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1 Experimental methods
The experiments were performed in a crossed molecular beam apparatus that incorporated a
2.6-meter long Stark decelerator, as schematically shown in Figure S1. This apparatus has been
described in detail before (28). Briefly, a beam of NO radicals was produced by expanding 5%
NO seeded in krypton with a backing pressure of 2 bar through a Nijmegen Pulsed Valve (29).
The Stark decelerator was operated using a guiding phase angle (ϕ0 = 0◦, s = 3), and selected
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Figure S1: Schematic representation of the experimental setup. A packet of NO radicals
was prepared using a 2.6-meter long Stark decelerator, and scattered with a cryogenic beam of
He atoms under a 45◦ beam crossing angle. The excitation and ionization laser intersect the NO
beam at 90◦ and 135◦, respectively. State-to-state scattering cross sections were measured using
a laser ionization scheme in combination with a velocity map imaging spectrometer.

NO packets of the beam with a mean velocity that ranged between 350 m/s and 460 m/s. The
packet of NO radicals that emerged from the decelerator intersected with the central axis of a
beam of He atoms at a distance of 69 mm from the exit of the decelerator. The beams crossed
at a 45◦ angle of incidence. The He atom beam was produced by expanding neat He with a
backing pressure of 2 bars into vacuum using a commercially available Even-Lavie valve (30).
The Even-Lavie valve was cooled to temperatures between 12 K and 16 K to produce He beams
with a mean velocity between 400 m/s and 480 m/s. The valve was positioned at a distance of
293 mm from the interaction region. The He beam was collimated by a 3 mm diameter skimmer
and a 3 mm diameter pinhole at a distance of 170 mm and 240 mm from the valve, respectively.
Cluster formation in the He source was negligible under these operating conditions. For beam
characterization, the He atom beam was detected using a fast ion gauge a distance 450 mm
further downstream from the interaction region. The arrival time distribution of the NO packet
in the interaction region had a width of about 9 µs, whereas the He atom beam had a much
longer temporal duration of approximately 23 µs.

Two pulsed dye laser systems were used to state-selectively detect the reagent and scattered
NO radicals via a (1+1′) resonance enhanced multiphoton ionization (REMPI) scheme. The
first dye laser (226 nm, 5 ns pulse duration, 1 mm diameter) was used to excite NO to the elec-
tronically excited A 2Σ+ state by inducing the (0-0) band of the A 2Σ+ ← X 2Π transition. The
bandwidth of this laser was made sufficiently large (0.2 cm−1) to cover any Doppler shifts in the
spectral profiles due to the recoil velocities of the scattered NO radicals. In all measurements
the laser polarization was horizontally oriented. The second dye laser (328 nm, bandwidth ap-
proximately 0.06 cm−1, 5 ns pulse duration, 5 mm diameter) was pumped by a second Nd:YAG
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laser, and was used to subsequently ionize the NO radicals just above the energetic threshold to
reduce the ion-recoil energy due to the ionization step to less than 2 m/s. A time delay of 13
ns between both lasers was kept fixed for all measurements. Both lasers were focused into the
scattering volume to offer a small ionization volume, and (depending on the amount of signal
detected) attenuated to 3 - 8 µJ and 4 mJ for the first and second color, respectively. This was
done to prevent Coulomb repulsion effects from excessive signal levels, to obtain single events
per shot, and to prevent direct (1+1) REMPI by the first dye laser only; the (1+1) REMPI signal
was typically less than 3% of the (1+1’) signal.

At the intersection point, the ionized NO radicals were accelerated using velocity map imag-
ing (VMI) optics towards a microchannel plate (MCP) coupled to a phosphor screen. We used
ion optics consisting of a repeller and three extractor plates as used by Suits and coworkers
(31), and we used a grounded time-of-flight tube of 1 m length. Depending on the size of the
ion cloud, a voltage between 500 V and 2200 V was used on the repeller plate in order to in-
crease the size of the images. No time-slicing was possible for the small ion clouds, and the
three-dimensional Newton spheres were crushed onto the detector plane. The MCP was mass-
gated to ensure that only NO radicals were detected. Event counting and centroiding were both
employed in the data acquisition software (DaVis, LaVision GmbH). Images were recorded us-
ing a camera (PCO Pixelfly 270XS, 1391 x 1023 pixels), and transferred to a PC for subsequent
averaging and data analysis. The electric field in the ionization region was insufficient to orient
the NO radicals, but a small background was measured for NO radicals in high-field seeking
states due to a combination of imperfect state-selection and minor field-induced mixing of the
NO (X 2Π) Λ-doublet levels.

