the tri-
angular7 conditions ∆(λAλBλAB) and ∆(λABλR1) which further restricts the
possible values of λAB and λR according to

|λA − λB| ≤ λAB ≤ λA + λB, (16-49)

and

|λAB − 1| ≤ λR ≤ λAB + 1. (16-50)

Since λR is odd it follows that λR = λAB if λAB is odd, and λR = λAB ± 1 if

λAB is even. In Table 16-4 we list nonvanishing µ
(±)
Pn1n2

(R) for (λA + λB) ≤ 6.

Forming matrix elements of µ
(1,σ)
s between the wavefunctions of Eqs. (16-32)

to (16-35), and using Eq. (11-19) to write the spherical harmonic functions

in terms of the [D
(j)
m0(φ, θ, 0)]∗ functions, we can use Eq. (14-23) to deduce

the selection rules from the triangular conditions ∆(j′Aj
′′
AλA), ∆(j′Bj

′′
BλB) and

∆(l′l′′λR) required so that the 3j symbols arising from the use of of Eq. (14-23)
are nonvanishing. We deduce that in allowed transitions ∆jA and ∆jB = even
(i.e., ortho ↔ ortho, and para ↔ para only), and ∆l = odd.

For a given ‘coarse’ transition we can determine the selection rules on l in

more detail, and see which of the µ
(±)
Pn1n2

(R) gives intensity to particular ∆l
transitions, by first determining the possible λA and λB from the triangular
conditions ∆(j′Aj

′′
AλA), and ∆(j′Bj

′′
BλB). Then we look up in Table 16-4 the

nonvanishing µ
(±)
Pn1n2

(R) having these values of λA and λB. From the of λR of

the µ
(±)
Pn1n2

(R) one gets the selection rules on l. Two examples are discussed
below; one has |∆l| = 1, 3, 5 and 7, and the other has only |∆l| = 1.

Since allowed rotation-contortion-vibration transitions are connected by B−
1

and have ∆l odd, the allowed transitions can only be between ‘coarse’ states
connected by B+

2 . Three types of ‘band’ are possible: (para,para) bands
with coarse symmetry A1

+↔B2
+, (ortho,para) bands with coarse symmetry

E−↔E−, and (ortho,ortho) bands with coarse symmetry A2
+↔B1

+.
For transitions originating in the ground vibrational states of both moi-

eties [i.e., the transitions seen in absorption; see McKellar (1990), McKellar

7See Footnote 1 on page 564.
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Table 16-4

Nonvanishing µ
(±)
Pn1n2

(R) in Eq. (16-45) for (λA + λB) ≤ 6.

λA λB λAB λR (±)a λA λB λAB λR (±)a

0 0 0 1 (−) 2 2 0 1 (−)
0 2 2 1 (±) 1 1 (+)

3 (±) 2 1 (−)
0 4 4 3 (±) 3 (−)

5 (±) 3 3 (+)
0 6 6 5 (±) 4 3 (−)

7 (±) 5 (−)
2 4 2 1 (±)

3 (±)
3 3 (±)
4 3 (±)

5 (±)
5 5 (±)
6 5 (±)

7 (±)

a The (±) indicates which µ
(±)
Pn1n2

(R) is nonvanishing.

For λA 6= λB Eqs. (16-47) and (16-48) should also be used.

and Schaefer (1991) and references therein] a special notation is used to indi-
cate ∆jA, vA

′, jA′′, and ∆jB, vB
′, jB′′; for example, we write Q1(1) + S0(1)

for the (ortho,ortho) band (v′A, j
′
A; v′B, j

′
B) ← (v′′A, j

′′
A; v′′B, j

′′
B) = (1,1;0,3) ←

(0,1;0,1). In this band, from the triangular conditions ∆(j′Aj
′′
AλA) = ∆(11λA)

and ∆(j′Bj
′′
BλB) = ∆(13λB) we see that λA can be 0 or 2 and λB can be 2 or

4. Thus the µ
(±)
Pn1n2

(R) having (λA,λB) = (0,2), (0,4), (2,2) or (2,4) can drive
this transition and we can have |∆l| = 1, 3, 5 or 7. This result is also obtained
from the general expression

|∆l| ≤ j′A + j′B + j′′A + j′′B + 1 (16-51)

which is derived in a straightforward manner from Eqs. (16-49) and (16-50)
together with the triangular conditions ∆(l′l′′λR), ∆(j′Aj

′′
AλA), and ∆(j′Bj

′′
BλB).

The Q1(0) + Q0(0) band, i.e., (|10; 00〉−|00; 10〉)←|00; 00〉 [which derives its

intensity from the term µ
(−)
P10(R)c

(−)
10 (rA, rB)FP;σ with P = λAλBλABλR =0001],

only has ∆l = ±1 fine structure. Pure ∆l transitions in which there is no
change in the coarse state are only possible for (ortho-para) coarse states of
E− symmetry (in the absence of nuclear spin coupling effects). However, the
dipole moment of the (ortho-para) form of (H2)2 or (D2)2 associated with
such transitions will be very small. Magnetic dipole transitions, as opposed to
electric dipole transitions, are allowed between nuclear hyperfine components
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Table 16-5

Transition wavenumbers (in cm−1) for (H2)2 and (D2)2.

Γ′
coarse Γ′′

coarse Transition (H2)2 (D2)2 |∆l|

B+
2 A+

1 S0(0) + Q0(0) 354.0 179.1 1,3
Q1(0) + Q0(0) 4161.1 2993.6 1
S1(0) + Q0(0) 4497.8 3166.3 1,3
Q1(0) + S0(0) 4515.5 3172.6 1,3
S1(0) + S0(0) 4852.2 3345.3 1,3,5

E− E− Q1(1) + Q0(0) 4155.2 2991.5 1,3
Q0(1) + Q1(0) 4161.1 2993.6 1,3
Q0(1) + S1(0) 4497.8 3166.3 1,3,5
Q1(1) + S0(0) 4509.6 3170.5 1,3,5
S1(1) + Q0(0) 4712.8 3278.4 1,3,5
S0(1) + Q1(0) 4748.1 3291.1 1,3,5

B+
1 /A+

2 A+
2 /B+

1 Q1(1) + Q0(1) 4155.2 2991.5 1,3,5
S1(1) + Q0(1) 4712.8 3278.4 1,3,5,7
Q1(1) + S0(1) 4742.2 3288.9 1,3,5,7

having the same parity (within a level of given J) and they have been observed
by Verberne and Reuss (1980).

Examples of the three types of band seen in the spectrum are given in Ta-
ble 16-5. From the statistical weights given in Eqs. (16-38) and (16-39), and
the symmetry of the |l〉 wavefunctions given in Table 16-2, we determine that
the three types of band have characteristically different intensity alternation
with changing l value. In a B+

2 ↔A+
1 band alternate lines are missing for (H2)2,

and have a 7:5 intensity alternation for (D2)2. In a B+
1 ↔A+

2 band there will
be a 2:1 intensity alternation for (H2)2 and (D2)2, and in an E−↔E− band
there will be no intensity alternation for (H2)2 or (D2)2.

In Figs. 16-2 and 16-3 we give examples of absorption spectra of hydrogen
and deuterium gas. In accordance with the selection rules derived above, there
are ∆l = ±1 and 3 transitions in the S1(0) + Q0(0) band of (H2)2 in Fig. 16-2,
but only ∆l = ±1 transitions in the Q1(0) + Q0(0) band of (D2)2 in Fig. 16-3.
Fig. 16-2 shows clearly that only the l = 0 and 1 levels are sharp for (H2)2;
higher l levels are rotationally predissociated. In Fig. 16-2 transitions from
levels with odd l′′ are missing, and in Fig. 16-3 we see the combined effect of
the Boltzmann factor and the 7:5 intensity alternation for l′′ = even:odd. More
details of the infrared spectra of the hydrogen dimers are given in McKellar
(1990).

The MS groups of the isotopomers (HD)2, H2-D2 and H2-HD are subgroups
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Fig. 16-2. Absorption spectrum due to para-H2 in the region of the electric quadrupole
S(0) line of the v = 1← 0 band of the H2 molecule. The S1(0)+Q0(0) band, and a fragment
of the Q1(0)+S0(0) band, of the dimer are shown. This spectrum was taken by Dr. A. R. W.
McKellar on a Bomem model DA3.02 Fourier transform spectrometer at a resolution of 0.04
cm−1, with a hydrogen sample pressure of about 25 Torr, a sample temperature of about 20
K, and a path length of 112 m.

of the MS group G16 for (H2)2 and (D2)2. The MS group for H2-D2 hap-
pens to be identical to the CNPI group G8 of the hydrogen peroxide molecule;
the character table is given in Table A-23 (we label the nuclei H1H2–D3D4).
The MS groups for (HD)2 and H2-HD are isomorphic to each other, and the
character tables are given in Table 16-6; we call the groups G4(HDHD) and
G4(HHHD). To determine the implications of symmetry for (HD)2, H2-D2 and
H2-HD [and dimers such as (CO)2, H2-N2 and H2-CO] we use the correlation
table, given in Table 16-7, in conjunction with the results given above (par-
ticularly Tables 16-1 and 16-2). A short discussion of some of the results is
appropriate.

For (HD)2 if one of jA,jB is even and the other odd then |jAjB+〉 is of
symmetry A− and |jAjB−〉 is of symmetry B−. The statistical weights are
given by

Γsw
rve = 15(A+ ⊕A−)⊕ 21(B+ ⊕B−). (16-52)
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Fig. 16-3. Absorption spectrum due to para-D2 in the Q region of the fundamental
band. The Q1(0)+Q0(0) band of the dimer is shown. This spectrum was taken by Dr. A.
R. W. McKellar with the same apparatus and conditions as for Fig. 16-2, with a deuterium
sample pressure of about 17 Torr.

Table 16-6

The groups G4(HDHD) and G4(HHHD) for (HD)2 and H2-HDa.

G4(HDHD) : E (13)(24) E∗ (13)(24)∗

G4(HHHD) : E (12) E∗ (12)∗

A+ : 1 1 1 1
A− : 1 1 −1 −1
B+ : 1 −1 1 −1
B− : 1 −1 −1 1

aNuclei labeled H1D2-H3D4 and H1H2-H3D4.

There will therefore be a 15:21 intensity alternation in the l structure of the
‘bands’. Allowed rotation-contortion-vibration transitions are connected by
A−. There are four types of ‘band’ in the spectrum: two, with Γcoarse = A+ ↔
A− or B+ ↔ B− having ∆l = even, and two with Γcoarse = A+ ↔ B+ or A−
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Table 16-7

The correlation table for the irreducible representations.

G16 G8 G4(HDHD) G4(HHHD)

A+
1 A1

′ A+ A+

A+
2 A1

′′ B+ B+

B+
1 A1

′′ A+ B+

B+
2 A1

′ B+ A+

E+ B2
′ ⊕ B2

′′ A+ ⊕ B+ A+ ⊕ B+

A−
1 A2

′′ A− B−

A−
2 A2

′ B− A−

B−
1 A2

′ A− A−

B−
2 A2

′′ B− B−

E− B1
′ ⊕ B1

′′ A− ⊕ B− A− ⊕ B−

↔ B− having ∆l = odd. The bands with ∆l = even do not occur for (H2)2,
(D2)2 or H2-D2, and will tend to be relatively weak; they may also be obscured
by the dipole spectrum of the monomer.

For H2-D2 and H2-HD it is not appropriate to form basis functions having
the ± combinations given in Eqs. (16-33) and (16-34) since the moieties are
not identical. There cannot be any intensity alternation in the l structure.

For H2-D2 the symmetry of |j(H2)〉 is A1
′ or B1

′′ as j(H2) is even or odd
respectively, and for |j(D2)〉 it is A1

′ or B1
′ as j(D2) is even or odd respectively.

The statistical weights are given by

Γsw
rve = 6(A1

′ ⊕A2
′)⊕ 9(A1

′′ ⊕A2
′′)⊕ 3(B1

′ ⊕B2
′)

⊕ 18(B1
′′ ⊕B2

′′). (16-53)

Allowed transitions are between rotation-contortion-vibration states whose sym-
metries are connected by A2

′ with ∆l = odd, and are between coarse states
having the same Γcoarse symmetry.

For H2-HD the symmetry of |j(H2)〉 is A+ or B− as j(H2) is even or odd
respectively, and for |j(HD)〉 it isA+ orA− as j(HD) is even or odd respectively.
The statistical weights are given by

Γsw
rve = (A+ ⊕ A−)⊕ 3(B+ ⊕B−). (16-54)

Allowed transitions are between rotation-contortion-vibration states whose sym-
metries are connected by A−.

16.5.2 The ammonia dimer
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The second example of a weakly bound cluster molecule, the ammonia dimer,
is described in a body fixed reference frame. The convention chosen for labeling
the nuclei, and for defining the body fixed (x, y, z) axis system, is shown in
Fig. 16-4. Moiety A is labeled N7H1H2H3, and moiety B is N8H4H5H6.

The polar nature of the ammonia dimer was discovered by Odutola, Dyke,
Howard, and Muenter (1979) in a molecular beam electric deflection experi-
ment. The dimer was believed to have a ‘classical’ hydrogen-bonded structure
in which an NH bond of the donor moiety points towards the electron lone
pair of the acceptor moiety in a linear or nearly linear N-H—N arrangement;
the N-H—N direction being colinear with the three-fold symmetry axis of the
acceptor moiety. The first spectrum of this molecule was obtained in the mi-
crowave region by Nelson, Fraser, and Klemperer (1985); the analysis of the
spectrum contradicted this expectation about the hydrogen bond. In the years
that followed many experimental and ab initio results have been published, and
in the Bibliographical Notes we review this history. The (current) conclusion
is that the equilibrium structure is roughly as depicted in Fig 16-4, and there
is feasible internal rotation of each moiety about its C3 axis. Also the bar-
rier at the ‘cyclic’ C2h transition state between two versions of the equilibrium
structure (see Fig. 16-5) is hardly significantly different from zero, and this
donor-acceptor interchange tunneling motion is very facile. For the HF dimer
a similar tunneling motion occurs at a hydrogen bond (see Fig. 3-13), and it
also occurs for the water dimer [see the degenerate rearrangement (1)↔ (5) in
Fig. 3-15]. However, for these two dimers the barrier to donor-acceptor inter-
change is about 300 cm−1; significantly different from zero. If this were the full
story about the feasible contortional tunneling motions in the ammonia dimer
then the MS group would be the group G36 introduced earlier for torsion-
ally tunneling ethane, dimethylacetylene and acetone (see Section 15.4.4 and
Table A-28). However, in 1992 two experimental groups [Havenith, Linnartz,
Zwart, Kips, ter Meulen, and Meerts (1992), and Loeser, Schmuttenmaer, Co-
hen, Elrod, Steyert, Saykally, Bumgarner, and Blake (1992)] discovered the
presence of splittings in the spectrum of the ammonia dimer due to ammonia
inversion. At the same time a theoretical paper by van Bladel, van der Avoird,
Wormer, and Saykally (1992) argued that, based on the results of energy level
calculations, the dimer spectrum obtained by Nelson, Fraser, and Klemperer
(1985) could only be understood if ammonia moiety inversion were feasible.
Allowing for the inversion of the ammonia moieties, the molecular symmetry
group of the ammonia dimer is G144; the character table of this group is given
in Table A-30.

The MS group G144 is large, and in the future as larger clusters become the
subject of spectroscopic study it will undoubtedly become important to be able
to handle large MS groups. We can use the ammonia dimer, and its MS group,
as an example of the approach used. To determine the effects of the operations
of a large MS group on the molecular coordinates, operators, and wavefunc-
tions one need consider only the effects of generating operations of the group
[see Eqs. (12-67) and (12-68)]. Further, the classification of basis functions in
the group, and the determination of linear combinations that transform irre-
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Fig. 16-4. The labeling of the nuclei and the body fixed axis system (x, y, z) used for
the ammonia dimer. The z axis is defined so that it points from the center of mass of moiety
A to the center of mass of moiety B, and the directions of the x and y axes are obtained by
setting the Euler angle χ = 0 (see Section 16.2.2).
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Fig. 16-5. A depiction of the weakly hindered donor-acceptor interchange motion of
the ammonia dimer about the ‘cyclic’ C2h structure.
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ducibly, is best accomplished by making use of the product decomposition of
the group (see Sections 5.7 and 5.8.2). Following van der Avoird, Wormer, and
Moszynski (1994), we choose the six generating operations of G144 as (123),
(456), (14)(25)(36)(78), (23)(56)∗, (23), and (56). Following Olthof, van der
Avoird, Wormer, Loeser, and Saykally (1994), we make use of the following
product decomposition of G144:

G144 = (Gg
3v ⊗G

ag
3v ⊗ {E,E∗}) S {E, (56)}. (16-55)

This involves direct and semidirect products (see Section 5.7) and we will ex-
plain the notation for the subgroups and the way this product decomposition is
used below. But first we show how to determine the transformation properties
of the molecular coordinates in the group by using generating operations.

We initially consider the transformation properties of the coordinates de-
scribing the intermoiety stretch, the end-over-end rotation, and the moiety
rotation under the effect of the generating operations of G144. Since we are us-
ing a body fixed reference frame, these coordinates are R, the distance between
the centers of mass of the moieties, θ and φ, the two Euler angles specifying
the direction of the body fixed z axis relative to a space fixed axis system, and
the two sets of body fixed Euler angles (θmA ,φmA ,χm

A ) and (θmB ,φmB ,χm
B ). For each

moiety M (= A or B) we define a moiety fixed axis system (xM, yM, zM). For
moiety A, this axis system is defined exactly as described for an isolated am-
monia molecule in Section 15.4.1 [in particular, see Fig. 15-2], and for moiety
B it is defined analogously with H1, H2 and H3 replaced by H4, H5 and H6,
respectively.

It is important to appreciate that the body fixed Euler angles (θmM,φmM,χm
M),

M = A or B, define the orientation of the (xM, yM, zM) axes relative to the
body fixed axes (x, y, z). This has important implications when we determine
the effect of MS group operations on (θmM,φmM,χm

M). So far we have used Euler
angles (θ, φ, χ) to specify the orientation of a molecule fixed (or body fixed)
(x, y, z) axis system relative to the space fixed (ξ, η, ζ) axes [see Fig. 10-1]. In
this situation, operations in the MS group affect only the (x, y, z) axes; they
leave the (ξ, η, ζ) axes unchanged and the transformation properties of (θ, φ, χ)
can be determined as described in Section 12.1. However, when we derive the
MS group transformation properties of the (θmM,φmM,χm

M) angles some MS group
operations affect both the (xM, yM, zM) and the (x, y, z) axes. The (x, y, z)
axes are affected by MS group operations that interchange the centers of mass
of the two moieties. The generating operations (14)(25)(36)(78) and (23)(56)∗

have this effect for the NH3 dimer. They reverse the orientation of the body
fixed z axis so that θ and φ transform according to

(θ, φ)→ (π − θ, π + φ). (16-56)

Thus after one of these symmetry operations has been applied to the molecule,
the orientation of the body fixed axes (x, y, z) relative to the space fixed axes
(ξ, η, ζ) is described by the Euler angles (π − θ, π + φ, χ = 0); the (x, y, z)
axis system is rotated by π about the x axis. Further geometrical arguments
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[consider Fig. 10-1 with (x, y, z) renamed to (xM, yM, zM) and (ξ, η, ζ) renamed
to (x, y, z)] show a hypothetical symmetry operation that leaves the orientation
of the (xM, yM, zM) axis system in space unchanged, but which rotates the
(x, y, z) axis system by π about the x axis, to have the effect

(θmM, φ
m
M, χ

m
M)→ (π − θmM, 2π − φmM, π + χm

M). (16-57)

For elements of the MS group that affect both the (xM, yM, zM) and the (x, y, z)
axis systems, we determine first the effect on (θmM,φmM,χm

M) of the change in
(xM, yM, zM) by employing the ideas of Section 12.1, and we then use Eq. (16-57)
to obtain the effect of the change in the (x, y, z) axes.

The transformation properties of the various coordinates [including ρA and
ρB, the inversion angles of the two moieties; see Section 15.4.1] under the
generating operations of G144 are given in Table 16-8. The operations (123),
(456), (23), and (56) do not affect the (x, y, z) axes and the transformation
properties of the (θmM, φ

m
M, χ

m
M) can be determined as described in Section 12.1.

The operation (14)(25)(36)(78) initially causes the two sets of body fixed Euler
angles to be interchanged: (θmA ,φmA ,χm

A)↔ (θmB ,φmB ,χm
B ). This operation reverses

the z axis and we must apply Eq. (16-57) to the interchanged angles to account
for the resulting effect. The effect of the operation (23)(56)∗ on the moiety fixed
axis systems (xM, yM, zM), M = A or B, is described by the equivalent rotation
Rπ/2

π [a rotation of π about the yM axis]. The equivalent rotation causes the
change [see Table 12-1]

(θmM, φ
m
M, χ

m
M)→ (π − θmM, π + φmM, π − χm

M). (16-58)

However, (23)(56)∗ also reverses the z axis and we must apply Eq. (16-57) to
the result of Eq. (16-58) to obtain the transformation properties in Table 16-8.

We now determine the symmetry restrictions imposed by the MS group on

the expansion of the potential energy function V
(m)
int in Eq. (16-12), and on the

expansion of the body fixed dipole moment components µ
(1,σ′)
m in Eq. (16-16).

In both cases, we expand in angle-dependent functions

AλAλBλABσ′

Aσ′

B;σ′(θmA , φ
m
A , χ

m
A , θ

m
B , φ

m
B , χ

m
B )

=
∑

σA,σB

(
λA λB λAB

σA σB −σ′

)

× [D
(λA)
σAσ′

A
(φmA , θ

m
A , χ

m
A)]∗[D

(λB)
σBσ′

B
(φmB , θ

m
B , χ

m
B )]∗ (16-59)

and we initially derive the transformation properties of these functions. That
is, we insert the transformed coordinates from Table 16-8 and use the trans-

formation properties of the D
(λ)∗
σσ′ functions [see Section 3.5 of Zare (1988)] to

simplify the expressions obtained. The results are given in Table 16-9. For
later use, we give in the table also the transformation properties of the func-
tion SJkm(θ, φ) [Eq. (11-16)] entering into Eq. (16-24). These transformation
properties are straightforwardly determined from the transformation properties
of θ and φ in Table 16-8 and the results of Section 12.1.
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Table 16-8

The transformation properties of the coordinates in G144.

E (123) (456) (14)(25)(36)(78) (23)(56)∗ (23) (56)

θmA θmA θmA π − θmB θmA π − θmA θmA
φm
A φm

A φm
A 2π − φm

B π − φm
A π + φm

A φm
A

χm
A χm

A − 2π/3 χm
A π + χm

B 2π − χm
A 2π − χm

A χm
A

θmB θmB θmB π − θmA θmB θmB π − θmB
φm
B φm

B φm
B 2π − φm

A π − φm
B φm

B π + φm
B

χm
B χm

B χm
B − 2π/3 π + χm

A 2π − χm
B χm

B 2π − χm
B

θ θ θ π − θ π − θ θ θ

φ φ φ π + φ π + φ φ φ

R R R R R R R

ρA ρA ρA ρB ρA π − ρA ρA

ρB ρB ρB ρA ρB ρB π − ρB

Table 16-9

The transformation properties of the functions Aλ
A
λ
B
λ
AB

σ′

A
σ′

B
;σ′ [Eq. (16-59)] and

SJkm(θ, φ) [Eq. (11-16)] in G144.

R RAλ
A
λ
B
λ
AB

σ′

A
σ′

B
;σ′ RSJkm

(123) e−iσ′

AωAλ
A
λ
B
λ
AB

σ′

A
σ′

B
;σ′ SJkm

(456) e−iσ′

BωAλ
A
λ
B
λ
AB

σ′

A
σ′

B
;σ′ SJkm

(14)(25)(36)(78) (−1)λA+λBAλBλAλABσ′

Bσ′

A;−σ′ (−1)JSJ−km

(23)(56)∗ (−1)λA+λB+λAB+σ′

A+σ′

BAλ
A
λ
B
λ
AB

−σ′

B
−σ′

A
;−σ′ (−1)JSJ−km

(23) (−1)λAAλ
A
λ
B
λ
AB

−σ′

A
σ′

B
;σ′ SJkm

(56) (−1)λBAλAλBλABσ′

A−σ′

B;σ′ SJkm

ω = 2π/3.

In terms of the functions AλAλBλABσ′

Aσ′

B;σ′ , the intermolecular potential en-
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ergy function V
(m)
int [Eq. (16-12)] is given by

V
(m)
int =

∑

λAλBλRkAkB

VλAλBλRkAkB(R, ρA, QrA , ρB, QrB)

×AλAλBλRkAkB;0(θmA , φ
m
A , χ

m
A , θ

m
B , φ

m
B , χ

m
B ). (16-60)

We have changed the notation slightly relative to Eq. (16-12). For the ammonia
dimer, we indicate explicitly that the expansion function VλAλBλRkAkB depends
not only on the normal coordinates QrA and QrB describing the vibrational
motion of the two moieties, but also on on ρA and ρB, the two angles describing
the large-amplitude inversion motion [the moiety contortion, see Section 15.4.1].

The potential V
(m)
int is invariant to the operations in the MS group G144. It

follows from Table 16-9 that invariance under the generating operation (123)
requires the condition:

VλAλBλRkAkB(R, ρA, QrA , ρB, QrB)

= e−ikAω VλAλBλRkAkB(R, ρA, Q
′
rA , ρB, QrB) (16-61)

to be satisfied, where Q′
rA = (123)QrA and ω = 2π/3. Similarly, invariance

under (456) requires

VλAλBλRkAkB(R, ρA, QrA , ρB, QrB)

= e−ikBω VλAλBλRkAkB(R, ρA, QrA , ρB, Q
′
rB) (16-62)

where Q′
rB = (456)QrB . If we take the moieties to be semirigid [by setting

all QrA = Q′
rA = 0 and all QrB = Q′

rB = 0 in Eqs. (16-61) and (16-62), but
letting ρA and ρB vary], then only expansion functions with kA = 3tA and kB =
3tB, where tA and tB are integers, would be nonvanishing. If the moieties were
allowed to be nonrigid, then more expansion functions would be nonvanishing.
For example, each of the ammonia moieties has degenerate normal coordinates

(Q
(M)
ta , Q

(M)
tb ), M = A or B, for which the linear combinations Qt

(M)± = Q
(M)
ta

± iQ
(M)
tb can be chosen to transform as

(123)Qt
(A)± = e∓iωQt

(A)± and (456)Qt
(B)± = e∓iωQt

(B)± (16-63)

as described for CH3F in Table 12-4. An expansion function of the form

VλAλBλRkAkB(R, ρA, QrA , ρB, QrB)

=
∑

t

c
(t)
λAλBλRkAkB

(R, ρA, ρB)Qt
(A)− (16-64)

will fulfill Eq. (16-61) for kA = 1 + 3tA, and a linear combination of the Qt
(A)+

will produce nonvanishing expansion functions with kA = 2 + 3tA. Clearly we
can form analogous functions with kB = 1 + 3tB and kB = 2 + 3tB.

Further, invariance under (14)(25)(36)(78) imposes the condition:

VλBλAλRkBkA(R, ρA, QrA , ρB, QrB)

= (−1)λA+λB VλAλBλRkAkB(R, ρB, QrB , ρA, QrA), (16-65)
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and invariance under (23)(56)∗, (23), and (56) requires

VλAλBλR−kA−kB(R, ρA, QrA , ρB, QrB)

= (−1)λA+λB+λR+kA+kB VλAλBλRkAkB(R, ρA, Q
′
rA , ρB, Q

′
rB) (16-66)

with Q′
rA = (23)∗QrA and Q′

rB = (56)∗QrB ,

VλAλBλR−kAkB(R, ρA, QrA , ρB, QrB)

= (−1)λA VλAλBλRkAkB(R, π − ρA, Q′
rA , ρB, QrB) (16-67)

with Q′
rA = (23)QrA , and

VλAλBλRkA−kB(R, ρA, QrA , ρB, QrB)

= (−1)λB VλAλBλRkAkB(R, ρA, QrA , π − ρB, Q
′
rB) (16-68)

with Q′
rB = (56)QrB .

The body fixed dipole moment components µ
(1,σ′)
m [Eq. (16-16)] can be ex-

pressed as

µ(1,σ′)
m =

∑

λAλBλABσ′

Aσ′

B

µ
(m)
λAλBλABσ′

Aσ′

B,σ′(R, ρA, QrA , ρB, QrB) (−1)λA−λB+σ′

×
√

2λAB + 1AλAλBλABσ′

Aσ′

B;σ′(θmA , φ
m
A , χ

m
A , θ

m
B , φ

m
B , χ

m
B ). (16-69)

We indicate explicitly that the functions µ
(m)
λAλBλABσ′

Aσ′

B,σ′ depend on the inver-

sion coordinates ρA and ρB.
The symmetry operations (123), (456), (23), and (56) leave the space fixed

components of the dipole moment invariant, and they do not change the body

fixed (x, y, z) axes. Hence they do not change µ
(1,σ′)
m . This gives rise to condi-

tions analogous to Eqs. (16-61), (16-62), (16-67), and (16-68):

µ
(m)
λAλBλABσ′

Aσ′

B,σ′(R, ρA, QrA , ρB, QrB)

= e−ikAω µ
(m)
λAλBλABσ′

Aσ′

B,σ′
(R, ρA, Q

′
rA , ρB, QrB) (16-70)

with Q′
rA = (123)QrA,

µ
(m)
λAλBλABσ′

Aσ′

B,σ′(R, ρA, QrA , ρB, QrB)

= e−ikBω µ
(m)
λAλBλABσ′

Aσ′

B,σ′(R, ρA, QrA , ρB, Q
′
rB) (16-71)

with Q′
rB = (456)QrB,

µ
(m)
λAλBλAB−σ′

Aσ′

B,σ′(R, ρA, QrA , ρB, QrB)

= (−1)λA µ
(m)
λAλBλABσ′

Aσ′

B,σ′(R, π − ρA, Q′
rA , ρB, QrB) (16-72)
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with Q′
rA = (23)QrA , and

µ
(m)
λAλBλABσ′

A−σ′

B,σ′(R, ρA, QrA , ρB, QrB)

= (−1)λB µ
(m)
λAλBλABσ′

Aσ′

B,σ′(R, ρA, QrA , π − ρB, Q
′
rB) (16-73)

with Q′
rB = (56)QrB . If we work in the approximation of semirigid moi-

eties, only the µ
(m)
λAλBλABσ′

Aσ′

B,σ′ with σ′
A = 3tA and σ′

B = 3tB would satisfy

Eqs. (16-70) and (16-71), but if we allow the moieties to vibrate, nonvanishing
functions with other values of σ′

A and σ′
B could be constructed by analogy with

Eq. (16-64).
The symmetry operation (14)(25)(36)(78) does not affect the space fixed

components of the dipole moment, but it reverses the body fixed y and z axes.
That is, it leaves µx unchanged but reverses the signs of µy and µz so that
Eq. (14-13) yields

(14)(25)(36)(78)µ(1,σ′)
m = −µ(1,−σ′)

m . (16-74)

This imposes the following condition:

µ
(m)
λBλAλABσ′

Bσ′

A,−σ′
(R, ρA, QrA , ρB, QrB)

= (−1)λA+λB+1 µ
(m)
λAλBλABσ′

Aσ′

B,σ′(R, ρB, QrB , ρA, QrA). (16-75)

The symmetry operation (23)(56)∗ reverses the space fixed components of the
dipole moment together with the body fixed y and z axes, so that

(23)(56)∗ µ(1,σ′)
m = µ(1,−σ′)

m . (16-76)

This requires

µ
(m)
λAλBλAB−σ′

A−σ′

B,−σ′(R, ρA, QrA , ρB, QrB)

= (−1)λA+λB+λAB+σ′

A+σ′

Bµ
(m)
λBλAλABσ′

Bσ′

A,σ′
(R, ρA, Q

′
rA , ρB, Q

′
rB), (16-77)

with Q′
rA = (23)∗QrA and Q′

rB = (56)∗QrB .
We can use Eq. (11-13) to rewrite the basis function of Eq. (16-24) in terms

of the AλAλBλABσ′

Aσ′

B;σ′ functions

∣∣∣n, v(A)
inv , v

(B)
inv , jA, kA, jB, kB, jAB, k; J,m

〉
(m)

= (−1)jA−jB+k

√
(2jA + 1)(2jB + 1)(2jAB + 1)

8π2

× Φ
v
(A)
inv ,jA,kA

(ρA) Φ
v
(B)
inv ,jB,kB

(ρB) Φn(R,QrA , QrB)

×AjAjBjABkAkB;k(θmA , φ
m
A , χ

m
A , θ

m
B , φ

m
B , χ

m
B )SJkm(θ, φ). (16-78)
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We have introduced explicitly in the basis function the inversion functions

Φ
v
(M)
inv ,jM,kM

(ρM) =
∣∣∣v(M)

inv ; (jM, kM)
〉
, (16-79)

M = A or B, from Eq. (15-40). The transformation properties of the func-
tions in Eq. (16-78) follow directly from the results in Tables 16-8 and 16-9
in conjunction with Eq. (15-41). Taking the function Φn(R,QrA , QrB) to be
totally symmetric in the MS group we obtain the transformation properties
in Table 16-10. For later use, we have included in the table the transforma-
tion properties of the basis functions under the operations (14)(26)(35)(78)∗ =
[(23)(56)∗][(14)(25)(36)(78)] and E∗ = [(23)][(56)][(23)(56)∗], where the square
brackets indicate how these operations can be written as products of the chosen
generating operations.

Table 16-10

The transformation properties of the functions
∣

∣

∣n, v
(A)
inv , v

(B)
inv , jA, kA, jB, kB, jAB, k;J,m

〉

(m)

[Eq. (16-78)] in G144.

R R
∣

∣

∣v
(A)
inv , v

(B)
inv , jA, kA, jB, kB, k

〉

(m)

(123) e−ikAω
∣

∣

∣v
(A)
inv , v

(B)
inv , jA, kA, jB, kB, k

〉

(m)

(456) e−ikBω
∣

∣

∣
v
(A)
inv , v

(B)
inv , jA, kA, jB, kB, k

〉

(m)

(14)(25)(36)(78) (−1)J+jA+jB

∣

∣

∣
v
(B)
inv , v

(A)
inv , jB, kB, jA, kA,−k

〉

(m)

(23)(56)∗ (−1)J+jA+jB+jAB+kA+kB

∣

∣

∣v
(A)
inv , v

(B)
inv , jA,−kA, jB,−kB,−k

〉

(m)

(23) (−1)jA+v
(A)
inv

∣

∣

∣v
(A)
inv , v

(B)
inv , jA,−kA, jB, kB, k

〉

(m)

(56) (−1)jB+v
(B)
inv

∣

∣

∣
v
(A)
inv , v

(B)
inv , jA, kA, jB,−kB, k

〉

(m)

(14)(26)(35)(78)∗ (−1)jAB+kA+kB

∣

∣

∣v
(B)
inv , v

(A)
inv , jB,−kB, jA,−kA, k

〉

(m)

E∗ (−1)J+jAB+kA+kB+v
(A)
inv

+v
(B)
inv

∣

∣

∣v
(A)
inv , v

(B)
inv , jA, kA, jB, kB,−k

〉

(m)

ω = 2π/3. We use a shorthand notation for the basis functions, omitting the
quantum numbers n, jAB, J , and m which are unaffected by all symmetry operations.
The function Φn(R,QrA , QrB) [Eq. (16-78)] is taken to be totally symmetric in G144.

At this point we would like to derive the irreducible representations of G144

generated by the basis functions in Eq. (16-78), and to determine the linear
combinations that transform irreducibly. In principle, we could do this by using
the techniques described in Chapters 5 and 6. We could determine the charac-
ters of the operations in G144 generated by the basis functions in Eq. (16-78),
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and reduce the resulting representation by means of Eq. (5-45). Subsequently
we could determine symmetrized basis functions by using the projection op-
erators in Eq. (6-64) and the transfer operators in Eq. (6-69), assuming that
we have constructed sets of representation matrices associated with the irre-
ducible representations of G144. We are in a position to use these techniques
in practice since, with the results in Table 16-10, we could determine the effect
of any operation in G144 on any basis function. This follows from the fact that
all operations in G144 can be written as products of the operations contained
in Table 16-10. However, it is immediately clear that, owing to the fact that
G144 has 144 elements, it would be a very tedious task to apply the standard
group theoretical methods of Chapters 5 and 6 for this group. Therefore, we
use instead the procedure of ‘inducing’ basis functions symmetrized in G144

from basis functions symmetrized in a sequence of subgroups for G144. This is
an application of the general idea of decomposing a large group into ‘products’
of its subgroups which we have briefly mentioned in Section 5.7. The derivation
we give here follows in part that of Olthof, van der Avoird, Wormer, Loeser,
and Saykally (1994).

We consider first two subgroups of G144,

G
g
3v = {E, (123)(456), (132)(465),

(14)(26)(35)(78)∗, (15)(24)(36)(78)∗, (16)(25)(34)(78)∗} (16-80)

and

G
ag
3v = {E, (123)(465), (132)(456),

(14)(25)(36)(78), (16)(24)(35)(78), (15)(26)(34)(78)}, (16-81)

where G
g
3v can be said to describe ‘geared’ rotations of the two moieties, and

G
ag
3v ‘antigeared’ rotations. Both groups are isomorphic to the C3v(M) group

whose character table is given in Table A-6. By analogy with the generating
operations (123) and (23)∗ chosen for C3v(M) in Section 12.4, we choose the
generating operations (123)(456) and

I∗g = (14)(26)(35)(78)∗ (16-82)

for G
g
3v, and (123)(465) and

Iag = (14)(25)(36)(78) (16-83)

for G
ag
3v.

Table 16-10 shows that

(123)(456)
∣∣∣n, v(A)

inv , v
(B)
inv , jA, kA, jB, kB, jAB, k; J,m

〉
(m)

= exp

(
−i2π

3
gg

) ∣∣∣n, v(A)
inv , v

(B)
inv , jA, kA, jB, kB, jAB, k; J,m

〉
(m)

(16-84)



16.5. Examples 591

and

(123)(465)
∣∣∣n, v(A)

inv , v
(B)
inv , jA, kA, jB, kB, jAB, k; J,m

〉
(m)

= exp

(
−i2π

3
gag

) ∣∣∣n, v(A)
inv , v

(B)
inv , jA, kA, jB, kB, jAB, k; J,m

〉
(m)

, (16-85)

where gg = kA + kB + 3tg and gag = kA − kB + 3tag. The integers tg and
tag are determined so that −1 ≤ gg ≤ 1 and −1 ≤ gag ≤ 1. The ‘quantum
numbers’ gg and gag are analogous to the grv quantum number introduced for
symmetric top molecules in Eq. (12-74). The effects of the operations I∗g and
Iag on the basis functions are given in Table 16-10.

We use |gg, gag〉 as a shorthand notation for the basis function in Eqs. (16-84)
and (16-85). It follows from the results of Table 16-10 that if this function has
gg = +1 (−1), then the function I∗g |gg, gag〉 has gg = −1 (+1). From Table A-6
it is seen that these two functions transform according to the E irreducible
representation of G

g
3v. Otherwise, the two functions |gg, gag〉 and I∗g |gg, gag〉

both have gg = 0 and they transform according to A1 + A2. In the special
case with kA = kB = 0 there is only one function, and it transforms according

to A1 or A2. Since
(
I∗g
)2

= E we have for functions with gg = 0

I∗g
(
E ± I∗g

)
|0, gag〉 =

(
I∗g ± E

)
|0, gag〉 = ±

(
E ± I∗g

)
|0, gag〉 , (16-86)

where the signs in the last expression are correlated. Clearly,
(
E + I∗g

)
|0, gag〉

has A1 symmetry, and
(
E − I∗g

)
|0, gag〉 has A2 symmetry [Table A-6].