To investigate possible collision-induced polarization effects, we measured for selected en-
ergies a scattering image using horizontal and vertical polarization of the probe laser beam.
No collision-induced polarization effects were found. It is noted that polarization effects are
generally expected to be small for transitions that induce a small change in rotational angular
momentum j. In addition, a possible collision-induced polarization is expected to be largely
destroyed by nuclear hyperfine depolarization.

Our experiment was optimized to measure differential cross sections (DCSs), and the ex-
perimental settings (laser power and focal size, spatial and temporal overlap, strong attenuation
of signal levels) were carefully adjusted for these types of measurements. These conditions,
however, are not optimal to measure integral cross sections (ICSs). ICSs were nevertheless
measured for the (5/2f ) channel, without changing the experimental conditions. In these mea-
surements, the population in the (5/2f ) channel was measured with and without the He beam.
Relative cross sections were then inferred from the signal intensity difference between both
measurements. The energy dependence of the cross sections was established by correcting for
the energy dependence of the reagent NO density, for the relative velocity of the NO-He pair,
and for the energy dependence of the temporal overlap of both beams. For the latter, we simu-
lated the beam overlap function using the methods that were developed by Naulin and Costes for
crossed beam experiments with a variable crossing angle (32). Additionally, reference measure-
ments on the scattering signal were performed to locate any long-term drifts in the experiment.
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One of the most critical aspects of the experiment was the calibration of the mean collision
energy and energy resolution. In principle, these followed from the mean velocities of the NO
packet and He beam, their velocity and angular spreads, as well as the mean beam intersection
angle. It is noted, however, that the high intrinsic collision energy resolution of the experiment,
in combination with the rapid variation of the DCS as a function of the collision energy, imposed
stringent requirements on the energy calibration. It is further noticed that for a given scattering
image, the mean collision energy was a complicated function of the beam overlap function: even
if all beam velocities and spreads were exactly known, and if the geometric beam intersection
angle was known with infinite precision, this still would not yield the true mean collision energy.
The part of the He beam that is closest to the Stark decelerator in space overlapped the NO
packet first. Therefore, the mean beam intersection angle was higher than the geometric angle
of 45.0◦. Using the methods as described in the supplementary information of Ref. (15), we
estimated the mean beam intersection angle to be 45.2◦± 0.1◦ for the energy range of our
experiment.

The collision energy was calibrated in various independent ways: in the first method, we
calibrated the pixel-to-m/s conversion factor of the VMI setup exploiting the extremely well
calibrated velocities of the NO radicals emerging from the Stark decelerator, as described in
detail before (28,33). The diameter of the scattering image then directly yielded the mean
collision energy pertaining to the image. In the second method, we calculated the mean collision
energy and energy distribution from the very well known velocity and spreads of the NO packet,
from a combination of measured and estimated parameters of the He atom beam, and from
the simulated value of 45.2◦± 0.1◦ for the mean beam crossing angle. In the third method,
we measured the integral cross section for excitation to the (5/2f ) state as a function of the
collision energy. This channel opens at 13.4 cm−1, and shows a steep threshold behavior. We
compared our experimentally determined excitation function with the theoretically predicted
one that was convoluted with a Gaussian energy distribution of variable width. The observation
of the opening of the channel determined the mean collision energy; the energy resolution was
determined from the curves that showed best overlap with the experiment.

The energies that were derived from all three methods were consistent with each other,
although the third method yielded the highest accuracy. We determined the mean collision
energy within an experimental uncertainty of± 0.15 cm−1. The collision energy resolution was
determined to be 0.3 ± 0.1 cm−1.

2 Simulations and data analysis
The experimentally obtained images were compared to images obtained from simulations of
the experiment with DCSs obtained from quantum mechanical close-coupling (QM CC) calcu-
lations. Details on the simulations and procedures have been described in detail elsewhere (33).
The DCSs that were used as inputs to the simulations were constructed from the QM CC calcu-
lations, taking a Gaussian energy distribution of 0.3 cm−1 into account. In the experiment, the
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non-perfect velocity mapping conditions resulted in a small blurring of the images (about 1 to 2
m/s blurring). This effect was taken into account in the simulations, assuming a Gaussian blur-
ring distribution. In the experiment, the blurring is probably not fully represented by a Gaussian
profile. This, in combination with a small contribution of (1+1) REMPI, caused the experimen-
tal images to appear slightly larger and more blurred compared to the simulated images. This
effect was mostly visible for the (5/2f ) channel for which the images were smallest.

It is noted that the images were very small, both in velocity but also in real size on the
camera. The image diameter ranged in size between 7 and 53 camera pixels for the smallest and
largest images recorded, respectively, corresponding to a size between 0.2 mm and 1.6 mm. The
actual size of the images was thus smaller than the approximately 3 mm diameter reagent beams.
The resolution that was obtained and the structure that was observed in these small images was
a testimony of the extremely well controlled initial conditions of the scattering partners. The
usage of centroiding software allowed for obtaining subpixel resolution, increasing the size of
the image.

The angular distributions of the scattered molecules in both the experimental and simulated
images were determined by evaluating the intensity distributions that were obtained by integrat-
ing around the image in a narrow annulus close to the rim of the image, which directly reflects
the DCS of the scattering process. The inner and outer diameter of this annulus were chosen
around the diameter that corresponded to the mean collision energy at which the image was
taken. The width of this annulus was identical for all images and optimized for the resolution
with which structure in the DCS was sampled, and for the signal-to-noise ratio of the resulting
angular scattering distribution. Since the images were small, the laboratory recoil velocities of
the NO radicals only showed a small deviation from the center of mass velocity. Consequently,
the images were almost symmetric in intensity and resolution with respect to the relative ve-
locity vector, and intensity differences due to density-to-flux and other kinematic effects were
minimal.

3 Theoretical methods and results
We performed QM CC calculations using a scattering program for open-shell diatom-atom scat-
tering that was originally developed for OH + rare gas atom collisions (34). The state-to-state
integral and differential cross sections were computed with the Vsum and Vdif potentials of Ref.
(35). The basis set for the scattering calculations included all partial wave contributions up to
total angular momentum J = 101.5 and all NO rotational levels up to j = 15.5. The renormal-
ized Numerov method was used for the propagation of the wavefunction on a grid from 3.5 to
40 bohr.

The resulting energy dependence of the ICSs and DCSs for both the (3/2e) and the (5/2f )
channels are best appreciated by Movies S1 and S2, that show the evolution of the cross sections
for energies between the thermodynamic threshold of the channels and a collision energy of 50
cm−1 in steps of 0.1 cm−1. At high energies above the resonance region, and also at lower
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energies not too close to resonance, the DCSs are dominated by diffraction oscillations. At a
resonance, however, the DCSs vary rapidly, and particularly change for forward and backward
scattered angles.

Movie S1 Caption: Movie showing the evolution of the DCS (left) and ICS (right) as
functions of the energy for excitation to the (3/2e) state in steps of 0.1 cm−1. The DCSs are
normalized, in order to clearly show the relative changes for forward and backward scattered
angles.

Movie S2 Caption: Movie showing the evolution of the DCS (left) and ICS (right) as
functions of the energy for excitation to the (5/2f ) state in steps of 0.1 cm−1. The DCSs are
normalized, in order to clearly show the relative changes for forward and backward scattered
angles.

4 Characterization of the resonances
The state-to-state inelastic cross sections, and in particular the resonances, were interpreted by
a detailed partial wave analysis of the scattering process. We analyzed the partial waves that
characterize the entrance and exit channels, as well as the scattering wavefunctions in the region
of the van der Waals minimum of the potential.

4.1 Quantum numbers and scattering wavefunctions at the resonances
In a collision, the total angular momentum J is conserved. The value of J ranges from |j − ℓ|
to j + ℓ, where j denotes the rotational quantum number of the NO radical and ℓ is the partial
wave quantum number. For inelastic processes, j changes during the collision, and also the
partial wave ℓ is not a good quantum number and is not conserved during the collision. We can
describe the scattering process in terms of the initial and final conditions, where we denote the
partial waves by ℓin and ℓout, respectively. In this section, we describe how at the resonance
energies the values for ℓin evolve into a resonance with quantum number ℓres to finally result in
a distribution of ℓout values, i.e., the full partial wave evolution during the collision.