The discussion of G
g
3v in the preceding paragraph can now be repeated

for G
ag
3v with completely analogous results. If the two functions |gg, gag〉 and

Iag |gg, gag〉 have gag = ±1, they transform according to the E irreducible rep-
resentation of G

ag
3v. For functions with gag = 0 we obtain the result that

(E + Iag) |gg, 0〉 has A1 symmetry, and (E − Iag) |gg, 0〉 has A2 symmetry.
At this point, by combining all operations in G

g
3v with all operations in G

ag
3v,

the reader should verify that we obtain the 36 elements in the group G36,
whose character table is given in Table A-28.8 If we consider the two moieties
of the ammonia dimer to be rigid [i.e., if we consider the barrier between the
two equivalent minima of the inversion potential to be insuperable], the MS
group of the ammonia dimer would be G36. The reader should also notice that
G

g
3v and G

ag
3v each consist of three whole classes of G36 and they are invariant

subgroups of G36 as defined in Section 5.7. Consequently, G36 is the direct
product of the two subgroups,

G36 = G
g
3v ⊗G

ag
3v, (16-87)

where the direct product is discussed in connection with Eq. (1-54) and in
Section 5.7. One consequence of G

g
3v and G

ag
3v being invariant subgroups of

8In Table A-28, G36 is defined as the MS group of acetone, but the acetone nuclei are
labeled so that the MS group operations are labeled exactly as those used for the ammonia
dimer here.
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G36 is that all elements of Gg
3v necessarily commute with all elements of Gag

3v.
Another consequence is that the irreducible representations of G36 can be la-
beled as (Γg,Γag), where Γg is an irreducible representation of G

g
3v and Γag

is an irreducible representation of G
ag
3v [see Section 5.8.2]. We can obtain a

set of basis functions symmetrized in G36 by constructing functions that are
simultaneously symmetrized in G

g
3v and G

ag
3v [see Section 6.3.1]. We have dis-

cussed above how to obtain basis functions symmetrized separately in G
g
3v and

G
ag
3v, but since all elements of G

g
3v commute with all elements of G

ag
3v it is

straightforward to derive basis functions symmetrized simultaneously in both
groups. The result is given in Table 16-11. Two comments are in order. Even
though we could in fact label the irreducible representations of G36 as (Γg,Γag),
these representations have the accepted labels used in Table A-28, and these
labels are included in Table 16-11 under the heading ‘Γ36’. Also, to obtain
all the symmetrized basis functions it is sufficient to ‘start’ from the functions
|gg, gag〉 = |0, 0〉, |1, 1〉, |0,−1〉, and |−1, 0〉, since by applying I∗g and Iag to
these functions, we can generate all other necessary basis functions.

Table 16-11

Basis functions symmetrized in G36.

Γ36 (Γg,Γag) Partners Basis function

A1 (A1, A1)
(

E + I∗g
)

(E + Iag)|0, 0〉
A2 (A1, A2)

(

E + I∗g
)

(E − Iag)|0, 0〉
A3 (A2, A1)

(

E − I∗g
)

(E + Iag)|0, 0〉
A4 (A2, A2)

(

E − I∗g
)

(E − Iag)|0, 0〉

E1 (A1, E) E, Iag
(

E + I∗g
)

|0,−1〉
E2 (A2, E) E, Iag

(

E − I∗g
)

|0,−1〉
E3 (E,A1) E, I∗g (E + Iag)|−1, 0〉
E4 (E,A2) E, I∗g (E − Iag)|−1, 0〉

G (E,E) E, I∗g , Iag, I
∗
g Iag |1, 1〉

For degenerate irreducible representations of G36, the func-
tions transforming irreducibly are obtained by applying the
operations given under the heading ‘Partners’ to the function
given under the heading ‘Basis function’. The kets represent
the functions |gg, gag〉 (see text). I∗g and Iag are defined in
Eqs. (16-82) and (16-83), respectively.

The next rung on the ladder towards G144 is

G72 = {G36,G36E
∗} = G36 × {E,E∗}, (16-88)

where we have used the notation for the product of two groups introduced in
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Eq. (5-61). Equation (16-88) says that G72 consists of the 36 elements in G36

taken together with the 36 operations obtained by combining each of them with
E∗. We can easily verify that E∗ commutes with all elements in G36. With
this fact as starting point, it is straightforward to show that G36 and {E,E∗}
are both invariant subgroups of G72. Consequently the product in Eq. (16-88)
is a direct product:

G72 = G36 ⊗ {E,E∗}. (16-89)

The irreducible representations of G72 are labeled as (Γ36,±), where Γ36 an
irreducible representation of G36 and we have used the fact that {E,E∗} has
the two irreducible representations ‘+’ (for + parity) and ‘−’ (for − parity).
Since Γ36 = (Γg,Γag), an irreducible representation of G72 is labeled as Γ72

= (Γg,Γag,±). We let Φ(Γg,Γag) denote a basis function from Table 16-11 that
transforms according to the irreducible representation (Γg,Γag) of G36. By
an argument analogous to that given in Eq. (16-86) [see also Section 6.3.1]
we can show that (E + E∗) Φ(Γg,Γag) transforms according to the irreducible
representation (Γg,Γag,+) of G72, and (E − E∗) Φ(Γg,Γag) transforms according
to (Γg,Γag,−). The effect of E∗ on the basis functions is given in Table 16-10.

Presumably the reader appreciates by now how simple it would be to obtain
basis functions symmetrized in G144, if G144 were a direct product of G72 and
a group of order 2. Unfortunately we have no such luck. In the notation of
Eq. (16-88)

G144 = {G72,G72(56)} = G72 × {E, (56)}. (16-90)

Inspection of Table A-30 shows that (56) is not in a class of its own9 in G144,
so {E, (56)} is not an invariant subgroup of this group, and the product in
Eq. (16-90) is not a direct product. Since G72 is an invariant subgroup, the
product in Eq. (16-90) is the semidirect product defined in Eq. (5-66):

G144 = G72 S {E, (56)}. (16-91)

According to Table A-30 the group G144 is the direct product GPSMS
144 ⊗

{E,E∗}, where GPSMS
144 is the permutation subgroup of G144. One might think

that we should use this decomposition rather than the semidirect product of
Eq. (16-91). However this is of little help since the decomposition of GPSMS

144

as a product of subgroups also involves a semidirect product. Further, the
decomposition given by Eqs. (16-89) and (16-91) has the advantage of directly
involving G36, the MS group of (NH3)2 when the moieties are considered rigid.
That is, by following the scheme developed here we obtain basis functions
symmetrized in both G144 and G36.

To determine the basis functions symmetrized in G144 we use Eq. (16-91)
and follow the recipe given in Appendix 16-1 with G = G144, H = G72, and
S = S−1 = (56). The recipe requires us to consider the elements of G72, Ri

9The operation (56) is in the class containing six pair transpositions including (12).
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with i = 1, 2, 3, 4, . . . , 72, and for each of them to form the transformed
element (56)Ri(56). From the transformation matrices D(Γg,Γag,±) [Ri]. i =
1, 2, 3, 4, . . . , 72, chosen for G72 [see Appendix 16-2] we must then derive
the transformed matrices D(Γg,Γag,±) [(56)Ri(56)] for each irreducible represen-
tation (Γg,Γag,±) and determine the representation of G72 associated with
these matrices.

We can facilitate these derivations by labeling the elements of Gg
3v as H

(g)
j , j

= 1, 2, 3, 4, 5, 6, where the sequence of the elements is as given in Eq. (16-80),

and those of Gag
3v as H

(ag)
k , k = 1, 2, 3, 4, 5, 6, in an analogous manner [see

Eq. (16-81)], and by further introducing

G
q
3 =

{
H

(q)
1 , H

(q)
2 , H

(q)
3

}
and Kq =

{
H

(q)
4 , H

(q)
5 , H

(q)
6

}
(16-92)

for ‘q’ = ‘g’ or ‘ag’. An element10 Ri ∈ G72 is given by Ri = H
(g)
j H

(ag)
k or by

Ri = H
(g)
j H

(ag)
k E∗, where H

(g)
j H

(ag)
k ∈ G36. We note that

(56)H
(g)
j H

(ag)
k E∗(56) =

[
(56)H

(g)
j H

(ag)
k (56)

]
E∗ (16-93)

since E∗ commutes with (56). That is, we can readily transform all elements
in G72 once we have transformed those in G36. The latter transformation
produces the results

(56)H
(g)
j H

(ag)
k (56) = H

(g)
k H

(ag)
j for

{
H

(g)
j ∈ G

g
3 and H

(ag)
k ∈ G

ag
3

H
(g)
j ∈ Kg and H

(ag)
k ∈ Kag

(16-94)

and

(56)H
(g)
j H

(ag)
k (56) = H

(g)
k H

(ag)
j E∗ for

{
H

(g)
j ∈ G

g
3 and H

(ag)
k ∈ Kag

H
(g)
j ∈ Kg and H

(ag)
k ∈ G

ag
3 .

(16-95)

The transformation matrices of G72 are chosen as given by Eqs. (16-119)
and (16-120) in Appendix 16-2. If we consider first the irreducible representa-
tions (Γg,Γag,+) [with positive parity] of G72, it is clear that the occurrence of
the factor E∗ in Eq. (16-95) is of no importance since in the construction of rep-
resentation matrices, E∗ will be replaced by its 1 × 1 representation matrix +1
in {E,E∗}. Thus for these irreducible representations it follows immediately
from Eqs. (16-94), (16-95), (16-119), and (16-120) that

D(Γg,Γag,+) [(56)Ri(56)] = D(Γag,Γg,+) [Ri] . (16-96)

Obviously, the representation of G72 associated with the transformed matrices
D(Γg,Γag,+) [(56)Ri(56)] is (Γag,Γg,+). We say that (56) maps (Γg,Γag,+) onto
(Γag,Γg,+) and write

(56) : (Γg,Γag,+)→ (Γag,Γg,+). (16-97)

10O ∈ G is a shorthand for saying that the element O is contained in the set G.
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For the irreducible representations (Γg,Γag,−) [with negative parity] the situ-
ation is slightly more complicated. In the construction of representation matri-
ces, the factor of E∗ in Eq. (16-95) is now replaced by −1, the representation
matrix of E∗ in {E,E∗}. However, a few moment’s thought shows that

(56) : (Γg,Γag,−)→ (A2 ⊗ Γag, A2 ⊗ Γg,−). (16-98)

The irreducible representation A2 of G
g
3v or G

ag
3v has 1 × 1 transformation

matrices equal to +1 for the elements in the G
q
3 set, and equal to −1 for

elements in the Kq set (‘q’ = ‘g’ or ‘ag’). Multiplication by these matrices

produces the required sign change when one of the operations H
(g)
j and H

(ag)
k

belongs to its G
q
3 set and the other one to its Kq set, whereas no sign change

occurs when both operations are in their respective Gq
3 set or in their respective

Kq set. We have A2 ⊗ A1 = A2, A2 ⊗ A2 = A1, and A2 ⊗ E = E.
According to the theory of Appendix 16-1 we distinguish between two cases:

In the first case, the l-dimensional irreducible representation (Γg,Γag,±) of

G72 is mapped onto itself by (56). We can construct 2l basis functions φ(i) ±
U (56)φ(i) [where φ(i) is an l-component column vector containing the basis
functions spanning (Γg,Γag,±) in G72, and the l × l matrix U is defined
in Eq. (16-111)] transforming irreducibly according to two l-dimensional irre-
ducible representations of G144. In the second case (Γg,Γag,±) is not mapped
onto itself by (56), and 2l basis functions, obtained by applying E and (56)
to the l basis functions spanning (Γg,Γag,±) in G72, transform according to a
2l-dimensional irreducible representation of G144. It is clear from Eqs. (16-97)
and (16-98) that the first case occurs for six irreducible representations of G72:
(A1, A1,+), (A2, A2,+), (A1, A2,−), (A2, A1,−), (E,E,+), and (E,E,−).
The first four of these representations are nondegenerate, and each of them
gives rise to two nondegenerate irreducible representations of G144. The last
two representations are fourfold degenerate, and each of them gives rise to two
fourfold degenerate representations of G144. For all the remaining irreducible
representations of G72 the second case applies. Thus each of the four non-
degenerate representations of G72 (A1, A2,+), (A2, A1,+), (A1, A1,−), and
(A2, A2,−) induces a doubly degenerate irreducible representation of G144,
and each of the eight doubly degenerate representations of G72 (A1, E,±),
(A2, E,±), (E,A1,±), and (E,A2,±) induces a fourfold degenerate irreducible
representation of G144. We have constructed the symmetrized basis functions
in such a manner that we know their transformation properties under the oper-
ations (123)(456), (123)(465), I∗g = (14)(26)(35)(78)∗, Iag = (14)(25)(36)(78),
E∗ and, for irreducible representations nondegenerate in G144, under (56).
With this information, we can identify in Table A-30 the irreducible represen-
tation of G144 spanned by each set of basis functions.

The results of applying the procedure outlined here are given in Table 16-12.
The table gives under the heading ‘Γ144’ the irreducible representation of G144

spanned by the basis functions on the right, and under the heading ‘Γ72’ it gives
the irreducible representation of G72 whose associated basis functions induce
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Table 16-12

Basis functions symmetrized in G144.

Γ144 Γ72 Partners Basis function

A1
+ (A1, A1,+) E (E + E∗) [E + (56)]

(

E + I∗g
)

(E + Iag)|0, 0〉
A1

− (A2, A1,−) E (E − E∗) [E + (56)]
(

E − I∗g
)

(E + Iag)|0, 0〉

A2
+ (A2, A2,+) E (E + E∗) [E − (56)]

(

E − I∗g
)

(E − Iag)|0, 0〉
A2

− (A1, A2,−) E (E − E∗) [E − (56)]
(

E + I∗g
)

(E − Iag)|0, 0〉

B1
+ (A2, A2,+) E (E + E∗) [E + (56)]

(

E − I∗g
)

(E − Iag)|0, 0〉
B1

− (A1, A2,−) E (E − E∗) [E + (56)]
(

E + I∗g
)

(E − Iag)|0, 0〉

B2
+ (A1, A1,+) E (E + E∗) [E − (56)]

(

E + I∗g
)

(E + Iag)|0, 0〉
B2

− (A2, A1,−) E (E − E∗) [E − (56)]
(

E − I∗g
)

(E + Iag)|0, 0〉

E+ (A1, A2,+) E, (56) (E + E∗)
(

E + I∗g
)

(E − Iag)|0, 0〉
E+ (A2, A1,+) (56), E (E + E∗)

(

E − I∗g
)

(E + Iag)|0, 0〉
E− (A1, A1,−) E, (56) (E − E∗)

(

E + I∗g
)

(E + Iag)|0, 0〉
E− (A2, A2,−) (56), E (E − E∗)

(

E − I∗g
)

(E − Iag)|0, 0〉

G1
+ (E,E,+) E, Iag, Iag(23), (23) (E + E∗) [E + (56)]|1, 1〉

G1
− (E,E,−) E, Iag, −Iag(23), −(23) (E − E∗) [E + (56)]|1, 1〉

G2
+ (E,E,+) E, Iag, −Iag(23), −(23) (E + E∗) [E − (56)]|1, 1〉

G2
− (E,E,−) E, Iag, Iag(23), (23) (E − E∗) [E − (56)]|1, 1〉

G3
+ (A2, E,+) E, −(23)(56), (56), −(23) (E + E∗)

(

E − I∗g
)

|0,−1〉
G3

+ (E,A2,+) (56), (23), E, −(23)(56) (E + E∗) (E − Iag)|−1, 0〉
G3

− (A1, E,−) E, −(23)(56), (56), −(23) (E − E∗)
(

E + I∗g
)

|0,−1〉
G3

− (E,A2,−) (56), −(23), E, (23)(56) (E − E∗) (E − Iag)|−1, 0〉

G4
+ (A1, E,+) E, (23)(56), (56), (23) (E + E∗)

(

E + I∗g
)

|0,−1〉
G4

+ (E,A1,+) (56), (23), E, (23)(56) (E + E∗) (E + Iag)|−1, 0〉
G4

− (A2, E,−) E, (23)(56), (56), (23) (E − E∗)
(

E − I∗g
)

|0,−1〉
G4

− (E,A1,−) (56), −(23), E, −(23)(56) (E − E∗) (E + Iag)|−1, 0〉

For degenerate irreducible representations of G144, the functions transforming irre-
ducibly are obtained by applying the operations given under the heading ‘Partners’ to
the function given under the heading ‘Basis function’. The kets represent the functions
|gg, gag〉 (see text). All function sets belonging to the same representation generate
identical representation matrices. The character tables for the groups G36 and G144

are given in Tables A-28 and A-30, respectively. I∗g = (14)(26)(35)(78)∗ and Iag =
(14)(25)(36)(78).

those spanning Γ144. For the nondegenerate irreducible representations of Γ72,
it can easily be recognized in Table 16-12 how the theory is applied. The non-
degenerate irreducible representations Γ72 that are mapped onto themselves by
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(56) each give rise to two nondegenerate irreducible representations of G144.
For nondegenerate irreducible representations the matrix U in Eq. (16-111) is
necessarily a one-dimensional unit matrix equal to +1, and the basis functions
symmetrized in G144 are obtained by applying E±(56) to those symmetrized in
G72. The nondegenerate irreducible representations Γ72 that are not mapped
onto themselves by (56) each give rise to a doubly degenerate irreducible repre-
sentation (E+ or E−) of G144, and the basis functions symmetrized in G144 are
obtained by applying E and (56) to those symmetrized in G72. The derivation
of the basis functions spanning the fourfold degenerate irreducible representa-
tions Gi

±, i = 1, 2, 3, 4, in G144 is less transparent. There are two reasons for
this. The irreducible representations G1

± and G2
± are induced by the fourfold

irreducible representations (E,E,±) of G72. The (E,E,±) representations are
mapped onto themselves by (56), but the U matrix involved [Eq. (16-111)] is

not a unit matrix. This complicates the expression φ
(i)±U (56)φ(i) for the ba-

sis functions symmetrized in G144. The remaining irreducible representations
of G144, G3

± and G4
±, are induced by doubly degenerate irreducible represen-

tations of G72. In principle, the basis functions symmetrized in G144 could be
obtained by applying E and (56) to those symmetrized in G72. However, G3

±

and G4
± each appear twice in Table 16-12, spanned by different basis functions.

It is desirable that each set of basis functions spanning a given degenerate ir-
reducible representation of G144 generate the same representation matrices.
With the basis functions chosen in this way, the Hamiltonian matrix block for
an l-dimensional irreducible representation will split into l sub-blocks, where
each sub-block has the same eigenvalues.11 The basis functions for the E±,
G3

±, and G4
± irreducible representations in Table 16-12 are chosen so that

all function sets belonging to the same representation generate identical repre-
sentation matrices. We refer the reader to the publication by Olthof, van der
Avoird, Wormer, Loeser, and Saykally (1994) for the details of the derivation.

We derive the spin statistical weights for (14NH3)2 by using Eq. (8-28) to
determine the characters of the representation Γsw

rve of G144 (see Section 8.4.1)
and reducing this representation. The result is

Γsw
rve = 78A2

+ ⊕ 66B2
+ ⊕ 72G2

+ ⊕ 21G3
+ ⊕ 15G4

+

⊕ 78A2
− ⊕ 66B2

− ⊕ 72G2
− ⊕ 21G3

− ⊕ 15G4
−. (16-99)

Levels of symmetry A1
±, B1

±, E±, and G1
± are missing.

We mentioned above that if, on the time scale of the experiment being in-
terpreted, the barrier between the two equivalent inversion minima of the two
ammonia moieties is insuperable, then the MS group of the ammonia dimer
would be G36. In Table 16-13, we give the correlation table, and the reverse
correlation table (see Section 5.9), for the two groups G144 and G36. The re-
verse correlation table has the spin statistical weights from Eq. (16-99) added.
It shows that the inversion motion of the ammonia moieties causes no split-
tings (but shifts) of levels nondegenerate in G36. Levels doubly degenerate in

11See Footnote 7 on page 120.
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Table 16-13

Correlation and reverse correlation tables for
the G144 and G36 groups of the ammonia dimer

G144 G36 G144 G36 G36 G144

A1
+ A1 A1

− A3 A1 A1
+(0) ⊕ B2

+(66) ⊕ E−(0)

A2
+ A4 A2

− A2 A2 A2
−(78) ⊕ B1

−(0) ⊕ E+(0)

B1
+ A4 B1

− A2 A3 A1
−(0) ⊕ B2

−(66) ⊕ E+(0)

B2
+ A1 B2

− A3 A4 A2
+(78) ⊕ B1

+(0) ⊕ E−(0)

E+ A2 ⊕ A3 E− A1 ⊕ A4 E1 G4
+(15) ⊕ G3

−(21)

G1
+ G G1

− G E2 G3
+(21) ⊕ G4

−(15)

G2
+ G G2

− G E3 G4
+(15) ⊕ G4

−(15)

G3
+ E2 ⊕ E4 G3

− E1 ⊕ E4 E4 G3
+(21) ⊕ G3

−(21)

G4
+ E1 ⊕ E3 G4

− E2 ⊕ E3 G G1
+(0) ⊕ G2

+(72)

⊕ G1
−(0) ⊕ G2

−(72)

In the reverse correlation table (Section 5.9), the spin statistical weights are
added (see Section 8.5). The character tables for the groups G36 and G144 are
given in Tables A-28 and A-30, respectively.

G36 split into two levels, each fourfold degenerate in G144, and levels fourfold
degenerate in G36 also split into two levels, each fourfold degenerate in G144.

In G144, the electric dipole representation Γ∗ = A1
−. The rigorous selection

rules obtained from Eq. (14-8) are

Γ+ ↔ Γ− (16-100)

where, in practice, Γ = A2, B2, G2, G3, andG4, since levels of other symmetries

are missing. In order for the matrix element given in Eq. (16-27) of µ
(1,σ)
s

between the basis functions in Eq. (16-24) to be nonvanishing, we have the
usual triangular12 condition ∆(J ′′J ′1) together with ∆(j′′Aj

′
AλA), ∆(j′′Bj

′
BλB),

and ∆(j′′ABj
′
ABλAB). Further, we have the condition σ′ = k′ − k′′ = ∆k, which

we also obtained for the individual terms in Eq. (14-33), together with σ′
A =

k′A − k′′A = ∆kA and σ′
B = k′B − k′′B = ∆kB. We discussed in connection with

Eqs. (16-70) and (16-71) the fact that in the approximation of rigid moieties,
only terms with σ′

A = 3tA and σ′
B = 3tB (where tA and tB are integers) will

occur in the expression for the dipole moment. In this case we have ∆kA =
3tA and ∆kB = 3tB. For transitions with ∆kM = 3tM ± 1, M = A or B, to
acquire nonvanishing intensities we must allow for the intra-moiety vibrational
motions; such transitions will be caused by terms in the expansion of the dipole
moment depending on the normal coordinates of the moieties, for example as
indicated by Eq. (16-64). The transitions are necessarily accompanied by a

12See Footnote 1 on page 564.
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Fig. 16-6. The (J,K) = (1,0) ← (0,0) transition of (14NH3)2 involving the two lowest
states of G symmetry in G36 [see Fig. 2 of van Bladel, van der Avoird, Wormer, and Saykally
(1992)]. This spectrum was taken by Prof. W. Stahl with a pulsed molecular beam Fourier
transform microwave spectrometer [see Heineking, Stahl, Olthof, Wormer, van der Avoird,
and Havenith (1995) and references therein]. In this experimental technique, each transition
of the molecule gives rise to a doublet in the spectrum, the two components being split by
twice the Doppler shift caused by the velocity of the molecules in the molecular beam. Here,
this splitting is approximately 40.3 kHz corresponding to a speed of 591 m/s for the ammonia
dimers. The doublets are indicated in the figure and labeled by F ′I′ ← F ′′I′′, where F is the
total angular momentum quantum number and I is obtained by coupling the spins of the two
nitrogen nuclei [see Sections 13.6.2 and 14.1.6], and by α or β which label the tunneling state
(see text). The weak unassigned Doppler doublet that almost overlaps the high frequency
shoulder of the 12← (11,22) β doublet is the 21← (11,22) α doublet. In the spectrum shown
here every line is due to two unresolved F ′I′ ← F ′′I′′ transitions.

change in vt, the harmonic oscillator quantum number associated with the
normal coordinates Qt

(M)± [see Eq. (16-64) and Chapter 14], and so they are
vibrational transitions of the moieties.

In Fig. 16-6 we show a (14NH3)2 transition originally observed by Nelson,
Fraser, and Klemperer (1985) but recorded here by Prof. W. Stahl at much
higher resolution. Both states involved in this transition have G symmetry in
G36. From Table 16-13 we see that a level of G symmetry in G36 splits into two
levels with G144 symmetries G2

+ and G2
−, respectively, when moiety inversion

is taken into account. The G← G transition splits into two allowed transitions,
G2

− ← G2
+ and G2

+ ← G2
− [Eq. (16-100)] which we label α and β. Each of

them is further split into hyperfine components due to the quadrupole coupling
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of the two 14N nuclei, and the combined effect of the two sources of splitting
produces the pattern in Fig. 16-6.

APPENDIX 16-1: SEMIDIRECT PRODUCTS

We consider a group G that can be written as the semidirect product [see
Eq. (5-66)] of two subgroups, an invariant subgroup H of order h and a (non-
invariant) subgroup {E, S} of order 2,

G = H S {E, S}. (16-101)

The group H has the elements

H = {H1, H2, H3, . . . , Hh}. (16-102)

We denote by Φ
(i)
1 , Φ

(i)
2 , Φ

(i)
3 , . . . , Φ

(i)
li

a set of basis functions that transform
according to the irreducible representation Γi of H, and which generate the
representation matrices D(i)[Hk]:

Hk Φ(i)
m =

li∑

n=1

D(i)[Hk]mnΦ(i)
n . (16-103)

If {E, S} were an invariant subgroup of G, so that G were a direct product, then

we could construct the functions (E ± S) Φ
(i)
m which would transform according

to the irreducible representation (Γi,±) of G. This is the way we used the
direct product G72 = G36 ⊗ {E,E∗} in Section 16.5.2. In the present case of
a semidirect product it is more complicated to construct basis functions that
transform irreducibly in G from those that transform irreducibly in H.

We must investigate how the functions Φ
(i)
m transform in the group G with

the elements

G = {H1, H2, H3, . . . , Hh, H1S,H2S,H3S, . . . , HhS}. (16-104)

The transformation properties under an operation Hk is given by Eq. (16-103),
and we can derive the transformation properties under HkS by using the fact
that H is an invariant subgroup of G. Because of this, we have S−1HkS = Hk′

∈ H, or HkS = SHk′ . Thus, from Eq. (16-103)

Hk S Φ(i)
m = S Hk′ Φ(i)

m =

li∑

n=1

D(i)[Hk′ ]mn S Φ(i)
n . (16-105)

We consider the set of 2li functions Φ
(i)
1 , Φ

(i)
2 , Φ

(i)
3 , . . . , Φ

(i)
li

, SΦ
(i)
1 , SΦ

(i)
2 ,

SΦ
(i)
3 , . . . , SΦ

(i)
li

and wish to determine their symmetry in G. The transfor-
mation properties of all of these functions under any of the operations in G

can be obtained from Eqs. (16-103) and (16-105) as we now show. The effect
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of an element Hk of G acting on a function Φ
(i)
m is given by Eq. (16-103), and

the effect of this operation acting on SΦ
(i)
m is given by Eq. (16-105). The effect

of an element HkS acting on Φ
(i)
m is given by Eq. (16-105), and the effect of

HkS acting on SΦ
(i)
m is given by Eq. (16-103) since, because {E, S} is a group

of order 2 and therefore by necessity S2 = E,

HkS
(
S Φ(i)

m

)
= Hk Φ(i)

m . (16-106)

.
With the 2li-element column vector

Φ(i) =

[
φ(i)

Sφ(i)

]
, (16-107)

where φ(i) is an li-element column vector

φ(i) =




Φ
(i)
1

Φ
(i)
2
...

Φ
(i)
li



, (16-108)

the 2li × 2li transformation matrix generated by an operation Hk in G is
defined by

HkΦ
(i) =

[
D(i)[Hk] 0

0 D(i)[S−1HkS]

]
Φ(i), (16-109)

where each element in this apparent 2 × 2 matrix represents an li × li block
(and ‘0’ is such a block of zeroes). Similarly, the transformation matrix gener-
ated by an operation HkS in G is defined by

HkSΦ
(i) =

[
0 D(i)[S−1HkS]

D(i)[Hk] 0

]
Φ(i). (16-110)

In practical applications, we could determine the characters of the transfor-
mation matrices in Eqs. (16-109) and (16-110) and use Eq. (5-45) to reduce the
representation associated with them in terms of the irreducible representations
of G. However, it can be formally proved that there are only two possibilities
for the result of this reduction. The first case occurs if there exists a unitary
matrix U so that

D(i)[S−1HkS] = U−1D(i)[Hk]U for all Hk ∈ H. (16-111)

The simplest situation arises if the matrix U is the li × li unit matrix, i.e., if
D(i)[S−1HkS] = D(i)[Hk] for all Hk ∈H. In this case we obtain basis functions
symmetrized in G by applying the operators (E ± S) to the basis functions
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symmetrized in H, just as in the case of a direct product. If D(i)[S−1HkS] =

D(i)[Hk] for all Hk, we determine the effect of Hk on the vector (E ± S)φ(i)

using

Hk (E ± S)φ(i) = D(i)[Hk]φ(i) ±D(i)[S−1HkS]S φ(i)

= D(i)[Hk] (E ± S)φ(i) (16-112)

and the effect of HkS using

HkS (E ± S)φ(i) = ±Hk (E ± S)φ(i)

= ±D(i)[Hk] (E ± S)φ(i) (16-113)

since S (E ± S) = ± (E ± S). Equations (16-112) and (16-113) show that the

basis function sets (E + S)φ(i) and (E − S)φ(i) transform according to two
different li-dimensional irreducible representations of G. These representations
cannot be reduced further since if this were possible, the irreducible represen-
tation Γi of H could also be reduced. If U exists but is not a unit matrix [so
that the matrices D(i)[S−1HkS] and D(i)[Hk] are equivalent but not identical],

it can be shown that the two sets of basis functions φ(i) ± U Sφ(i) transform
according to two different li-dimensional irreducible representations of G.

If the matrices D(i)[S−1HkS] and D(i)[Hk] are non-equivalent so that no
U matrix can be found to fulfill Eq. (16-111), the 2li basis functions in the

vector Φ(i) transform according to a 2li-dimensional irreducible representation
of G. We omit the formal proofs of this result and of the results obtained when
U exists but is not a unit matrix. The reader should refer to Section II.6 of
Jansen and Boon (1967), which describes the general relationships between the
irreducible representations and the symmetrized basis functions of a group and
its subgroups.

In practice, we distinguish between the situations described above by con-
sidering the matrices D(i)[S−1HkS], k = 1, 2, 3, . . . , h. Since the matri-
ces D(i)[H1], D(i)[H2], D(i)[H3], . . . , D(i)[Hh] form a representation of H

and S−1HjSS
−1HkS = S−1HjHkS, it is easy to show that the matrices

D(i)[S−1HkS], k = 1, 2, 3, . . . , h, also form a representation of H. If this
representation is Γi [in which case we say that Γi is mapped onto itself by S],

there exists a U matrix to satisfy Eq. (16-111), and the basis functions in Φ(i)

transform according to two li-dimensional irreducible representations of G. If
the representation is not Γi no U matrix exists, and the basis functions in Φ(i)

transform according to a 2li-dimensional irreducible representation of G.

APPENDIX 16-2: REPRESENTATION MATRICES OF G72

In Section 16.5.2 we consider the group G72 which is the direct product of
the groups G

g
3v, Gag

3v, and {E,E∗} according to Eqs. (16-87) and (16-89). An
irreducible representation of G72 is labeled as Γ72 = (Γg,Γag,±), where Γg,
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Γag, and ± are irreducible representations of Gg
3v, Gag

3v, and {E,E∗}, respec-
tively. Consequently, basis functions symmetrized in G72 can be chosen to be
symmetrized simultaneously in G

g
3v, Gag

3v, and {E,E∗}. We denote such a basis

function as Φ
(Γg,Γag,±)
mg,mag . If the operation H

(g)
j ∈ G

g
3v and H

(ag)
k ∈ G

ag
3v we can

write

H
(g)
j Φ(Γg,Γag,±)

mg,mag
=

lg∑

m′

g=1

D(Γg)
[
H

(g)
j

]
mgm

′

g

Φ
(Γg,Γag,±)
m′

g,mag
(16-114)

and

H
(ag)
k Φ(Γg,Γag,±)

mg,mag
=

lag∑

m′

ag=1

D(Γag)
[
H

(ag)
k

]
magm

′

ag

Φ
(Γg,Γag,±)
mg,m

′

ag
, (16-115)

where lg and lag are the dimensions of Γg and Γag, respectively, together with

E∗ Φ(Γg,Γag,±)
mg,mag

= (±1) Φ(Γg,Γag,±)
mg,mag

. (16-116)

The two groups G
g
3v and G

ag
3v are isomorphic. Consequently, we can choose

the basis functions so that they generate the same transformation matrices
D(Γ) in these two groups. The symmetrized basis functions in Table 16-11 are

chosen in this manner. If Γg = Γag and H
(g)
j and H

(ag)
j are partner operations,

connected by the isomorphism, in G
g
3v and G

ag
3v, respectively, we have for the

representation matrices

D(Γg)
[
H

(g)
j

]
= D(Γag)

[
H

(ag)
j

]
. (16-117)

The representation matrices D(Γg,Γag,±) [R] generated by the basis functions

Φ
(Γg,Γag,±)
mg,mag in G72 are formally defined by

RΦ(Γg,Γag,±)
mg,mag

=
∑

m′

g,m
′

ag

D(Γg,Γag,±) [R]mgmag,m
′

gm
′

ag
Φ

(Γg,Γag,±)
m′

g,m
′

ag
, (16-118)

where R ∈ G72. We have R = H
(g)
j H

(ag)
k or R = H

(g)
j H

(ag)
k E∗. Comparison

of Eq. (16-118) with Eqs. (16-114)-(16-116) shows

D(Γg,Γag,±)
[
H

(g)
j H

(ag)
k

]
mgmag,m

′

gm
′

ag

= D(Γg)
[
H

(g)
j

]
mgm

′

g

D(Γag)
[
H

(ag)
k

]
magm

′

ag

(16-119)

and

D(Γg,Γag,±)
[
H

(g)
j H

(ag)
k E∗

]
mgmag,m

′

gm
′

ag

= (±1)D(Γg)
[
H

(g)
j

]
mgm

′

g

D(Γag)
[
H

(ag)
k

]
magm

′

ag

. (16-120)
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Nelson, Fraser, and Klemperer (1985). A key paper in the study of the nature of the
hydrogen bond. Microwave spectra are reported for (14NH3)2 and several isotopomers. The
experimentally determined values of the rotational constants are found to be inconsistent
with a ‘classical’ linear or nearly linear hydrogen bond.

Sagarik, Ahlrichs, and Brode (1986). An ab initio study in which it is shown that electron
correlation effects have a crucial influence on the equilibrium geometry. At the SCF level
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from the C2h structure in the manner shown in Fig. 16-5; in contrast, the calculated dipole
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Nelson, Klemperer, Fraser, Lovas, and Suenram (1987). Further rotational spectra are
measured for (14NH3)2 and several isotopomers. The spectra confirm that the structure
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Havenith, Linnartz, Zwart, Kips, ter Meulen, and Meerts (1992). This is an infrared–far-
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in the spectrum caused by inversion of the ammonia moieties are identified. The feasibility
of the donor-acceptor interchange (depicted here in Fig.16-5) and of the internal rotation of
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the moieties are also included in the analysis, and the G144 group is used. Upon excitation
of the ν2 umbrella mode the inversion splitting is found to be 3.7 cm−1.

Loeser, Schmuttenmaer, Cohen, Elrod, Steyert, Saykally, Bumgarner, and Blake (1992).
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out that, as a result of the fact that the molecule is so nonrigid, the structures reported by
Nelson, Fraser, and Klemperer (1985) and by Nelson, Klemperer, Fraser, Lovas, and Suen-
ram (1987) are not equilibrium structures, but structures resulting from averaging over the
large-amplitude vibrational motion.

van Bladel, van der Avoird, Wormer and Saykally (1992). This paper reports the first
six-dimensional calculation of the ammonia dimer bound levels, and it uses the ab initio

potential of Sagarik, Ahlrichs, and Brode (1986). It is shown that vibrational averaging,
especially over the donor-acceptor interchange path, strongly affects the dipole moment and
nuclear quadrupole splittings used to determine the geometry. It is concluded that the
Gα−Gβ doublets found by Nelson, Fraser, and Klemperer (1985) correspond to a single
intermolecular vibrational state that is split by ammonia inversion tunneling.

Linnartz, Kips, Meerts, and Havenith (1993). Stark splittings (see Section 14.5) are mea-
sured for a band of (NH3)2 at 486.8 GHz using a supersonic jet expansion; the dipole moment
is determined for the |k| = 1 state with G symmetry in G36. The transitions are of the type
G+

2 ↔ G−
2 and G144 is used in the analysis. A symmetry analysis of the Stark splittings

is given. The small value of the dipole moment obtained (0.1 D) supports the idea of an
essentially C2h vibrationally averaged structure. A linear hydrogen bonded structure would
have a dipole moment of about 2 D.

Tao and Klemperer (1993). A large basis set ab initio MP2 study is performed and bond
functions are incorporated into the basis set. The equilibrium structure of (NH3)2 is obtained
as the cyclic C2h structure but with only a gradual rise in the potential as the molecule
distorts away from this structure in the directions indicated in Fig. 16-5. It is pointed out
that the (weak) dependence of the intermoiety potential on the angular orientations of the
moieties over a range of angles near that of the C2h geometry is critically determined by
the dispersion forces. Apart from this work, and the work of Sagarik, Ahlrichs, and Brode
(1986), we do not quote the results of other ab initio studies on the ammonia dimer; they
generally find the equilibrium structure to be the linear hydrogen bonded structure.

van der Avoird, Wormer, and Moszynski (1994). A review article, summarizing the results
obtained for (NH3)2 up to 1994.

Olthof, van der Avoird, and Wormer (1994). A model potential energy surface for the
intermolecular motion of (NH3)2 is set up, and it is used in six-dimensional calculations
of bound levels. This reproduces satisfactorily the experimental results of Loeser, Schmut-
tenmaer, Cohen, Elrod, Steyert, Saykally, Bumgarner, and Blake (1992). The equilibrium
geometry is found to be as that depicted in Fig. 16-4, but the barrier at the C2h configu-
ration (see Fig. 16-5) is determined to be only 7 cm−1. Bound states of (ND3)2 are also
calculated, and it is shown why deuteration has only a small effect on the dipole moment
(reducing it) and on the nuclear quadrupole splittings even though there is facile large ampli-
tude donor-acceptor tunneling [Nelson, Fraser, and Klemperer (1985) erroneously conclude
from these observed small isotope effects that a relatively rigid near-C2h structure obtains].
As mentioned at the end of Section 15.4.1 an NH3 molecule can be in either an ortho or
para nuclear spin state; in (NH3)2, states of A symmetry in G36 are ortho-ortho, states of E
symmetry are para-para and states of G symmetry are ortho-para. In this paper it is shown
that the different internal rotor behavior of ortho and para NH3 and ND3 is important.

Olthof, van der Avoird, Wormer, Loeser, and Saykally (1994). This paper gives the deriva-
tion of basis functions for (NH3)2 symmetrized in G144. The basis functions derived are
essentially those of Table 16-12. It should be noted, however, that in this paper the basis
functions for the inversion motion of the moieties are sums and differences of the functions
given in Eq. (16-79) here. Also in their Table V, the kets represent the functions |kA, kB〉,
and not the functions |gg, gag〉 that we use here. The theory is used to calculate the splitting
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patterns in the spectra of (NH3)2, and quantitative agreement is obtained with the experi-
mental results of Loeser, Schmuttenmaer, Cohen, Elrod, Steyert, Saykally, Bumgarner, and
Blake (1992).

Heineking, Stahl, Olthof, Wormer, van der Avoird, and Havenith (1995). Nuclear quadru-
pole splittings for (NH3)2, calculated from wavefunctions based on the potential energy
surface of Olthof, van der Avoird, and Wormer (1994), are compared with experimental
results and a good agreement is obtained.

Cotti, Linnartz, Meerts, van der Avoird, and Olthof (1996). Stark splittings (see Sec-
tion 14.5) are measured for a band at 747.2 GHz, and the results analyzed theoretically using
G144. The dipole moment varies very significantly with rotation-contortional state, and there
is a strong K dependence. The results confirm the highly nonrigid nature of the ammonia
dimer. Because of the low rigidity of this molecule the rotation-contortional wavefunctions
have significant probability distribution over a wide range of contortional coordinates. The
dipole moment is strongly dependent on the values of the coordinates [see, for example,
Sagarik, Ahlrichs, and Brode (1986)] and hence small changes in the coordinate probability
distribution cause significant changes in the value of the dipole moment. To understand the
effect of the intermolecular interaction, measurements of dipole moment values, as well as of
energies, are clearly important.