Not only the total angular momentum J , but also the total parity P is conserved during the
collision. This parity is related to the parity p of the Λ-doublet states of the NO monomer as
P = (−1)ℓp. This monomer parity p refers to the symmetry of the electronic wavefunction of
the NO radical, and it is related to the spectroscopic parity ϵ as ϵ = p(−1)j−1/2. States with
ϵ = +1 and−1 are denoted by e and f , respectively. The initial (1/2f ) state and both the (3/2e)
and (5/2f ) final states investigated have p = −1. The three resonances observed are labeled I,
II, and III, following the labeling in the main article.

Total and partial integral cross sections, i.e., the contributions of different J and P to the
ICSs, are shown for both inelastic channels in Figure S2. The partial cross sections for 0.5
≤ J ≤ 8.5 are shown for P = +1 in panels b and f, and for P = −1 in panels c and g. It is seen
that the strong enhancement in the ICS for resonance I mainly results from (J, P ) = (5.5, +1)
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Figure S2: Partial cross sections for NO + He inelastic collisions. Left: Cross sections for
NO(1/2f ) + He → NO(3/2e) + He collisions. Right: Cross sections for NO(1/2f ) + He →
NO(5/2f ) + He collisions. a and e: Total integral state-to-state cross sections. b and f : Partial
cross sections for P = +1 and various values for the total angular momentum J . c and g: Partial
cross sections for P = −1 and various values for J . d and h: Partial cross sections for various
values of the incoming partial wave ℓin.
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with a second largest contribution from (4.5, +1). Resonance II is dominated by the overlapping
contributions of (4.5, +1), (5.5, +1), (6.5, +1) and (7.5, +1), whereas the combination (3.5, −1),
(4.5, −1), (5.5, −1) and (6.5, −1) dominates resonance III.

Since the initial NO state has rotational angular momentum j = 1/2 and parity p = −1,
and since both J and P are conserved during the collision, we can uniquely allocate an ingoing
partial wave ℓin to each (J, P ) combination. For instance, the combinations (6.5, −1) and (5.5,
−1) can both be allocated to ℓin = 6. The resulting partial cross sections for each value of ℓin
are shown in panels d and h. It is observed that resonance I is dominated by ℓin = 5, resonance
II is governed by ℓin = 5 and 7, and that resonance III originates from ℓin = 4 and 6.

For each resonance we calculated the contributions of the asymptotic NO monomer states
labeled by (j, e/f ) and the different partial waves labeled by ℓ to the squared scattering wave-
functions for R values ranging from 4 to 30 bohr. The results are shown in Figure S3 for the
(J, P ) combinations that contribute most to each resonance, i.e., the combinations (J, P ) = (5.5,
+1), (7.5, +1), and (6.5, −1) for resonances I, II, and III, respectively. The wavefunctions were
computed at the energies where each (J, P ) contribution to the resonance peak in the ICS has
its maximum. The figure shows clearly that for these values of (J, P ), a single (j, e/f ) NO
monomer state and partial wave ℓ dominate the scattering wavefunction in the region of the van
der Waals well. In other words, each resonance corresponds to a quasi-bound state involving
a specific NO monomer (j, e/f ) state and a specific ℓ value that we will call ℓres. A similar
analysis was performed for all other (J, P ) combinations contributing to the resonances (curves
not shown). For each resonance we found the same NO state and the same value of ℓres for all
of the contributing (J, P ) combinations.

This analysis yields detailed insights into the nature of the resonances. All three resonances
are associated with the same quasi-bound state of NO(j = 5/2f )-He. Resonances I and II
originate both from the state with orbital angular momentum ℓres = 5, and are hence found at
almost the same collision energy around 14.8 cm−1. This energy is not far above the energetic
threshold for the opening of the (5/2f ) channel at 13.4 cm−1. Both resonances are associated
with tunneling through the centrifugal barrier, and the long tails of the scattering wavefunctions
are a direct and clear manifestation of this tunneling. When this complex finally falls apart, the
recoiling NO radical exits either in the (3/2e) or in the (5/2f ) state, giving rise to resonances I
and II, respectively. Resonance II may thus be called a pure shape resonance. Resonance I may
be referred to as Feshbach resonance, because it is the higher lying (5/2f ) state of NO that mixes
with the entrance (1/2f ) and exit (3/2e) states, but since the (5/2f ) state of NO is already open
at the resonance energy, we could also call it a combined Feshbach-shape resonance. Resonance
III is also found to correspond to a quasi-bound state of NO(j = 5/2f )-He, but with a higher
orbital angular momentum ℓres = 6. This resonance is again a pure shape resonance.

Additional insight into the nature of the resonances can be gained by looking at the angular
behavior of the scattering wavefunctions. Figure S4 shows the absolute square of the scattering
wavefunction corresponding to resonance III, for the same values of (J, P ) as in Fig. S3c, as a
function of R and the scattering angle and integrated over the remaining coordinates. Figure S5
shows the absolute square of this wavefunction as a function of R and the atom-diatom Jacobi
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Figure S3: Wavefunctions squared as a function of the radial distance R. a: Wavefunctions
at the resonance energy of 14.67 cm−1 for J = 5.5 and P = +1. b: Wavefunctions at the
resonance energy of 14.85 cm−1 for J = 7.5 and P = +1. c: Wavefunctions at the resonance
energy of 17.75 cm−1 for J = 6.5 and P = −1. The rotational and Λ-doublet state of the NO
radical, and the orbital angular momentum of the NO-He complex, are given for each curve.
The states that dominate the resonances are marked with a red box.
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angle γ, which is the angle between the vector R that points from the NO center of mass to the
He atom, and the direction of the NO axis. Also the NO-He potential Vsum, shown in Fig. S5 as
well, depends on the coordinates R and γ. One can observe in both figures that the wavefunction
has large maxima for R ≈ 8 bohr, the same R value where the dominant radial wavefunction
component in Fig. S3c has its maximum. These maxima correspond to the quasi-bound state
associated with this resonance.

Figure S4 shows seven maxima in this range of R as a function of the scattering angle. These
maxima nicely illustrate that resonance III is dominated by a partial wave with ℓres = 6. The
relative heights of the maxima follow from a dominant contribution of the mℓ = 0 component
of this partial wave, with smaller contributions from components with other mℓ. The quantum
number mℓ is the component of the partial wave angular momentum ℓ along the initial relative
velocity vector. Figure S5 shows two maxima in this range of R, at γ = 0◦ and 180◦. The
NO-He potential Vsum has a minimum for γ ≈ 90◦ and is almost symmetric in γ with respect
to this minimum. It is demonstrated in Ref. (35) that the NO free rotor quantum number j is
a nearly good quantum number to describe the bound states of the NO-He complex and that
only the states with j = 1/2 and 3/2 are bound. All of the resonances observed in the present
study correspond to a quasi-bound state with j = 5/2, which is an angularly excited state of
the NO-He complex. This 5/2f quasi-bound state of NO with spin S = 1/2 can be associated
with the spatial angular momentum quantum number n = 2 (36), from which it follows that
the angular distribution of this state should correspond to a combination of associated Legendre
functions Pm

n (cos γ) with n = 2 and different values of 0 ≤ m ≤ 2. Such a distribution can
produce multiple, at most three, maxima. This explains the picture of the quasi-bound state at
R ≈ 8 bohr in Fig. S5, which does not show a single maximum at the minimum of the potential
surface at γ ≈ 90◦, but rather two maxima of nearly equal height at γ = 0◦ and 180◦.
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Figure S4: Scattering wavefunction for J = 6.5 and P = −1 at the energy of 17.75 cm−1 of
resonance III as a function of the radial distance R and the scattering angle. The absolute
squared wavefunction is integrated over all other coordinates.
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When the NO(5/2f )-He complexes formed at the resonance energies finally fall apart, the
NO radical may end up either in the (3/2e) or in the (5/2f ) state. We analyzed this process
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in terms of the orbital angular momentum ℓout labeling the outgoing partial waves. Figure S6
displays the partial cross sections corresponding to different values of ℓout for both inelastic
scattering channels. It shows that outgoing waves ranging between ℓout = 3 and 7 contribute to
resonance I in the (3/2e) channel, with the dominant values being ℓout = 5 and 7. The evolution
of the resonant partial wave ℓres = 5 into this set of outgoing waves is a direct consequence of
the accompanying (5/2f ) → (3/2e) transition of the NO radical when the resonant complex
falls apart. The total angular momentum J is conserved, but the orbital angular momentum ℓ
can change since the rotational state of the NO molecule changes. For the resonances II and III
a different behavior is observed. Here, the receding NO radical remains in the (5/2f ) state, and
the values of ℓout are the same as the values of ℓres governing the resonances, i.e., ℓout = 5 for
resonance II and ℓout = 6 for resonance III.