17

Linear Molecules

The application of permutation-inversion symmetry, and the methods used
for the calculation of rovibronic energies, are discussed for linear molecules.
The treatment of MS group symmetry, and the use of a harmonic oscillator-
rigid rotor basis in the calculation of rotation-vibration energies, have to be
modified. We derive the rovibronic Hamiltonian for a diatomic molecule, the
simplest linear molecule, and determine the transformation properties of the
associated rovibronic coordinates under permutation-inversion operations. For
a general polyatomic linear molecule we introduce Hougen’s isomorphic Hamil-
tonian which is much more convenient to work with than the true Hamiltonian.
The form of the eigenfunctions of the isomorphic Hamiltonian, and their clas-
sification in the molecular point group, and in the MS group, are discussed.
It is shown that the MS group cannot be used to classify the vibronic eigen-
functions. The extended MS group of a linear molecule is introduced, and this
group, like the MS group of a nonlinear rigid molecule, is isomorphic to the
molecular point group and can be used to classify both vibronic and rovibronic
eigenfunctions. We explain both the e/f and c/d notations used for labeling the
rotational energy levels of linear molecules, as well as the correlation between
the energy levels (and quantum number labels) of linear and bent triatomic
molecules. At the end of the chapter we discuss g/u interaction in the diatomic
molecules H+

2 and I2.

17.1 INTRODUCTION

In Chapter 10, we discuss the coordinates used in the rotation-vibration
Schrödinger equation for a nonlinear rigid molecule. The rotational coordi-
nates are the three Euler angles (θ, φ, χ) [see Fig. 10-1], and to determine their
values, for a particular nuclear geometry, we solve three transcendental equa-
tions obtained from the three Eckart equations given in Eqs. (10-27)-(10-29).
These equations involve the values of the molecule fixed coordinates of the nu-
clei at the equilibrium configuration given by (xei , y

e
i , z

e
i ), where i = 1, 2, 3,

. . . , N . For a linear molecule it is customary to choose the molecule fixed axis
system so that at equilibrium all nuclei are on the z axis. That is (xei , y

e
i , z

e
i ) =

(0, 0, zei ). In this situation, one of the Eckart equations [Eq. (10-27)] is always

607
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satisfied, and the two other equations [Eqs. (10-28) and (10-29)] reduce to

N∑

i=1

mizi
eyi = 0 (17-1)

and

N∑

i=1

mizi
exi = 0. (17-2)

These two equations enable us to determine θ and φ, and thus the spatial
orientation of the z axis, from the instantaneous coordinates of the nuclei in
space; there is no Eckart condition that specifies the Euler angle χ.

It is obvious that the treatment of molecular rotation and vibration outlined
in Chapters 10 and 11 cannot be applied to a linear molecule without modifica-
tion. For a nonlinear molecule, we make a zero-order treatment of rotation and
vibration by solving the zero-order rotational Schrödinger equation [Eq. (11-6);
this equation involves the three rotational coordinates (θ, φ, χ)] and the 3N−6
independent zero-order vibrational Schrödinger equations [Eq. (11-7); each of
these equations involves one normal coordinate Qr]. We cannot treat a linear
molecule in the same way since the rotational coordinate χ is not defined.

Among linear molecules, diatomic molecules are special in that they are
always linear, regardless of the value of their one (stretching) vibrational co-
ordinate. The two nuclei cannot possibly rotate around the z axis, and thus
diatomic molecules have two rotational degrees of freedom (described by the
Euler angles θ and φ which define the instantaneous direction of the molecu-
lar axis) and one vibrational degree of freedom (described by the internuclear
distance R). We discuss diatomic molecules in Section 17.3.

For polyatomic molecules the situation is different, and a particular poly-
atomic chain molecule will have the same number of rotational and vibrational
degrees of freedom, regardless of whether its equilibrium structures is linear
or nonlinear. If the equilibrium structure is nonlinear, we can treat it using
the zero-order model discussed in Chapters 10 and 11, although this will not
be very successful if the barrier to linearity is low compared to the bending
energy separations. If the equilibrium structure is linear, the treatment breaks
down completely because the Eckart equations do not define χ. However, the
molecule can rotate around the z axis, the problem is just that in order to do
so, it must first bend out of the linear equilibrium configuration. Our zero-
order treatment fails because we insist on separating the rotation around the z
axis from the vibrational motion; this is not permissible for a linear molecule.
There are two ways around the problem. The first way is to use a zero-order
treatment in which we separate the Schrödinger equation into one for both
the rotation and the bending degrees of freedom, and another for the other
vibrations. This is done (at least for triatomic molecules) in the HBJ approach
[Hougen, Bunker, and Johns (1970)] summarized in Chapter 15 and applied to
CH2 in Section 15.4.7. The second way is to separate the Schrödinger equa-
tion into one involving only the two rotational degrees of freedom described
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by θ and φ, and another for all the vibrations and the rotation around the z
axis. This latter zero order separation is used in the “standard” theory for the
rotation-vibration motion of a linear molecule.

In the next section we discuss the relation between the HBJ and standard
treatments of rotation-bending motion in linear triatomic molecules. After that
we concentrate on explaining the standard rotation-vibration theory for linear
molecules. We first give a detailed discussion of the diatomic molecule in order
to show, for a relatively simple example, the problems that arise when the
equilibrium configuration is linear, and then we show how these problems are
solved by using the isomorphic Hamiltonian.

17.2 LINEAR TRIATOMIC MOLECULES

In the HBJ approach, the three rotational degrees of freedom and the bending
vibration of a triatomic molecule are described by the Hamiltonian Ĥrc in
Eq. (15-5). The terms associated with the bending motion and the rotation
around the z axis are given in the Hamiltonian Ĥcon,z in Eq. (15-98). We will

now apply Ĥcon,z to a linear triatomic molecule. In zero order we consider the
bending vibration to be harmonic; thus the bending potential function V0(ρ)
in Eq. (15-98) is

V0(ρ) =
1

2
kρ ρ

2. (17-3)

The coordinate ρ is defined as the supplement of the bond angle of the triatomic
molecule in the reference configuration [see Chapter 15], and the molecule is
linear for ρ= 0. We have already mentioned in Chapter 15 that the ρ-dependent
function µref

ρρ in Eq. (15-98) varies slowly with ρ. When the bending potential
function is given by Eq. (17-3) with kρ large, the molecule will carry out small
oscillations around the linear configuration, ρ will always be small, and we
can approximate the function µref

ρρ by µref
ρρ (0), its value at linearity (ρ = 0).

In this approximation, the second term on the right hand side of Eq. (15-98)
vanishes and the second and third terms can be approximated by means of
Eqs. (15-97) and (15-94), respectively. Thus, in the Hougen-Bunker-Johns
approach we obtain the following zero order Hamiltonian for the bending and
z-axis rotation of a linear triatomic molecule:

Ĥlin =
µref
ρρ (0)

2

{
−ℏ2 ∂2

∂ρ2
− ℏ2

4ρ2
+

1

ρ2
Ĵ2
z

}
+

1

2
kρ ρ

2. (17-4)

With the definitions Q = ρ/
√
µref
ρρ (0), λ = kρµ

ref
ρρ (0), and Ĵz = −iℏ∂/∂χ we

can simplify Eq. (17-4) to

Ĥlin =
1

2

[
−ℏ2

(
∂2

∂Q2
+

1

4Q2
+

1

Q2

∂2

∂χ2

)
+ λQ2

]
. (17-5)
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The zero order rotation-bending wavefunctions and energies of the linear tri-
atomic molecule [i.e., the eigenfunctions of Ĥrc in Eq. (15-5)] can be obtained
as described, for example, in Section 6 of Jensen (1983a).

In the standard theory the bending vibration and the rotation around the z
axis for a triatomic molecule are treated together as a two-dimensional isotropic
harmonic oscillator [see Chapter 11]. This will be discussed in detail for the
HCN molecule below. The Hamiltonian for these motions, analogous to Ĥlin

above, is Ĥtdho given by Eq. (11-150) which we repeat here:

Ĥtdho =
1

2

[
−ℏ2

(
∂2

∂Q2
+

1

Q

∂

∂Q
+

1

Q2

∂2

∂χ2

)
+ λQ2

]
. (17-6)

We have made the change of notation α → χ relative to Eq. (11-150). For a
triatomic molecule, the angle α introduced for the two-dimensional harmonic
oscillator is equal to the Euler angle χ employed in the HBJ approach. The
angular momentum quantum number k employed in the HBJ approach is called
l in the two-dimensional isotropic harmonic oscillator. We see that even though
we have expressed Ĥlin and Ĥtdho in terms of the same coordinates Q and χ,
these two Hamiltonians are not identical as we would perhaps initially expect.

The reason for the difference between Ĥlin and Ĥtdho is purely technical.
We have obtained Ĥlin from the operator Ĥcon,z in Eq. (15-98); the operator

Ĥcon,z is consistent with the volume element dρ dχ. It then follows from the

discussion in connection with Eq. (9-30) that Ĥlin is consistent with the volume
element dQdχ [since Q is proportional to ρ; in this case the weight factor s in
Eq. (9-30) is a constant and does not change the form of the Hamiltonian]. On
the other hand the Hamiltonian Ĥtdho is consistent with a volume element of
dQa dQb = QdQdχ [see Eq. (5-7) in Margenau and Murphy (1956) together
with Eqs. (11-146) and (11-147)]. Thus, if we follow the ideas discussed in
connection with Eq. (9-30) and set s = Q, we obtain

Ĥtdho = Q−1/2ĤlinQ
1/2. (17-7)

It is left as an exercise to the reader to verify this relation [see also Boháček,
Papoušek, Pick, and Špirko (1976)].

We have shown that the HBJ and standard approaches lead to the same
description for the harmonic bending and z axis rotation for a linear triatomic
molecule; the apparent difference between the Hamiltonians Ĥlin and Ĥtdho is
due entirely to different choices of the volume element used for the normal-
ization of the wavefunction. These different choices, however, have important
implications for the detailed form of the eigenfunctions of the two Hamiltonians.
The eigenfunctions of Ĥtdho are the Ψv,l functions given by Eq. (11-166):

Ĥtdho Ψv,l = Ev Ψv,l, (17-8)

where Ev is given by Eq. (11-167). By inserting Eq. (17-7) in this equation, we
obtain

Ĥlin

(
Q1/2 Ψv,l

)
= Ev

(
Q1/2 Ψv,l

)
. (17-9)
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That is, the eigenfunctions Ψ
(lin)
v,l of Ĥlin are given as

Ψ
(lin)
v,l = Q1/2 Ψv,l. (17-10)

For example, the wavefunction Ψ0,0, describing the vibrational ground state of

the linear triatomic molecule in the Ĥtdho picture, is given by Eq. (11-165). It
is a Gaussian function of Q which attains it maximum value at Q = 0, i.e.,
at the linear configuration. In the Ĥlin picture from the HBJ approach, this
function is replaced by

Ψ
(lin)
0,0 = (γ/π)1/2Q1/2 exp[−(γQ2/2)] (17-11)

[with γ =
√
λ/ℏ, see Eq. (11-106)], which attains its minimum value of zero at

Q = 0. The behavior of Ψ
(lin)
0,0 for Q near 0 is in accordance with Eq. (15-105)

since Q is proportional to ρ and k = l = 0 here. The difference between
eigenfunctions of Ĥlin and Ĥtdho expressed in Eq. (17-10) has often been a
source of considerable confusion when descriptions of the linear molecule based
on the HBJ approach have been compared with descriptions based on a two-
dimensional isotropic harmonic oscillator. However, as we have shown here,
the two descriptions are equivalent and the difference in the form of the wave-
function is a simple consequence of different choices for the volume element.

In the standard theory based on one- and two-dimensional isotropic har-
monic oscillators, we describe a general, N -atomic linear molecule as having
two rotational degrees of freedom and 3N − 5 vibrational degrees of freedom,
described by 3N − 5 normal coordinates Qr. Of these 3N − 5 coordinates,
N − 1 correspond to one-dimensional harmonic oscillators and describe the
stretching vibrations, and there are N − 2 coordinate pairs (Qta, Qtb) corre-
sponding to two-dimensional isotropic harmonic oscillators and describing the
bending vibrations [see, for example, Papoušek and Aliev (1982)]. For a di-
atomic molecule, the 3 × 2 − 5 = 1 vibrational degree of freedom is a “true”
vibration [in that it causes the relative positions of the nuclei to change]; it is
the stretching of the internuclear distance. For a polyatomic linear molecule,
however, one of the 3N − 5 ≥ 4 vibrational degrees of freedom is really the
rotation around the z axis and is not a vibration. There will be some combi-
nation of the 3N − 5 vibrational coordinates which, for nonlinear geometries,
describes the molecule rotating around the z axis with the relative positions of
the nuclei remaining unchanged. For the reasons given above, this motion is
treated together with the true vibrations in the standard approach.

17.3 DIATOMIC MOLECULES

17.3.1 Changing to rovibronic coordinates

For a diatomic molecule, in which the nuclei are labeled 1 and 2 and the n
electrons 3, 4, . . . , n+ 2, the molecule fixed (x, y, z) axis system is fixed so that
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the z axis points from nucleus 1 to nucleus 2. This defines the two rotational
variables θ and φ; we choose χ = 0◦ in order to define the location of the x
and y axes. The Euler angle χ is arbitrary since there are only two rotational
degrees of freedom for the nuclei in a diatomic molecule. The nuclei and axis
system are drawn in Fig. 17-1 where nucleus 1 is assumed heavier than nucleus
2. We change coordinates in the wave equation from (ξ2, η2, ζ2, . . . , ζn+2) to
(θ, φ,R, x3, y3, z3, . . . , zn+2), where R is the internuclear distance. This coordi-
nate change is made in the hope of separating the rotational (θ, φ), vibrational
(R), and electronic (xi, yi, zi) variables in the resultant wave equation, and we
use Method I for this coordinate change.

Fig. 17-1. The (x, y, z) axis sys-
tem for a diatomic molecule where z is
defined as pointing from nucleus 1 to
nucleus 2, and χ is chosen as zero.

From Fig. 17-1 and Eqs. (10-5) and (10-7) we see that the two sets of coor-
dinates are related by

θ = arccos[ζ2(ξ22 + η22 + ζ22 )−1/2], (17-12)

φ = arccos[ξ2(ξ22 + η22)−1/2] = arcsin[η2(ξ22 + η22)−1/2], (17-13)

R = [(m1 +m2)/m1](ξ22 + η22 + ζ22 )1/2, (17-14)

xi = ξi cos θ cosφ+ ηi cos θ sinφ− ζi sin θ, (17-15)

yi = −ξi sinφ+ ηi cosφ, (17-16)

and

zi = ξi sin θ cosφ+ ηi sin θ sinφ+ ζi cos θ, (17-17)

where i = 3, 4, . . . , n+2, and the restriction 0 ≤ θ ≤ π holds. It is important to
notice that we can calculate the Euler angles θ and φ directly from the nuclear
coordinates (ξ2, η2, ζ2) using Eqs. (17-12) and (17-13). Following the Method I
coordinate change through for the nuclear kinetic energy operator T̂N involves
a lengthy but straightforward use of the chain rule and we obtain intermediate
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results such as

∂

∂ξ2
=

m1 +m2

m1R sin θ

{ n+2∑

k=3

[
− cos θ(sinφyk + sin θ cosφzk)

∂

∂xk

+ sinφ(cos θxk + sin θzk)
∂

∂yk
+ sin θ(cos θ cosφxk − sinφyk)

∂

∂zk

]

+ cosφ cos θ sin θ
∂

∂θ
− sinφ

∂

∂φ
+R cosφ sin2 θ

∂

∂R

}
(17-18)

=
m1 +m2

m1R sin θ

[
− i sin θ sinφ

(
L̂x

ℏ

)
− i cos θ sin θ cosφ

(
L̂y

ℏ

)

+ i cos θ sinφ

(
L̂z

ℏ

)
+ cosφ cos θ sin θ

∂

∂θ

− sinφ
∂

∂φ
+R cosφ sin2 θ

∂

∂R

]
, (17-19)

where the electronic angular momentum operators are defined by

L̂x = −iℏ
n+2∑

k=3

(
yk

∂

∂zk
− zk

∂

∂yk

)
, (17-20)

and cyclically for L̂y and L̂z. From Eq. (9-50) we deduce that for a diatomic
molecule

T̂N = − ℏ2

2m2
∇2

2 +
ℏ2

2(m1 +m2)
∇2

2

= − ℏ2m1

2m2(m1 + m2)
∇2

2. (17-21)

Changing coordinates using the chain rule [see Eq. (17-19)] gives

T̂N = − ℏ2

2µ
∇2

Rθφ, (17-22)

where

µ =
m1m2

m1 +m2
(17-23)

and

∇2
Rθφ =

1

R2

∂

∂R

(
R2 ∂

∂R

)
+

1

R2 sin2 θ

[
∂

∂φ
+ i

L̂x

ℏ
sin θ − i L̂z

ℏ
cos θ

]2

+
1

R2 sin θ

[
∂

∂θ
− i L̂y

ℏ

]
sin θ

[
∂

∂θ
− i L̂y

ℏ

]
. (17-24)
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The electronic angular momentum has crept into the nuclear kinetic energy
operator, and it is instructive to introduce (x, y, z) components of the rovibronic
angular momentum operator in place of the operators ∂/∂θ and ∂/∂φ. The

rovibronic angular momentum operator1 Ĵ has components in the (ξ, η, ζ) axis
system given by

Ĵξ = −iℏ
n+2∑

j=1

(
ηj

∂

∂ζj
− ζj

∂

∂ηj

)
(17-25)

and cyclically for Ĵη and Ĵζ . As shown in Eq. (10-90) these three operators do
not commute with each other and we have

[Ĵξ, Ĵη] = ĴξĴη − ĴηĴξ = iℏĴζ (17-26)

with two similar commutators obtained by cyclically permuting Ĵξ, Ĵη, and Ĵζ .
Using equations such as Eq. (17-19), the inverses of Eqs. (17-12)–(17-17), and
the direction cosine matrix with χ = 0◦ to obtain Ĵx, Ĵy and Ĵz from Ĵξ, Ĵη,

and Ĵζ , we find that

Ĵx = iℏ csc θ
∂

∂φ
+ cot θL̂z, (17-27)

Ĵy = −iℏ ∂
∂θ
, (17-28)

and

Ĵz = L̂z. (17-29)

Substituting these equations into Eq. (17-24) we can write Eq. (17-22) as

T̂N =− 1

2µR2

[
ℏ2

∂

∂R

(
R2 ∂

∂R

)
− (Ĵx − L̂x)2

− 1

sin θ
(Ĵy − L̂y) sin θ(Ĵy − L̂y)

]
, (17-30)

where the terms in ĴxL̂x and ĴyL̂y are those that give rise to the Coriolis
coupling effects on the electrons. The following commutators are important

1Ĵ is used here for the rovibronic angular momentum operator instead of the more correct
N̂ [see the footnote on page 138]. This is in order to follow accepted usage in the rovibronic

Hamiltonian. For a singlet electronic state Ĵ = N̂.
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and can be easily derived:

[Ĵx, Ĵy] = −iℏ cot θĴx − iℏL̂z, (17-31)

[Ĵy, Ĵz] = [Ĵz, Ĵx] = 0, (17-32)

[Ĵx, L̂β] = iℏ cot θ
∑

γ

εzβγL̂γ , (17-33)

[Ĵy, L̂β] = 0, (17-34)

[Ĵz , L̂β] = iℏ
∑

γ

εzβγL̂γ , (17-35)

and

[L̂α, L̂β] = iℏ
∑

γ

εαβγL̂γ , (17-36)

where α, β, γ = x, y, or z, and εαβγ is given by Eq. (10-91).
As a result of this coordinate change we can write the rovibronic Schrödinger

equation of a diatomic molecule as

[T̂e + T̂vib + T̂rot + V (R, x3, y3, z3, . . . , zn+2)

− Erve]Φrve(R, θ, φ, x3, . . . , zn+2) = 0, (17-37)

where

T̂e = − ℏ2

2me

n+2∑

i=3

∇2
i −

ℏ2

2MN

n+2∑

i,j=3

∇i · ∇j , (17-38)

T̂vib = − ℏ2

2µR2

∂

∂R

(
R2 ∂

∂R

)
, (17-39)

and

T̂rot =
1

2µR2

[
(Ĵx − L̂x)2 +

1

sin θ
(Ĵy − L̂y) sin θ(Ĵy − L̂y)

]
. (17-40)

This Schrödinger equation does not separate into independent rotational (θ, φ),
vibrational (R), and electronic (x3, y3, z3, . . . , zn+2) parts because of (a) the
occurrence of both R and the electronic coordinates in the potential function,
(b) the occurrence of R in T̂rot, and (c) the occurrence of L̂α in T̂rot (which gives
rise to Coriolis coupling effects on the electrons). We can achieve a separation
of rotation by neglecting the L̂α terms, and by setting R = Re (the equilibrium
internuclear distance), in T̂rot. The approximate (rigid rotor) rotational kinetic
energy operator obtained is

T̂ 0
rot = − 1

2µRe
2

[
Ĵx

2 +
1

sin θ
Ĵy sin θĴy

]
. (17-41)
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The separation of the vibrational and electronic coordinates is achieved by
making the Born-Oppenheimer approximation discussed in Chapter 9.

17.3.2 The transformation properties of the rovibronic
coordinates

The transformation properties of the rovibronic coordinates (θ, φ,R, x3, . . . ,
zn+2) of a diatomic molecule can be determined from those of (ξ2, . . . , ζn+2)
by using Eqs. (17-12)–(17-17). We first consider the nuclear permutation (12),
which is a symmetry operation only for homonuclear diatomic molecules, and
then consider E∗, which is a symmetry operation for all diatomic molecules.

The effect of the nuclear permutation (12) on the nuclear coordinates in the
(ξ, η, ζ) axis system can be written as

(12)(ξ1, η1, ζ1, ξ2, η2, ζ2) = (ξ1
′, η1

′, ζ1
′, ξ2

′, η2
′, ζ2

′) (17-42)

= (ξ2, η2, ζ2, ξ1, η1, ζ1) (17-43)

= (−ξ1,−η1,−ζ1,−ξ2,−η2,−ζ2). (17-44)

As a result of (12) the coordinates of the nuclei are interchanged see Eq. (17-43),
and also since ξ1 = −ξ2, η1 = −η2, and ζ1 = −ζ2 for a homonuclear diatomic
molecule the result in Eq. (17-44) follows. Using Eqs. (17-12) and (17-13) we
have

(12)(θ, φ) = (θ′, φ′), (17-45)

where

θ′ = arccos[ζ2
′(ξ2

′2 + η2
′2 + ζ2

′2)−1/2], (17-46)

φ′ = arccos[ξ2
′(ξ2

′2 + η2
′2)−1/2], (17-47)

and

φ′ = arcsin[η2
′(ξ2

′2 + η2
′2)−1/2]. (17-48)

Substituting from Eqs. (17-42) and (17-44) we determine that

cos θ′ = − cos θ, (17-49)

and

(cosφ′, sinφ′) = (− cosφ,− sinφ), (17-50)

so that

(θ′, φ′) = (π − θ, φ+ π). (17-51)

Equation (17-51) follows from Eq. (17-49) since we must have 0 ≤ θ′ ≤ π.
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The result obtained here for the effect of (12) on θ and φ for a diatomic
molecule can be appreciated by looking at Fig. 17-2. In Fig. 17-2a the molecule
fixed axes are attached following the prescription given before Eq. (17-12). In
Fig. 17-2b we have first permuted the nuclei according to (12) and then attached
the molecule fixed axes according to the prescription given before Eq. (17-12).
The z axis is reversed by (12) and the results in Eq. (17-51) immediately follow.
Part of the prescription for attaching the (x, y, z) axes involves choosing χ = 0◦

and using this in Fig. 17-2b we find that the y axis is also reversed by (12).
Equations (17-15) to (17-17) also lead to this result as we will see below when
the transformation properties of the electronic coordinates are considered.

Fig. 17-2. The effect of the nuclear permutation (12) on the nuclei, an electron, and
the molecule fixed (x, y, z) axes of a homonuclear diatomic molecule. The new values of the
Euler angles (θ′, φ′) are related to the original values (θ, φ) by θ′ = π − θ and φ′ = φ + π.
χ = 0◦ in both figures by definition of the (x, y, z) axes.

Combining Eqs. (17-44) and (17-14) we see that the vibrational coordinate
R is unaffected by (12) and we can write

(12)R = R′ = R. (17-52)

This can be seen by inspection of Fig. 17-2.
The electronic coordinates (ξi, ηi, ζi) are unaffected by the nuclear permu-

tation (12), but the Euler angles are changed according to Eq. (17-51) so the
(xi, yi, zi) electronic coordinates are affected by (12). We can write

(12)xi = xi
′ = ξi

′ cos θ′ cosφ′ + ηi
′ cos θ′ sinφ′ − ζi′ sin θ′

= ξi cos θ cosφ+ ηi cos θ sinφ− ζi sin θ

= xi, (17-53)

where we have used Eq. (17-51). Similarly we obtain

(12)yi = yi
′ = −yi (17-54)
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and

(12)zi = zi
′ = −zi. (17-55)

These results can be obtained from Fig. 17-2 since the y and z axes are reversed
by (12) whereas the x axis is unaffected.

Summarizing the effect of (12) for a diatomic molecule we can write:

(12)(θ, φ,R, xi, yi, zi) = (π − θ, φ+ π,R, xi,−yi,−zi). (17-56)

The operation E∗ is the inversion of the coordinates of all particles in the
molecular center of mass and by definition we have

E∗(Xi, Yi, Zi) = (−Xi,−Yi,−Zi). (17-57)

Using Eq. (9-40) we see that

E∗(ξi, ηi, ζi) = (−ξi,−ηi,−ζi) (17-58)

for all particles in any molecule. Using this result together with Eqs. (17-12)–
(17-17) we deduce that for a diatomic molecule

E∗(θ, φ,R, xi, yi, zi) = (π − θ, φ+ π,R,−xi, yi, zi). (17-59)

In Fig. 17-3 the effect of E∗ for a diatomic molecule is drawn.
The operation (12)∗ is also a symmetry operation for homonuclear diatomic

molecules, being the product of (12) and E∗. The effect of this operation on
the rovibronic coordinates of a diatomic molecule is given by

(12)∗(θ, φ,R, xi, yi, zi) = (θ, φ,R,−xi,−yi,−zi). (17-60)

This operation inverts the electronic coordinates through the origin of the
molecule fixed axis system and does not alter the orientation of the molecule
fixed axes in space. As discussed in general for centrosymmetric molecules in
Chapter 4 [see Eq. (4-10)], the operation i from the molecular point group
has the same effect as (12)∗ on the rovibronic coordinates of a homonuclear
diatomic molecule.

Equations (17-56) and (17-60) apply to all homonuclear diatomic molecules,
and Eq. (17-59) applies to all diatomic molecules. The effect of E∗ on the
rovibronic wavefunctions of a diatomic molecule leads to the ± label on the
rovibronic levels, and (for a homonuclear diatomic molecule) the effect of (12)
gives the a or s label. The effect of (12)∗ on the electronic wavefunctions gives
the g or u label for the electronic states.

17.4 THE ISOMORPHIC HAMILTONIAN

As discussed in Section 17.1 above, in standard rotation-vibration theory
we consider a linear molecule to have only two rotational degrees of freedom
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Fig. 17-3. The effect of E∗ for a diatomic molecule. The new values of the Euler angles
θ′ and φ′ are related to the original values by θ′ = π − θ and φ′ = φ + π. Note the inversion
of the electron coordinates in space at the origin of the (ξ, η, ζ) axis system.

corresponding to the two Euler angles θ and φ required to specify the direction
of the molecular axis (the z axis) in space. Relative to the theory of nonlinear
molecules outlined in Chapters 10 and 11, this lack of a third Euler angle causes
some complications. We can use the Eckart conditions in Eqs. (17-1) and (17-2)
to determine the Euler angles θ and φ. The Euler angle χ is usually chosen as a
constant and in the derivation of the diatomic molecule Hamiltonian the choice
χ = 0◦ was made. The most general choice would be to choose χ as a function
of θ and φ. Because of this the direction cosine matrix elements [see Eq. (10-7)]
will only depend on the two independent variables θ and φ. As a result of the
absence of χ as a rotational variable the components of the angular momentum
in the molecule fixed axis system for a linear molecule do not obey the com-
mutation relations given in Eq. (10-92). Instead the commutation relations are
more complicated [see, for example, Eqs. (17-31) and (17-32)], and the matrix
elements involving these operators and the rotational eigenfunctions are not the
same as for a nonlinear molecule (given in Table 11-1). The rotational kinetic
energy operator for a linear molecule is also more complicated than that of a
nonlinear molecule [see Eq. (10-150)] owing to the presence of extra angular
factors [see Eq. (17-40) and note the presence of the sin θ factors occurring in
the second term].

A method has been devised for introducing the Euler angle χ as an indepen-
dent variable for a linear molecule, and this is by the use of Hougen’s isomorphic
Hamiltonian [Hougen (1962a), Bunker and Papoušek (1969), Watson (1970),
Howard and Moss (1971)]. The isomorphic Hamiltonian has one more degree
of freedom than the true Hamiltonian and it has many eigenvalues that are
not eigenvalues of the true Hamiltonian. However, it is easy to use a partic-
ular set of basis functions to diagonalize the isomorphic Hamiltonian so that
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these extra eigenvalues are not obtained. With the isomorphic Hamiltonian the
components of the angular momentum along the molecule fixed axes have the
commutation relations given in Eq. (10-92), and the rotational kinetic energy
operator is simplified. Therefore, as a result of using the isomorphic Hamil-
tonian the linear molecule is treated in much the same way as the nonlinear
molecule.

To obtain the isomorphic Hamiltonian for a linear molecule, χ is introduced
as an independent variable, and the coordinates of the particles in the molecule
are referred to an (x′, y′, z′) axis system having Euler angles (θ, φ, χ) in the
(ξ, η, ζ) axis system. As a result we introduce components of the rovibronic,

electronic, and vibrational angular momentum, Ĵ, L̂, and p̂, respectively, along
these axes (these components will be called Ĵx

′, Ĵy ′, etc.). If we initially choose
χ = 0◦ in the true Hamiltonian (as for the diatomic molecule Hamiltonian
discussed above) the (x′, y′, z′) axes are rotated from the (x, y, z) axes about
the z(= z′) axis through the angle χ (see Fig. 17-4). We have

(Ĵx − p̂x − L̂x) = cosχ(Ĵx
′ − p̂x′ − L̂x

′)− sinχ(Ĵy
′ − p̂y′ − L̂y

′), (17-61)

(Ĵy − p̂y − L̂y) = cosχ(Ĵy
′ − p̂y ′ − L̂y

′) + sinχ(Ĵx
′ − p̂x′ − L̂x

′), (17-62)

and

(Ĵz − p̂z − L̂z) = (Ĵz
′ − p̂z ′ − L̂z

′) = 0. (17-63)

The Ĵx
′, Ĵy′, and Ĵz

′ operators are the same as Ĵx, Ĵy, and Ĵz given in

Fig. 17-4. Molecule fixed axes for a lin-
ear molecule. The (x, y, z) axes have Euler an-
gles (θ, φ, 0) in the (ξ, η, ζ) axis system, and the
(x′, y′, z′) axes used with the isomorphic Hamilto-
nian have Euler angles (θ, φ, χ) where χ is arbitrary.
The bending vibration is described by an ampli-
tude Q2 and an angle α2 = (χ+α2

′) in the normal
Hamiltonian, and by the coordinates Q2 and α2

′ in
the isomorphic Hamiltonian.

Eqs. (10-84)–(10-86). The rotational kinetic energy operator (in cm−1) of a
linear molecule is transformed by this coordinate change to [see Eq. (83) of
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Watson (1970)]

T̂ iso
rot = Bℏ−2[(Ĵx

′ − p̂x′ − L̂x
′)2 + (Ĵy

′ − p̂y ′ − L̂y
′)2], (17-64)

where the awkward angular factors have disappeared. The term U that is
present for the nonlinear molecule [see Eq. (10-150)] is not present for the lin-
ear molecule. The coordinate change, from (x, y, z) to (x′, y′, z′), will not affect
the form of the electronic kinetic energy operator T̂e, as we showed generally in
the work leading to Eqs. (10-11) and (10-12), since the definition of χ is inde-
pendent of the electronic coordinates. Also, since the vibrational coordinates
are unaffected by the transformation, the vibrational kinetic energy operator
(12
∑

r P̂r
2) is also unchanged. The angular momenta Ĵx

′, Ĵy ′, and Ĵz
′ in the

isomorphic Hamiltonian satisfy the commutation relations given in Eq. (10-92)
and, as for nonlinear molecules, they all commute with the components p̂α

′

and L̂α
′ of the vibrational and electronic angular momenta because they in-

volve different sets of variables.

The isomorphic Hamiltonian Ĥ iso commutes with (Ĵz
′ − p̂z ′ − L̂z

′) so that
there exist simultaneous eigenfunctions of Ĥ iso and (Ĵz

′ − p̂z
′ − L̂z

′). From
Eq. (17-63) we see that the only eigenvalues of Ĥ iso that are eigenvalues of the
true Hamiltonian are those for which the corresponding eigenfunctions have
eigenvalue zero for (Ĵz

′ − p̂z ′ − L̂z
′). Thus in setting up a zero order set of

basis functions as products of rigid rotor (Φrot), harmonic oscillator (Φvib),
and electron orbital (Φelec) functions we only use those basis functions for
which k = Λ + l where

Ĵz
′Φrot = kℏΦrot, (17-65)

p̂z
′Φvib = lℏΦvib, (17-66)

and

L̂z
′Φelec = ΛℏΦelec. (17-67)

We now look at the form of these basis functions so that we can investigate
their symmetry transformation properties.

17.4.1 The rovibronic wavefunctions

The (isomorphic) rigid rotor rotational Hamiltonian of a linear molecule is
(in cm−1)

Ĥ iso
rot = Bℏ−2(Ĵ

′2
x + Ĵ

′2
y ) = Bℏ−2(Ĵ2 − Ĵ ′2

z ), (17-68)

so that the eigenvalues are

Eiso
rot = B[J(J + 1)− k2], (17-69)
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and the eigenfunctions are symmetric top functions [see Eq. (11-52)] which we
write as

Φiso
rot = [1/(2π)]1/2SJkm(θ, φ) exp(ikχ). (17-70)

The form of the function SJkm(θ, φ) can be inferred from Eq. (11-15). This
function involves a phase factor chosen such that the symmetric top function
in Eq. (17-70) conforms to the phase choice of Eq. (11-52).

The vibrational Hamiltonian of a linear molecule involves 3N − 5 normal
coordinates (there being three translational and two rotational degrees of free-
dom); there are N − 1 nondegenerate normal coordinates and N − 2 doubly
degenerate bending normal coordinates as mentioned above. As a result the
zero order harmonic oscillator wavefunctions are the products of N − 1 one-
dimensional and N−2 two-dimensional harmonic oscillator functions which we
write as

Φiso
vib = Φv1,··· ,v2N−3(Q1, . . . , Q2N−3)

× exp(il1α1
′) exp(il2α2

′) · · · exp(ilN−2α
′
N−2) (17-71)

where Q1 to QN−2 are two-dimensional normal coordinates and QN−1 to
Q2N−3 are one-dimensional normal coordinates. The angles αr

′ are as the
α introduced in Eqs. (11-146)–(11-149) for a two-dimensional harmonic oscilla-
tor and here they are measured from the x′ axis in the x′y′ plane (see Figs. 17-4
and 11-2). The total vibrational angular momentum about the linear axis (i.e.,
the eigenvalue of p̂z

′) is given by

lℏ =
N−2∑

r=1

lrℏ. (17-72)

The electronic Hamiltonian of a linear molecule is solved in the same way as
for a nonlinear molecule (see Chapter 9) and the zero order electronic wavefunc-
tion involves products of molecular orbitals (MO’s), where each MO depends
parametrically on the vibrational coordinates. When the nuclei are in the lin-
ear configuration the electronic Hamiltonian will commute with L̂z

′, and Λ will
be a good quantum number for the eigenstates. In this circumstance we can
write

Φiso
elec = ψelec exp(iΛχ′

e) (17-73)

where Ψelec is a function of interelectron distances, and χe
′ (a cylindrical angle

about the z′ axis) is the coordinate conjugate to L̂z
′.

The rovibronic basis functions that we use to diagonalize Ĥ iso are the prod-
ucts of the functions in Eqs. (17-70), (17-71), and (17-73) with the restriction
that

k = Λ + l. (17-74)
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This ensures that the eigenvalues of the isomorphic Hamiltonian obtained will
only be those of the true Hamiltonian.

17.4.2 The symmetry classification of the basis set
wavefunctions

In order to simplify the equations we will not look at the symmetry clas-
sification of the general basis set function just discussed but rather at the
rotation–vibration wavefunction of HCN in its ground electronic state (this is
a Λ = 0 state). This will enable us to see the relationship of the MS group to
the molecular point group for a linear molecule fairly simply.

The rotation–vibration basis set functions for the isomorphic Hamiltonian of
the HCN molecule in its ground electronic state are

Φiso
rv = [1/(2π)]1/2SJkm(θ, φ) exp(ikχ)Φv1v2v3(Q1, Q2, Q3) exp(ilα2

′), (17-75)

where the two-dimensional bending vibration is numbered 2 in keeping with
the established convention. We only use basis functions having k = l [see
Eq. (17-74)] which we can write as

Φiso
rv = [1/(2π)]1/2SJlM (θ, φ) exp(ilχ)Φv1v2v3(Q1, Q2, Q3) exp(ilα2

′), (17-76)

and this is identical to

Φiso
rv = [1/(2π)]1/2SJlM (θ, φ) exp(ilα2)Φv1v2v3(Q1, Q2, Q3), (17-77)

where we have introduced the angle α2 given by

α2 = α2
′ + χ (17-78)

and α2 is measured in the xy plane from the x axis [using the χ = 0◦ convention
to define the (x, y, z) axis system] as shown in Fig. 17-4. We can also introduce
the angle χe by writing

χe = χe
′ + χ, (17-79)

and the rovibronic wavefunction of a Λ 6= 0 state would involve the product
exp(ilα2) exp(iΛχe).

As an aside, we note here that the rotation-vibration wavefunction of HCN
given in Eq. (17-77) depends on the coordinates (θ, φ,Q1, Q2, Q3, α2). We
have introduced α2 as a vibrational coordinate, associated with the bending
vibration ν2, but it is clear that for constant values of (Q1, Q2, Q3) [where Q2

6= 0], variation of α2 describes a rotation of a rigid HCN molecule around the
z axis [see Fig. 17-4]. That is, α describes the motion which is described by
the angle χ in the HBJ approach.

Before discussing the symmetry classification of this rotation-vibration func-
tion we must introduce the symmetry groups of linear molecules. The point
group of a linear molecule is D∞h if it is centrosymmetric, otherwise it is C∞v.
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Both of these groups have an infinite number of elements. The MS group of a
molecule such as HCN that has C∞v point group symmetry is called C∞v(M)
and it consists of the two elements E and E∗. The MS group of a molecule
such as CO2 that has D∞h point group symmetry is called D∞h(M) and it
consists of the four elements E, (p), E∗ and (p)∗, where (p) is the permutation
of all pairs of identical nuclei that, in the equilibrium configuration, are located
symmetrically about the nuclear center of mass. The operation (p)∗ is therefore
identical to the operation Ôi introduced in Eq. (4-7). The character table of the
group C∞v(M) is given in Table A-17 and its two irreducible representations
are labeled + (or Σ+) and − (or Σ−) as the character under E∗ (i.e., the parity)
is +1 or −1. The character table of the group D∞h(M) is given in Table A-18.
The irreducible representations are labeled +s (or Σg

+), +a (or Σu
+), −s (or

Σ−
u ) and −a (or Σ−

g ), where the + or − depends on the character under E∗, the
s or a on the character under (p), and the g or u on the character under (p)∗.
We see that for a linear rigid molecule the MS group and the molecular point
group are not isomorphic, unlike the situation for a nonlinear rigid molecule.
We will now discuss the use of the MS group and molecular point group for
classifying the rotation–vibration wavefunction of HCN given in Eq. (17-77).

Fig. 17-5. The effect of E∗ on the coordinates θ, φ, Q2, and α2 for the HCN molecule.
The directions of the z and y axes in space are reversed by E∗.