Resonance final Energy (J, P ) ℓin ℓres ℓout Type of resonance
state (cm−1)

I 3/2e 14.67 (4.5, +1)
5 5 3,4,5,6,7 j = 5/2f , Feshbach + shape

(5.5, +1)
II 5/2f 14.85 (4.5, +1)

5
5 5 j = 5/2f , shape

(5.5, +1)

(6.5, +1)
7

(7.5, +1)
III 5/2f 17.75 (3.5, −1)

4
6 6 j = 5/2f , shape

(4.5, −1)

(5.5, −1)
6

(6.5, −1)

Table S1: Summary of the relevant properties that characterize the resonances (see text).

In table S1, we summarize all the relevant properties and quantum numbers that characterize
the three resonances as described above.

4.2 Threshold behavior of the (5/2f) channel
At a collision energy just above the thermodynamic threshold of a scattering channel, the scat-
tering process is dominated by one or a few partial waves. At the lowest energies, the scattering
process is dominated by ℓout = 0 (s-wave scattering). When the collision energy increases,
higher partial waves start participating and p-wave (ℓout = 1) and d-wave (ℓout = 2) scattering
can occur.

This behavior is clearly visible in the integral cross section for the (5/2f ) channel just
above the thermodynamic threshold, shown in Figure S7. This figure displays the total integral
cross section, as well as the partial cross sections for various outgoing partial waves ℓout for
collision energies up to 1.1 cm−1 above the thermodynamic threshold. When the kinetic energy
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old of the (5/2f) channel. a: Partial cross sections for various outgoing partial waves ℓout. b:
Differential cross section at 13.5 cm−1.

in the outgoing channel approaches zero, the figure shows only s-wave scattering. When the
collision energy increases by a few 0.1 cm−1 above the thermodynamic threshold, higher partial
waves start participating and p-wave scattering (ℓout = 1) dominates the process. Figure S7b
shows the DCS at 13.5 cm−1, where one minimum around 90 degrees, a fingerprint of this p-
wave scattering, can be observed. At a collision energy of 13.8 cm−1, where we measured a
scattering image, the contribution of p-wave scattering to the total ICS is more than 50% and
this is reflected in the DCS.

5 Disentangling resonant and background scattering
To separate energy-dependent S-matrices into a slowly varying background part and a resonant
contribution, we apply the multichannel resonance scattering theory described in Ref. (26).
It is assumed that only a single, non-degenerate pole contributes to the resonance. First, we
summarize the general theory and in Sec. 5.3 we present the algorithm that we developed.

5.1 Multichannel resonance theory
For a system with n open channels, we assume that we have the collision energy dependent n×n
scattering matrices S(E) on a grid of energies in the region of the resonance. The S-matrices
may be labeled with good quantum numbers J (total angular momentum) and P (parity), but
we will suppress these labels here. The S-matrices factorize in a background part Sbg and a

13



resonance contribution
S(E) = Sbg[I − 2if(E)A]. (1)

I is the n × n unit matrix, the matrix A will be explained below. As in Ref. (26) we take the
background part to be energy independent, but we will relax this condition below. The energy
dependence of the resonant part has the Breit-Wigner form (24,25)

f(E) =
1

E − Eres + iΓ
, (2)

where Eres is the resonance energy, and Γ is the width of the resonance. The parameters Eres

and Γ depend on the quantum numbers J and P , but are the same for all the elements of a given
S-matrix. The S-matrices are complex-valued, symmetric, and unitary