The rotation-vibration wavefunction of HCN given in Eq. (17-77) can be
classified in the MS group C∞v(M). We can do this because the coordinates
occurring in the wavefunction, θ, φ, α2, Q1, Q2, and Q3, all have well-defined
transformation properties under the elements of the group C∞v(M). The trans-
formation properties of the coordinates under the effect of E∗ are [see Fig. 17-5
and Eq. (17-59)]

E∗(θ, φ) = (θnew, φnew) = (π − θ, φ+ π), (17-80)

E∗α2 = (α2)new = π − α2, (17-81)
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and

E∗(Q1, Q2, Q3) = (Q1, Q2, Q3). (17-82)

The z axis, the y axis, and the direction of the bending displacement in space
(but not the x axis from which α2 is measured) are all reversed by E∗. The
coordinates Q1 and Q3 transform like (∆zH − ∆zC) and (∆zC − ∆zN), and
are unaffected by E∗; Q2 is the amplitude of the degenerate vibration and is
unaffected by a symmetry operation. For a D∞h linear molecule such as CO2

it can be shown that [see Eqs. (17-56) and (17-60)]

(p)(θ, φ, α2) = (π − θ, φ+ π,−α2) (17-83)

and

(p)∗(θ, φ, α2) = (θ, φ, α2 + π). (17-84)

From Eqs. (17-80)–(17-82) we deduce that the effect of E∗ on the rotation–
vibration wavefunction of HCN is

E∗Φiso
rv = [1/(2π)]1/2SJlm(π − θ, φ+ π) exp[il(π − α2)]Φv1v2v3(Q1, Q2, Q3).

(17-85)

Table 12-1 shows that the equivalent rotation Rπ
π/2 changes the “usual” Euler

angles (θ, φ, χ) for a nonlinear molecule in exactly the same way as E∗ changes
(θ, φ, α2) [Eqs. (17-80) and (17-81)]. The factor [1/(2π)]1/2SJlM (θ, φ) exp(ilα2)
on the right hand side of Eq. (17-77) is a symmetric top function |J, l,m〉
depending on (θ, φ, α2) [see Eq. (17-70)], and we can use Eq. (12-47) to deduce
that

E∗Φiso
rv = (−1)J+l[1/(2π)]1/2SJ−lm(θ, φ) exp(−ilα2)Φv1v2v3(Q1, Q2, Q3).

(17-86)

Thus for l = 0 states the rovibronic states with J even are + and those with
J odd are −. For l 6= 0 states we must form sum and difference functions in
order that the functions transform irreducibly, i.e., we form (using an obvious
notation)

Φ±
rv = (|J, |l|,m, v1, v2, v3〉 ± |J,−|l|,m, v1, v2, v3〉)/

√
2. (17-87)

The Φ+
rv (or Φ−

rv) function is + (or −) for J+ l even and − (or +) for J+ l odd.
In general the rovibronic states of a C∞v molecule can be classified as being +
or − in its MS group, and for a D∞h molecule as +s, −s, +a, or −a in its MS
group.

As well as classifying the rotation–vibration wavefunctions we wish to classify
the rotation and vibration wavefunctions separately. The rotation and vibra-
tion wavefunctions of HCN in the ground electronic state are [from Eqs. (17-70),
(17-71), and (17-76)]

Φiso
rot = [1/(2π)]1/2SJlm(θ, φ) exp(ilχ) (17-88)



626 17. Linear Molecules

and

Φiso
vib = Φv1v2v3(Q1, Q2, Q3) exp(ilα2

′). (17-89)

To determine the transformation properties of these functions in the MS group
we must determine the transformation properties of the rotational and vibra-
tional coordinates θ, φ, χ,Q1, Q2, Q3, and α2

′ under the effect of the elements
E and E* of the MS group. The transformation properties of θ, φ,Q1, Q2, and
Q3 present no problem but χ and α2

′ do present a problem. This is because
there is no Eckart condition that defines χ. Hence, after performing E or E*
we do not know where to locate the x′y′ axes and we do not know the values
of χ and α2

′. The transformation properties of the angle α2 = χ + α2
′ are

well defined, see Eq. (17-81), since this does not depend on the orientation
of the x′y′ axes. The rotation and vibration functions of HCN do not, there-
fore, have separately determinable parities. This problem occurs for all linear
molecules since the rotational angle χ and the vibronic variables αr

′ and χe
′ do

not have determinable transformation properties under the effect of a nuclear
permutation or permutation–inversion. On the other hand the Euler angle χ
has well-defined transformation properties under the elements of the molecular
point group. This is because the elements of the molecular point group are
defined as doing nothing at all to the Euler angles.2 Since χ is unchanged after
a point group operation the location of the x′y′ axes after a point group oper-
ation is defined and the transformation properties of the vibronic variables α2

′

and χe
′ are defined. Thus the vibronic wavefunctions of a linear molecule can

be classified in the appropriate molecular point group. For a C∞v molecule the
vibronic states can be of species Σ+,Σ−,Π,∆, etc., and for a D∞h molecule
there is an additional g or u label. Just as for nonlinear molecules the molecular
point group is not a symmetry group of the rovibronic Hamiltonian (since the
components Ĵα

′ are not transformed by its elements, whereas p̂α
′ and L̂α

′ are
transformed), and it is not the correct group to use for classifying rovibronic
states.

The vibrational and electronic wavefunctions can be classified in the molec-
ular point group for a linear molecule. The elements of the D∞h point group
are

E(= C∞
0), C∞

ε, C
(ε/2)
2 , σ(ε/2)

v , and S∞
ε, (17-90)

where
C∞

ε is a rotation (in a right handed sense) of the vibronic variables about
the z′ axis through the angle ε,

C
(ε/2)
2 is a twofold rotation of the vibronic variables about an axis that makes

an angle (ε/2) (measured in a right handed sense about the z′ axis) with the
x′ axis,

σ
(ε/2)
v is a reflection of the vibronic variables in a plane containing the z′ axis

and the axis just described that makes an angle of (ε/2) with the x′ axis, and

2It is more correct to say that the Euler angles are not transformed by the elements of
the molecular point group.
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S∞ε is the product of C∞ε and the reflection (σh) of the vibronic variables
in the x′y′ plane, i.e.,

S∞
ε = C∞

εσh. (17-91)

Note that in the D∞h point group

S∞
0 = σh (17-92)

and

S∞
π = i. (17-93)

In the preceding definitions the angles ε can assume any value (mod 2π) in the
range 0 ≤ ε ≤ 2π independently of each other; for the C∞v point group the

elements C
(ε/2)
2 and S∞ε do not occur.

The classification of the vibrational wavefunctions of a linear molecule in the
appropriate point group is straightforward. The effects of the operations of
Eq. (17-90) on the vibrational angles αr

′ for the degenerate vibrations are

C∞
εαr

′ = S∞
εαr

′ = αr
′ + ε (17-94)

and

C
(ε/2)
2 αr

′ = σ(ε/2)
v αr

′ = −αr
′ + ε. (17-95)

Electronic cylindrical angles (measured from the x′ axis) will transform in the
same way. Using the point group we can classify the vibrational and electronic
wavefunctions of a linear molecule. The two-dimensional vibrational wavefunc-
tions of the HCN molecule [see Eq. (17-89)] are transformed as

C∞
εΦv2(Q2) exp(ilα2

′) = exp(ilε)Φv2(Q2) exp(ilα2
′) (17-96)

and

σ(ε/2)
v Φv2(Q2) exp(ilα2

′) = exp(ilε)Φv2(Q2) exp(−ilα2
′). (17-97)

Thus the pair of functions (|v2, l〉, |v2,−l〉) have character 2 cos lε (i.e., eilε +

e−ilε) under C∞ε, and they have a character of 0 if l 6= 0 under σ
(ε/2)
v . For a

D∞h molecule such as CO2 we have

S∞
π |v2, l〉 = (−1)l|v2, l〉, (17-98)

so that functions with l even are g and those with l odd are u, and the species
of the functions depends on l as given in Table 17-1 (see Table A-20 for the
D∞h character table). The symmetry classification of the vibrational states
associated with the nondegenerate vibrations presents no special problems.
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Table 17-1

The species of the bending wavefunctions
of CO2 in the D∞h point groupa

l Γ(|v2, l〉)

0 Σg
+

±1 Πu

±2 ∆g

±3 Φu

...
...

a For a C∞v

molecule such as
HCN the g and u
subscripts should
be omitted.

For a molecule of D∞h point group symmetry, we define the extended molec-
ular symmetry group (EMS group) D∞h(EM) to have the following elements

E(= E0), Eε, (p)ε, Eε
∗, and (p)ε

∗. (17-99)

Analogously, the elements of C∞v(EM) are

E(= E0), Eε, and Eε
∗. (17-100)

In Eq. (17-99) and (17-100), the subscripts ε can assume any value (mod 2π) in
the range 0 ≤ ε ≤ 2π independently of each other. A general element Oε of the
EMS group is defined as follows: (i) The effect of Oε on the spatial coordinates
of the nuclei and electrons in the molecule [i.e., on the (ξi, ηi, ζi) coordinates]
is the same as that of the element O of the MS group. (ii) The effect of Oε on
the Euler angles θ and φ is the same as the effect of O of the MS group. (iii)
The effect of Oε on the Euler angle χ is defined by the value of ε according to
the following rules:

Eεχ = χ− ε, (17-101)

(p)εχ = 2π − χ− ε, (17-102)

Eε
∗χ = π − χ− ε, (17-103)

(p)ε
∗χ = π + χ− ε. (17-104)

This completely defines the elements of the EMS group.
The transformation properties of χ have been defined in such a manner that

each element of the EMS group has the same effect on the vibronic variables
αr

′ and χe
′ as an element in the molecular point group. From parts (i) and (ii)

of the definition of Oε we see that the effect of Oε on the rovibronic angles αr
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and χe must be the same as the effect3 of O. The effect of O on χ is defined by
part (iii) of the definition of Oε, and thus we can determine the transformation
properties of the vibronic coordinates αr

′(= αr − χ) and χe
′(= χe − χ). The

results for αr
′ and χe

′ are the same, and for αr
′ we have

Eεαr
′ = αr

′ + ε, (17-105)

(p)εαr
′ = −αr

′ + ε, (17-106)

Eε
∗αr

′ = −αr
′ + ε, (17-107)

(p)ε
∗αr

′ = αr
′ + ε. (17-108)

As can be seen from the definition of the effect ofOε, together with the results
of Eqs. (17-105)–(17-108), each element of the EMS group can be written as
the product of a molecular point group operation that affects only the vibronic
variables (Qr, αr

′, and χe
′), a rotation operation that affects only the Euler

angles (see Table 12-1), and a nuclear spin permutation. We can, therefore,
write each element of the EMS group as follows:

Eε = C∞
εR−ε

z p0, (17-109)

(p)ε = C
(ε/2)
2 Rπ

ε/2pns, (17-110)

Eε
∗ = σ(ε/2)

v Rπ
(π+ε)/2p0, (17-111)

(p)ε
∗ = S∞

εRπ−ε
z pns [(p)π

∗ = S∞
πRz

0pns = ipns], (17-112)

where pns is the permutation of the nuclear spin coordinates of the nuclei that
are permuted by (p). Each of these equations is of the form of Eq. (4-5)
which was developed for nonlinear molecules. Since the EMS group and the
point group of a linear molecule are isomorphic [the 1:1 relation between the
elements follows from Eqs. (17-109)–(17-112)] we use the same character table
and irreducible representation labels for each (see Tables A-19 and A-20). Since
each element of the EMS group transforms the vibronic variables in the same
way as its partner in the molecular point group the vibronic wavefunctions can
equally well be classified in the EMS group as in the molecular point group
and the same results (such as in Table 17-1) will be obtained. The rotational
wavefunctions of a linear molecule can also be classified in the EMS group and
the results for a D∞h molecule are given in Table 17-2. For a C∞v molecule
the g subscripts should be omitted. The species of the rovibronic functions are
obtained by multiplying the rotational and vibronic species together bearing
in mind the restriction imposed by Eq. (17-74).

The effect of a general element Oε of the EMS group of a linear molecule on a
rovibronic wavefunction will be exactly the same as the effect of the element O
of the MS group. This follows from part (i) of the definition of Oε. This means
that the elements of the EMS group leave the rovibronic Hamiltonian invariant
and that we can classify the rovibronic states in the EMS group. We deduce

3Given in Eqs. (17-81), (17-83), and (17-84).
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Table 17-2

The Species of the rotational wavefunctions of
a D∞h molecule in the EMS group D∞h(EM)a

k Γ(|Jkm〉)

(J even) Σ+
g

0
(J odd) Σ−

g

±1 Πg

±2 ∆g

±3 Φg

..

.
..
.

a For a molecule of
C∞v symmetry the classi-
fication in C∞v(EM) gives
the same results with the g
subscripts omitted.

that the rovibronic wavefunctions of a D∞h molecule can only transform as
one of the four one-dimensional irreducible representations Σg

+,Σu
+,Σg

−, and
Σu

− of the EMS group D∞h(EM). Similarly for a C∞v molecule the rovibronic
wavefunctions can only transform as Σ+ or Σ− of C∞v(EM). The classification
of a rovibronic wavefunction of a D∞h molecule as Σg

+,Σu
+,Σg

−, and Σu
−

is equivalent to the standard (MS group) notation of +s, +a, −a, and −s,
respectively; for a C∞v molecule Σ+ and Σ− are equivalent to the standard
notations + and−. In Fig. 17-6 examples of the application of this classification
scheme to rovibronic states are given.

17.5 ENERGY LEVEL LABELS

17.5.1 Parity and the e/f label

For singlet electronic states of linear molecules the nondegenerate vibronic
states (such as the Σg

+ and Σg
− vibronic states in Figure 17-6) have rotational

levels that are uniquely identified by giving their J = N value, but for the de-
generate vibronic states (such as the Πg and ∆g vibronic states in Figure 17-6)
there is a pair of levels for each J = N value. These energy level pairs are split
apart by Coriolis coupling, and this is called Λ-type doubling, l-type doubling,
or k-type doubling depending on the circumstances [see, for example, Johns
(1965)]. The pairs of split levels have opposite parity which alternates as J
increases. In Figure 17-6 we have chosen to represent the effect of the Coriolis
coupling as causing the lower levels for J even (odd) to have parity +(−), but
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Fig. 17-6. The symmetries of the rovibronic states (rotational levels) of Σg
+,Σg

−,Πg,
and ∆g vibronic states of a D∞h molecule in a singlet electronic state. The rovibronic
symmetry labels Σg

+,Σu
+,Σg

−, and Σu
− are equivalent to the standard (MS group) labels

+s, +a, −a, and −s, respectively. For u vibronic states the g subscripts should be replaced
by u subscripts, and for a C∞v molecule the subscripts should be omitted. In this figure
we have chosen to represent the effect of the l-type (or Λ-type) doubling in the degenerate
vibronic states as causing the lower levels for J even (odd) to have parity +(−), but this
splitting could be inverted. [See Herzberg (1991b), p. 572.]

this splitting could be inverted. For a state having S 6=0 each of these levels is
further split into a multiplet having the same N value and parity but different
J value. The quantum number J gives the sum of the rovibronic and electron
spin angular momenta [see Eq. (10-97)]. It is useful to have a unique way of la-
beling the levels that are split apart, and for the interpretation of experimental
spectra it is helpful to introduce a notation that allows us to label, as a set, all
the lower-energy levels in the pairs, and, separately, all the higher-energy lev-
els. The sets are labeled c and d in some circumstances and e and f in others.
There has been confusion in the past caused by the awkward definitions used
for the labels, but this has now been rectified.

The recommended e/f labeling scheme is that introduced by Brown, Hougen,
Huber, Johns, Kopp, Lefebvre-Brion, Merer, Ramsay, Rostas, and Zare (1975),
and it is defined for vibronic states of any multiplicity (even or odd) so that it
can be used whether J is integral or half-integral. For molecules that have an
even number of electrons so that S and J are integral, the e levels are those
that have parity +(−1)J and the f levels those that have parity −(−1)J . For
half-integral J values [i.e., for molecules with an odd number of electrons], e
levels have parity +(−1)J−1/2 and f levels have parity −(−1)J−1/2. For the
Πg and ∆g vibronic states in Fig. 17-6 the lower J components are e levels and
the upper components are f levels; the splitting could be inverted with the f
level below the e level for each J .
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The recommended c/d labeling scheme is that proposed by Watson (1991),
and it is useful whenever the integral quantum number N is well defined. In
this definition the c levels have parity +(−1)N and d levels have parity−(−1)N .
This is the definition adopted by Herzberg (1989) for singlet states of diatomic
molecules and it is the notation customarily used by rotation-vibration spec-
troscopists for linear molecules. In an electronic state with S > 0, the fine
structure energies with different J values that originate from the spin-splitting
of a rovibronic energy level with a given N value and parity will all have the
same c/d label but not the same e/f label. In a singlet electronic state we have
N = J , and the correlation between e/f and c/d is simply e ≡ c and f ≡ d,
so for the Πg and ∆g vibronic states in Fig. 17-6, the lower J components are
c levels and the upper components are d levels.

Table 17-3

Generating operations for the
point groups of linear molecules

R+ R′
+ R−

C∞v C∞
ε σ

(0/2)
v

D∞h C∞
ε i C

(0/2)
2

The group operations
are described by means of
a right-handed axis system
x′y′z′. The point group op-
erations are defined in con-
nection with Eq. (17-90).

The rotation-vibration energy levels of a linear molecule in an isolated to-
tally symmetric singlet (1Σ+ or 1Σ+

g ) electronic ground state are often the
subject of experimental study; such electronic states have Λ = 0. The rest of
this section is concerned with such an electronic state for which the rotation-
vibration energies are obtained by diagonalizing the matrix representation of
the Watsonian of the isomorphic Hamiltonian [see, for example, Papoušek and

Aliev (1982)] in a basis of functions Φ
(V,L,J,k,m)
rv [see Eq. (12-73)]. They can

be symmetry classified in the MS (or EMS) group in the manner described for
symmetric top molecules by Eqs. (12-74)-(12-82) together with Tables 12-13
and 12-14 [Hougen (1962c); Hegelund, Rasmussen, and Brodersen (1973)]. In
order to carry out the symmetry classification, we must first choose generating
operations for the point groups C∞v and D∞h. A common choice of these
operations is given in Table 17-3, where we have used the notation for C∞v

and D∞h operations introduced in Eq. (17-90). In the rest of this section N is
called J again since we only deal with singlet states.
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Table 17-4

Transformation properties of the linear molecule basis functions

C∞v grv = 0

ρ = J +
∑

t lt + 2t

D∞h grv = 0

η =
∑

vu + 2t

ρ = J +
∑

v
Σ+

u
+ 2t

The sum
∑

t lt runs over all
degenerate normal modes of the
molecule in question. The sum-
mations

∑

vu and
∑

v
Σ+

u
rep-

resent sums over the v quan-
tum numbers belonging to non-
degenerate normal modes with u-
type symmetry or symmetry Σ+

u ,
respectively. The quantity t is an
integer determined independently
for the quantum numbers η and ρ,
so that η = 0 or 1 and ρ = 0 or 1.

The basis functions Φ
(V,L,J,k,m)
rv will transform under the EMS group part-

ners of the generating operations R+, R′
+, and R− in Table 17-3 as given by

Eqs. (12-74)-(12-76), and the quantities grv, η, and ρ defined by Table 17-4.
It follows from Eq. (17-74) [in which we set Λ = 0 in the present case] that
we have grv = 0, and thus the rotation-vibration basis functions for a linear
molecules are always Type II functions [see Eqs. (12-78)-(12-82)] given by

Φ(V,L,J,k,m,τ)
rv =

1√
2

[
Φ(V,L,J,k,m)

rv + (−1)ρ+τΦ(V,−L,J,−k,m)
rv

]
, (17-113)

where τ = 0 or 1, if at least one lt 6= 0, and

Φ(V,0,J,0,m,τ)
rv = Φ(V,0,J,0,m)

rv (17-114)

where, by definition, τ = ρ, if all lt = 0. The transformation properties of the
linear molecule basis functions under the EMS group partners of the generating
operations for C∞v and D∞h are given by Eqs. (12-79)-(12-81).

For C∞v molecules, it follows from Eq. (17-111) that the EMS group partner

of the generating operation R− = σ
(0/2)
v is E∗

0 , which has the same effect on
the rovibronic wavefunctions as the MS group operation E∗. Thus Eq. (12-81)
can be reinterpreted as

E∗ Φ(V,L,J,k,m,τ)
rv = (−1)τ Φ(V,L,J,k,m,τ)

rv . (17-115)

The parity of the function Φ
(V,L,J,k,m,τ)
rv is (−1)τ . Basis functions with τ = 0

have ‘+’ symmetry in the MS group C∞v(M), and basis functions with τ = 1
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have ‘−’ symmetry [see Table A-17], so that levels with J + τ even are c or e
levels, and levels with J + τ odd are d or f levels.

For D∞h molecules, we have from Eq. (17-112) that R′
+ = i has the EMS

group partner (p)∗π , and from Eq. (17-110) that R− = C
(0/2)
2 has the EMS

group partner (p)0. The two EMS group operations have the same effect on
the rovibronic wavefunction as (p)∗ and (p), respectively. From Eqs. (12-80)
and (12-81) we obtain

(p)∗ Φ(V,L,J,k,m,τ)
rv = (−1)η Φ(V,L,J,k,m,τ)

rv (17-116)

and

(p) Φ(V,L,J,k,m,τ)
rv = (−1)τ Φ(V,L,J,k,m,τ)

rv , (17-117)

so that

E∗ Φ(V,L,J,k,m,τ)
rv = (−1)η+τ Φ(V,L,J,k,m,τ)

rv . (17-118)

Consequently, the four irreducible representations +s, −a, −s, and +a in the
MS group D∞h(M) [see Table A-18] correspond to (η, τ) = (0,0), (0,1), (1,0),
and (1,1), respectively; levels with J + η + τ even are c or e levels, and levels
with J + η + τ odd are d or f levels.

17.5.2 The correlation between the energy level labels of
linear and bent triatomic molecules

For a linear triatomic molecule the levels are labeled (J ,N ,e/f ,v1,v
linear
2 ,l,v3),

whereas for a bent molecule the levels are labeled (J ,N ,Ka,Kc,v1,vbent2 ,v3),
where Ka + Kc = N or N + 1. For a quasilinear molecule it is a matter of
taste which set of labels is used. The four quantum numbers (J,N, v1, v3) are
defined in the same way for linear and bent molecules, but the labels vbent2 ,
vlinear2 , Ka=|ka| and l require special discussion.

From Section 17.2 we see that

l = ka, (17-119)

and these quantum numbers both give the value of the projection (in units
of ℏ) of the rovibronic angular momentum on the a axis of the molecule (the
a axis being the axis of smallest moment of inertia which coincides with the
molecular axis when the molecule is linear).

The correlation between the principal bending quantum numbers vbent2 and
vlinear2 is where the problem lies since they are not the same. For a bent
molecule, the lowest bending energy (or energy doublet if Ka > 0) with a given
Ka value is labeled vbent2 = 0, the next one (in order of increasing energy) is
labeled vbent2 = 1, the next one vbent2 = 2, and so on. For a linear molecule,
the energies in this stack have |l| = Ka [Eq. (17-119)]. The lowest energy (or
energy doublet for |l| > 0) has vlinear2 = |l|, the next one has vlinear2 = |l|+2, the
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next one has vlinear2 = |l|+4 and so on [see Section 11.3.2]. Comparison of the
two labeling schemes gives

vlinear2 = 2vbent2 +Ka (17-120)

or, conversely,

vbent2 =
1

2

(
vlinear2 − |l|

)
. (17-121)

Confusingly enough vbent2 and vlinear2 are traditionally both simply called v2.
We thus have the peculiar state of affairs that two different quantities (namely
vbent2 and vlinear2 ) are given the same name, whereas two different names (l and
ka) are given to the same quantity. Equation (17-120) is a special case (with
Λ=0) of Eq. (13-177).

The fact that the principal bending quantum number v2 has different def-
initions for linear and bent triatomic molecules causes confusion concerning
the value of the fundamental bending energy for a quasilinear molecule. Using
linear molecule notation the fundamental bending energy is νlinear2 = E(v1 =
v3 = 0, vlinear2 = |l| = 1) − E(v1 = v3 = vlinear2 = |l| = 0), whereas using bent
molecule notation it is νbent2 = E(v1 = v3 = 0, vbent2 = 1, Ka = 0) − E(v1 =
v3 = vbent2 = Ka = 0). These two energies are very different from each other,
and it is important to define which labeling system one is using. For an ideal
linear molecule with a harmonic bending potential νbent2 = 2νlinear2 .

The way νlinear2 and νbent2 change as the molecule moves from being an ideal
linear to an ideal bent molecule is shown in Figure 17-7 which is a quantitative
rovibrational energy level correlation diagram for an isolated electronic state
of a triatomic molecule. The diagram shows J = N = 4 energies for CH2,
calculated from a sequence of potential surfaces derived from the potential
energy surface of ã 1A1 CH2 with the MORBID program [see Section 15.4.7].
The ã 1A1 and b̃ 1B1 electronic states of CH2 are degenerate as a 1∆g state
at linearity [see Fig. 13-7 on page 375], but in the present context of showing
the energy level correlation between linear and bent molecules we neglect the
Renner effect [see Section 13.4.1] and treat the molecule as if it were in a 1Σ
electronic state at linearity.

The starting point for the energy level calculation is the potential energy
surface for ã 1A1 CH2 obtained by Jensen and Bunker (1988) in a least-squares
fitting to experimental data.4 This potential surface has an equilibrium bond
angle ∠(HCH) of 102◦ (ρe = 78◦) and a barrier to linearity of 9478 cm−1; this
represents an ideal bent molecule. The J = N = 4 rotation-vibration energies
for this potential energy function are shown on the right hand side of Fig. 17-7,
and they are labeled using the quantum number vbent2 . The stretching energy
levels have been omitted from the figure although they were included in the
calculation.

4In that work the Renner effect is neglected.
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Fig. 17-7. The rovibrational energy levels of a triatomic molecule as the equilibrium
structure changes from that of an ideal linear molecule (the leftmost ρe=0 point) to an ideal
bent molecule on the right (ρe = 78◦). The calculation is based on the parameters for ã 1A1

CH2 (see text).

In the MORBID approach, the potential energy surface for an isolated elec-
tronic state is expressed as an expansion in cos ρe − cos ρ and

yj = 1− exp
[
−aj

(
rj2 − rej2

)]
,

j = 1 or 3, where aj is a molecular parameter and the bond lengths r12 and
r32 [with equilibrium values re12 and re32] are defined in Section 15.4.7. The
parameter values for the ã 1A1 CH2 potential energy used here are given in
Table V of Jensen and Bunker (1988). The effect of reducing the ρe value to
0◦ is shown as we move to the left in Fig. 17-7. The results were obtained by
doing the MORBID calculation eight times with ρe = 70◦, 60◦, . . . , 0◦ in the
potential of Jensen and Bunker (1988); the ρe = 0◦ result is shown above the
right hand of the two ρe = 0 abscissa points. The energy levels above the left
hand of the two ρe = 0 abscissa points were obtained with a change in the
bending potential, still with ρe = 0◦, but with the pure bending potential [i.e.,
the potential energy for the molecule bending with constant bond lengths r12
= r32 = re12] given by

V0(ρ)/(hc cm−1) = 8000 (1− cos ρ) . (17-122)

We label these energy levels using the linear molecule bending quantum number
vlinear2 . A bending potential such as that given in Eq. (17-122) is the closest we
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can come to a harmonic potential using the MORBID Hamiltonian expression
and it is harmonic for infinitesimal bending displacements only. It provides a
good model for an ideal linear molecule. A further calculation was done with
a potential half way between these two quoted ρe = 0 potentials. The eleven
sets of energy levels were connected by cubic spline interpolation to produce
Fig. 17-7. The zero of energy is that of the J = v1 = v2 = v3 = 0 state at
all points. We see clearly the range of usefulness of the two different bending
quantum numbers and the complex rotation-bending energy level pattern that
occurs when ρe is around 40◦; this would be termed the ‘quasilinear molecule
region’ (at ρe = 40◦ the barrier to linearity is only 896 cm−1). The levels can
also be labeled by the rotational angular momentum quantum number |l| =
Ka. Note that between ρ= 50◦ and 80◦ the prolate-to-oblate asymmetric top
energy level correlation emerges, and the splitting of the Ka = 1 levels is clearly
seen (see also Fig. 11-1).

Although we only discuss triatomic molecules here the results can be easily
extended to quasilinear chain molecules such as HCNO and C3O2. Yamada
and Winnewisser (1976) introduce the quasilinearity parameter γ to quantify
the position of a triatomic or linear chain molecule between the ideal linear and
ideal bent limits. This idea has been slightly extended by Bunker and Howe
(1980).

17.6 OPTICAL SELECTION RULES

A component of the dipole moment operator along a space fixed (ξ, η, ζ)
direction transforms according to the representation Γ∗ = Σu

− of D∞h(EM)
and the representation Σ− of C∞v(EM). Thus we have the following selection
rules for allowed electric dipole transitions between rovibronic states

Σg
+ ↔ Σu

− and Σu
+ ↔ Σg

−, (17-123)

where the g and u labels are omitted for a C∞v molecule. These selection rules
are equivalent to the standard selection rules + ↔ −, s ↔ s and a ↔ a [see
Herzberg (1991b), Eq. (II, 46) and (II, 47)].

We can rewrite Eq. (17-123) for linear molecules in totally symmetric singlet
electronic states, as selection rules on the symmetry quantum number labels η
and τ defined in Table 17-4 and Eqs. (17-113) and (17-114); this is in the same
manner as discussed for symmetric top molecules in connection with Table 14-1.
For D∞h molecules we have

∆η = ±1 and ∆τ = 0, (17-124)

and for C∞v molecules

∆τ = ±1. (17-125)

The calculation of intensities for linear molecules can be carried in much the
same way as described for nonlinear molecules in Chapter 14, at least as long
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as we neglect the effects of electron spin. If we consider electron spin effects, it
will be appropriate to use a Hund’s case (a) basis, and not the Hund’s case (b)
basis employed in Chapter 14 for nonlinear molecules. However, Eqs. (14-33)
and (14-43) are valid for linear molecules.

Pure rotation transitions are forbidden for centrosymmetric molecules (see
page 457), and hence they are forbidden for linear molecules of D∞h symme-
try. Rotation-vibration transitions are not necessarily forbidden for a linear
molecule with symmetry D∞h, and to determine the selection rules for transi-
tions within one electronic state e′′ say, we use the symmetry results that

Γ (µx(e′′, e′′), µy(e′′, e′′)) = Πu (17-126)

and

Γ (µz(e′′, e′′)) = Σu
+, (17-127)

where the Cartesian components µα(e′′, e′′), α = x, y, z, of the electronic tran-
sition moment function are defined in Eq. (14-38). For a linear molecule with
C∞v symmetry, the subscripts ‘u’ in Eqs. (17-126) and (17-127) are omitted.
Thus, in order for the vibronic matrix elements

〈
Φ

(V ′,L′)
vib

∣∣∣µ(1,σ′)
m (e′, e′′)

∣∣∣Φ(V ′′,L′′)
vib

〉

in Eq. (14-44) to be nonvanishing for a D∞h molecule, we have from Eq. (14-40)
that one of the equations

Γ′′
vib ⊗ Γ′

vib ⊃ Πu (17-128)

or

Γ′′
vib ⊗ Γ′

vib ⊃ Σu
+ (17-129)

must be satisfied [where we omit the ‘u’ subscripts for a molecule of C∞v

symmetry]. For a Σ electronic state with Λ = 0, it follows from Eqs. (14-14)
and (17-74) together with the condition σ′ = k′ − k′′ discussed after Eq. (14-34),
that if Eq. (17-128) is fulfilled for the vibronic matrix element given above, then

the two vibrational functions Φ
(V ′,L′)
vib and Φ

(V ′′,L′′)
vib satisify ∆l = ±1, whereas

if Eq. (17-129) is fulfilled, the two functions satisfy ∆l = 0.

17.7 ELECTRONIC g/u MIXING

For a homonuclear diatomic molecule, interactions between the rotational
levels of vibronic states having g and u symmetry can occur as a result of the
effect of the nuclear spin part of the molecular Hamiltonian (Ĥns in Table 7-1).
Such so-called g/u mixing is likely to be observed if a g and a u vibronic state are
close in energy. If a g and a u electronic state share the same dissociation limit,
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the conditions for g/u mixing will be fulfilled in the energy region immediately
below this limit. This type of mixing was observed for the first time in the I2
molecule [Pique, Hartmann, Bacis, Churassy, and Koffend (1984)]. It has also
been observed in Cs2 [Weickenmeier, Diemer, Demtröder, and Broyer (1986)]
and, fairly recently, in H+

2 [see Moss (1993) and references therein]. We will
explain the situation for H+

2 in detail.
For the H+

2 molecular ion all of its electronic states are doublet states with S
= 1/2; hence we use N as the quantum number associated with the rovibronic
angular momentum and J as the quantum number associated with the sum of
the rovibronic angular momentum and the electron spin.

Fig. 17-8. The potential energy curves for the X̃ 2Σg
+ and Ã 2Σu

+ electronic states of

H+
2 [Moss (1998)]. There are 20 bound vibrational states in the X̃ electronic state, and the

energies of the v = 0, 5, 10, and 15 states are drawn as dashed lines.

The X̃ 2Σg
+ electronic ground state and Ã 2Σu

+ first excited electronic state
of H+

2 have the same dissociation limit. Figure 17-8 shows the potential energy
curves for the X̃ and Ã electronic states [Moss (1998)]. On the scale of the
figure, the Ã 2Σu

+ state appears to be purely repulsive, but in Fig. 17-9 we



640 17. Linear Molecules

show an enlargement of the energy region very close to dissociation, and it is
seen that the Ã state potential curve has a very shallow minimum at a large
value of the internuclear distance. There is observable g/u mixing between the
rotational levels of the v = 0 level of the Ã state and the v = 18 and 19 levels
of the X̃ state, and we now explain the symmetry conditions that make this
possible.

The vibronic levels of the X̃ 2Σg
+ electronic state all have Σg

+ symmetry,

and the vibronic levels of the Ã 2Σu
+ electronic state all have Σu

+ symmetry.
From Fig. 17-6 we can obtain the symmetries of the individual rovibronic states
(rotational levels) of each of these states. For the X̃ state the rovibronic sym-
metry is Σg

+ (+s) for N even and Σg
− (−a) for N odd. The rovibronic states

associated with the Ã electronic state have Σu
+ (+a) symmetry for N even

and Σu
− (−s) symmetry for N odd. Rovibronic interactions cannot mix the

levels of these two electronic states because of their g/u distinction. However,
nuclear spin effects can.

Fig. 17-9. The potential energy curves for the X̃ 2Σg
+ and Ã 2Σu

+ electronic states

of H+
2 close to dissociation [Moss (1998)]. The Ã 2Σu

+ potential curve has a very shallow
minimum and the theoretical calculation of Moss (1998) predicts that it supports two bound
vibrational states. The energies of these states are shown as dashed lines and labeled by their
respective v values. The v = 1 energy lies 0.00023 cm−1 below the dissociation limit and it
is dubious whether it exists in the real molecule. The energies of the v = 18 and 19 states of
the X̃ 2Σg

+ electronic state are also indicated.

For H+
2 there is one nuclear spin function with total spin I = 0 [the para
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function] having Σu
+ (+a) symmetry, and three functions with I = 1 [the

ortho functions] each having Σg
+ (+s) symmetry. The internal (rovibronic

nuclear-spin) wavefunction can only have the symmetries Γ+
MS = Σu

+ (+a)

and Γ−
MS = Σg

− (−a) from the Pauli exclusion principle. Thus in the X̃ 2Σg
+

electronic state the rovibronic states with N even are para states with Γint

= Σu
+, and rovibronic states with N odd are ortho states with Γint = Σg

−.

On the other hand in the Ã 2Σu
+ electronic state, the rovibronic states with

N even are ortho states with Γint = Σu
+, and rovibronic states with N odd

are para states with Γint = Σg
−. Thus the MS group symmetry allows an

interaction between X̃ 2Σg
+ and Ã 2Σu

+ internal wavefunctions with the same
N value. The interaction couples states of g rovibronic symmetry with states of
u rovibronic symmetry; it is a g/u mixing . The g/u mixing is simultaneously
an ortho/para mixing as already mentioned in Section 14.1.16.

In terms of the MS group symmetry, there is obviously nothing particularly
mysterious about g/u mixing. However, since it involves ortho-para interac-
tion it is caused by the operator Ĥns in Table 7-1, and consequently it is a
very small effect which can only be observed when two vibronic states of g and
u symmetry are close in energy. The gross, easily observable features of cen-
trosymmetric molecule spectra can be interpreted in terms of g/u symmetry,
and only small nuclear spin effects cause this symmetry to break down. In the
case of H+

2 discussed above, Moss (1993) has attributed the g/u mixing to the
Fermi contact interaction operator

ĤFCI =
8π

3

g gN µN µB

4πǫ0c2

[
Ŝ · Î1 δ (re −R1) + Ŝ · Î2 δ (re −R2)

]

=
8π

6

g gN µN µB

4πǫ0c2
Ŝ ·
[
Î+ δ+ + Î− δ−

]
, (17-130)

where re is the position vector of the electron, Rα, α = 1 or 2, is the position
vector of nucleus α,

Î± = Î1 ± Î2, (17-131)

and

δ± = δ (re −R1)± δ (re −R2) . (17-132)

The Fermi-contact-type interaction described by the operator ĤFCI is that be-
tween the nuclei and the electron; the analogous interaction between electrons
is described by the last term in Eq. (7-22). It follows from the discussion given

in connection with Eq. (4-11) that both Ŝ · Î+ δ+ and Ŝ · Î− δ− on the right
hand side of Eq. (17-130) are invariant under the MS group operation (12)∗.
The first term is also invariant under the point group operation i and conserves
g/u symmetry, but the second term is antisymmetric under i and is responsible
for the g/u mixing [see Fig. 2 of Moss (1993)].

These g/u interactions in H+
2 causes unexpectedly large hyperfine splittings

in the transitions between rotational levels belonging to the Ã 2Σu
+, v = 0
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vibronic state and rotational levels belonging to the X̃ 2Σg
+, v = 18 and 19

vibronic states. The levels involved are very close to the dissociation limit [see
Fig. 17-9], and the transition frequencies fall in the microwave region. For
further details, see Moss (1993) and the references to the experimental work
in the Bibliographical Notes. Such electronic g/u interactions make it possible
for pure rotation (ortho-para) transitions to be observed within the highest
vibrational levels of the X̃ state, and within the v = 0 level of the Ã state
[Bunker and Moss (2000); Critchley, Hughes, and McNab (2001)].

As mentioned above, electronic g/u mixing has also been observed in tran-
sitions of the I2 molecule involving levels from 28 cm−1 to 0.5 cm−1 below the
2P1/2 + 2P3/2 dissociation limit [Pique, Hartmann, Bacis, Churassy, and Kof-
fend (1984); Pique, Hartmann, Churassy, and Bacis (1986a)]. The I2 electronic
states studied are singlet states, and so the g/u mixing is due to terms in Ĥns

that do not involve the electron spins, as it is for electronic g/u mixing in the
H2 molecule (see the Bibliographical Notes concerning ortho-para interactions
at the end of Chapter 14). See the Bibliographical Notes of the present Chapter
for references to relevant theoretical work on I2.

BIBLIOGRAPHICAL NOTES

Bunker (1974). Within the Born-Oppenheimer approximation homopolar isotopically un-
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Electron Spin

Double Groups

When a molecule has an odd number of electrons with strong spin–orbit
coupling the rovibronic wavefunctions involve half integral angular momen-
tum quantum numbers. The symmetry transformation of such wavefunctions
presents a problem, as we show using the three dimensional rotation group K.
To get around this problem a special symmetry operation (that we call R) is
introduced, and this operation involves the rotation of the molecule through
2π radians; it is considered to be distinct from the identity operation. The
operation R, which is unitary, can be taken to be identical to θ̂2, the square of
the anti-unitary time reversal symmetry operation θ̂ introduced in Section 7.4.
The spin double group of an MS group is obtained by including R, and the
product of it with all the elements of the MS group, in the group. We deter-
mine the character tables of the spin double groups C2v(M)2 and C3v(M)2 as
examples. It is shown that for a nonrigid molecule the character table of the
spin double group of the MS group can depend on which part of the molecule
the electron spin is ‘tied’ to by the spin–orbit coupling. Several examples of
character tables of spin double groups of MS groups are given in the Appendix
of this chapter.

18.1 SPIN DOUBLE GROUPS AND THE OPERATION R

Let us consider the implication of taking the elements of the matrices in
the representations D(j) of K, when j is half-integral to be as given when j
is integral by combining Eqs. (11-13) and (11-15). The character of this D(j)

under an operation involving a rotation through an angle ε is given by [see
Tinkham (1964), page 109; or Hamermesh (1964), page 355; or Wigner (1959),
Eq. (15-28)]

χ(j)(ε) =
sin[(2j + 1)ε/2]

sin(ε/2)
. (18-1)

The character for a rotation through an angle ε+ 2π radians is thus given by

χ(j)(ε+ 2π) =
sin[(2j + 1)ε/2 + (2j + 1)π]

sin[(ε/2) + π]
. (18-2)

643
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For j integral or half-integral we can deduce from Eq. (18-2) that

χ(j)(ε+ 2π) = (−1)2jχ(j)(ε) (18-3)

and also that

χ(j)(ε+ 4π) = χ(j)(ε). (18-4)

From Eq. (18-3) we see that if j is half-integral then

χ(j)(ε + 2π) = −χ(j)(ε). (18-5)

Since a rotation through 2π is equivalent to no rotation at all the character
in this D(j), when j is half-integral, under each operation in K is ambiguous
with regard to its sign; the character is double valued . It would appear that
we cannot set up representations for half-integral j using these D(j) since we
do not have D[P1]D[P2] = D[P12] but only1 D[P1]D[P2] = ±D[P12] [see Eq.
(6-172)]. Following Bethe (1929) this situation is dealt with by introducing the
operation R which is a rotation through 2π but which is not considered to be
the identity.

In this way we double the number of operations in K and we call the group
K2, the spin double group of the three-dimensional rotation group. This is very
similar to the way the extended molecular symmetry group for dimethylacety-
lene is introduced on page 521. In the spin double group the rotation through
an angle ε+ 2π is considered distinct from a rotation through ε and Eq. (18-5)
no longer results in a sign ambiguity since ε and ε + 2π are considered as dif-
ferent operations. The character of a representation matrix in D(j) having j
half-integral will have opposite sign under a rotation through ε + 2π from its
value under a rotation through ε; this representation is a single valued represen-
tation (i.e., a true representation) of the spin double group K2 or a (so-called)
double valued representation of the group K. A representation D(j) for which
j is integral will have the same character under a rotation through ε as under
a rotation through ε+ 2π and constitutes a single valued representation of the
group K. In the group K2 a rotation through ε+ 4π is equivalent to a rotation
of ε about the axis and R2 is the identity.

The spin double group of an MS group is obtained by doubling the number
of elements in the MS group in the same way that we double the number of
elements in K to obtain K2. To do this we must include the operation R,
which is a rotation through 2π, in the MS group. Thus for each permuta-
tion or permutation–inversion operation O that occurs in an MS group, we
add the operation RO which is defined as causing the same permutation (or
permutation–inversion) of the nuclei and electrons as O but which causes a
rotation of 2π in addition to the rotation caused by O. The effect of RO on
the spatial coordinates of the nuclei and electrons is the same as the effect of
O.

1However, see the Bibliographical Notes.
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Let us consider the equivalent rotations (see Table 12-1) of permutation or
permutation–inversion elements O, of the operation R, and of the combined
operations RO. In the ordinary MS group, in which a rotation through 2π
radians is the identity, we can write the effect of the equivalent rotation of each
MS group element using the following equations

Rz
β(θ, φ, χ) = (θ, φ, χ+ β) (18-6)

and

Rα
π(θ, φ, χ) = (π − θ, φ+ π, 2π − 2α− χ), (18-7)

where 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, and 0 ≤ χ ≤ 2π. In a spin double group of an
MS group the rotation through 2π radians is not the identity. We can allow
for this by taking the ranges of the Euler angles as 0 ≤ θ ≤ π, 0 ≤ φ ≤ 4π, and
0 ≤ χ ≤ 4π (where φ and χ are mod 4π), and by taking

R0(θ, φ, χ) = (θ, φ, χ) or (θ, φ+ 2π, χ+ 2π),

Rz
β(θ, φ, χ) = (θ, φ, χ+ β) or (θ, φ+ 2π, χ+ 2π + β), (18-8)

Rα
π(θ, φ, χ) = (π − θ, φ+ π, 2π − 2α− χ) or (π − θ, φ + 3π, 4π − 2α− χ);

and

R2π(θ, φ, χ) = (θ, φ, χ+ 2π) or (θ, φ + 2π, χ),

R2πRz
β(θ, φ, χ) = (θ, φ, χ+ 2π + β) or (θ, φ + 2π, χ+ β), (18-9)

R2πRα
π(θ, φ, χ) = (π − θ, φ+ π, 4π − 2α− χ) or (π − θ, φ+ 3π, 2π − 2α− χ).

In this treatment there are two Euler angle transformations for each equivalent
rotation but this does not present any difficulty in applications.

All the elements of the spin double group are unitary and, therefore, the
group has classes and representations in the normal way.2 From the above
discussion it might appear that the MS group is a subgroup of the spin dou-
ble group, but this is not so. In the spin double group permutations P and
permutation-inversions P ∗ can multiply together to give elements that involve
R. For example, (12)(12) = R in C2v(M)2 (see Table 18-2), and (132)(132) =
R(123) in C3v(M)2 (see Table 18-7). Thus even though {E,R} is an invariant
subgroup of the spin double group, since R2 = E and R commutes with all
elements of the MS group, the spin double group is not the direct or semidirect
product of the MS group and {E,R} since the MS group is not a subgroup of
the spin double group. Therefore the ideas of Sections 5.7, 5.8.2, and 6.3.1, and
Appendix 16-1, cannot be used to determine the characters of the irreducible
representations, or to determine appropriately symmetrized basis functions.
In order to determine the characters of the irreducible representations we use
Eqs. (5-68) and (5-69).

2In Section 7.4 we discuss the problem that occurs if we try to define representations of a
group that contains anti-unitary operations such as the time reversal operation θ̂.
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In a spin double group the representations having character +1 under R are
single valued representations of the MS group, and those having character −1
under R are double valued representations of the MS group. They are true rep-
resentations of the spin double group. In Appendix 18-1 the character tables of
the spin double groups of several MS groups are given. As in Herzberg (1991b)
these character tables are arranged so that the upper left ‘box’ is the character
table of the MS group. States having half-integral angular momentum quan-
tum numbers will transform as the double valued irreducible representations of
the MS group, and because of Kramers’ theorem [Kramers (1930)] they will be
doubly degenerate. The subscript notation (12 ,

3
2 ,

5
2 , . . . ) for the double valued

irreducible representations of the MS group in the spin double groups is (where
possible) that adopted by Herzberg (1991b) and is obtained from the lowest j
value of the representation D(j) of K(mol)2 with which the irreducible repre-
sentation correlates (see Table B-2). To show how the character tables of the
spin double groups of the MS groups are determined we consider the groups
C2v(M)2 and C3v(M)2 as examples below.

Dr. J. K. G. Watson has shown us that the square of the time reversal
symmetry operation θ̂2 (see Section 7.4) has all the properties of the operation

R discussed here, and indeed3 we can consider R to be θ̂2. From Eq. (7-51)
we see that for a molecule having an odd number of particles with half-integral
spin the wavefunction is changed in sign by θ̂2, and we further see that θ̂4

(=R2) is the identity for all molecules. Hence, taking R = θ̂2, the spin double
group of an MS group is the unitary subgroup of the unitary-antiunitary group
obtained by combining the MS group with the group {E, θ̂, θ̂2, θ̂3}.

18.2 THE SPIN DOUBLE GROUP OF C2v(M)

The operations of the C2v(M)2 group are

E, (12), E∗, (12)∗, R,R(12), RE∗, and R(12)∗, (18-10)

and the equivalent rotations of these elements for the H2O molecule are (see
Fig. 12-7)

R0, Rπ
b , R

π
c , R

π
a , R

2π, R3π
b , R3π

c , and R3π
a , (18-11)

respectively. The Euler angle transformations (using the Ir representation) are
given in Table 18-1 [only one of the two possibilities from Eqs. (18-8) and (18-9)
are given]. The equivalent rotations in Eq. (18-11) (or the results in Table 18-1)
are required in the calculation of the multiplication table of the group elements.

For example, as far as the effect of the elements on the coordinates of the
nuclei and electrons in space is concerned we can write the product E∗ times
(12)∗ as

E∗(12)∗ = (12) or R(12), (18-12)

3Using the principle that if it looks like a duck, flies like a duck, and quacks like a duck
then it is a duck.
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Table 18-1

Transformation properties of the Euler angles of H2Oa for the
elements of the group C2v(M)2

E (12) E∗ (12)∗ R R(12) RE∗ R(12)∗

θ π − θ π − θ θ θ π − θ π − θ θ
φ φ + π φ + π φ φ φ + π φ + π φ
χ 2π − χ π − χ χ + π χ + 2π 4π − χ 3π − χ χ + 3π

aA Ir convention is used; φ and χ are mod 4π and 0 ≤ θ ≤ π.

but the Euler angle transformations distinguish between these two possibilities.
We can write

E∗(12)∗(θ, φ, χ) = E∗(θ′, φ′, χ′) = (π − θ′, φ′ + π, π − χ′)

= (π − θ, φ+ π,−χ), (18-13)

where

(12)∗(θ, φ, χ) = (θ′, φ′, χ′) = (θ, φ, χ+ π). (18-14)

From Eq. (18-13) and Table (18-1) we see that

E∗(12)∗ = R(12) (18-15)

since (4π − χ) and −χ are equivalent (χ is defined mod 4π in the spin double
group).

Table 18-2

Multiplication table for the elements of C2v(M)2 obtained using the Euler angle
transformations given in Table 18-1

E (12) E∗ (12)∗ R R(12) RE∗ R(12)∗

E : E (12) E∗ (12)∗ R R(12) RE∗ R(12)∗

(12) : (12) R R(12)∗ E∗ R(12) E (12)∗ RE∗

E∗ : E∗ (12)∗ R R(12) RE∗ R(12)∗ E (12)
(12)∗ : (12)∗ RE∗ (12) R R(12)∗ E∗ R(12) E

R : R R(12) RE∗ R(12)∗ E (12) E∗ (12)∗

R(12) : R(12) E (12)∗ RE∗ (12) R R(12)∗ E∗

RE∗ : RE∗ R(12)∗ E (12) E∗ (12)∗ R R(12)
R(12)∗ : R(12)∗ E∗ R(12) E (12)∗ RE∗ (12) R
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The multiplication table4 of the elements of the C2v(M)2 group, derived by
considering equations such as the preceding, is shown in Table 18-2. From the
results in Table 18-2 we can determine the class structure of the elements of
the C2v(M)2 group [see Eq. (5-49)], and this is given in Table 18-3. We are
now in a position to use Eqs. (5-68) and (5-69) to determine the characters
of the irreducible representations of C2v(M)2. Using Eq. (5-68) the following
class products can be determined from the results in Tables 12-5 and 18-3:

C2
5 = C1 (18-16)

C2
2 = 2C1 + 2C5, (18-17)

C2
3 = 2C1 + 2C5, (18-18)

C2C3 = 2C4. (18-19)

For a two-dimensional representation of C2v(M)2 the character under E is
2, i.e., χ[E] = χ1 = 2, and the preceding equations, in conjunction with
Eq. (5-69), lead to the following relationships among the characters of a two-
dimensional representation:

χ2
5 = 4, (18-20)

χ2
2 = 2 + χ5, (18-21)

χ2
3 = 2 + χ5, (18-22)

χ2χ3 = 2χ4. (18-23)

The characters for the two-dimensional representations of C2v(M)2 that follow
from these equations are given in Table 18-4. The two-dimensional represen-
tations thus have characters as given in Table 18-5. From Eq. (5-46) we see
that the representation Γ5 in Table 18-5 is irreducible but that Γ1 to Γ4 are re-
ducible. The reduction of Γ1 to Γ4 is obvious (they are each twice an irreducible
representation) and the character table (see Table 18-19) follows.

Table 18-3

The class structure of the group C2v(M)2

C1 C2 C3 C4 C5

E (12) E∗ (12)∗ R
R(12) RE∗ R(12)∗

4In a spin double group E*P and PE* are not necessarily equal and (E*)2 = R.
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Table 18-4

The determination of the characters of the two-dimensional
representations of C2v(M)2 from Eqs. (18-20)–(18-23).

Equation Character Value

χ1 +2

Eq. (18-20) χ5 +2 +2

Eq. (18-21) χ2 +2 −2 0

Eq. (18-22) χ3 +2 −2 +2 −2 0
Eq. (18-23) χ4 +2 −2 −2 +2 0

Table 18-5

Characters of two-dimensional
representations of C2v(M)2 obtained

from Table 18-4

C1 C2 C3 C4 C5

Γ1: 2 2 2 2 2
Γ2: 2 2 −2 −2 2
Γ3: 2 −2 2 −2 2
Γ4: 2 −2 −2 2 2
Γ5: 2 0 0 0 −2

18.2.1 An example: NF2

As an example of the use of the C2v(M)2 spin double group let us consider the
NF2 molecule in an excited 2B1 electronic state and determine the symmetry
labels in the Hund’s case (a) and (b) limits.

We consider levels of NF2 in which the vibrational state is totally symmetric.
In the case (b) limit the electron spin wavefunctions are totally symmetric and
the rovibronic species Γrve are obtained by multiplying the rotational species
Γrot for the levels NKaKc (given in Table 12-8 with N = J) by the vibronic
species B1. Since S = 1

2 we have J = N ± 1
2 , and the rovibronic–electron

spin species Γrves are as given down the right hand side in Fig. 18-1. In the
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Fig. 18-1. The symmetry labels Γrves for the rovibronic–electron spin energy levels of
NF2 in a 2B1 vibronic state using Hund’s case (b) electron spin functions.

case (a) limit (see Section 12.5.3) the electron spin species Γespin is obtained
by reducing D(S) = D(1/2) of K(mol)2 onto the double group C2v(M)2 and
this gives Γespin = E1/2. Multiplying by the electron orbital species B1 we
obtain the spin–orbit species Γeso = E1/2. The rotational species Γrot cannot
be obtained from Table 12-8 since now we have to classify the functions JPaPc

where J is half-integral; in case (a), for a molecule with an odd number of
electrons, S and hence J , are always half-integral. For NF2 we can use the
correlation table for K(mol)2 → C2v(M)2 to obtain the following results for
the species of the rotational wavefunctions as a function of J :

Γrot

(
J =

1

2

)
= E1/2, Γrot

(
J =

3

2

)
= 2E1/2, (18-24)

and

Γrot

(
J =

5

2

)
= 3E1/2.
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Using the result that in C2v(M)2

E1/2 ⊗ E1/2 = A1 ⊕A2 ⊕B1 ⊕B2 (18-25)

we obtain the rovibronic–electron spin species Γrves as given down the right
hand side in Fig. 18-2. For a given value of J we obtain, as we must, the same
species as obtained using the case (b) basis. To classify the individual JPaPc

functions we must determine the transformation properties of the symmetric
top basis functions with half-integral J in the group C2v(M)2 and this general
problem is discussed in Section 18.5.

Fig. 18-2. The symmetry labels Γrves

for the rovibronic–electron spin energy lev-
els of NF2 in a 2B1 electronic state (and an
A1 vibrational state) using Hund’s case (a)
electron spin functions.

18.3 THE SPIN DOUBLE GROUP OF C3v(M)

The spin double group of the MS group of CH3F is called C3v(M)2 and it
consists of the following 12 elements (see Table 18-20):

{E, (123), (132), (12)∗, (23)∗, (13)∗, R,R(123), R(132), R(12)∗, R(23)∗, R(13)∗}.
(18-26)

The equivalent rotations of these 12 elements are, respectively,

R0,R2π/3
z , R4π/3

z , Rπ
π/6, R

π
π/2, R

π
5π/6, R

2π, R2πR2π/3
z ,

R2πR4π/3
z , R2πRπ

π/6, R
2πRπ

π/2, R
2πRπ

5π/6. (18-27)

For convenience in the character tables of Appendix 18-1 we write the equivalent
rotations R2πRz

β and R2πRα
π as Rβ+2π

z and R3π
α respectively.
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Table 18-6

The definition of the effect of each operation of the C3v(M)2 group
on the Euler anglesa

E (123) (132) (12)∗ (23)∗ (13)∗

θ θ θ π − θ π − θ π − θ
φ φ φ φ + π φ + π φ + π
χ χ + 2π/3 χ + 4π/3 5π/3 − χ π − χ π/3− χ

R R(123) R(132) R(12)∗ R(23)∗ R(13)∗

θ θ θ π − θ π − θ π − θ
φ φ φ φ + π φ + π φ + π

χ + 2π χ + 8π/3 χ + 10π/3 11π/3 − χ 3π − χ 7π/3 − χ

aφ and χ are mod 4π and 0 ≤ θ ≤ π.

From the results given in Eq. (18-27) we can draw up Table 18-6 for the
effect of each element of C3v(M)2 on the Euler angles. Using these results the
multiplication table for the group elements can be determined and this is given
in Table 18-7. Since R2 = E, and since R commutes with all the elements of an
MS group, we only need to construct part of the multiplication table as done in
Table 18-7. Using the multiplication table we can determine the class structure
of the group (see Table 18-8) and determine the following class multiplication
results:

C2
4 = C1,

C2C4 = C5,

C2C5 = C2 + 2C4, (18-28)

C2
3 = 3C4 + 3C2,

C3C4 = C6.

For the two-dimensional representations of C3v(M)2 we have χ[E] = χ1 = 2 and
the preceding equations lead to the following equations involving the characters
(using Eq. (5-69))

χ2
4 = 4,

χ2χ4 = 2χ5,

χ2χ5 = χ2 + χ4, (18-29)

χ2
3 = 2(χ4 + 2χ2)/3,

χ6 = χ3χ4/2.

From these equations we deduce the characters of the two-dimensional rep-
resentations to be as given in Table 18-9. The characters of the irreducible
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representations can be deduced from the results in Table 18-9 and these are
given in Table 18-10. In the character table of C3v(M)2 given in Table 18-20 the
pair of separably degenerate irreducible representations are considered together
as E3/2 (see Tables 6-4 and 7-2, and the last two paragraphs of Section 7.4).

Table 18-7

Part of the multiplication table of the elements of the
C3v(M)2 groupa

E (123) (132) (12)∗ (23)∗ (13)∗

E : E (123) (132) (12)∗ (23)∗ (13)∗

(123) : (123) (132) R R(13)∗ (12)∗ (23)∗

(132) : (132) R R(123) R(23)∗ R(13)∗ (12)∗

(12)∗ : (12)∗ (23)∗ (13)∗ R R(123) R(132)
(23)∗ : (23)∗ (13)∗ R(12)∗ (132) R R(123)
(13)∗ : (13)∗ R(12)∗ R(23)∗ (123) (132) R

a Since R2 = E, and since R commutes with all the elements of
the group, the rest of the multiplication table can be easily derived
from these results.

We could equally well have defined the Euler angle transformations of (132)
and R(132) to be interchanged from the definition in Table 18-6, and (23)∗ and
R(23)∗ to be similarly interchanged. If we did this the class structure would
be as follows:

E (123) (12)∗ R R(123) R(12)∗

(132) (23)∗ R(132) R(23)∗

(13)∗ R(13)∗
(18-30)

By this renaming of some of the elements of C3v(M)2 we have achieved a
neater looking class structure. This is pointed out to show that Euler angle
transformations caused by O and RO (where O is any element of the MS
group) can be interchanged and the choice is simply one of convenience in the
spin double group.

Having set up the spin double groups of the MS groups, having determined
the equivalent rotations for each of their operations, and having obtained the
character tables of the groups, we can use the equivalent rotations of the MS
groups to correlate the irreducible representations with the representationsD(j)

of K(mol)2 for j half-integral. These correlations are included in Appendix B.

18.4 THE SPIN DOUBLE GROUPS OF NONRIGID MOLECULES

We consider the determination of the character table of the electron spin
double group G6

2 of a molecule with an odd number of electrons that has the
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Table 18-8

The class structure of the C3v(M)2 group

C1 C2 C3 C4 C5 C6

E (123) (12)∗ R R(123) R(12)∗

R(132) R(23)∗ (132) (23)∗

(13)∗ R(13)∗

Table 18-9

Characters of the two-dimensional
representations of C3v(M)2 as obtained

from the results in Eq. (18-29)

C1 C2 C3 C4 C5 C6

2 2 2 2 2 2
2 2 –2 2 2 –2
2 –1 0 2 –1 0

2 –2 2i –2 2 –2i
2 –2 –2i –2 2 2i
2 1 0 –2 –1 0

Table 18-10

Characters of the irreducible representations of
C3v(M)2 as deduced from the results in Table 18-9

C1 C2 C3 C4 C5 C6

A1: 1 1 1 1 1 1
A2: 1 1 −1 1 1 −1
E: 2 −1 0 2 −1 0

E3/2: 1 −1 i −1 1 −i
1 −1 −i −1 1 i

E1/2: 2 1 0 −2 −1 0
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geometrical structure of the CH3OH molecule and for which the odd electron
spin is coupled to the COH part of the molecule (e.g., perhaps CH3SeH+). We
show that the character table is different if the odd electron spin is coupled to
the CH3 part of the molecule (e.g., perhaps, SiH3OH+).

Table 18-11

Transformation properties of Euler
angles for abc(≡ zxy) principal

axes of CH3OH under the effect of
elements of the G6

2 group

E (12)∗ R R(12)∗

(123) (23)∗ R(123) R(23)∗

(132) (13)∗ R(132) R(13)∗

θ π − θ θ π − θ
φ φ + π φ φ + π
χ π − χ χ + 2π 3π − χ

The CH3OH molecule and its principal axes of inertia are indicated in Ta-
ble A-22. The COH plane is the ab plane. The orientation of the (a, b, c)
axes in space is given by the Euler angles (θ, φ, χ) where we use a Ir conven-
tion (abc ≡ zxy). The effect of each of the elements of the group G6

2 on
the Euler angles [see Eqs. (18-8) and (18-9)] can be determined and is given
in Table 18-11. Using the results in Table 18-11 we can determine the group
multiplication table, and this is given in Table 18-12.

Table 18-12

Parta of the multiplication table of the elements of
the group G6

2

E (123) (132) (12)∗ (23)∗ (13)∗

E : E (123) (132) (12)∗ (23)∗ (13)∗

(123) : (123) (132) E (13)∗ (12)∗ (23)∗

(132) : (132) E (123) (23)∗ (13)∗ (12)∗

(12)∗ : (12)∗ (23)∗ (13)∗ R R(123) R(132)
(23)∗ : (23)∗ (13)∗ (12)∗ R(132) R R(123)
(13)∗ : (13)∗ (12)∗ (23)∗ R(123) R(132) R

aSince R2 = E and since R commutes with all the elements
of the group G6 the rest of the multiplication table can be easily
constructed.
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Using the multiplication table [see Eq. (5-49)] we can determine the class
structure of G6

2 and this is given in Table 18-13. The class products can be
determined [See Eq. (5-68)] and those that we use in constructing the character
table are

C2
2 = 2C1 + C2,

C4
2 = C1,

C2C4 = C5, (18-31)

C6
2 = 3C4 + 3C5,

C3C4 = C6.

Using Eqs. (5-69) and (18-31) we see that the characters of the two-dimensional
representations of G6

2 satisfy

χ1 = 2,

χ2
2 = 2 + χ2,

χ4
2 = 4,

χ2χ4 = 2χ5,

3χ6
2 = 2(χ4 + 2χ5),

χ3χ4 = 2χ6.

(18-32)

Table 18-13

The class structures of the G6
2 group

C1 C2 C3 C4 C5 C6

E (123) (12)∗ R R(123) R(12)∗

(132) (23)∗ R(132) R(23)∗

(13)∗ R(13)∗

The characters for the two-dimensional representations of G6
2 that we obtain

from these equations are given in Table 18-14. The characters of the irreducible
representations follow directly from these results, and the character table is
given in Table 18-24.

If the electron spin is coupled to the CH3 group then we must introduce
an axis system fixed to the CH3 rotor. Doing this we obtain Euler angle
transformations as given in Table 18-6, and thus we deduce that the character
table of the spin double group is that of the C3v(M)2 group given in Table 18-20.
The characters in the half-integral representations depend on which rotor fixed
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Table 18-14

Characters of two-dimensional
representations of group G6

2 as
determined from Eq. (18-32)

C1 C2 C3 C4 C5 C6

2 2 2 2 2 2
2 2 −2 2 2 −2
2 2 2i −2 −2 −2i
2 2 −2i −2 −2 2i
2 −1 0 2 −1 0
2 −1 0 −2 1 0

axis system the odd electron is coupled to by the spin–orbit coupling operator.
The character table for the spin double groupG12

2 of the MS group of CH3NO2

obtained when the electron spin is ‘tied’ to the NO2 rotor is given in Table 18-25.
The character table for the situation when the spin is ‘tied’ to the CH3 rotor
is given in Table 18-26.

18.5 THE CLASSIFICATION OF ROTATIONAL WAVEFUNCTIONS
HAVING HALF-INTEGRAL J

The determination of the species of the rotational wavefunctions of a molecule
for half-integral values of the rotational quantum numbers has not been dis-
cussed above except by reduction of the species of the group K(mol)2, and we
now do this by using the spin double group of the MS group.

The results in Eq. (12-46) and (12-47) for the transformation properties of
the symmetric top functions |J, k,m〉 (with J integral) under the rotations
Rz

β and Rα
π were obtained from the transformation properties of |J, 0, 0〉 and

the transformation properties of the ladder operators Ĵm
± and Ĵs

±. For J
half-integral we use the same technique except that we start with the function
|J, 12 , 12 〉 rather than the function |J, 0, 0〉. Using Eqs. (11-48) and (11-50) we
obtain

|J, (±)|p|,±|m|〉 = N
(±)
± (Ĵm

(∓))|p|(∓)(1/2)(Ĵs
±)|m|∓(1/2)|J, 1

2
,

1

2
〉, (18-33)

N
(±)
± =

[
(J − |p|)!(J − |m|)!
(J + |p|)!(J + |m|)!

]1/2
ℏ−(|p|+|m|)

[(
J +

1

2

)
ℏ

]±(1/2)(±)(1/2)

(18-34)

and J, p and m are half-integral. [Compare Eq. (11-52).]
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From Eq. (11-15) we have (with an appropriate choice of phase factor)

∣∣∣∣∣J,
1

2
,

1

2

〉
=

√
2J + 1

8π2

(
J +

1

2

)
!

(
J − 1

2

)
!ei(φ+χ)/2

J−(1/2)∑

σ=0

(−1)J−(1/2)−σ

× (cos 1
2θ)

2σ+1(sin 1
2θ)

2J−1−2σ

σ!(σ + 1)![(J − 1
2 − σ)!]2

. (18-35)

Reversing the order of the terms in the sum and writing x = (J − 1
2 − σ) as

the summation index we can rewrite this expression as

∣∣∣∣∣J,
1

2
,

1

2

〉
=

√
2J + 1

8π2

(
J +

1

2

)
!

(
J − 1

2

)
!ei(φ+χ)/2

J−(1/2)∑

x=0

(−1)x

× (cos 1
2θ)

2J−2x(sin 1
2θ)

2x

(x!)2(J + 1
2 − x)!(J − 1

2 − x)!
. (18-36)

Using Eq. (18-33) and the expression for |J, 12 , 12 〉 in Eq. (18-36) we have

∣∣∣∣J,−
1

2
,

1

2

〉
=

[
ℏ

(
J +

1

2

)]−1

Ĵ+
m

∣∣∣∣J,
1

2
,

1

2

〉
(18-37)

= (−1)

√
2J + 1

8π2

(
J +

1

2

)
!

(
J − 1

2

)
!ei(φ−χ)/2

J−(1/2)∑

σ=0

(−1)J−(1/2)−σ

× (sin 1
2θ)

2J−2σ(cos 1
2θ)

2σ

(σ!)2(J + 1
2 − σ)!(J − 1

2 − σ)!

= (−1)J+(1/2)

√
2J + 1

8π2

(
J +

1

2

)
!

(
J − 1

2

)
!ei(φ−χ)/2

J−(1/2)∑

σ=0

(−1)σ

× (sin 1
2θ)

2J−2σ(cos 1
2θ)

2σ

(σ!)2(J + 1
2 − σ)!(J − 1

2 − σ)!
. (18-38)

Using Eqs. (18-36)–(18-38) we determine (see Table 12-1 for the definition of
Rz

β and Rα
π) that

Rz
β

∣∣∣∣J,
1

2
,

1

2

〉
= eiβ/2

∣∣∣∣J,
1

2
,

1

2

〉
(18-39)

and

Rα
π

∣∣∣∣J,
1

2
,

1

2

〉
= exp

[
1

2
i(3π − 2α)

]
(−1)J+(1/2)

∣∣∣∣J,−
1

2
,

1

2

〉

= eiπJe−iα

[
ℏ

(
J +

1

2

)]−1

Ĵ+
m

∣∣∣∣J,
1

2
,

1

2

〉
. (18-40)
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We can use Eqs. (18-39) and (18-40) in conjunction with Eqs. (12-36)–(12-39)
for Ĵm

± and Ĵs
±, and Eq. (18-33) for |J, p,m〉, to determine the transformation

properties of the rotational function |J, p,m〉. The results obtained are

Rz
β |J, p,m〉 = eipβ |J, p,m〉 (18-41)

and

Rα
π|J, p,m〉 = eiπJe−2iαp|J,−p,m〉, (18-42)

where J, p, and m are half-integral.

Fig. 18-3. The symmetry labels Γrves for the rovibronic–electron spin energy levels of
CH3 in a 2A2

′′ vibronic state using Hund’s case (b) electron spin functions.

18.5.1 An example: CH3

As an example of an application we consider the CH3 radical which has a
planar 2A2

′′ electronic ground state; the spin double group of its MS group is
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the D3h(M)2 group (see Table 18-23). Using space fixed electron spin functions
[case (b)] the symmetry Γrves of the levels of a totally symmetric vibrational
state of the 2A2

′′ electronic state can be determined using the results in Ta-
ble 12-5 and these are given in Fig. 18-3. This figure is similar to Fig. 12-15
except that now we have J = N ± 1

2 and the extra symmetry distinctions (′)
and (′′) arising from the feasibility of E∗. Using molecule fixed spin functions
[case (a)] we determine from the K(mol)2 → D3h(M)2 correlation table that
the pair of S = 1

2 spin functions generates the representation E1/2 of D3h(M)2.
Multiplying this by the electron orbital species A2

′′ we obtain E5/2 as the elec-
tron spin–orbit species Γeso. The transformation properties of the rotational
wavefunctions |J, p,m〉, with J half-integral, under the effect of the operations
of the D3h(M)2 group can be obtained from a knowledge of the equivalent
rotations of the elements in conjunction with Eqs. (18-41) and (18-42). The
characters of the representation generated by the pair of functions |J, P,m〉
and |J,−P,m〉 are [giving the characters in the order the elements are listed in
Table 18-23 for D3h(M)2]:

2,2 cos(2πP/3), 0, 2 cos(Pπ), 2 cos(−πP/3),

0, 2 cos(2Pπ), 2 cos(8Pπ/3), 2 cos(5Pπ/3). (18-43)

This should be compared to Eq. (12-49). The symmetry species obtained are
listed in Table 18-15.

Table 18-15

Symmetry species of case (a) rotational wavefunctions |J, p,m〉
of CH3 in the D3h(M)2 groupa

P Γrot P Γrot P Γrot

6n± ( 1
2

) E1/2 6n± ( 3
2

) E3/2 6n± ( 5
2

) E5/2

a n is integral; P=|p| is positive half-integral.

In Fig. 18-4 the symmetry Γrves of the rovibronic–electron spin functions ob-
tained using these results are given in a case (a) basis for CH3 in the 2A2

′′ state.
The reader can correlate the levels of Figs. 18-3 and 18-4 if it is remembered
that J and Γrves do not change. Note that Γrves is always single valued. For
most polyatomic molecules the coupling of the electron spin to the molecular
framework is small and a good understanding of the energy level pattern is
obtained using a Hund’s case (b) basis. In this case the energy level pattern is
like that of a singlet state except for the fact that each level has a multiplicity
of 2S + 1 (or if N < S the multiplicity is 2N + 1).
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Fig. 18-4. The symmetry labels Γrves, for the rovibronic–electron spin energy levels of
CH3 in a 2A2

′′ electronic state (and an A1 vibrational state) using Hund’s case (a) electron
spin functions.
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APPENDIX 18-1: CHARACTER TABLES OF SOME SPIN DOUBLE
GROUPS

Table 18-16

The group Cs(M)2

E E∗ R
Cs(M)2:

1 2 1

Equiv. rot.: R0 Rc
π R2π

A′ : 1 1 1
A′′ : 1 −1 1
E1/2: 2 0 −2 : sep

Table 18-17

The group Ci(M)2

E (12)(34)(56)(78)∗ R R(12)(34)(56)(78)∗

Ci(M)2:
1 1 1 1

Equiv. rot.: R0 R0 R2π R2π

Ag: 1 1 1 1
Au: 1 −1 1 −1

Eg/2: 2 2 −2 −2
Eu/2: 2 −2 −2 2

The characters in Eg/2 and Eu/2 have been doubled since they
come from type two corepresentations [Wigner (1959) page 343], also
called case (b) [Dimmock and Wheeler (1964) page 733].

Table 18-18

The group C2(M)2

E (12)(34) R
C2(M)2:

1 2 1

Equiv. rot.: R0 Rb
π R2π

A: 1 1 1
B: 1 −1 1

E1/2: 2 0 −2 : sep
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Table 18-19

The group C2v(M)2

E (12) E∗ (12)∗ R
C2v(M)2:

1 2 2 2 1

Equiv. rot.: R0 Rb
π Rc

π Ra
π R2π

A1: 1 1 1 1 1
A2: 1 1 −1 −1 1
B1: 1 −1 −1 1 1
B2: 1 −1 1 −1 1

E1/2: 2 0 0 0 −2

Table 18-20

The group C3v(M)2

E (123) (23)∗ R R(123)
C3v(M)2:

1 2 6 1 2

Equiv. rot.: R0 R2π/3
z Rπ

π/2 R2π R8π/3
z

A1: 1 1 1 1 1
A2: 1 1 −1 1 1
E: 2 −1 0 2 −1

E1/2: 2 1 0 −2 −1
E3/2: 2 −2 0 −2 2 : sep
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Table 18-21

The group D2h(M)2

E (1
2
)(
3
4
)

(1
3
)(
2
4
)(
5
6
)

(1
4
)(
2
3
)(
5
6
)

E∗ (1
2
)(
3
4
)∗

(1
3
)(
2
4
)(
5
6
)∗

(1
4
)(
2
3
)(
5
6
)∗

R R
(1

4
)(
2
3
)(
5
6
)∗

D2h(M)2:
1 2 2 2 2 2 2 1 1 1

Equiv. rot.: R0 Ra
π Rb

π Rc
π Rc

π Rb
π Ra

π R0 R2π R2π

Ag: 1 1 1 1 1 1 1 1 1 1
Au: 1 1 1 1 −1 −1 −1 −1 1 −1
B1g: 1 1 −1 −1 −1 −1 1 1 1 1
B1u: 1 1 −1 −1 1 1 −1 −1 1 −1
B2g: 1 −1 1 −1 −1 1 −1 1 1 1
B2u: 1 −1 1 −1 1 −1 1 −1 1 −1
B3g: 1 −1 −1 1 1 −1 −1 1 1 1
B3u: 1 −1 −1 1 −1 1 1 −1 1 −1
Eg/2: 2 0 0 0 0 0 0 2 −2 −2
Eu/2: 2 0 0 0 0 0 0 −2 −2 2

Table 18-22

The group C2h(M)2

E (1
2
)(
3
4
)(
5
6
)

E∗ (1
2
)(
3
4
)(
5
6
)∗

R R
(1

2
)(
3
4
)(
5
6
)∗

C2h(M)2:
1 2 2 1 1 1

Equiv. rot.: R0 Rc
π Rc

π R0 R2π R2π

Ag: 1 1 1 1 1 1
Au: 1 1 −1 −1 1 −1
Bg: 1 −1 −1 1 1 1
Bu: 1 −1 1 −1 1 −1

Eg/2: 2 0 0 2 −2 −2 : sep
Eu/2: 2 0 0 −2 −2 2 : sep
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Table 18-23

The group D3h(M)2

E (1
2
3
)

(2
3
)

E∗ (1
2
3
)∗

(2
3
)∗

R R
(1

2
3
)

R
(1

2
3
)∗

D3h(M)2:
1 2 6 2 2 6 1 2 2

Equiv. rot.: R0 R2π/3
z Rπ

0 Rπ
z R−π/3

z Rπ
π/2 R2π R8π/3

z R5π/3
z

A1
′ : 1 1 1 1 1 1 1 1 1

A1
′′: 1 1 1 −1 −1 −1 1 1 −1

A2
′ : 1 1 −1 1 1 −1 1 1 1

A2
′′: 1 1 −1 −1 −1 1 1 1 −1

E′ : 2 −1 0 2 −1 0 2 −1 −1
E′′: 2 −1 0 −2 1 0 2 −1 1

E1/2: 2 1 0 0
√
3 0 −2 −1 −

√
3

E3/2: 2 −2 0 0 0 0 −2 2 0

E5/2: 2 1 0 0 −
√
3 0 −2 −1

√
3

Table 18-24

The group G6
2. Example: CH3OH+ when the axes are tied to the OH group

E (123) (23)∗ R R(123)
G6

2:
1 2 6 1 2

Equiv. rot.: R0 R0 Rc
π R2π R2π

A1 : 1 1 1 1 1
A2 : 1 1 −1 1 1
E : 2 −1 0 2 −1

Ea/2 : 2 −1 0 −2 1
E1/2 : 2 2 0 −2 −2 : sep
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Table 18-25

The group G12
2. Example: CH3NO+

2 when the axes are tied to the NO2 group

E (1
2
3
)

(2
3
)∗

(4
5
)

(1
2
3
)(
4
5
)

(2
3
)(
4
5
)∗

R R
(1

2
3
)

R
(1

2
3
)(
4
5
)

G2
12 :

1 2 6 2 2 6 1 2 2

Equiv. rot.: R0 R0 Rc
π Ra

π Ra
π Rb

π R2π R2π R3π
a

A1
′ : 1 1 1 1 1 1 1 1 1

A1
′′ : 1 1 1 −1 −1 −1 1 1 −1

A2
′ : 1 1 −1 1 1 −1 1 1 1

A2
′′ : 1 1 −1 −1 −1 1 1 1 −1

E′ : 2 −1 0 2 −1 0 2 −1 −1
E′′ : 2 −1 0 −2 1 0 2 −1 1

Ea/2 : 2 −1 0 0
√
3 0 −2 +1 −

√
3

E1/2 : 2 2 0 0 0 0 −2 −2 0

Eb/2 : 2 −1 0 0 −
√
3 0 −2 +1

√
3

Table 18-26

The character table of the spin double group for CH3NO+
2 obtained when the

axes are tied to the CH3 rotor

E (1
2
3
)

(1
2
)∗

(4
5
)

(1
2
3
)(

4
5
)

(1
2
)(

4
5
)∗

R R
(1

2
3
)

R
(4

5
)

R
(1

2
3
)(

4
5
)

1 2 6 1 2 6 1 2 1 2

Equiv. rot.: R0 R
2π/3
z Rπ

π/6
R0 R

2π/3
z Rπ

π/6
R2π R

8π/3
z R2π R

8π/3
z

A1
′ : 1 1 1 1 1 1 1 1 1 1

A1
′′ : 1 1 1 −1 −1 −1 1 1 −1 −1

A2
′ : 1 1 −1 1 1 −1 1 1 1 1

A2
′′ : 1 1 −1 −1 −1 1 1 1 −1 −1

E′ : 2 −1 0 2 −1 0 2 −1 2 −1
E′′ : 2 −1 0 −2 1 0 2 −1 −2 1
E′

1/2
: 2 1 0 2 1 0 −2 −1 −2 −1

E′′
1/2

: 2 −1 0 −2 1 0 −2 1 2 −1

E′
3/2

: 2 −2 0 2 −2 0 −2 2 −2 2 : sep

E′′
3/2

: 2 −2 0 −2 2 0 −2 2 2 −2 : sep
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BIBLIOGRAPHICAL NOTES

Symmetry classification of electron spin functions

Altmann (1979), Altmann and Palacio (1979), and Altmann and Herzig (1982). We say
that a group of matrices {D[P1],D[P2],D[P3], . . . } forms a representation of a group with
elements {P1, P2, P3, . . . } when the following condition is fulfilled:

D[Pi]D[Pj ] = D[Pij ] if PiPj = Pij (18-44)

for arbitrary group elements Pi and Pj . The concept of a representation can be generalized
to so-called ray representations (or projective representations) which fulfill the less restrictive
equation:

D[Pi]D[Pj ] = ǫ(Pi, Pj)D[Pij ] if PiPj = Pij , (18-45)

again for arbitrary group elements Pi and Pj [see Hamermesh (1964) and Hurley (1966)]. The
quantity ǫ(Pi, Pj) is a phase factor [i.e., a complex number with |ǫ(Pi, Pj)|2 = 1] depending
on Pi and Pj . Most of the time we generate representation matrices D[Pi] that describe the
effect of Pi on a quantum mechanical wavefunction as discussed in Chapter 6; see Eq. (6-51).
From a quantum mechanical point of view the wavefunction ǫ(Pi, Pj)PiPjΨ is equivalent to
PiPjΨ; the two wavefunctions describe the same physical situation. Hence it can be argued
that the ray representation gives the same description of the group {P1, P2, P3, . . . } as the
“true” representation defined by Eq. (18-44). Altmann (1979) has proposed a symmetry
classification scheme for electron spin functions alternative to that described in the present
chapter. He does not classify the functions in the electron spin double group but uses instead
ray representations of the original group for the classification. Applications of the scheme
are given by Altmann and Palacio (1979) and Altmann and Herzig (1982).