S = ST , and S†S = SS† = I, (3)

and we assume the same for the background contribution Sbg. The unitarity of these matrices
gives the relation

[I + 2if(E)∗A†][I − 2if(E)A] = I, (4)

which can be rewritten as

4|f(E)|2A†A+ 2i[f(E)∗A† − f(E)A] = 0. (5)

With
f(E) =

E − Eres − iΓ

(E − Eres)2 + Γ2
(6)

and
|f(E)|2 = 1

(E − Eres)2 + Γ2
(7)

the condition becomes

2A†A− i(E − Eres)(A−A†)− Γ(A+A†) = 0. (8)

Since A is energy-independent we must have A − A† = 0, i.e., A must be Hermitian. The
assumption that a single non-degenerate pole contributes to the resonance further implies that
A is a matrix of rank one, and so it can be written as

A = aa†, (9)

where a is a n-component column vector. As a result, we have

A†A = aa†aa† = |a|2A. (10)

Substituting this into Eq. (8) and using A = A† gives the condition

|a|2 = Γ. (11)
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Because of this relation the elements of the vector a are referred to as partial widths. Equation
(1) may now be written as

S(E) = Sbg − 2iba†

E − Eres + iΓ
(12)

with
b = Sbga. (13)

In these expressions, the elements aβ of a are sometimes interpreted as the partial width asso-
ciated with entering the resonance, and the elements bα with leaving the resonance.

5.2 Trajectories of S-matrix elements in the complex plane
If the background Sbg is constant, all matrix elements Sαβ(E) describe a circle in the complex
plane as a function of the energy E. This follows from

−2if(E) =
−2i

E − Eres + iΓ
=

1

Γ

(
x− i

x+ i
− 1

)
, (14)

where
x =

E − Eres

Γ
. (15)

When we introduce the phase ϕ(E) as

ϕ(E) = arctan (x) , (16)

Eq. (14) becomes after some algebra

−2if(E) = − 1

Γ

(
1 + e2iϕ(E)

)
. (17)

By introducing the matrix

C ≡ ba†

Γ
, (18)

we may then rewrite Eq. (12) as

S(E) = Sbg −
(
1 + e2iϕ(E)

)
C. (19)

The matrix C is complex symmetric since both S and Sbg are complex symmetric. Further-
more, C is a rank one matrix, with right singular vector a,

Ca = b
a†a

Γ
= b. (20)

Because of Eq. (13) and the unitarity of Sbg we have |a| = |b|, and it follows that the only
nonzero singular value of the matrix C must be equal to 1.
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In Ref. (26) only the region near the resonance is considered and it is assumed that Sbg is
constant. We slightly extend the formalism and with the use of Eq. (19) we define an energy
dependent background part Sbg(E) through

Sbg(E) = S(E) +
(
1 + e2iϕ(E)

)
C, (21)

but we keep the parameters a, b, and hence the matrix C constant. To determine the resonance
parameters Eres, Γ and the vectors a and b we fit the elements of S(E) on a grid of energies in
the range of the resonance that we are considering.

5.3 Algorithm to fit Eres, Γ, and C

In order to extract the resonance parameters Eres, Γ, a, and b we assume the background Sbg

to be linearly dependent on the energy near the resonance, i.e., we try to fit S(E) with the
functional form

S(E) = Sbg(Eres) + (E − Eres)S
bg
1 +

(
1 + e2iϕ(E)

)
C, (22)

with ϕ(E) given by Eqs. (15) and (16). With this assumption, the fit involves the linear param-
eters Sbg(Eres), S

bg
1 , and C, and the nonlinear parameters Eres, and Γ. When the resonance

arises from a single quasi-bound state and the background is energy independent, the matrix C
must be of rank one, i.e., have a singular value equal to 1. Below, we will show how we can use
this to check the validity of the approach, and to obtain information on partial widths that could
otherwise not be extracted. First, we discuss the determination of the nonlinear parameters.