APPENDIX A

The Character Tables

This Appendix gives the character tables of the most common molecular
symmetry (MS) groups and extended molecular symmetry (EMS) groups. The
MS group is defined in Chapter 3. The EMS group is necessary for the classifi-
cation of the vibronic states, and other basis states, of linear molecules and of
nonrigid molecules (like dimethylacetylene) that have identical coaxial internal
rotors. The EMS group is defined in Eqs. (17-99)–(17-112) for linear molecules,
and in Sections 15.4.4–15.4.6 for nonrigid molecules that have identical coaxial
internal rotors. The latter EMS groups contain the special symmetry operation
E′ which is the rotation of either of the two internal rotors through 2π radians,
and which does nothing to the space fixed coordinates.

For a rigid nonlinear molecule the MS group is isomorphic to the molecular
point group, and in such a case the name of the MS group is taken to be that of
the point group followed by (M), e.g., the MS group of CH3F is called C3v(M).
For a linear rigid molecule the EMS group is isomorphic to the molecular point
group and is called C∞v(EM) or D∞h(EM) as appropriate; the MS group of

668
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a linear molecule is called C∞v(M) or D∞h(M) but these are not isomorphic
to the C∞v or D∞h point groups. For a nonrigid molecule the MS group is
called Gn, where n is the order of the group, and the EMS group for a molecule
whose MS group is Gn is called Gn(EM). For rigid molecules the irreducible
representations are named in the same way as for the (isomorphic) point group.
The irreducible representations are ordered in each symmetry group according
to established convention; the convention is necessary to ensure a consistent
numbering system for the normal vibrations. The normal vibrations are num-
bered according to their symmetry species, and then within each symmetry
species from highest to lowest wavenumber.

Fig. A-1. The definition of the Eu-
ler angles (θ, φ, χ) that relate the orien-
tation of the molecule fixed (x, y, z) axes
to the (ξ, η, ζ) axes. The origin of both
axis systems is at the nuclear center of
mass O, and the node line ON is di-
rected so that a right handed screw is
driven along ON in its positive direc-
tion by twisting it from ζ to z through
θ where 0 ≤ θ ≤ π. φ and χ have the
ranges 0 to 2π. χ is measured from the
node line.

In each character table one element from each class is given and the number
of elements in the class is indicated underneath the element. If the MS or
EMS group is isomorphic to the molecular point group (this only happens for
rigid molecules), the appropriate elements in each class of the molecular point
group are given (this shows the effects of the MS or EMS group element on
the vibronic variables), and the names of the irreducible representations are
taken from the molecular point group. The equivalent rotation (Equiv. rot.)
of the MS or EMS group element written for each class is also given. The
equivalent rotations of an asymmetric top molecule are called Ra

π, Rb
π, or Rc

π

to indicate rotations through π radians about the a, b, or c axis respectively.
For a symmetric top molecule the equivalent rotations are called Rα

π or Rz
β

as defined in Table A-1 which is a copy of Table 12-1. Knowing the equivalent
rotations one can classify the components of the rovibronic angular momentum
operator Ĵα (see Table A-1). For further convenience we also give in Fig. A-1
a copy of Fig. 10-1 which defines the Euler angles.

The species obtained for the Ĵα are indicated by placing the Ĵα to the right
of the appropriate irreducible representation. The rotational coordinate Rα

[see Eq. (10-112)] transforms in the same way as Ĵα under permutations and
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Table A-1

The transformation propertiesa of the Euler angles
and of the components of the rovibronic angular

momentum Ĵ

Rα
π Rz

β

θ π − θ θ
φ φ + π φ
χ 2π − 2α− χ χ + β

Ĵx Ĵx cos 2α + Ĵy sin 2α Ĵx cos β + Ĵy sinβ

Ĵy Ĵx sin 2α− Ĵy cos 2α −Ĵx sinβ + Ĵy cos β

Ĵz −Ĵz Ĵz

aRα
π is a rotation of the molecule fixed

(x, y, z) axes through π radians about an axis in
the xy plane making an angle α with the x axis (α
is measured in the right handed sense about the z
axis), and Rz

β is a rotation of the molecule fixed
(x, y, z) axes through β radians about the z axis
(β is measured in the right handed sense about the

z axis). The expressions for the Ĵα are given in
Eqs. (10-84)-(10-86).

permutation-inversions. The translational coordinate Tα [see Eq. (10-111)]
transforms in the same way as Ĵα under a nuclear permutation but with op-
posite sign under a permutation-inversion (see Table 12-20), and the molecule
fixed dipole moment components µα transform in the same way as the Tα
[see Eq. (14-36)]. The species of the Tα, and of the components αγδ of the
electronic polarizability, given by the species of TγTδ [see Eq. (14-138)], are
also indicated by placing them the right of the appropriate irreducible repre-
sentation. For molecules with a single internal rotation coordinate we have
indicated, when possible, the symmetry of the torsional momentum operator
Ĵρ. Finally the electric dipole representation Γ∗ that has character +1 for the
permutations and −1 for the permutation-inversions is indicated; allowed tran-
sitions are connected by this symmetry species as discussed in Chapter 14 [see
Eq. (14-8)].
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Table A-2

The group Cs(M)
Example: HN3

E E∗

Cs(M):
1 1

Cs: E σab

Equiv. rot.: R0 Rc
π

A′ : 1 1 : Ta, Tb, Ĵc, αaa, αbb, αcc, αab

A′′: 1 −1 : Tc, Ĵa, Ĵb, αac, αbc,Γ
∗

Table A-3

The Group Ci(M)
Example: Trans C(HIF)CHIF (without torsional tunneling)

E (12)(34)(56)(78)∗

Ci(M):
1 1

Ci: E i

Equiv. rot.: R0 R0

Ag: 1 1 : Ĵa, Ĵb, Ĵc,α
Au: 1 −1 : Ta, Tb, Tc,Γ

∗
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Table A-4

The group C2(M)
Example: Hydrogen persulfide (without torsional tunneling)

E (12)(34)
C2(M):

1 1

C2: E C2b

Equiv. rot.: R0 Rb
π

A: 1 1 : Tb, Ĵb, αaa, αbb, αcc, αac,Γ
∗

B: 1 −1 : Ta, Tc, Ĵa, Ĵc, αab, αbc

Table A-5

The group C2v(M)
Example: Water

E (12) E∗ (12)∗

C2v(M):
1 1 1 1

C2v: E C2b σab σbc

Equiv. rot.: R0 Rb
π Rc

π Ra
π

A1: 1 1 1 1 : Tb, αaa, αbb, αcc

A2: 1 1 −1 −1 : Ĵb, αac,Γ
∗

B1: 1 −1 −1 1 : Tc, Ĵa, αbc

B2: 1 −1 1 −1 : Ta, Ĵc, αab
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Table A-6

The group C3v(M)
Example: Methyl fluoride

E (123) (23)∗

C3v(M):
1 2 3

C3v: E 2C3 3σv

Equiv. rot.: R0 R2π/3
z Rπ

π/2

A1: 1 1 1 : Tz , αzz, αxx + αyy

A2: 1 1 −1 : Ĵz,Γ
∗

E: 2 −1 0 : (Tx, Ty), (Ĵx, Ĵy), (αxz, αyz), (αxx − αyy , αxy)



6
7
4Table A-7

The group C6v(M)
Example: Benzene-argon dimera

(The argon atom is above the benzene ring with no tunneling to the other side of the ring).

E (123456) (135)(246) (14)(25)(36) (26)(35)∗ (14)(23)(56)∗

C6v(M):
1 2 2 1 3 3

C6v: E 2C6 2C3 C2 3σv 3σd

Equiv. rot.: R0 Rπ/3
z R2π/3

z Rπ
z Rπ

π/2 Rπ
0

A1: 1 1 1 1 1 1 : Tz, αzz, αxx + αyy

A2: 1 1 1 1 −1 −1 : Ĵz,Γ
∗

B1: 1 −1 1 −1 1 −1
B2: 1 −1 1 −1 −1 1

E1: 2 1 −1 −2 0 0 : (Tx, Ty), (Ĵx, Ĵy), (αxz, αyz)
E2: 2 −1 −1 2 0 0 : (αxx − αyy , αxy)

a See van der Avoird (1993). The pairs of bonded CH nuclei of the benzene moiety are labeled 1 through 6.
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Table A-8

The group C2h(M)
Example: Trans-difluoroethylene (without torsional tunneling)

E (12)(34)(56) E∗ (12)(34)(56)∗

C2h(M):
1 1 1 1

C2h: E C2c σab i

Equiv. rot.: R0 Rc
π Rc

π R0

Ag: 1 1 1 1 : Ĵc, αaa, αbb, αcc, αab

Au: 1 1 −1 −1 : Tc,Γ
∗

Bg: 1 −1 −1 1 : Ĵa, Ĵb, αac, αbc

Bu: 1 −1 1 −1 : Ta, Tb



6
7
6Table A-9

The group D2h(M)
Example: Ethylene (without torsional tunneling)

E (12)(34) (13)(24)(56) (14)(23)(56) E∗ (12)(34)∗ (13)(24)(56)∗ (14)(23)(56)∗

D2h(M):
1 1 1 1 1 1 1 1

D2h: E C2a C2b C2c σab σac σbc i

Equiv. rot.: R0 Ra
π Rb

π Rc
π Rc

π Rb
π Ra

π R0

Ag: 1 1 1 1 1 1 1 1 : αaa, αbb, αcc

Au: 1 1 1 1 −1 −1 −1 −1 : Γ∗

B1g: 1 1 −1 −1 −1 −1 1 1 : Ĵa, αbc

B1u: 1 1 −1 −1 1 1 −1 −1 : Ta

B2g: 1 −1 1 −1 −1 1 −1 1 : Ĵb, αac

B2u: 1 −1 1 −1 1 −1 1 −1 : Tb

B3g: 1 −1 −1 1 1 −1 −1 1 : Ĵc, αab

B3u: 1 −1 −1 1 −1 1 1 −1 : Tc
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Table A-10

The group D3h(M)
Example: Boron trifluoride

E (123) (23) E∗ (123)∗ (23)∗

D3h(M):
1 2 3 1 2 3

D3h: E 2C3 3C2 σh 2S3 3σv

Equiv. rot.: R0 R2π/3
z Rπ

0 Rπ
z R−π/3

z Rπ
π/2

A1
′ : 1 1 1 1 1 1 : αzz, αxx + αyy

A1
′′: 1 1 1 −1 −1 −1 : Γ∗

A2
′ : 1 1 −1 1 1 −1 : Ĵz

A2
′′: 1 1 −1 −1 −1 1 : Tz

E′ : 2 −1 0 2 −1 0 : (Tx, Ty), (αxx − αyy, αxy)

E′′: 2 −1 0 −2 1 0 : (Ĵx, Ĵy), (αxz , αyz)
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Table A-11

The group D6h(M)
Example: Benzene

HC

C C

C C

CH H

H

H

H

1

2

3

4

5

6 a

b

c

d

e

f

y (+z)

x

E (1
2
3
4
5
6
)(
a
b
c
d
e
f)

(1
3
5
)(
2
4
6
)(
a
c
e
)(
b
d
f)

(1
4
)(
2
5
)(
3
6
)(
a
d
)(
b
e
)(
c
f)

(2
6
)(
3
5
)(
b
f)
(c
e
)

(1
4
)(
2
3
)(
5
6
)(
a
d
)(
b
c
)(
e
f)

(1
4
)(
2
5
)(
3
6
)(
a
d
)(
b
e
)(
c
f)

∗

(1
3
5
)(
2
4
6
)(
a
c
e
)(
b
d
f)

∗

(1
2
3
4
5
6
)(
a
b
c
d
e
f)

∗

E∗ (1
4
)(
2
3
)(
5
6
)(
a
d
)(
b
c
)(
e
f)

∗

(2
6
)(
3
5
)(
b
f)
(c
e
)∗

D6h(M):
1 2 2 1 3 3 1 2 2 1 3 3

D6h: E 2C6 2C3 C2 3C′

2 3C′′

2 i 2S3 2S6 σh 3σd 3σv

Equiv. rot.: R0 Rπ/3
z R2π/3

z Rπ
z Rπ

0 Rπ
π/2 R0 R5π/3

z R4π/3
z Rπ

z Rπ
0 Rπ

π/2

A1g: 1 1 1 1 1 1 1 1 1 1 1 1 : αzz,
αxx + αyy

A1u: 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 : Γ∗

A2g: 1 1 1 1 −1 −1 1 1 1 1 −1 −1 : Ĵz

A2u: 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 : Tz

B1g: 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1
B1u: 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1
B2g: 1 −1 1 −1 −1 1 1 −1 1 −1 −1 1
B2u: 1 −1 1 −1 −1 1 −1 1 −1 1 1 −1

E1g: 2 1 −1 −2 0 0 2 1 −1 −2 0 0 : (Ĵx, Ĵy),
(αxz, αyz)

E1u: 2 1 −1 −2 0 0 −2 −1 1 2 0 0 : (Tx, Ty)
E2g: 2 −1 −1 2 0 0 2 −1 −1 2 0 0 : (αxy,

αxx − αyy)
E2u: 2 −1 −1 2 0 0 −2 1 1 −2 0 0
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Table A-12

The group D2d(M)
Example: Allene (without torsional tunneling)

E (1423)(56)∗ (12)(34) (13)(24)(56) (34)∗

D2d(M):
1 2 1 2 2

D2d: E 2S4 C2 2C2
′ 2σd

Equiv. rot.: R0 R3π/2
z Rπ

z Rπ
3π/4 Rπ

0

A1: 1 1 1 1 1 : αxx + αyy , αzz

A2: 1 1 1 −1 −1 : Ĵz

B1: 1 −1 1 1 −1 : αxx − αyy ,Γ
∗

B2: 1 −1 1 −1 1 : Tz , αxy

E: 2 0 −2 0 0 : (Tx, Ty), (Ĵx, Ĵy), (αxz, αyz)
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The group D3d(M)
Example: Ethane (without torsional tunneling in the staggered conformation)

E (123)(465) (16)(24)(35)(78) (14)(26)(35)(78)∗ (163425)(78)∗ (12)(46)∗

D3d(M):
1 2 3 1 2 3

D3d: E 2C3 3C2 i 2S6 3σd

Equiv. rot.: R0 R2π/3
z Rπ

π/6 R0 R2π/3
z Rπ

π/6

A1g: 1 1 1 1 1 1 : αzz, αxx + αyy

A1u: 1 1 1 −1 −1 −1 : Γ∗

A2g: 1 1 −1 1 1 −1 : Ĵz

A2u: 1 1 −1 −1 −1 1 : Tz

Eg: 2 −1 0 2 −1 0 :

{

(Ĵx, Ĵy), (αxz , αyz)

(αxx − αyy , αxy)

Eu: 2 −1 0 −2 1 0 : (Tx, Ty)
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Table A-14

The group Td(M)
Example: Methane

E (123) (14)(23) (1423)∗ (23)∗

Td(M):
1 8 3 6 6

Td: E 8C3 3C2 6S4 6σd

A1: 1 1 1 1 1 : αxx + αyy + αzz

A2: 1 1 1 −1 −1 : Γ∗

E: 2 −1 2 0 0 : (αxx + αyy − 2αzz, αxx − αyy)

F1: 3 0 −1 1 −1 : (Ĵx, Ĵy, Ĵz)

F2: 3 0 −1 −1 1 : (Tx, Ty, Tz), (αxy, αyz , αxz)
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Table A-15

The group Oh(M)
Example: Sulphur hexafluoride

S2

5

4

6

F F

F

F
F1

F3

E (1
4
5
)(
2
6
3
)

(1
3
)(
2
6
)(
4
5
)

(1
2
3
4
)

(1
3
)(
2
4
)

(1
3
)(
2
4
)(
5
6
)∗

(1
2
5
3
4
6
)∗

(2
5
)(
4
6
)∗

(1
4
3
2
)(
5
6
)∗

(5
6
)∗

Oh(M):
1 8 6 6 3 1 8 6 6 3

Oh: E 8C3 6C2 6C4 3C2 i 8S6 6σd 6S4 3σh

A1g: 1 1 1 1 1 1 1 1 1 1 : αzz + αxx + αyy

A1u: 1 1 1 1 1 −1 −1 −1 −1 −1 : Γ∗

A2g: 1 1 −1 −1 1 1 1 −1 −1 1

A2u: 1 1 −1 −1 1 −1 −1 1 1 −1

Eg: 2 −1 0 0 2 2 −1 0 0 2 : (2αzz − αxx − αyy ,

αxx − αyy)

Eu: 2 −1 0 0 2 −2 1 0 0 −2

F1g: 3 0 −1 1 −1 3 0 −1 1 −1 : (Ĵx, Ĵy, Ĵz)

F1u: 3 0 −1 1 −1 −3 0 1 −1 1 : (Tx, Ty , Tz)

F2g: 3 0 1 −1 −1 3 0 1 −1 −1 : (αxz, αyz , αxy)

F2u: 3 0 1 −1 −1 −3 0 −1 1 1
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Table A-16

The group Ih(M)
Example: Buckminsterfullerene C60

E C2 C3 C4 C5 Ôi C7 C8 C9 C10

Ih(M):
1 12 12 20 15 1 12 12 20 15

Ih: E 12C5 12C2
5 20C3 15C2 i 12S3

10 12S10 20S6 15σ

Ag: 1 1 1 1 1 1 1 1 1 1 : αzz + αxx + αyy

Au: 1 1 1 1 1 −1 −1 −1 −1 −1 : Γ∗

F1g: 3 η+ η− 0 −1 3 η+ η− 0 −1 : (Ĵx, Ĵy, Ĵz)

F1u: 3 η+ η− 0 −1 −3 −η+ −η− 0 1 : (Tx, Ty, Tz)

F2g: 3 η− η+ 0 −1 3 η− η+ 0 −1

F2u: 3 η− η+ 0 −1 −3 −η− −η+ 0 1

Gg: 4 −1 −1 1 0 4 −1 −1 1 0

Gu: 4 −1 −1 1 0 −4 1 1 −1 0

Hg: 5 0 0 −1 1 5 0 0 −1 1 : (2αzz − αxx − αyy ,

αxx − αyy ,

αxz, αyz , αxy)

Hu: 5 0 0 −1 1 −5 0 0 1 −1

η± = (1 ±
√

5)/2. Each of the MS group operations involves the 60 indices
labeling the nuclei in C60 [see Fig. 8-2] and we do not show the operations here.
The elements in each class are described as follows:

C2 Each operation is a product of 12 five-cycles (abcde).

C3 Each operation is a product of 12 five-cycles (abcde).

C4 Each operation is a product of 20 three-cycles (abc).

C5 Each operation is a product of 30 transpositions (ab).

Ôi The product of 30 transpositions (ab) and the inversion E∗ [see
Eq. (8-37)].

C7 = C2 Ôi. Each operation is the product of six ten-cycles (abcdefghij) and
the inversion E∗.

C8 = C3 Ôi. Each operation is the product of six ten-cycles (abcdefghij) and
the inversion E∗.

C9 = C4 Ôi. Each operation is the product of 10 six-cycles (abcdef) and the
inversion E∗.

C10 = C5 Ôi. Each operation is the product of 28 transpositions (ab) and the
inversion E∗.

Ck = Cj Ôi indicates that the elements in Ck are obtained by combining each

element in Cj with Ôi [see Section 8.4.3]. From Fig. 8-2 the reader can construct
the expressions for the MS group operations of C60.
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Table A-17

The group C∞v(M)
Example: Hydrogen cyanide

C∞v(M): E E∗

Σ+,+: 1 1

Σ−,−: 1 −1 : Γ∗

Table A-18

The group D∞h(M)
Example: Carbon dioxide

D∞h(M): E (12) E∗ (12)∗

Σg
+,+ s: 1 1 1 1

Σu
+,+a: 1 −1 1 −1

Σg
−,−a: 1 −1 −1 1

Σu
−,−s: 1 1 −1 −1 : Γ∗

Table A-19

The groupaC∞v(EM)
Example: Hydrogen cyanide

E0 Eε · · · ∞Eε
∗

C∞v(EM)
1 2 · · · ∞

C∞v: E 2C∞

ε · · · ∞σ(ε/2)
v

Equiv. rot.: R0 R−ε
z · · · Rπ

(π+ε)/2

(+)Σ+: 1 1 · · · 1 : Tz , αxx + αyy , αzz

(−)Σ−: 1 1 · · · −1 : Ĵz,Γ
∗

Π: 2 2 cos ε · · · 0 : (Tx, Ty), (Ĵx, Ĵy), (αxz, αyz)
∆: 2 2 cos 2ε · · · 0 : (αxx − αyy , αxy)

.

.

.
.
.
.

.

.

. · · ·
.
.
.

a The xyz axes are the x′y′z′ axes introduced in Chapter 17 for the isomor-
phic Hamiltonian.
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Table A-20

The groupaD∞h(EM)
Example: Carbon dioxide

E0 Eε · · · ∞Eε
∗ (12)π

∗ (12)∗π+ε · · · ∞(12)ε
D∞h(EM):

1 2 · · · ∞ 1 2 · · · ∞

D∞h: E 2C∞

ε · · · ∞σ(ε/2)
v i 2Sπ+ε

∞
· · · ∞C

(ε/2)
2

Equiv. rot.: R0 R−ε
z · · · Rπ

(π+ε)/2 R0 R−ε
z · · · Rπ

ε/2

(+s)Σg
+: 1 1 · · · 1 1 1 · · · 1 : αxx + αyy , αzz

(+a)Σu
+: 1 1 · · · 1 −1 −1 · · · −1 : Tz

(–a)Σg
−: 1 1 · · · −1 1 1 · · · −1 : Ĵz

(–s)Σu
−: 1 1 · · · −1 −1 −1 · · · 1 : Γ∗

Πg: 2 2 cos ε · · · 0 2 2 cos ε · · · 0 : (Ĵx, Ĵy), (αxz, αyz)
Πu: 2 2 cos ε · · · 0 −2 −2 cos ε · · · 0 : (Tx, Ty)
∆g: 2 2 cos 2ε · · · 0 2 2 cos 2ε · · · 0 : (αxx − αyy , αxy)
∆u: 2 2 cos 2ε · · · 0 −2 −2 cos 2ε · · · 0 :

.

.

.
.
.
.

.

.

. · · ·
.
.
.

.

.

.
.
.
. · · ·

.

.

.

a The xyz axes are the x′y′z′ axes introduced in Chapter 17 for the isomorphic Hamiltonian.
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Table A-21

The group G4

Example: Hydrogen peroxide
(with torsional tunneling)

G4 : E (12)(34) E∗ (12)(34)∗

Γ1
a Γ2

b Γ3
c : 1 1 1 1

A+ Ag A1 : 1 1 1 1
A− Au A2 : 1 1 −1 −1 : Γ∗

B− Bg B1 : 1 −1 −1 1

B+ Bu B2 : 1 −1 1 −1

aΓ1 notation based on effects of (12)(34) and E∗.

bΓ2 notation based on C2h notation.

cΓ3 notation based on C2v notation.

Table A-22

The group G6

Example: Methanol (with torsional tunneling)

E (123) (23)∗

G6:
1 2 3

Equiv. rot.: R0 R0 Rc
π

A1 : 1 1 1 : Ta, Tb, Ĵc, αaa, αbb, αcc, αab

A2 : 1 1 −1 : Tc, Ĵa, Ĵb, Ĵρ, αac, αbc,Γ
∗

E : 2 −1 0
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Table A-23

The group G8

Example: CNPI group of H2O2

G8 : E (12)(34) E∗ (12)(34)∗ (12) (34) (12)∗ (34)∗

A1
′ : 1 1 1 1 1 1 1 1

A1
′′ : 1 1 1 1 −1 −1 −1 −1

A2
′ : 1 1 −1 −1 1 1 −1 −1 : Γ∗

A2
′′ : 1 1 −1 −1 −1 −1 1 1

B1
′ : 1 −1 −1 1 1 −1 −1 1

B1
′′ : 1 −1 −1 1 −1 1 1 −1

B2
′ : 1 −1 1 −1 1 −1 1 −1

B2
′′ : 1 −1 1 −1 −1 1 −1 1

Table A-24

The group G12

Example: Nitromethane (with torsional tunneling)

E (123) (23)∗ (45) (123)(45) (23)(45)∗

G12 :
1 2 3 1 2 3

Equiv. rot.: R0 R0 Rc
π Ra

π Ra
π Rb

π

A1
′ : 1 1 1 1 1 1 : Ta, αaa, αbb, αcc

A1
′′ : 1 1 1 −1 −1 −1 : Tb, Ĵc, αab

A2
′ : 1 1 −1 1 1 −1 : Ĵa, Ĵρ, αbc,Γ

∗

A2
′′ : 1 1 −1 −1 −1 1 : Tc, Ĵb, αac

E′ : 2 −1 0 2 −1 0
E′′ : 2 −1 0 −2 1 0
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The group G16

Example: Ethylene (with torsional tunneling)

E (1423)(56)∗ (12)(34) (13)(24)(56) (34)∗ E∗ (1423)(56) (12)(34)∗ (13)(24)(56)∗ (34)
G16 :

1 2 1 2 2 1 2 1 2 2

MWa LHb

A1
+ A1

+ : 1 1 1 1 1 1 1 1 1 1

A2
+ A2

+ : 1 1 1 −1 −1 1 1 1 −1 −1

B1
+ B2

+ : 1 −1 1 1 −1 1 −1 1 1 −1
B2

+ B1
+ : 1 −1 1 −1 1 1 −1 1 −1 1

E+ E+ : 2 0 −2 0 0 2 0 −2 0 0

A1
− B2

− : 1 1 1 1 1 −1 −1 −1 −1 −1

A2
− B1

− : 1 1 1 −1 −1 −1 −1 −1 1 1

B1
− A1

− : 1 −1 1 1 −1 −1 1 −1 −1 1 : Γ∗

B2
− A2

− : 1 −1 1 −1 1 −1 1 −1 1 −1

E− E− : 2 0 −2 0 0 −2 0 2 0 0

aNotation from Merer and Watson (1973). This correlates appropriately to D2d(M) (see Table A-12).

bNotation from Longuet-Higgins (1963).
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Table A-26

The group G18

Example: Methylsilane (with torsional tunneling)

E (456) (123) (123)(456) (123)(465) (23)(56)∗

G18 :
1 2 2 2 2 9

Equiv. rot.: R0 R0 R2π/3
z R2π/3

z R2π/3
z Rπ

π/2

A1 : 1 1 1 1 1 1 : Tz , αzz, αxx + αyy

A2 : 1 1 1 1 1 −1 : Ĵz, Ĵρ,Γ
∗

E1 : 2 2 −1 −1 −1 0 : (Tx, Ty), (Ĵx, Ĵy), (αxz , αyz), (αxx − αyy , αxy)
E2 : 2 −1 2 −1 −1 0
E3 : 2 −1 −1 2 −1 0
E4 : 2 −1 −1 −1 2 0
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Table A-27

The group G24

Example: Benzene-water dimera

(The water moiety is above the benzene ring
and we assume that (123456) and (78) are

feasible; see page 49).

(H )O      H8 7

6

5

4

3

2

1

E (123456) (135)(246) (14)(25)(36) (26)(35)∗ (14)(23)(56)∗

G24: 1 2 2 1 3 3

A1s: 1 1 1 1 1 1
A2s: 1 1 1 1 −1 −1
B1s: 1 −1 1 −1 1 −1
B2s: 1 −1 1 −1 −1 1
E1s: 2 1 −1 −2 0 0
E2s: 2 −1 −1 2 0 0

A1a: 1 1 1 1 1 1
A2a: 1 1 1 1 −1 −1
B1a: 1 −1 1 −1 1 −1
B2a: 1 −1 1 −1 −1 1
E1a: 2 1 −1 −2 0 0
E2a: 2 −1 −1 2 0 0

(78) (123456)(78) (135)(246)(78) (14)(25)(36)(78) (26)(35)(78)∗ (14)(23)(56)(78)∗

1 2 2 1 3 3

1 1 1 1 1 1
1 1 1 1 −1 −1 : Γ∗

1 −1 1 −1 1 −1
1 −1 1 −1 −1 1
2 1 −1 −2 0 0
2 −1 −1 2 0 0

−1 −1 −1 −1 −1 −1
−1 −1 −1 −1 1 1
−1 1 −1 1 −1 1
−1 1 −1 1 1 −1
−2 −1 1 2 0 0
−2 1 1 −2 0 0

aSee Table 9 of Gregory and Clary (1996), but we use s/a instead of +/−, and we exchange
B1 and B2 labels (see Table A-7). Pairs of bonded CH nuclei are labeled 1 through 6.
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Table A-28

The group G36

Example: Acetone (with torsional tunneling)

E (123)(456) (14)(26)(35)(78)∗ (123)(465) (132) (142635)(78)∗ (14)(25)(36)(78) (142536)(78) (23)(56)∗

G36: 1 2 3 2 4 6 3 6 9

Equiv. rot.: R0 R0 Ra
π R0 R0 Ra

π Rb
π Rb

π Rc
π

A1 : 1 1 1 1 1 1 1 1 1 : Tb, αaa, αbb, αcc

A2 : 1 1 1 1 1 1 −1 −1 −1 : Tc, Ĵa, αbc

A3 : 1 1 −1 1 1 −1 1 1 −1 : Ĵb, αac,Γ
∗

A4 : 1 1 −1 1 1 −1 −1 −1 1 : Ta, Ĵc, αab

E1 : 2 2 2 −1 −1 −1 0 0 0
E2 : 2 2 −2 −1 −1 1 0 0 0
E3 : 2 −1 0 2 −1 0 2 −1 0
E4 : 2 −1 0 2 −1 0 −2 1 0
G : 4 −2 0 −2 1 0 0 0 0
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The group G48

Example: CNPI group of CH4

E (123) (14)(23) (1423)∗ (23)∗ E∗ (123)∗ (14)(23)∗ (1423) (23)
G48 :

1 8 3 6 6 1 8 3 6 6

A1
+ : 1 1 1 1 1 1 1 1 1 1

A2
+ : 1 1 1 −1 −1 1 1 1 −1 −1

E+ : 2 −1 2 0 0 2 −1 2 0 0
F1

+ : 3 0 −1 1 −1 3 0 −1 1 −1

F2
+ : 3 0 −1 −1 1 3 0 −1 −1 1

A1
− : 1 1 1 1 1 −1 −1 −1 −1 −1

A2
− : 1 1 1 −1 −1 −1 −1 −1 1 1 : Γ∗

E− : 2 −1 2 0 0 −2 1 −2 0 0

F1
− : 3 0 −1 1 −1 −3 0 1 −1 1

F2
− : 3 0 −1 −1 1 −3 0 1 1 −1
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Table A-30

The group G144

Example: Ammonia dimer (with moiety inversion)

N8

4H
H

H

5

6

y

N

H1

H 3

H 2

7 z

x

E (1
2
)

(1
2
)(
4
5
)

(1
2
3
)

(1
4
)(
2
5
)(
3
6
)(
7
8
)

(1
2
)(
4
5
6
)

(1
2
3
)(
4
5
6
)

(1
4
)(
2
5
3
6
)(
7
8
)

(1
4
2
5
3
6
)(
7
8
)

E∗ (1
2
)∗

(1
2
)(
4
5
)∗

(1
2
3
)∗

(1
4
)(
2
5
)(
3
6
)(
7
8
)∗

(1
2
)(
4
5
6
)∗

(1
2
3
)(
4
5
6
)∗

(1
4
)(
2
5
3
6
)(
7
8
)∗

(1
4
2
5
3
6
)(
7
8
)∗

G144: 1 6 9 4 6 12 4 18 12 1 6 9 4 6 12 4 18 12

A1
+ : 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

A2
+ : 1 −1 1 1 −1 −1 1 1 −1 1 −1 1 1 −1 −1 1 1 −1

B1
+ : 1 1 1 1 −1 1 1 −1 −1 1 1 1 1 −1 1 1 −1 −1

B2
+ : 1 −1 1 1 1 −1 1 −1 1 1 −1 1 1 1 −1 1 −1 1

E+ : 2 0 −2 2 0 0 2 0 0 2 0 −2 2 0 0 2 0 0

G1
+ : 4 2 0 1 0 −1 −2 0 0 4 2 0 1 0 −1 −2 0 0

G2
+ : 4 −2 0 1 0 1 −2 0 0 4 −2 0 1 0 1 −2 0 0

G3
+ : 4 0 0 −2 −2 0 1 0 1 4 0 0 −2 −2 0 1 0 1

G4
+ : 4 0 0 −2 2 0 1 0 −1 4 0 0 −2 2 0 1 0 −1

A1
− : 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 : Γ∗

A2
− : 1 −1 1 1 −1 −1 1 1 −1 −1 1 −1 −1 1 1 −1 −1 1

B1
− : 1 1 1 1 −1 1 1 −1 −1 −1 −1 −1 −1 1 −1 −1 1 1

B2
− : 1 −1 1 1 1 −1 1 −1 1 −1 1 −1 −1 −1 1 −1 1 −1

E− : 2 0 −2 2 0 0 2 0 0 −2 0 2 −2 0 0 −2 0 0

G1
− : 4 2 0 1 0 −1 −2 0 0 −4 −2 0 −1 0 1 2 0 0

G2
− : 4 −2 0 1 0 1 −2 0 0 −4 2 0 −1 0 −1 2 0 0

G3
− : 4 0 0 −2 −2 0 1 0 1 −4 0 0 2 2 0 −1 0 −1

G4
− : 4 0 0 −2 2 0 1 0 −1 −4 0 0 2 −2 0 −1 0 1

The labeling of the irreducible representations is as given by Odutola, Dyke, Howard,
and Muenter (1979).
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Table A-31

The group G4(EM)
Example: Hydrogen peroxide (with torsional tunneling)a,b

E a b ab E′ E′a E′b E′ab
G4(EM):

1 1 1 1 1 1 1 1

Equiv. rot.: R0 Rπ
π/2 Rπ

π Rz
π Rz

π Rπ
π Rπ

3π/2 R0

Ags : 1 1 1 1 1 1 1 1 : αxx, αyy , αzz

Aus : 1 1 −1 −1 1 1 −1 −1 : Ĵρ,Γ
∗

Bgs : 1 −1 −1 1 1 −1 −1 1 : Ĵz, αxy

Bus : 1 −1 1 −1 1 −1 1 −1 : Tz

Agd : 1 1 −1 −1 −1 −1 1 1 : Ĵy, αxz

Aud : 1 1 1 1 −1 −1 −1 −1 : Ty

Bgd : 1 −1 1 −1 −1 1 −1 1 : Ĵx, αyz

Bud : 1 −1 −1 1 −1 1 1 −1 : Tx

aFor space fixed coordinates a = (12)(34), b = E∗ and E′ = E. See page 526.

bFor the definitions of the Euler angle transformations see Table 15-11.
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Table A-32

The group G16(EM)
Example: Ethylene (with torsional tunneling)a,b

E a a2 b ab c ac a2c bc abc E′ a2E′ bE′ bcE′

G16(EM):
1 4 1 2 4 2 4 2 2 4 1 1 2 2

Equiv. rot.: R0 Rπ/2
z Rz

π Rπ
π Rπ

3π/4 Rπ
π Rπ

3π/4 Rπ
π/2 R0 R5π/2

z Rz
π R2π Rπ

3π/2 Rπ
z

A1g
+ : 1 1 1 1 1 1 1 1 1 1 1 1 1 1 : αzz, (αxx + αyy)

A2u
+ : 1 1 1 −1 −1 1 1 1 −1 −1 1 1 −1 −1

B1g
+ : 1 −1 1 1 −1 1 −1 1 1 −1 1 1 1 1 : (αxx − αyy)

B2u
+ : 1 −1 1 −1 1 1 −1 1 −1 1 1 1 −1 −1 : Tz

E+ : 2 0 −2 0 0 2 0 −2 0 0 2 −2 0 0

A1u
− : 1 1 1 1 1 −1 −1 −1 −1 −1 1 1 1 −1

A2g
− : 1 1 1 −1 −1 −1 −1 −1 1 1 1 1 −1 1 : Ĵz

B1u
− : 1 −1 1 1 −1 −1 1 −1 −1 1 1 1 1 −1 : Γ∗, Ĵρ

B2g
− : 1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 : αxy

E− : 2 0 −2 0 0 −2 0 2 0 0 2 −2 0 0

E1 : 2 0 2 2 0 0 0 0 0 0 −2 −2 −2 0
E2 : 2 0 2 −2 0 0 0 0 0 0 −2 −2 2 0

Eg : 2 0 −2 0 0 0 0 0 2 0 −2 2 0 −2 : (Ĵx, Ĵy), (αxz, αyz)
Eu : 2 0 −2 0 0 0 0 0 −2 0 −2 2 0 2 : (Tx, Ty)

aFor space fixed coordinates a = (1423)(56)∗ , b = (13)(24)(56), c = E∗, and E′ = E. See page 532.

bFor the definitions of the Euler angle transformations see Table 15-16.
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Table A-33

The group G36(EM)
Example: Dimethylacetylene (with torsional

tunneling)a,b

E ab c ab5 a4 b2c cd b4cd d
G36(EM):

1 2 3 2 4 6 3 6 9

Equiv. rot.: R0 R0 Rz
π R2π/3

z R4π/3
z Rπ/3

z R0
π Rπ

2π/3 Rπ
π/2

A1s : 1 1 1 1 1 1 1 1 1
A2s : 1 1 1 1 1 1 −1 −1 −1
A3s : 1 1 −1 1 1 −1 1 1 −1
A4s : 1 1 −1 1 1 −1 −1 −1 1

E1s : 2 2 2 −1 −1 −1 0 0 0
E2s : 2 2 −2 −1 −1 1 0 0 0
E3s : 2 −1 0 2 −1 0 2 −1 0
E4s : 2 −1 0 2 −1 0 −2 1 0

Gs : 4 −2 0 −2 1 0 0 0 0

A1d : 1 1 1 1 1 1 1 1 1
A2d : 1 1 1 1 1 1 −1 −1 −1
A3d : 1 1 −1 1 1 −1 1 1 −1
A4d : 1 1 −1 1 1 −1 −1 −1 1

E1d : 2 2 2 −1 −1 −1 0 0 0
E2d : 2 2 −2 −1 −1 1 0 0 0
E3d : 2 −1 0 2 −1 0 2 −1 0
E4d : 2 −1 0 2 −1 0 −2 1 0

Gd : 4 −2 0 −2 1 0 0 0 0

E′ E′ab E′c E′ab5 E′a4 E′b2c E′cd E′b4cd E′d

1 2 3 2 4 6 3 6 9

Rz
π Rz

π R0 R5π/3
z Rπ/3

z R4π/3
z Rπ

π/2 Rπ
π/6 R0

π

1 1 1 1 1 1 1 1 1 : (αxx + αyy), αzz

1 1 1 1 1 1 −1 −1 −1 : Ĵz

1 1 −1 1 1 −1 1 1 −1 : Ĵρ,Γ
∗

1 1 −1 1 1 −1 −1 −1 1 : Tz

2 2 2 −1 −1 −1 0 0 0 : (αxx − αyy , αxy)
2 2 −2 −1 −1 1 0 0 0
2 −1 0 2 −1 0 2 −1 0
2 −1 0 2 −1 0 −2 1 0

4 −2 0 −2 1 0 0 0 0

−1 −1 −1 −1 −1 −1 −1 −1 −1
−1 −1 −1 −1 −1 −1 1 1 1
−1 −1 1 −1 −1 1 −1 −1 1
−1 −1 1 −1 −1 1 1 1 −1

−2 −2 −2 1 1 1 0 0 0 : (Tx, Ty)

−2 −2 2 1 1 −1 0 0 0 : (Ĵx, Ĵy), (αxz, αyz)
−2 1 0 −2 1 0 −2 1 0
−2 1 0 −2 1 0 2 −1 0

−4 2 0 2 −1 0 0 0 0

aFor space fixed coordinates a = (123), b = (456), c = (14)(26)(35)(78)(90)∗ , d = (23)(56)∗ ,
and E′ = E. See page 521.

bFor the definitions of the Euler angle transformations see Table 15-8.



APPENDIX B

The Correlation Tables

In this Appendix there are four types of correlation table.
In Table B-1 the representations D(0) through D(3) of the spin double group

of the three-dimensional molecular rotational group K(mol)2 are reduced onto
the molecular rotation groups D∞2 and D2

2. The rotational states of a spher-
ical top molecule can be labeled D(J) in K(mol)2 according to the value of J .
The rotational states of a symmetric top molecule can be labeled Σ+ (or Σ−),
Π,∆, . . . , in D∞2 as K = 0 with J even (or K = 0 with J odd), K = 1, K = 2,
. . . , respectively, and the rotational states of an asymmetric top molecule can
be labeled A,Ba, Bb, and Bc in D2

2 as KaKc is ee, eo, oo, and oe (o = odd
and e = even). Tables 12-15 and 12-16 were used in these reductions.

In Table B-2 the representations D(0) through D(3) of K(mol)2 are reduced
onto the representations of groups given in Appendices 18-1 and A by us-
ing the equivalent rotations of the elements of the group. We first reduce
K(mol) onto the equivalent rotation group of the MS (or EMS) group, and
then make use of the isomorphism or homomorphism of the MS (or EMS)
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group onto the equivalent rotation group in order to obtain the final result.
The equivalent rotation group is the group of all distinct equivalent rota-
tions of the MS (or EMS) group concerned; e.g., for the C3v(M) group it

is D3 = {E,R2π/3
z , R

4π/3
z , Rπ

π/6, R
π
π/2, R

π
5π/6}. From this table the symmetry

Γrot of the rotational states with J ≤ 3 of each molecule in its MS (or EMS)
group can be obtained. The species of Hund’s case (a) electron spin functions in
these groups can be obtained from this table by identifying the representations
of K(mol)2 with D(S).

In Table B-3 the correlations of the representations of the molecular point
groups of bent and linear molecules are given for use in determining the cor-
relation of the symmetry of the electronic states of a linear triatomic molecule
with those obtained by bending the molecule.

In Table B-4 reverse correlation tables, with statistical weights, are given
for some common nonrigid molecules. For a rigid methanol molecule the
Cs(M) group is {E, (23)∗} if we take the rigid conformer as having O–C–
H1 coplanar with the C–O–H group. For a rigid methyl silane molecule the
C3v(M) group of a conformer is {E, (123)(465), (132)(456), (12)(46)∗, (13)(45)∗,
(23)(56)∗} regardless of whether it is eclipsed or staggered. For a rigid acetone
molecule in the conformation indicated in Table A-28 the C2v(M) group is
{E, (14)(25)(36)(78), (23)(56)∗, (14)(26)(35)(78)∗}. The results in Table B-4
are of use when the tunneling splitting are small, and the statistical weights
should help in the assignments of the states.

Table B-1

The correlation table of K(mol)2 with the molecular
rotational groups D∞

2 and D2
2

K(mol)2 D∞
2 D2

2

D(0) Σ+ A

D(1/2) E1/2 E1/2

D(1) Σ− ⊕ Π Ba ⊕ Bb ⊕ Bc

D(3/2) E1/2 ⊕ E3/2 2E1/2

D(2) Σ+ ⊕ Π⊕∆ 2A⊕ Ba ⊕Bb ⊕Bc

D(5/2) E1/2 ⊕E3/2 ⊕ E5/2 3E1/2

D(3) Σ− ⊕ Π⊕∆⊕ Φ A⊕ 2Ba ⊕ 2Bb ⊕ 2Bc



6
9
9

Table B-2

The correlation of K(mol)2 with the spin double groups of MS and EMS groups

(i) Asymmetric top molecules

K(mol)2 Cs(M)2 Ci(M)2 C2(M)2 C2v(M)2 C2h(M)2 D2h(M)2

D(0) A′ Ag A A1 Ag Ag

D(1/2) E1/2 Eg/2 E1/2 E1/2 Eg/2 Eg/2

D(1) A′ ⊕ 2A′′ 3Ag A⊕ 2B A2 ⊕B1 ⊕B2 Ag ⊕ 2Bg B1g ⊕ B2g ⊕B3g

D(3/2) 2E1/2 2Eg/2 2E1/2 2E1/2 2Eg/2 2Eg/2

D(2) 3A′ ⊕ 2A′′ 5Ag 3A⊕ 2B 2A1 ⊕A2 ⊕ B1 ⊕ B2 3Ag ⊕ 2Bg 2Ag ⊕ B1g ⊕B2g ⊕ B3g

D(5/2) 3E1/2 3Eg/2 3E1/2 3E1/2 3Eg/2 3Eg/2

D(3) 3A′ ⊕ 4A′′ 7Ag 3A⊕ 4B A1 ⊕ 2A2 ⊕ 2B1 ⊕ 2B2 3Ag ⊕ 4Bg Ag ⊕ 2B1g ⊕ 2B2g ⊕ 2B3g
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Table B-2 continued

(ii) Symmetric top, spherical top, and linear molecules

K(mol)2 D2d(M)2 C3v(M)2 D3h(M)2 D3d(M)2

D(0) A1 A1 A1
′ A1g

D(1/2) E1/2 E1/2 E1/2 Eg/2

D(1) A2 ⊕ E A2 ⊕ E A2
′ ⊕ E′′ A2g ⊕ Eg

D(3/2) E1/2 ⊕ E3/2 E1/2 ⊕ E3/2 E1/2 ⊕ E3/2 Eg/2 ⊕ E3g/2

D(2) A1 ⊕ B1 ⊕ B2 ⊕ E A1 ⊕ 2E A1
′ ⊕ E′ ⊕ E′′ A1g ⊕ 2Eg

D(5/2) E1/2 ⊕ 2E3/2 2E1/2 ⊕ E3/2 E1/2 ⊕ E3/2 ⊕ E5/2 2Eg/2 ⊕ E3g/2

D(3) A2 ⊕ B1 ⊕ B2 ⊕ 2E A1 ⊕ 2A2 ⊕ 2E A′′

1 ⊕ A2
′ ⊕ A′′

2
⊕E′ ⊕ E′′

A1g ⊕ 2A2g ⊕ 2Eg

K(mol)2 Td(M)2 Oh(M)2 Ih(M)2

D(0) A1 A1g Ag

D(1/2) E1/2 E1g/2 E1g/2

D(1) F1 F1g F1g

D(3/2) G3/2 G3g/2 G3g/2

D(2) E ⊕ F2 Eg ⊕ F2g Hg

D(5/2) G3/2 ⊕ E5/2 G3g/2 ⊕ E5g/2 I5g/2

D(3) A2 ⊕ F1 ⊕ F2 A2g ⊕ F1g ⊕ F2g F2g ⊕ Gg

K(mol)2 C∞v(EM)2 D∞h(EM)2

D(0) Σ+ Σg
+

D(1/2) E1/2 Eg/2

D(1) Σ− ⊕ Π Σg
− ⊕ Πg

D(3/2) E1/2 ⊕ E3/2 Eg/2 ⊕ E3g/2

D(2) Σ+ ⊕ Π ⊕ ∆ Σg
+ ⊕ Πg ⊕ ∆g

D(5/2) E1/2 ⊕ E3/2 ⊕ E5/2 Eg/2 ⊕ E3g/2 ⊕ E5g/2

D(3) Σ− ⊕ Π ⊕ ∆ ⊕ Φ Σg
− ⊕ Πg ⊕ ∆g ⊕ Φg
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Table B-2 continued

(iii) Nonrigid molecules

K(mol)2 G6
2 G2

12 G2
18 G2

36

D(0) A1 A1
′ A1 A1

D(1/2) E1/2 E1/2 E1/2 E1/2

D(1) A1 ⊕ 2A2 A2
′ ⊕ A′′

1 ⊕ A′′

2 A2 ⊕ E1 A2 ⊕ A3 ⊕ A4

D(3/2) 2E1/2 2E1/2 E1/2 ⊕ E3/2 2E1/2

D(2) 3A1 ⊕ 2A2 2A1
′ ⊕ A2

′ ⊕ A′′

1 ⊕ A′′

2 A1 ⊕ 2E1 2A1 ⊕ A2 ⊕ A3 ⊕ A4

D(5/2) 3E1/2 3E1/2 2E1/2 ⊕ E3/2 3E1/2

D(3) 3A1 ⊕ 4A2 A1
′ ⊕ 2A2

′ ⊕ 2A′′

1 ⊕ 2A′′

2 A1 ⊕ 2A2 ⊕ 2E1 A1 ⊕ 2A2 ⊕ 2A3 ⊕ 2A4

K(mol)2 G4(EM)2 G16(EM)2 G36(EM)2

D(0) A1 A1
+ A1

D(1/2) Eg/2 Eg/2 E1/2

D(1) B1 ⊕ A2d ⊕ B2d A2
− ⊕ E3d A2 ⊕ E2d

D(3/2) 2Eg/2 Eg/2 ⊕ E3g/2 E1/2 ⊕ E3/2

D(2) 2A1 ⊕ B1 ⊕ A2d ⊕ B2d A1
+ ⊕ B1

+ ⊕ B2
− ⊕ E3d A1 ⊕ E1 ⊕ E2d

D(5/2) 3Eg/2 Eg/2 ⊕ 2E3g/2 E1/2 ⊕ E3/2 ⊕ E5/2

D(3) A1 ⊕ 2B1 ⊕ 2A2d ⊕ 2B2d A2
− ⊕ B1

+ ⊕ B2
− ⊕ 2E3d

A2 ⊕ A3d ⊕ A4d

⊕E1 ⊕ E2d
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Table B-3

Correlation of species of electronic states of
a linear triatomic moleculea with species of

electronic states obtained when
molecule is benta

D∞h C2v C∞v Cs

Σg
+ A1 Σ+ A′

Σu
+ B2 Σ− A′′

Σg
− B1 Π A′ ⊕ A′′

Σu
− A2 ∆ A′ ⊕ A′′

Πg A2 ⊕ B2

...
...

Πu A1 ⊕ B1

∆g A1 ⊕ B1

∆u A2 ⊕ B2

...
...

a In D∞h or C∞v.
b In C2v or Cs.

Table B-4

Reverse correlation Tables for nonrigid molecules
with statistical weights (C = 12C, N = 14N, and O = 16O)

(i) NH3
a (ii) CH3OHb

C3v(M) D3h(M) Cs(M) G6

A1(12) A1
′(0) ⊕ A′′

2 (12) A′(8) A1(4) ⊕E(4)
A2(12) A2

′(12) ⊕A′′
1 (0) A′′(8) A2(4) ⊕E(4)

E(12) E′(6) ⊕E′′(6)



703

Table B-4 continued

(iii) SiH3CH3
c (iv) CH3COCH3

d

C3v(M) G18 C2v(M) G36

A1(24) A1(16) ⊕ E4(8) A1(28) A1(6) ⊕ E1(4) ⊕E3(2) ⊕G(16)
A2(24) A2(16) ⊕ E4(8) A2(28) A3(6) ⊕ E2(4) ⊕E3(2) ⊕G(16)
E(40) E1(16) ⊕ E2(16) ⊕ E3(8) B1(36) A2(10) ⊕E1(4)⊕ E4(6) ⊕G(16)

B2(36) A4(10) ⊕E2(4)⊕ E4(6) ⊕G(16)

(v) H2O2
e

C2(M) G4 G8

A(2) A1(1) ⊕ A2(1) A1
′(1) ⊕ A′′

1 (0) ⊕A2
′(1) ⊕ A′′

2 (0)
B(6) B1(3) ⊕ B2(3) B1

′(0)⊕ B′′
1 (3) ⊕B2

′(0) ⊕B′′
2 (3)

(vi) C2H4
f (vii) C2H6

g

D2h(M) G16 D3d(M) G36

Ag(7) A1
+(1) ⊕B1

+(6) A1g(8) A1(6) ⊕E3(2)
Au(7) A1

−(6) ⊕B1
−(1) A1u(8) A3(6) ⊕E3(2)

B1g(3) A2
−(0) ⊕B2

−(3) A2g(16) A2(10) ⊕ E4(6)
B1u(3) A2

+(3) ⊕B2
+(0) A2u(16) A4(10) ⊕ E4(6)

B2g(3) E−(3) Eg(20) E1(4) ⊕G(16)
B2u(3) E+(3) Eu(20) E2(4) ⊕G(16)
B3g(3) E+(3)
B3u(3) E−(3)

(viii) CH4
h

Td(M) G48

A1(5) A1
+(0) ⊕A1

−(5)
A2(5) A2

+(5) ⊕A2
−(0)

E(2) E+(1) ⊕E−(1)
F1(3) F1

+(3) ⊕ F1
−(0)

F2(3) F2
+(0) ⊕ F2

−(3)

aSee Tables A-6 and A-10. eSee Tables A-4, A-21, and A-23.
bSee Tables A-2 and A-22. fSee Tables A-9, A-23, and 8-2.
cSee Tables A-6 and A-26. gSee Tables A-13 and A-33.
dSee Tables A-5 and A-28. hSee Tables A-14 and A-29.
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Z. Bačić and J. C. Light (1986). J. Chem. Phys. 85, 4594.
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tional Spectra of Symmetric Top Molecules: Correlation-Free Reduced Forms
of Hamiltonians, Advances in Measuring Techniques, and Determination of
Molecular Parameters from Experimental Data, in “Vibration-Rotational Spec-
troscopy and Molecular Dynamics”, (D. Papoušek, Ed.), in “Advanced Series
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J. Vigué, M. Broyer, and J. C. Lehmann (1981). J. Phys. (Paris) 42, 937.

D. T. Vituccio, O. Golonzka, and W. E. Ernst (1997). J. Mol. Spectrosc. 184,
237.

D. J. Wales (1996). Science 271, 925.

R. A. Walker, E. Richard, K.-T. Lu, E. L. Sibert, and J. C. Weisshaar (1995).
J. Chem. Phys. 102, 8718.

R. Wallace (1989). Chem. Phys. Lett. 159, 35.

A. Watanabe and H. L. Welsh (1964). Phys. Rev. Lett. 13, 810.

J. K. G. Watson (1965). Can. J. Phys. 43. 1996.

J. K. G. Watson (1967). J. Chem. Phys. 46, 1935.

J. K. G. Watson (1968). Mol. Phys. 15, 479.

J. K. G. Watson (1970). Mol. Phys. 19, 465.

J. K. G. Watson (1971a). J. Mol. Spectrosc. 39, 364.

J. K. G. Watson (1971b). J. Mol. Spectrosc. 40, 536.

J. K. G. Watson (1974). J. Mol. Spectrosc. 50, 281.

J .K. G. Watson (1975). Can. J. Phys. 53, 2210.

J. K. G. Watson (1977). Aspects of Quartic and Sextic Centrifugal Effects on Rota-
tional Energy Levels, in “Vibrational Spectra and Structure,” vol. 6 (J. R. Durig,
Ed.), chapter 1, Dekker, New York, 1.

J. K. G. Watson (1980). J. Mol. Spectrosc. 80, 411.

J. K. G. Watson (1984). J. Mol. Spectrosc. 103, 125.

J. K. G. Watson (1986). Mol. Phys. 59, 127.

J. K. G. Watson (1991). J. Mol. Spectrosc. 145, 130.

J. K. G. Watson, W. Siebrand, M. Pawlikowski, and M. Z. Zgierski (1996). J. Chem.
Phys. 105, 1348.

H. Wei and T. Carrington Jr. (1997). J. Chem. Phys. 107, 9493.
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Index

This index includes, in addition to the usual material of an index, important symbols
and molecules. The symbols appear at the beginning of the appropriate letter section
of the index with upper case letters preceding lower case letters and Latin letters pre-
ceding Greek letters. Each molecule is listed, as in the volumes by Herzberg (1989,
1991a, 1991b), under its formula considered as a word; for example, CH3F as Chf
and H2O as Ho.

A

A-reduced Hamiltonian, 354

Ae, rotational constant, 241

Aγδ, spin–orbit coupling coefficient, 400

a0, Bohr radius, 196

(a, b, c), principal axes, 212, 241

(abcd · · · yz), permutation, 5

aαβ
r , expansion coefficient in Iαβ, 237

a-type band, 449

α, coordinate associated with
two-dimensional harmonic
oscillator, 261

αAB , space fixed components of static
electric polarizability tensor,
465

(α, β, γ), Euler angles, 136

[α, β, γ], operation in K(spatial), 137

αδγ , molecule fixed components of
static electric polarizability
tensor, 467

α(σ), electron spin function, 189

αA
r , molecular parameter, 355

αAζt
r , molecular parameter, 355

αB
r , molecular parameter, 355

[ατ ], coefficient, 211

Abelian group, 15

ab initio methods, 189, 202

Accidental degeneracy, 30, 87, 100, 260,
435

Accidental resonance, 351, 435

Accidentally vanishing interaction, 324

Active picture, 132

723
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Active transformations, 132

Adiabatic correction, 371

Adiabatic correction terms, 367

Adiabatic potential surface, 371

Algebraic method, 363
Allowed transition, 425

Ammonia, see NH3

Ammonia dimer, see (NH3)2
Ammonia tetramer, see (NH3)4
Ammonia trimer, see (NH3)3
Angular momentum, 220–226, 238

combining operators, 224–226

commutation relations

linear molecule, non-isomorphic
Hamiltonian, 615

molecule fixed components, 223

space fixed components,
222–223

coupling, 225–226

eigenvalues, 221–222, 224–225

electronic, 224
transformation properties, 271,

314

ladder operator, 244–247
matrix elements, 245

molecule fixed components, 221

transformation properties, 271

relation to rotational symmetry,
136

rovibronic, 138, 224, 394

space fixed components, 220–221

spin, 224
total, 138, 224, 225, 394

vibrational, 209, 236, 261, 264,
345, 346, 374

quantum number l, 262

transformation properties, 271,
314

Anharmonic resonance, 329

cubic, 329

quartic, 329

quintic, 329

Anharmonicity, 177, 240, 319, 324, 336,
425, 444, 456

electrical, 425

perturbations, 332, 334, 338
Antisymmetric product function, 111

Antisymmetric product representation
{Γ}2, 112

Antisymmetric representation Γ(e)(A)

in S
(e)
n , 140

Antisymmetric representation ΓCNP(A)
in GCNP, 141

Antiunitary operator, 119
Asymmetric top, 241

asymmetry parameter κ, 253
molecular rotation group, 307
near quantum numbers, 320–321
rotation-vibration interaction,

325–333
rotational energies and

wavefunctions, 247–248
rotational selection rule, 448–449
symmetry rule, 281, 284

Atomic units, 196
Axial vector, 133
Axis switching, 399, 435

transition, 436
Axis systems, 205–206

B
Be, rotational constant, 241
B matrix, 228
B tensor, 228
b-type band, 449
β(σ), electron spin function, 189
Basis set, 114
Benzene trimer, see (C6H6)3
Berry phase, see Geometric phase
BF3, 32, 241

allowed CNPI group symmetries
Γ±, 150

MS group, 38
number of elements in CNPI

group, 29
point group symmetry, 58
rotational wavefunction

symmetry classification, 281
BH2, 413
B12H12

2−, 288
Birss resonance, 329
Block diagonal matrix, 74
Body fixed axes, 359, 551
Body fixed reference frame, 553
bohr a0, atomic unit of length, 196
Bohr magneton µB , 129
Born-Oppenheimer approximation,

186–188, 202, 318, 367, 380,
386
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breakdown, 323, 364, 372
Born-Oppenheimer potential energy

function, 187, 391
isotope independent form, 228

Bose-Einstein statistics, 138–141, 145,
148

Boson, 139, 150–152, 172
Bright states, 435

C
Ce, rotational constant, 241
Cre, charge of particle r, 91, 126
C1h, see Cs

C1v, see Cs

C2v, point group, 58
character table, 308

C2v(M)2, spin double group, 646–648
C2v(M), MS group, 59, 81

character table, 98
C3, point group, 114

character table, 114
C3v(M)2, spin double group, 651–657
C3v(M), MS group, 34, 80

character table, 103
C4, rotational symmetry group, 55
Ci, point group, 57
C∞, continuous rotation group, 55
C∞(spatial), subgroup of K(spatial),

469
C∞v, linear molecule point group, 62
C∞v(EM), extended molecular

symmetry group, 628
C∞v(M), molecular symmetry group,

624
Cn, rotational symmetry group, 54
Cn, point group, 57
Cnv, point group, 57
Cs, point group, 57
Cs(M), MS group, 49
c, speed of light, 129
c-type band, 449
c label, see Linear molecule, c/d labels
χ, character, 73
χ, Euler angle, see Euler angles (θ, φ, χ)
χ, trace of matrix, 67
χ
(α)
γγ , quadrupole coupling constant, 407

χµ(r), atomic orbital basis function,
191

C60, 165, 342
MS group, 165

point group symmetry, 58
rotational wavefunction

symmetry classification,
287–288

statistical weights, 167
Casimir operator, see Operator,

invariant
CC-R12, 197
CCSD, 197
CCSDT, 197
CCSD(T), 197
C2D2, 475
Centrifugal distortion, 177, 240, 324
Centrifugal distortion constants, 354
Centrosymmetric molecule, 26, 62, 331,

332, 456, 457, 468, 623, 641
point group, 62

CH2, 376, 398, 413, 494
intensities of ã 1A1 and b̃ 1B1

transitions, 441
intersystem crossing between

ã 1A1 and X̃ 3B1, 398
large-amplitude vibration, 535–541
Renner effect, 376
singlet-triplet interaction, 398
singlet-triplet splitting, 398

CH2CCH2 point group symmetry, 58
CH2F2, MS group, 36
CH2O, 412

symmetry classification of
rotational wavefunction, 284

CH+
2 , 376, 413

Renner effect, 376
CH3, 659–660
CH3BF2, 503, 504, 507, 511
CH3C6H5, 494

large-amplitude vibration, 512–516
MS group, 512

CH3CCCH3, 494
extended MS group, 494, 517
large-amplitude vibration, 516–525
MS group, 517

CH3CH3, 30, 494
large-amplitude vibration, 516–525
MS group, 517
number of elements in CNPI

group, 29
point group symmetry, 58

CH3COCH2CH2OH, number of
elements in CNPI group, 29
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CH3F, 6, 241, 414
CNP group, 16
CNPI group, 24
distinct labeled forms, 6
effect of E∗, 21
Euler angles

transformation properties,
269–270, 311–313

Hund’s case (a) electronic
wavefunction symmetry,
302–304

normal coordinate symmetry, 334
nuclear spin function symmetry,

409
number of elements in CNPI

group, 29
ortho levels, 409
ortho-para conversion, 408–410
para levels, 409
point group symmetry, 58
rotation-vibration interactions,

335–340
rotational wavefunction

symmetry classification, 281
statistical weights, 409

CH3NH2, 549
CH3NO2, 475, 494

large-amplitude vibration, 503–512
MS group, 503

CH3O, 380, 414
CH3OH, 453, 475, 550

overtone spectroscopy, 453
(CH3)3CCCH, MS group, 90
CH4, 30, 342

allowed CNPI group symmetries
Γ±, 150

allowed MS group symmetries
Γ±
MS, 151

energy level clustering, 356,
542–543

MS group, 38, 162
number of elements in CNPI

group, 29
ortho-para transitions, 456, 474
point group symmetry, 58
rotational transitions, 453
rotational wavefunction

symmetry classification,
287–288

statistical weights, 162

vibrational quantum numbers, 321
C2H2, 411, 475

MS group, 40
polyads, 357
Renner effect, 372

C2H+
3 , 550

C2H4, 16, 81, 494
allowed CNPI group symmetries

Γ±, 151
allowed MS group symmetries

Γ±
MS, 151

CNP group, 16
extended MS group, 532
large-amplitude vibration, 532–535
MS group, 35, 41, 532
number of elements in CNPI

group, 29
point group symmetry, 58
rotational wavefunction

symmetry classification,
284–286

statistical weights
in D2h(M), 156
in G16, 157
in G96, 157

symmetry of nuclear spin
functions, 155

C2H5, 512
C2H5OH, number of elements in CNPI

group, 29
C4H2, 475
C4H6, Herzberg-Teller effect, 439
C6H5CH3, number of elements in CNPI

group, 29
C6H6

Herzberg-Teller effect, 436
number of elements in CNPI

group, 29
point group symmetry, 58

(C6H6)3, 90
C6H6-Ar, intermoiety vibration, 475
C6H6-H2O

correlation table with statistical
weights, 170

MS group, 48
(C6H6)(H2O)2, number of elements in

CNPI group, 29
C20H20, 288
Chain rule, 127
Channel function, 390
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Character, 73
double valued, 644

Character table, 76, 80–81, 90
determination, 80–81
of direct product, 81–82
of MS group, 81, 668–696
of spin double group, 662–666

CHOCOOH, CNP group, 17
CI calculation, see Configuration

Interaction calculation
Class, 77
Clebsch-Gordan coefficient, 225
Close-coupling calculation, 566
Cluster, see Weakly bound cluster

molecule, see Energy level
clustering

CNP group, see Complete nuclear
permutation group

CNPI group, see Complete nuclear
permutation inversion group

CO2, 475
point group symmetry, 58
resonance between ν1 and 2ν2, 321

C3O2, 539, 637
CO@C60, 557
Collocation method, 566
Commutation relations, see Angular

momentum
Commutator, 118
Complete electron permutation group

S
(e)
n , 133, 140–141

Complete nuclear permutation group
GCNP, 16, 133, 141

Complete nuclear permutation
inversion group GCNPI, 24

Configuration, 190
Configuration Interaction calculation,

195–197
coupled cluster methods, 197
symmetric group approach, 198
unitary group approach, 201

Configuration space, 8
Conical intersection, 380, 383
Conjugate element, 77
Conjugate momentum, 181
Conjugate transpose matrix, 67
Contact transformation, 349
Contact transformed Hamiltonian,

348–357
Continuous group, 55

Contortion, 30
Contortional coordinate, 478
Contracted Gaussian, 192
Corepresentation, 143
Coriolis coupling, 177, 240, 324
Coriolis-type resonance, 329
Correlation table, 82–83, 697–703

statistical weights added, 169–170
Coupled cluster methods, 197
Coupling coefficient, 324
Coupling operator, 324
Coupling scheme, 403
CS2, Herzberg-Teller effect, 439
Curvilinear coordinate, 179
Cyano-acetylene, see HC3N
Cycle, 5
Cyclobutene, see C4H6

D
D, see debye
D, electron spin-spin interaction

parameter, 401
D(F ), irreducible representation in

K(spatial), 137

D
(F )
m′m(α, β, γ), rotation matrix element,

137
DJ , centrifugal distortion parameter,

355
DJK , centrifugal distortion parameter,

355
DK , centrifugal distortion parameter,

355
D

(J)
mk(φ, θ, χ), rotation matrix element,

242
D2, rotation group, 56, 284, 304, 307

character table, 307
D2h, point group, 57
D2h(M), MS group, 78, 83
D3, rotational symmetry group, 53
D3h(M), MS group, 85
D∞, continuous rotation group, 55, 56,

304, 305
character table, 305

D∞h, linear molecule point group, 62
D∞h(EM), extended molecular

symmetry group, 628
D∞h(M), molecular symmetry group,

624
Dn, point group, 57
Dn, rotational symmetry group, 55
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Dnd, point group, 57
Dnh, point group, 57
d label, see Linear molecule, c/d labels
(dξ, dη, dζ), space fixed components of

magnetic dipole moment, 458
∆a

kl, nuclear mass independent
constant, 365

∆J , centrifugal distortion constant, 354
∆(j1j2j3), triangular condition, 564
∆JK , centrifugal distortion constant,

354
∆K , centrifugal distortion constant,

354
(∆xi,∆yi,∆zi), Cartesian

displacement coordinates, 206
δJ , centrifugal distortion constant, 354
δK , centrifugal distortion constant, 354
D2, effective Hamiltonian for the

electronic ground state, 365
(D2)2, statistical weights, 571
Dark states, 435
Darling-Dennison resonance, 330
debye, unit of dipole moment, 417
Degenerate molecular state, 95

symmetry classification, 99–100
Degenerate normal coordinate

transformation properties, 277
Degenerate rearrangement, 30
Density matrix, 193
Determinant of matrix, 67
DGB, see Distributed Gaussian basis
Diacetylene, see C4H2

Diagonalization, 115, 117–120
Diatomic molecule, 611–618

rovibronic Hamiltonian, 615
Diazirine, see H2

12C14N2

Diffusion Monte Carlo method, 567
Dimethylacetylene, see CH3CCCH3

Dipole moment operator, 417
effective, 455
of weakly bound cluster molecule,

559
Direct method, 175
Direct product, 16, 79

irreducible representation, 81–82
projection operator, 108–109

Direction cosine matrix element λxξ,
205

transformation properties, 271
Discrete Variable Representation, 361

for weakly bound cluster molecule,
566

Distributed Gaussian basis, 175, 362,
562

D2O, allowed CNPI group symmetries
Γ±, 150

Double group, 517, 644
Double valued character, 644
Double valued representation, 387, 644
Doublet state, 196
Duck, quacks like a, 646
Dunham expansion, 365
DVR, see Discrete Variable

Representation
DVR-DGB, 362
Dynamical symmetry, 363

E
E, electron spin-spin interaction

parameter, 401
E, identity operation, 11
ECM, translational energy, 135
Eelec, electronic energy, 188
Eh, Hartree energy, 197
Eint, internal energy, 135
E−, E+, asymmetric top labels, 248
E′, special symmetry operation in EMS

group, 521
E0

rv, rigid rotor harmonic oscillator
energy, 240

Erve, rovibronic energy, 175
E∗, inversion operation, 20
ee, eo, oe, oo, asymmetric top labels,

253
e, elementary charge, 91
e label, see Linear molecule, e/f labels

eQq
(α)
NN , coupling constant, 406

ǫ0, permittivity of vacuum, 91
ǫγδ , spin-rotation tensor element, 400
εk, molecular orbital energy, 189
η, linear molecule quantum number,

633
η, symmetric top quantum number, 294
ηJ
t , molecular parameter, 355

ηK
t , molecular parameter, 355
E , inversion group, 24
Eckart equations, 204, 208–211, 426,

478–480, 488, 499
numerical example, 211–217

Effective dipole moment operator, 455
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Effective rotational Hamiltonian, 353
EFS group, see Electric field symmetry

group
Eigenfunction, 92
Eigenvalue, 92
Electric dipole representation, 418–419,

463, 471
Electric dipole transition, 415–458
Electric field gradient, 130
Electric field symmetry group, 472
Electric polarizability tensor, 465, 561

static, 465
Electric quadrupole moment, 129
Electric quadrupole transition, 461–463

in H2, 463
in N2, 463
in O2, 463
selection rules, 461

Electrical anharmonicity, 425
Electron configuration, 190
Electron correlation, 190
Electron orbital symmetry Γelec,

297–300, 319
Electron permutation group S

(e)
n , 133

Electron spin
angular momentum Ŝ, 196, 224,

394, 395
half-integral, 395, 657–659

double group, 643–660
character table, 662–666
of C2v(M), 646–648
of C3v(M), 651–657
of MS group, 644
of three-dimensional rotation

group K, 644
operation R, 644

function, 189
Electron spin-rotation Hamiltonian,

400
Electron spin-spin interaction, 401
Electronic g/u mixing, 638–642
Electronic Hamiltonian Ĥelec, 189, 391
Electronic Schrödinger equation, see

Schrödinger equation,
electronic

Electronic transition moment function,
422

Electronic wavefunction Φ
(e,S,mS )
elec , 196

Electronically allowed transition, 433
Electronically forbidden transition, 434

Embedding, 359, 551
EMS group, see Extended molecular

symmetry group
Energy level clustering

in H2X molecule, 542–549
in spherical top molecule, 348,

356, 542–543
Equivalent representation, 72–73
Equivalent rotation, 267
Ethane, see CH3CH3

Ethyl radical, see C2H5

Ethylene, see C2H4

Euler angles (α, β, γ), 136
Euler angles (θ, φ, χ), 204–205

CH3F
transformation properties,

269–270, 311–313
H2O

transformation properties,
268–269, 310–311

transformation properties,
266–270, 310–313

Even permutation, 11
effect on internal wavefunction,

150
Extended molecular symmetry group,

521, 607, 644
of C2H4, 532
of CH3CCCH3, 494, 517
of H2O2, 526
of linear molecule, 607, 628

F
F , angular momentum quantum

number, 137
near quantum number in Zeeman

effect, 469
selection rules in Zeeman effect,

469
F̂Z , angular momentum operator, 138
F̂, total angular momentum, 138, 224,

394
F matrix, 231
fij , fijk, fijkl, force constants, 227
f label, see Linear molecule, e/f labels
Faithful representation, 69–71
FBR, see Finite Basis Representation
FCT group, see Full cluster tunneling

group
Feasible, 34
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Fermi contact interaction operator, 641
Fermi resonance, 330
Fermi-Dirac statistics, 138–141, 145
Fermion, 139–141, 150–152, 159, 160,

162, 172
Fine structure components, 429
Finite Basis Representation, 361, 565
Fock matrix, 193
Forbidden transition, 415, 426, 474
Force constants, 227

isotope independent, 228
Formaldehyde, see CH2O
Four-group D2, 304
Franck-Condon

factor, 433
principle, 433
progression, 433

Full CI calculation, 195
Full cluster tunneling group, 44
Full Hamiltonian group GFULL,

134–135, 146
Fundamental band, 444

Jahn-Teller enhanced, 442

G
G1, MS group, 549
G4, molecular symmetry group for

H2O2, 526
G4(EM), extended molecular symmetry

group for H2O2, 526
G12

MS group of CH3C6H5, 512
MS group of CH3NO2, 503

G16

MS group, 81
MS group of C2H4, 532

G16(EM), extended molecular
symmetry group for C2H4,
532

G36

MS group of (NH3)2, 591
MS group of CH3CH3 and

CH3CCCH3, 517, 518
G36(EM), extended molecular

symmetry group of CH3CH3

and CH3CCCH3, 517, 521
G

†
36, extended molecular symmetry

group, 521
G

(2)
36 , extended molecular symmetry

group, 521

G48, CNPI group of CH4, 29

G96, CNPI group of C2H4, 83

G144, MS group of (NH3)2, 581

G162, MS group of (CH3)3CCCH, 90

GCNP, complete nuclear permutation
group, 16

GCNPI, complete nuclear permutation
inversion group, 134

GFULL, full symmetry group of the
molecular Hamiltonian, 134

G matrix, 230

Gn, MS group of nonrigid molecule, 81

GT, translational group, 133

g-u label, 62

of Ĵ, 331

g/u mixing, 638–642

g, g-factor of the electron, 126

gα, g-factor of nucleus α, 126

gns, nuclear spin statistical weight
factor, 422

grv, linear molecule quantum number,
633

grv, symmetric top quantum number,
294

grve, symmetric top quantum number,
296

gtt′ , molecular parameter, 355

gv, symmetric top quantum number,
296

gve, symmetric top quantum number,
296

ΓCNP(A), antisymmetric representation
in GCNP, 141

Γ(e)(A), antisymmetric representation

in S
(e)
n , 140

Γelec, MS group symmetry of electronic
wavefunction Φ

(e,S,mS )
elec , 319

Γint, MS group symmetry of separable
basis function Φ0

int, 319

Γ(LH), notation for the irreducible
representations of G16 , 81

Γ−, symmetry of Φint in CNPI group,
150

Γ−
MS, symmetry of Φ

(l)
int in MS group,

151

Γ(MW), notation for the irreducible
representations of G16 , 81

Γnspin, MS group symmetry of nuclear
spin function Φnspin, 319
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Γ+, symmetry of Φint in CNPI group,
150

Γ+
MS, symmetry of Φ

(l)
int in MS group,

151
Γrot, MS group symmetry of rotational

wavefunction Φrot, 319
Γ(s), totally symmetric representation,

80
{Γ}2, antisymmetric product

representation, 112
[Γ]2, symmetric product representation,

112
Γ∗, see Electric dipole representation
Γve, vibronic symmetry, 434
Γvib, MS group symmetry of

vibrational wavefunction
Φvib, 319

γ, harmonic oscillator parameter, 256
Gauss-type orbital, 192
Gaussian

contracted, 192
distributed basis, 175
nipple, 175, 362
orbital, 192

Generating operations, 291–292, 521,
581, 632

for C3v(M), 291–292
for C∞v, 632
for D∞h, 632
for G144, 583

Geometric phase, 385
Geometrically defined vibrational

coordinates, 358
GF calculation, 231
Good quantum number, 251, 320

F , 322
Group, 14

Abelian, 15
axioms, 14
character table, 76
class, 77
conjugate element, 77
continuous, 55
double, 517, 644
infinite, 55
isometric, 63
order, 15
product, 79

direct, 79
semidirect, 79, 90

wreath, 90
rotation-contortion, 63
symmetric, 198
vibronic, 63

GTO, see Gauss-type orbital

H
Ĥelec, electronic Hamiltonian, 189
Ĥes, electron-spin Hamiltonian, 129
Ĥhfs, hyperfine Hamiltonian, 129
Ĥint, Hamiltonian for the internal

dynamics of a molecule, 130,
135

ĤJT, Jahn-Teller Hamiltonian, 386
Hcore

µν , one-electron integral, 193

Ĥns, nuclear-spin Hamiltonian, 130
Ĥquad, nuclear quadrupole coupling

Hamiltonian, 130
Ĥrot, rigid rotor Hamiltonian, 241
Ĥrv, rotation-vibration Hamiltonian,

233
Ĥ0

rv, rigid-rotor harmonic-oscillator
Hamiltonian, 237

Ĥrve, spin-free rovibronic Hamiltonian,
130

Ĥrves = Ĥrve + Ĥes, 138, 396
H̃rv, transformed rotation-vibration

Hamiltonian, 350
ĤStark, Stark effect Hamiltonian, 470
ĤZeeman, Zeeman effect Hamiltonian,

468
h, Planck’s constant, 92
ℏ = h/2π, 92
ĥi, one-electron Hamiltonian, 189
H2

effective Hamiltonian for the
electronic ground state, 365

electric quadrupole transitions,
463

MQDT calculation of electronic
Rydberg energies, 391

number of elements in CNPI
group, 29

ortho levels, 408
ortho-para conversion, 408
ortho-para transitions, 474
para levels, 408
quantum defect matrix, 393

(H2)2, 81, 568–580
MS group, 44
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statistical weights, 570–571
H+

2 , 411, 639
electronic g/u mixing, 639–642
ion core in H2 Rydberg states, 391
ortho-para transitions, 474

H+
3 , 411, 412

forbidden rotational transitions,
450–452, 455–456

Hamiltonian, 92, 126
changing coordinates

to (ξ, η, ζ) coordinates, 184–186
to (X,Y, Z) coordinates,

127–129
to Euler angles and normal

coordinates, 233–235
to rovibrational coordinates,

206–208
with chain rule, 178–180
with Podolsky trick, 180–183

contact transformed, 348–357
effective rotation-inversion, 487
effective rotational, 353

A-reduced, 354
S-reduced, 354

electron spin Hes, 129
form of classical energy, 91
hyperfine structure Ĥhfs, 129
in HBJ approach, 482
internal molecular dynamics Ĥint,

130, 135, 146
isomorphic

for linear molecule, 618–623
for weakly bound cluster

molecule, 556–557
matrix, 115

basis set, 114
diagonalization, 115, 117–120

nonrigid-bender, 487
nuclear quadrupole coupling

Ĥquad, 130
nuclear spin Ĥns, 130
one-dimensional harmonic

oscillator Ĥho, 254
reduction, 354, 411
rigid rotor Ĥrot, 241
rigid rotor-harmonic oscillator

Ĥ0
rv, 237, 240

rigid-bender, 486
rotation-contortion, 482
rotation-vibration Ĥrv, 233, 238

Watson’s simplification, 236
rovibronic Ĥrve, 130

for diatomic molecule, 615
semirigid-bender, 487
spin-free rovibronic Ĥrve, 130
two-dimensional harmonic

oscillator Ĥtdho, 259, 261, 610
weakly bound cluster molecule

in body fixed reference frame,
556

in space fixed reference frame,
554

Hamiltonian operator, see Hamiltonian
Harmonic oscillator

near quantum numbers, 321
one-dimensional, 254–259

eigenfunctions, 254–257
eigenvalues, 254–256
ladder operator, 254
matrix elements, 257
quantum number v, 255

Schrödinger equation, see
Schrödinger equation,
harmonic oscillator

three-dimensional, 264
quantum number l, 264, 345
quantum number n, 264, 345
quantum number v, 264

two-dimensional, 259–263
eigenfunctions, 260–261, 263
eigenvalues, 260, 263
ladder operator, 262–263
matrix elements, 263
quantum number l, 262, 263
quantum number v, 262

Harmonic potential function Vharm, 231
hartree Eh, atomic unit of energy, 197
Hartree-Fock calculation, see Self