5.3.1 Nonlinear parameters Eres and Γ

The parameters Eres and Γ should be the same for all S-matrix elements Sαβ(E). For some
elements the resonance contribution Cαβ is large compared to the background variation and
the Sαβ(E) elements describe a circle in the complex plane. An example is shown in panel A
of Fig. S8. For other elements the background variation is relatively large and the circles are
distorted (panel B), or even unrecognizable (panel C). Also, in some cases there may be more
than one resonance in the energy range considered. We initially developed a method based
on directly fitting a circle to Sαβ(E) in the complex plane and extracting Eres and Γ from the
resulting ϕ(E). However, this method worked well for only a few matrix elements Sαβ(E), and
it was hard to determine the best value. Also, the result depended on the choice of the energy
grid. Here, we present a somewhat more elaborate algorithm that automatically determines the
energy ranges to be used in the fits and finds out which S-matrix elements give the most reliable
parameters.

In this approach, we exploit the fact that near a resonance, not only ϕ(E) is varying rapidly,
but also Sαβ(E) itself. For each S-matrix element Sαβ(E) on an equally spaced energy grid
Ek = E0 + k∆ with k = 1, . . . , nE and nE the number of steps on the grid

Sk = Sαβ(Ek) (23)

16



0−0.4 −0.2

0

0.2

0.4

Real(S)

Im
ag

(S
)

bg

A

[J = 6.5, P = −1] 
(3/2f, l = 7) - (3/2e, l = 6)

4e-4 8e-4

−2e-3

−1e-3

Real(S)

bg

B

0

[J = 4.5, P = −1] 
(5/2e, l = 7) - (5/2e, l = 5)

0−0.1 0.1
−0.16

−0.12

−0.08

bg

C

Real(S)

[J = 2.5, P = +1] 
(5/2e, l = 0) - (3/2e, l = 1)

14.5 15.0 15.5
0

0.05

D

E (cm-1)

r k

2e−5

3e−5

14.5 15.0 15.5

E

E (cm-1)

1e-3

3e-3
F

14.5 15.0 15.5
E (cm-1)

Figure S8: Plots of some matrix elements Sαβ(E) in the complex plane and of the corre-
sponding values of rk = |Sk+1 − Sk| on the energy grid. Panels A, B, and C show examples
of the different behavior of matrix elements Sαβ(E) for various values of the total angular mo-
mentum J and parity P . The initial and final j, e/f states of NO and the incoming and outgoing
partial wave quantum numbers ℓ at each panel correspond to the row and column indices α and
β of the S-matrix. Panels D, E, and F show the energy dependence of the rk corresponding
to panels A, B, and C, respectively, with the same colors of the dots. The curve labeled “bg”
is the background matrix Sbg. The red cross marks the resonance energy Eres, the black dots
indicate the region around the resonance where the second derivative of rk is negative. The
magenta/green colors indicate the regions around the resonance where the slope of rk is posi-
tive/negative.
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we compute the distances between successive values

rk = |Sk+1 − Sk|. (24)

We take the maximum of rk as a first approximation of the resonance energy Eres. If there are
local maxima, we use them as first approximations of other resonances. For each maximum,
we determine the interval around the maximum for which rk is concave, i.e., has a negative
second derivative in the second order finite difference approximation. This is illustrated in
panels D, E, and F of Fig. S8. For given values of Eres and Γ, the linear parameters can be
easily determined from a linear least squares fit. The values of Eres and Γ are further optimized
in an iterative nonlinear least squares method, in which a new linear approximation is made of
e2iϕ(E) as function of Eres and Γ in each iteration. When the optimized Eres is outside of the
“concave range” around the maximum of rk, the results are discarded, and the corresponding
S-matrix element is not used to determine the nonlinear parameters.

With this approach, Eres and Γ values are determined for many S-matrix elements. Figure
S9 shows a plot of the resonance positions. We compute Eres and Γ as a weighted average over
all points, but weigh points with nearby neighbors most heavily. The expression for the weight
wi of (Eres,i, Γi) is

wi =

∑
j ̸=i

exp
{
−δ[(Eres,i − Eres,j)

2 + (Γi − Γj)
2]
}2

. (25)
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For the exponent we take δ = ∆−2 with the grid spacing ∆ = 0.01 cm−1, but the results are
insensitive to this value.

5.3.2 Linear parameters

With the nonlinear parameters Eres and Γ fixed, we determine the linear parameters for all S-
matrix elements at energy ϵm corresponding to the maximum of rk near Eres. We consider ϵm to
be near