Consistent Field calculation
Hartree-Fock limit, 195
HBJ approach, 477

for linear triatomic molecule,
609–611

for quasilinear molecule, 536–539
potential energy function, 481
rotation-contortion Hamiltonian,

482
symmetry labeling, 489–490

HC4H+, Renner effect, 372
HCN, 412
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point group symmetry, 58
Renner effect, 372–373

HCN/HNC, 411
HCNO, 411, 539, 637
HC3N, Renner effect, 372
H2

12C14N2, 452
HCO, 476
HCP, bending overtones, 475
(HD)2

MS group, 44
statistical weights, 578

HDO, point group symmetry, 58
HD+, dipole moment at equilibrium,

417
H2-D2, statistical weights, 580
H2D+, dipole moment at equilibrium,

417
H2-HD, statistical weights, 580
Hermite polynomial Hv, 257
Hermitian conjugate matrix, 67
Hermitian conjugate operator, 118
Hermitian matrix, 67
Hermitian operator, 118
Herzberg-Teller effect, 436–440

for C6H6, 436
HF calculation, see Hartree-Fock

calculation
(HF)2, MS group, 44
HN3, MS group, 37
H2O, 411, 412

B matrix elements, 228–229
allowed CNPI group symmetries

Γ±, 150
Euler angles

transformation properties,
268–269, 310–311

Hund’s case (b) electronic
wavefunction symmetry, 301

interaction between ν1 and ν3,
328–329

interaction between ν1 and 2ν2,
329–330

interaction between ν3 and 2ν2,
330

internal coordinates �i, 227
molecular orbital symmetry,

298–300
MS group, 81
number of elements in CNPI

group, 29

numerical example involving
Eckart conditions, 211–217

numerical example involving
normal coordinates, 235–236

point group symmetry, 58,
307–309

polyads, 356
potential energy function VN, 227
rotation-vibration interaction,

325–330
rotation-vibration symmetries, 322
rotational wavefunction

symmetry classification,
281–283

Stark effect, 476
transformation properties of

rotational coordinates,
271–274

transformation properties of
translational coordinates,
271–274

transformation properties of
vibrational coordinates,
271–274

(H2O)2, 81
acceptor tunneling path, 46
bifurcation path, 46
correlation table with statistical

weights, 169–170
donor-acceptor interchange path,

46
donor-tunneling path, 46
MS group, 44

H2O2, 411, 494
correlation table with statistical

weights, 169
extended MS group, 526
large-amplitude vibration, 526–532
MS group, 41, 526

(H2O)3, 552
Homomorphism, 71
Hougen-Bunker-Johns approach, see

HBJ approach
H2S, 411
H2S2

allowed MS group symmetries
Γ±
MS, 152

MS group, 42
H2Te, 494

fourfold energy clusters, 542–549
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Hund’s case (a), 300–304, 649
Hund’s case (b), 300–301, 320, 649, 660
Hybrid band, 449
Hydrazine, see N2H4

Hydrogen bond acceptor, 45, 581
Hydrogen bond donor, 45, 581
Hydrogen dimer, see (H2)2
Hydrogen peroxide, see H2O2

Hyperfine components, 431

I
Ir, IIr, IIIr, Il, IIl, IIIl conventions, 212
I , nuclear spin quantum number, 153,

395
(Iaa, Ibb, Icc), moments of inertia about

principal axes, 212
Iα, nuclear spin quantum number, 152
Iαα, moment of inertia, 210
Irefαα, element of Iref, 484
Iαβ, 210
Irefαβ, element of Iref, 484
|Iα,mIα〉, nuclear spin wavefunction,

152
Irefαρ , element of Iref, 484
Irefρρ , element of Iref, 484
I, inertia matrix, 210
Ie, inertia matrix at equilibrium, 211
I, rotational symmetry group, 57
Î, total nuclear spin angular

momentum, 224, 395
Îα, spin of nucleus α, 126, 224
Ih, point group, 57
Ih(M), MS group, 165
Iref, generalized moment of inertia

matrix, 483
i, point group inversion operation, 62,

287
I2, 639

electronic g/u mixing, 642
IAM, see Internal axis method
IAM like formalism, see Internal axis

method like formalism
Icosahedral

group Ih(M), 165, 342
molecule C60, 165, 342

Identity operation E, 11
Independent particle model, 191
Indirect method, 175
Indistinguishability of identical

particles, 132

violation, 147–148
Induced representation, 86
Inertia matrix, 210
Infinite group, 55
Insuperable potential energy barrier,

32, 34, 50, 51
Intensity

borrowing, see Intensity stealing
optical transition

electron spin, 427–429
irreducible spherical tensor

operators, 419–420
nonrigid molecule, 490–493
nuclear spin, 430–433
rotation-vibration interaction,

426–427
separable basis functions,

419–426
stealing, 347, 435, 436, 440–442,

452, 453, 475, 535
Interaction, 114

accidentally vanishing, 324
rotation-electronic, 369
rotation-vibration, 319, 323–348

asymmetric top, 325–333
spherical top, 342–348
symmetric top, 334–342

rovibronic, 319, 323, 364–371
from T̂er, 369–370
selection rule for symmetric

tops, 335
selection rules, 322–323
vibronic, 319, 323, 364–371

from T̂ee, 370–371
from T̂ev, 368–369
from T̂vib, 366–368
selection rule for symmetric

tops, 335
Interchange, 5
Internal axis method, 485, 520
Internal axis method like formalism,

550
Internal displacement coordinate �i,

227
Internal energy Eint, 135
Internal vibrational redistribution, 458,

475, 512
Internal wavefunction Φint, 135

classification
CNPI group, 150–151
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MS group, 151–152

Invariant operator, 363

Invariant subgroup, 79

Inverse

of matrix, 66

of operation, 12

of permutation, 12

Inversion group E , 24, 134, 141–142
Inversion motion in NH3, 497

Inversion operation E∗, 20

effect on

coordinates, 20

electric dipole moment
operator, 418

electric quadrupole moment
operator, 461

function, 21

internal wavefunction, 150

magnetic dipole moment
operator, 460

molecule fixed axes, 498–499

nuclei, 20

Schrödinger equation, 94–95

Irreducible representation, 73–75

of direct product, 81–82

separably degenerate, 114, 143,
144, 292

Irreducible spherical tensor operator,
222, 342, 408, 419–420, 427

rank, 222

Isometric group, 63

Isomorphic Hamiltonian

for linear molecule, 618–623

for weakly bound cluster molecule,
556–557

Isomorphism, 69–71

molecular symmetry group and
molecular point group, 309

IVR, see Internal vibrational
redistribution

J

J , angular momentum quantum
number, 138, 222, 242, 395

half-integral, 395, 657–659

near quantum number, 321

JKaKc , asymmetric top label, 253

|J, k,m〉, symmetric top wavefunction,
243

Ĵm
±, angular momentum ladder

operators, 244

Ĵρ, momentum conjugate to ρ in HBJ
approach, 481

Ĵs
±, angular momentum ladder

operators, 245

(Ĵx, Ĵy, Ĵz), molecule fixed components
of Ĵ, 236

Ĵ, sum of rovibronic angular
momentum and electron spin,
220, 221, 224, 225, 395

Jahn-Teller effect, 380–388, 413–414

dynamic, 380

enhanced fundamental band, 442

Hamiltonian ĤJT, 386

instability, 383

intensities, 441–443

linear coupling, 387

pseudo, 414

quadratic coupling, 387

rotational energy structure, 387

static, 380

theorem, 382

K

K, rotational quantum number, 242

near quantum number for
symmetric top, 321

Ka, asymmetric top label, 253

Kc, asymmetric top label, 253

Ki, internal rotation quantum number,
496, 504, 506, 515, 520, 529,
530

K, three-dimensional pure rotation
group, 55

K2, spin double group of the
three-dimensional rotation
group, 644

Kh, rotational symmetry group, 57

K(mol), see Molecular
three-dimensional rotation
group

K(spatial), see Spatial
three-dimensional rotation
group

k, angular momentum quantum
number, 241, 242, 395

k, Boltzmann constant, 416

k-degeneracy, 305



736 Index

ki, internal rotation quantum number,
496, 504, 506, 520, 521

κ, asymmetry parameter, 253
Kinetic energy operator

centrifugal distortion terms Tcent,
324

Coriolis coupling terms TCor, 324
electronic T̂e, 186, 206–207
electronic-electronic T̂ee, 364
electronic-rotational T̂er, 364
electronic-vibrational T̂ev, 364
molecular T̂ , 127–128
nuclear T̂N, 186, 207–208, 218, 237
vibrational T̂vib, 235, 364
weakly bound cluster molecule

in body fixed reference frame,
557

in space fixed reference frame,
554

Kramers’
degeneracy, 142
theorem, 142, 646

L
Lir, Lirs, and Lirst, L tensor elements,

234
L matrix, 231
(L̂x, L̂y , L̂z), molecule fixed

components of L̂, 237
L̂, electronic orbital angular

momentum, 224
L tensor, 234
l, quantum number for two-dimensional

harmonic oscillator, 262, 263
near quantum number, 321

l, quantum number for
three-dimensional harmonic
oscillator, 264, 345

l matrix, 233
(±l) quantum number label, 340–342

selection rules, 448
l-type doubling, 630
Λ, diagonal matrix with elements λr,

232
Λ, electronic angular momentum

quantum number, 374
λ, harmonic oscillator force constant,

256
λr, force constant associated with Qr,

232

λxξ, direction cosine matrix element,
205

Ladder operator, 243–244

angular momentum, 244–247

harmonic oscillator, 254, 262–263

Lambert-Beer law, 416

Last-letter sequence, 199

LCAO, see Linear combination of
atomic orbitals

LiCN/LiNC, 411

LID, see Light-induced drift

Light-induced drift, 409

Limited CI calculation, 196

Line strength S(f ← i), 416

Linear combination of atomic orbitals,
191, 298, 300, 309

Linear molecule, 62–63, 607–642

c/d labels, 632

e/f labels, 631

extended MS group, 607, 628

l-type doubling, 630

Linear momentum, 135

relation to translational symmetry,
136

Linearized internal coordinates Si,
228–231

Local mode behavior, 548

Local wavefunction, 31

Lowering operator, see Ladder operator

M

m, angular momentum quantum
number, 242, 395

m-degeneracy, 248, 280, 281, 283, 288,
423

me, electron mass, 91

mF , angular momentum quantum
number, 138, 395

relation to symmetry in
C∞(spatial), 469

Zeeman effect selection rules, 469

mI , nuclear spin quantum number, 153,
395

mIα , nuclear spin quantum number,
152

mJ , angular momentum quantum
number, 222, 395

mp, proton mass, 129

mr, mass of particle r, 91, 126
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mS, electron spin quantum number,
196, 395

µαβ , element of µ, 237

µe
αβ , element of µe, 237

µα(e′, e′′), electronic transition
moment, 425

µB , Bohr magneton, 129
µℓ, quantum defect, 391

µ
(1,σ)
m , irreducible spherical tensor

operator, 419

µN, nuclear magneton, 129
(µν|µ′ν′), two-electron integral, 193

µ
(1,σ)
s , irreducible spherical tensor

operator, 419

(µx, µy , µz), molecule fixed dipole
moment components, 419

(µξ, µη , µζ), space fixed dipole moment
components, 417

µzz, element of µ, 372

µ, inverse inertial matrix, 236
µe, inverse inertial matrix at

equilibrium, 211
µref, inverse of Iref, 483
MacDonald’s theorem, 196

Magnetic dipole transition, 458–461
in O2, 461

selection rules, 460
Magnetic field symmetry group, 470

Magnetic octupole moment, 130
Majorana operator, 363

MAPLE, 15, 167
Matrix, 65, 89

block diagonal, 74
character, 73

conjugate transpose, 67
determinant, 67

element, 65
group, 69

Hermitian, 67
Hermitian conjugate, 67

inverse, 66
multiplication, 65

product, 65
square, 65

dimension, 65
trace, 67

transpose, 67
unit, 66
unitary, 67

Matrix elements
angular momentum operators, 245
harmonic oscillator

one-dimensional, 257
two-dimensional, 263

of primitive operators, 326
MBSESL, McKellar, Bunker, Sears,

Evenson, Saykally, and
Langhoff (1983), 398

Methanol, see CH3OH
Method I coordinate change, see

Hamiltonian, changing
coordinates, with chain rule

Method II coordinate change, see
Hamiltonian, changing
coordinates, with Podolsky
trick

Methoxy radical, see CH3O
Methylamine, see CH3NH2

Methylene radical, see CH2

MFS group, see Magnetic field
symmetry group

Missing level, 149, 156, 159, 169, 172
MO, see Molecular orbital
MO energy, see Molecular orbital

energy
Moiety, 43
Molecular cluster, see Weakly bound

cluster molecule
Molecular orbital, 189

symmetry classification, 297–300
for H2O, 298–300

Molecular orbital energy, 189
Molecular point group, 146, 307–310

relation to molecular symmetry
group, 309

Molecular rotation group, 56, 146,
304–307

of asymmetric top, 307
of spherical top, 305
of symmetric top, 305–306
of SO2, 320

Molecular rotation-contortion group, 63
Molecular symmetry group, 29

definition, 33–34
extended, 644

of C2H4, 532
of CH3CCCH3, 494, 517
of H2O2, 526
of linear molecule, 607, 628
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high rotational excitation, 542–549
multiple electronic states, 50–51
of BF3, 38
of C60, 165
of C2H2, 40
of C2H4, 532
of C2H4 without torsional

tunneling, 35
of C2H4 with torsional tunneling,

41
of CH2F2, 36
of CH3C6H5, 512
of CH3CCCH3, 517
of CH3CH3, 517
of CH3NO2, 503
of CH4, 38, 162
of C6H6-H2O, 48
of (H2)2, 44
of (HD)2, 44
of (HF)2, 44
of HN3, 37
of (H2O)2, 44
of H2O2, 526
of H2O2 with torsional tunneling,

41
of H2S2, 42
of NF3, 38
of NH3 with inversion tunneling,

41
of (NH3)2, 581, 591
of OsO4, 162
of SF6, 162
of trans C(HF)CHF, 39
permutation subgroup, 158, 472,

593
relation to point group, 58–64, 309
relation to rotation group, 58–64
spin double group, 644

Molecular three-dimensional rotation
group, 55–56, 222, 271, 288,
302–305, 342–348, 646

Molecular vibronic group, 63
Molecule

nonrigid, see Nonrigid molecule
rigid, see Rigid molecule
weakly bound, see Weakly bound

cluster molecule
Molecule fixed axes (x, y, z), 204
Moments of inertia Iαα, 210
Monte Carlo method

diffusion, 567

variational, 566

MORBID, 535, 540–541, 636

Morse oscillator eigenfunctions, 358,
363, 540, 562

Morse oscillator rigid bender internal
dynamics, see MORBID

MQDT, see Multichannel Quantum
Defect Theory

MS group, see Molecular symmetry
group

Multichannel Quantum Defect Theory,
388, 391

Multiphoton process, 463

selection rule, 463

Multiphoton processes, 463–468

Multiplication table, 14

Multiplicity, 140, 196

N

N , rovibronic angular momentum
quantum number, 138, 322,
364, 395

NA, Avogadro constant, 416

|N, k,m〉, symmetric top wavefunction,
243, 395

N̂, rovibronic angular momentum, 224

n, quantum number for
three-dimensional harmonic
oscillator, 264, 345

ν, harmonic oscillator frequency, 256

N2, electric quadrupole transitions, 463

(N2)2, statistical weights, 571

Na3, 414

NCCN, statistical weights, 165

ND3, symmetry of nuclear spin
functions, 155

Near oblate top, 253, 321, 370, 449

Near prolate top, 253, 321, 370, 449

Near quantum number, 320–322

asymmetric top, 320–321

for SO2, 320

harmonic oscillator, 321

linear and bent triatomic
molecules, 634–637

selection rules, 322

symmetric top, 321–322

Near symmetry, 144–146

Near symmetry group, 144, 304–310
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molecular point group, 146,
307–310

molecular rotation group, 146,
305–307

Near symmetry label, 144, 320

selection rules, 322
Necessary degeneracy, 100

Negative parity, 22

NF2, 649–651

NF3, MS group, 38

NH2, Renner effect, 372, 412

NH3, 494

inversion motion, 497

large-amplitude vibration, 497–501
MS group, 41

statistical weights, 159, 161–162

symmetry of nuclear spin
functions, 153–154, 402–403

(NH3)2, 580–600, 604–606

correlation table with statistical
weights, 597

MS group, 581, 591
statistical weights, 597

(NH3)3, 90, 604

(NH3)4, 90, 604

(NH3)5, 604

(NH3)6, 604

N2H2, 298

nuclear spin statistical weights,
298

rotation-vibration interaction,
330–333

N2H4, 81, 550

9j-symbol, 564

Nitromethane, see CH3NO2

NO2, vibronic interaction between
X̃ 2A1 and B̃ 2B2, 368

Node line, 204, 669

Nonadiabatic correction terms, 367

Nondegenerate molecular state, 95

symmetry classification, 95–96
Nonrigid molecule, 32, 477–549

electronically allowed transition,
492

optical selection rules, 490–493
vibrationally allowed transition,

493

Nonrigid-bender Hamiltonian, 487
Normal coordinate, 206, 226–236

transformation properties,
270–278

two-dimensional harmonic
oscillator, 259

with nonunique symmetry, 517
zero frequency, 234

Normal mode, 233
Nuclear electric quadrupole moment,

129
Nuclear magnetic octupole moment,

130
Nuclear spin, 152

interactions, 401–410
operator Î, 224
ortho-para mixing, 409
permutation group, 60
quantum number I , 153, 395
statistical weight

icosahedral molecule, 172–173
statistical weights, 149, 422, 431

determination, 155–162
effect of electronic symmetry,

298
of 12CH3

11B19F2, 503
of 12CH3

14N16O2, 503
of C60, 167
of C2H4 in D2h(M), 156
of C2H4 in G16, 157
of C2H4 in G96, 157
of CH3F, 409
of CH4, 162
of C6H6-H2O, 170
of (D2)2, 571
of (H2)2, 570–571
of H2-HD, 580
of (HD)2, 578
of H2-D2, 580
of (H2O)2, 169–170
of H2O2, 169
of (N2)2, 571
of NCCN, 165
of NH3, 161–162
of (NH3)2, 597
of N2H2, 298
of (O2)2, 571
of OsO4, 162
of SF6, 163

symmetry Γnspin, 319
wavefunction, 152, 158

for proton, 153, 169



740 Index

symmetry classification,
152–155

wavefunction |Iα,mIα〉, 152

O
O branch, 462
Oa, vibronic symmetry operation, 59
Ob, rotational symmetry operation, 59
Oc, nuclear spin symmetry operation,

59
Ôi, MS group partner of i, the point

group inversion, 62
O−, O+, asymmetric top labels, 248
O, rotational symmetry group, 55, 57
Oh, point group, 57
Oh(M), octahedral group, 162
oo, oe, eo, ee, asymmetric top labels,

253
ωe, harmonic vibrational wavenumber,

256
O2

electric quadrupole transitions,
463

magnetic dipole transitions, 461
(O2)2, statistical weights, 571
Oblate rotor, see Symmetric top, oblate
Occupied orbital, 195
Octahedral

group Oh(M), 162, 342
molecule SF6, 162, 342

Odd permutation, 11
effect on internal wavefunction,

150
One-dimensional harmonic oscillator,

see Harmonic oscillator,
one-dimensional

One-electron Hamiltonian ĥi, 189
One-electron integral Hcore

µν , 193
Operation

inverse, 12
reciprocal, 12

Operator
antiunitary, 119
coupling, 324
Hermitian, 118
Hermitian conjugate, 118
idempotent, 102
invariant, 363
unitary, 118

Operator equation, 10

Optically active version, 42, 152, 161

Ortho-para conversion, 408–410

Ortho-para mixing, 323, 409, 638–642

Ortho-para transitions, 457, 474–475,
501

CH4, 456, 474

H2, 474

H+
2 , 474

SF6, 475

Orthogonal wavefunctions, 101

Orthogonality relation, 75

OsO4, statistical weights, 162
Overlap integral (electronic) Sµν , 193

Overtone spectroscopy, 457, 475

P

P branch, 424, 462

P , angular momentum quantum
number, 303, 306

(P̂a, P̂b), momentum operators
associated with
two-dimensional harmonic
oscillator, 259

P̂±, operators associated with
two-dimensional harmonic
oscillator, 262

P̂r, momentum conjugate to Qr, 233
(p̂x, p̂y, p̂z), components of vibrational

angular momentum, 236

ΦCM, translational wavefunction, 135

Φcon, contortional wavefunction, 491
Φ

(e,S,mS )
elec , electronic wavefunction, 196

Φint, internal wavefunction, 135

Φ0
int, separable basis function, 319

Φ
(l)
int, local internal wavefunction, 151

Φnspin, nuclear spin wavefunction, 319

Φrot, rotational wavefunction, 319

Φrs, Φrst, Φrstu, expansion coefficients
in VN, 235

Φrve, rovibronic wavefunction, 175

Φ
(V,L,J,k,m)
rv , rotation-vibration basis

function, 294

Φvib, vibrational wavefunction, 319

φ, Euler angle, see Euler angles (θ, φ, χ)

φk(r), molecular orbital, 189

PAM, see Principal axis method

Parallel band, 445

Parity, 22, 141
non-conservation, 147
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violation, see Parity,
non-conservation

Partition function Q, 416
Partition number, 199
Passive picture, 132
Passive transformations, 132
Pauli exclusion principle, 139
Permanent dipole moment, 449

anomalous, 442
Permutation, 5

effect on
coordinates, 6
electric dipole moment

operator, 418
electric quadrupole moment

operator, 461
function, 8
internal wavefunction, 150
magnetic dipole moment

operator, 460
nuclei, 6
Schrödinger equation, 92–94

even, 11
effect on internal wavefunction,

150
group, 14–15
inverse, 12
odd, 11

effect on internal wavefunction,
150

product of, 10
subgroup of MS group, see

Molecular symmetry group,
permutation subgroup

successive application, 9–13
Permutation-inversion operation, 22–24
Perpendicular band, 445
Perturbation technique, 176, 348
Podolsky trick, 182, 236
Point group, 56

generating operations, 292
relation to molecular symmetry

group, 58–64, 309
relation to rotation group, 58–64

Polar vector, 133
Polarizability approximation, 464
Polarizability tensor

mixed dipole-2lA -pole, 561
static, 465

Polyad, 356, 475

for C2H2, 357

for H2O, 356

quantum number, 356

Positive parity, 22

Postulates of quantum mechanics, 92,
118, 124, 126, 178, 181, 182

Potential energy

anharmonic terms Vanh, 324

Born-Oppenheimer VN, 188, 227

electronic Velec (RN), 187

electrostatic V (RN, relec), 186

harmonic Vharm, 231

in HBJ approach, 481

isotope independent form, 228

nuclear-nuclear repulsion term
Vnn (RN), 187

weakly bound cluster molecule

in body fixed reference frame,
557

in space fixed reference frame,
554

Principal axes, 210

Principal axis method, 484, 485, 503,
520

Hamiltonian for CH3NO2, 504

Products of inertia, 210

Projection operator, 102, 122–123

for direct product, 108–109

Projective representation, 667

Prolate rotor, see Symmetric top,
prolate

Proton spin wavefunctions, 153, 169

Pseudo Jahn-Teller effect, 414

Pseudorotation, 414

PSMS group, see Molecular symmetry
group, permutation subgroup

Pure rotational transitions, 449

Q

Q branch, 424, 462

Q, coordinate associated with
two-dimensional harmonic
oscillator, 261

QAB , space fixed component of electric
quadrupole tensor, 461

Q
(α)
ab , component of the electric

quadrupole moment of
nucleus α, 126
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(Qa, Qb), normal coordinates associated
with two-dimensional
harmonic oscillator, 259

Q±, coordinates associated with
two-dimensional harmonic
oscillator, 262

Qr, normal coordinate, 206, 231
QDT, see Quantum Defect Theory
Quadrupole coupling constants, 407
Quantum defect matrix, 393
Quantum Defect Theory, 388, 391
Quantum relaxation, 410
Quasilinear molecule, 482, 495, 535,

539, 634
HBJ approach, 536–539

Quasilinearity parameter γ, 637

R
R branch, 424, 462
R, operation in electron spin double

group, 644
relation to θ̂2, 646

R, spherical top quantum number, 347
Rα

π , equivalent rotation, 267, 669
R−, generating operation, 292
R+, generating operation, 292
R′

+, generating operation, 292
(Rx, Ry , Rz), rotational coordinates,

229
Rz

β, equivalent rotation, 267, 669
ρ, contortional coordinate in HBJ

approach, 480
ρ, linear molecule quantum number,

633
ρ, symmetric top quantum number, 294
Racah coefficient, 226
Radial function, 389
Raising operator, see Ladder operator
RAM, see Rho axis method
Raman effect, 463–468
Raman scattering, 463–468

anisotropic, 466
selection rules, 467

isotropic, 466
selection rules, 466–467

polarizability approximation, 464
Rank of irreducible spherical tensor

operator, 222
Ray representation, 667
Reciprocal operation, 12

Recoupling coefficient, 226
Reducible representation, 73–75
Reduction of a Hamiltonian, 354, 411
Reduction of a representation, 75–76
Reflection symmetry, 56
Renner effect, 372–375, 412–413

intensities, 440–441
Representation

double valued, 387, 644
faithful, 69–71
irreducible, 73–75
projective, 667
ray, 667
reducible, 73–75
reduction, 75–76
single valued, 387, 644
theory, 90
unfaithful, 71

RES, see Rotational energy surface
Resonance, 323
Reverse correlation table, 86
Rho axis method, 485
Rigid molecule, 32
Rigid rotor Schrödinger equation, see

Schrödinger equation, rigid
rotor

Rigid-bender Hamiltonian, 486
Roothaan-Hall equations, 193
Rotation group, 53

C∞, 55
D2, 56, 307
D∞, 55, 304, 305
K(mol), 55, 304, 305
K(spatial), 29, 55
relation to molecular symmetry

group, 58–64
relation to point group, 58–64

Rotation group symmetry, 55–56
Rotation-contortion group, see

Molecular rotation-contortion
group

Rotation-electronic interaction, 369
Rotation-inversion Hamiltonian, 487
Rotation-vibration interaction, 319,

323–348
asymmetric top, 325–333
in H2O, 325–330
intensities, 426
spherical top, 342–348
symmetric top, 334–342
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Rotation-vibration Schrödinger
equation, see Schrödinger
equation, rotation-vibration

Rotation-vibration symmetry
symmetric top, 291–297

Rotational constant, 241
Rotational coordinates, 229, 270

transformation properties, 271,
314–317

for H2O, 271–274
Rotational energy surface, 543
Rotational symmetry, 52

axes, 52
operations, 52

Rotational symmetry group, 53
Rotational transition, 444–450
Rovibronic angular momentum, 138,

394
Rovibronic energy Erve, 175

fourfold clusters, 542–549
Rovibronic interaction, 319, 323,

364–371
from T̂er, 369–370
selection rule for symmetric tops,

335
Rovibronic Schrödinger equation, see

Schrödinger equation,
rovibronic

Rovibronic symmetry
symmetric top, 291–297

Rovibronic wavefunction Φrve, 175
Rydberg states, 388–394

core, 388
effective quantum number, 391
quantum defect, 391
reaction matrix, 392
Rydberg electron, 388
structure, 388

S
S branch, 462
S-reduced Hamiltonian, 354
S, electron spin quantum number, 196,

322, 364, 367, 394, 395
half-integral, 395, 657–659

Ŝ, Hermitian operator in contact
transformation, 349

S(f ← i), line strength, 416
Si, linearized internal coordinate, 228
Sµν , overlap integral (electronic), 193

Ŝ, total electron spin angular
momentum, 196, 224, 394,
395

S1, see Cs

S2, permutation group, 57

character table, 96

S3, permutation group, 14

character table, 80

S4, permutation group, 84

character table, 84

S5, permutation group, 198
character table, 201

Sn, permutation group, 15

Sn, point group, 57

S
(e)
n , complete electron permutation

group, 133

ŝi, spin of electron i, 126, 224

Sayvetz equation, 478, 480, 487–489,
499, 540

SCF calculation, see Self Consistent
Field calculation

SCF-CI calculation, 196

Schönflies notation, 56

Schrödinger equation, 31, 126

changing coordinates, see
Hamiltonian, changing
coordinates

effect of inversion, 94–95

effect of permutation, 92–94

electronic, 174, 188, 204

harmonic oscillator, 253–264

molecular, 91–92

rigid rotor, 240–253

rotation-vibration, 174, 187, 188,
197, 203, 204, 206, 236–238

rotational, 265

rovibronic, 130, 174–177, 186, 188,
206

vibrational, 265

Secular equation, 115

Selection rule, 415
optical transition, 418

asymmetric top rotational,
448–449

electron spin, 427–429

(±l) quantum number label, 448

linear molecule, 637–638

nonrigid molecule, 490–493
nuclear spin, 430–433
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rotation-vibration interaction,
426–427

separable basis functions,
419–426

spherical top rotational, 449

symmetric top rotational,
444–448

vibronic, 424–426

weakly bound cluster molecule,
558–565

rovibronic interactions in
symmetric tops, 335

vibronic interactions in symmetric
tops, 335

Self Consistent Field calculation,
191–195

Semi-classical theory, 543

Semidirect product, 79, 90, 593,
600–602

Semirigid-bender Hamiltonian, 487

SEP, see Stimulated emission pumping

Separable basis functions, 318–320

intensity, 419–424

Separably degenerate irreducible
representation, 114, 143, 144,
292

SF6, 342, 408

energy level clustering, 356

MS group, 162

number of elements in CNPI
group, 29

ortho-para transitions, 475

point group symmetry, 58

rotational wavefunction

symmetry classification,
287–288

statistical weights, 163

Shift operator, see Ladder operator

Similarity transformation, 72

Single valued representation, 387, 644

Singlet state, 196

Singlet-triplet interaction, 398

6j-symbol, 226

Slater determinant, 190

Slater-type orbital, 191

SO2, 32

rotational near quantum numbers,
320

Space fixed reference frame, 553

Spatial three-dimensional rotation
group, 29, 55–56, 133,
136–138, 147, 222

Spherical top, 241
molecular rotation group, 305
near quantum numbers, 322
quantum number R, 347
rotation-vibration interaction,

342–348
rotational energies, 243
rotational selection rule, 449

Spin, see Angular momentum
Spin coordinate, 189
Spin double group, see Electron spin

double group
Spin statistical weights, see Nuclear

spin, statistical weights
Spin–orbital, 190
Spin-orbit interaction, 323, 397
Spin-rotation Hamiltonian, 400
Spin-spin interaction, 401
Standard tableau, 199
Stark effect, 470–473, 475–476
Static electric polarizability tensor,

465, 561
Statistical weights, see Nuclear spin,

statistical weights
Step-down operator, see Ladder

operator
Step-up operator, see Ladder operator
Stimulated emission pumping, 475
STO, see Slater-type orbital
Strictly forbidden transition, 415
Structural degeneracy, 30
Subband, 447
Subband origin, 447
Subduction, 200
Subgroup, 15

invariant, 79
Substituted determinants, 195
Superfine splittings, 348, 408
Symmetric group, 198
Symmetric group approach, 198
Symmetric product function, 111
Symmetric product representation [Γ]2,

112
Symmetric top, 240

molecular rotation group, 305–306
near quantum numbers, 321–322
oblate, 241
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correlation with prolate
symmetric top, 251–253,
281–284

rotational energies, 243
prolate, 241

correlation with oblate
symmetric top, 251–253,
281–284

rotational energies, 241–242
rotation-vibration interaction,

334–342
rotation-vibration symmetry,

291–297
rotational selection rule, 444–448
rotational wavefunctions, 242
rovibronic symmetry, 291–297
symmetry of rotation-vibration

wavefunctions, 291–297
vibronic symmetry, 291–297

Symmetric top wavefunction, 243, 278,
395

symmetry classification, 280
Symmetry classification

diatomic molecule coordinates,
616–618

electronic wavefunction, 297–304
Hund’s case (a), 301–304
Hund’s case (b), 300–301

in HBJ approach, 489–490
linear molecule basis functions,

623–630
molecular orbital, 297–300

for H2O, 298–300
rotation-vibration

symmetric top, 291–297
rotational wavefunction, 278–288

for BF3, 281
for C2H4, 284–286
for C60, 287–288
for CH2O, 284
for CH3F, 281
for CH4, 287–288
for H2O, 281–283
for SF6, 287–288
for trans C(HF)CHF, 286–287

rovibronic
symmetric top, 291–297

symmetric top rotation-vibration
wavefunctions, 291–297

symmetric top wavefunction, 280

vibrational wavefunction, 288–291

doubly degenerate vibration,
289–290

nondegenerate vibration,
288–289

triply degenerate vibration,
290–291

vibronic

symmetric top, 291–297

Symmetry group, 94

Symmetry of a product, 109–114

Symmetry operation, 94

T

T̂ , kinetic energy operator, 127

T̂ 0, contribution to the kinetic energy
operator, 128

Tcent, centrifugal distortion terms in
rotation-vibration
Hamiltonian, 324

T̂CM, center-of-mass kinetic energy
operator, 128

TCor, Coriolis coupling terms in
rotation-vibration
Hamiltonian, 324

T̂e, electronic kinetic energy operator,
186

T̂ee, electronic-electronic kinetic energy
operator, 364

T̂er, electronic-rotational kinetic energy
operator, 364

T̂ev, electronic-vibrational kinetic
energy operator, 364

T̂N, nuclear kinetic energy operator,
186, 203, 208, 236

T̂ ′, contribution to the kinetic energy
operator, 128

T̂vib, vibrational kinetic energy
operator, 235, 364

(Tx, Ty, Tz), translational coordinates,
229

T, rotational symmetry group, 55, 57

T̂, total spin angular momentum, 224

Td, point group, 57

Td(M), MS group, 35

τ , transmittance, 416

θ, Euler angle, see Euler angles (θ, φ, χ)

(θ, φ, χ), Euler angles, 204, 669

θ̂, time reversal operation, 142, 646
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θ̂2, square of time reversal operation,
646

relation to R, 646
Tetrahedral

group Td(M), 35, 342
molecule CH4, 30, 342

Three-dimensional harmonic oscillator,
see Harmonic oscillator,
three-dimensional

Threefold rotation operation, 54
3j-symbol, 225
Time reversal operation θ̂, 142, 646
Time reversal symmetry, 142–144

violation, 148
Toluene, see CH3C6H5

Totally symmetric representation Γ(s),
80

Trace of matrix, 67
trans C(HF)CHF

MS group, 39
point group symmetry, 58
rotational wavefunction

symmetry classification,
286–287

Transfer operator, 103, 123
Transformation properties

angular momentum
electronic, 271
molecule fixed components, 271
vibrational, 271

degenerate normal coordinate, 277
direction cosine matrix elements,

271
Euler angles, 266–270, 310–313
normal coordinate, 270–278
rotational coordinates, 271,

314–317
rovibrational coordinates, 266–278
symmetric top rotation-vibration

wavefunctions, 291–297
translational coordinates, 271,

314–317
Transition

allowed, 425
axis switching, 436
electric dipole, 415–458
electric quadrupole, 461–463

in H2, 463
in N2, 463
in O2, 463

selection rules, 461
electronically allowed, 433

nonrigid molecule, 492
electronically forbidden, 434
forbidden, 415, 426, 474
magnetic dipole, 458–461

in O2, 461
selection rules, 460

rotational, 444–450
selection rule, see Selection rule,

optical transition
strictly forbidden, 415
vibrational, 443–444
vibrationally allowed

nonrigid molecule, 493
vibronic, 433–443
vibronically allowed, 434, 443

Transition moment function
electronic, 422
two-photon, 464

Translational coordinates, 229, 230, 270
transformation properties, 271,

314–317
for H2O, 271–274

Translational energy ECM, 135
Translational group GT, 133, 135–136
Translational wavefunction ΦCM, 135
Transmittance, 171, 416
Transpose of matrix, 67
Transposition, 5
Triangular condition ∆(j1j2j3), 564
Triplet state, 196
True symmetry label, 134
Tunneling, 31
Two-dimensional harmonic oscillator,

see Harmonic oscillator,
two-dimensional

Two-electron integral (µν|µ′ν′), 193
Two-photon transition moment

function, 464
Twofold rotation operation, 54
Type a band, 449
Type b band, 449
Type c band, 449
Type I basis function, 295
Type II basis function, 296

U
U , mass-dependent contribution to

potential energy, 237
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in HBJ approach, 483
u-g label, 62

of Ĵ, 331
Umbrella vibration in NH3, see

Inversion motion in NH3

Unfaithful representation, 71
Unfeasible, 34
Unit matrix, 66
Unitary group approach, 201
Unitary matrix, 67
Unitary operator, 118

V
V , electrostatic potential energy, 128
V

(α)
ab , electric field gradient component,

130
Vanh, anharmonic terms in

rotation-vibration
Hamiltonian, 324

Velec (RN), contribution to the
potential energy, 187

Vharm, harmonic potential function, 231
VN, Born-Oppenheimer potential

energy function, 188, 227
Vnn (RN), nuclear-nuclear repulsion

term, 187
V (RN, relec), electrostatic potential

energy, 186
V, see D2

v, harmonic oscillator quantum
number, 255, 262, 264

near quantum number, 321
vbent2 , principal bending quantum

number for bent triatomic
molecule, 634

vlinear2 , principal bending quantum
number for linear triatomic
molecule, 634

Van der Waals bond, 43
Van der Waals molecule, see Weakly

bound cluster molecule
Vanishing integral rule, 116
Variation principle, 192
Variational approach, 357–363, 411–412
Variational calculation, 176, 348, 357

for weakly bound cluster molecule,
565

Variational Monte Carlo method, 566
Version, 30

optically active, 42, 152, 161

Vibrational cluster, 356
Vibrational overtone spectroscopy, 457,

475
Vibrational transition, 443–444
Vibron model, 363–364
Vibron number, 363
Vibronic interaction, 319, 323, 364–371

from T̂ee, 370–371
from T̂ev, 368–369
from T̂vib, 366–368
selection rule for symmetric tops,

335
Vibronic symmetry

symmetric top, 291–297
Vibronic symmetry Γve, 434
Vibronic transition, 433–443
Vibronically allowed transition, 434,

443
Vierergruppe V, 304
Virtual orbital, 195
Volume element, 183

W
Watsonian, 346, 353, 365, 480

A-reduced, 354
for asymmetric top molecule, 353
for linear molecule, 632
for spherical top molecule, 346
for symmetric top molecule, 354
S-reduced, 354

Wavefunction
contortional Φcon, 491
electronic Φ

(e,S,mS )
elec , 196

internal Φint, 135
local, 31
nuclear spin

symmetry classification,
152–155

roconvibronic, 490
rovibronic Φrve, 175
separable, 319
translational ΦCM, 135

Weak interaction force, 134
Weakly bound cluster molecule, 43–49,

551–600
in body fixed reference frame,

555–565, 580–600

dipole moment function µ
(1,σ′)
m ,

559
Hamiltonian Ĥrcv

(m), 556



748 Index

intermolecular kinetic energy
operator T̂int

(m), 556
intermolecular potential energy

V
(m)
int , 557

transition selection rules,
559–562, 564–565

in space fixed reference frame,
553–555, 568–580

dipole moment function µ
(1,σ)
s ,

559
Hamiltonian Ĥrcv

(s), 553
intermolecular kinetic energy

operator T̂int
(s), 554

intermolecular potential energy
V

(s)
int , 554

transition selection rules,
558–559, 563–564

moiety, 43
Weight factor, 183, 610
Weyl tableau, 201
Wigner-Eckart theorem, 222, 421
Wreath product, 90

X
(X, Y, Z), axis system, 6, 20, 127, 205
Xrr′ , molecular parameter, 355
(X,Y, Z), axis system, 20, 91, 127, 205
(x, y, z), axis system, 204, 206

chosen as principal axes, 217–219
(xi,yi,zi), coordinates of nucleus i, 204
(xe

i ,y
e
i ,zei ), equilibrium coordinates of

nucleus i, 204
(ξ, η, ζ), axis system, 184, 204, 205

Y
Ykl, Dunham coefficient, 365
�i, internal displacement coordinate,

227
Young diagram, 199
Young operators, 200
Young tableau, 199–200

last-letter sequence, 199
standard, 199

Z
ζαr,s, Coriolis coupling constant, 237
ζ-sum rules, 333
ζαta,tb, Coriolis coupling parameter for

doubly degenerate vibrational
mode, 325

Zeeman effect, 468–470, 475–476
selection rules, 469

Zero field symmetry group, 470
Zero frequency normal coordinates, 234
ZFS group, see Zero field symmetry

group


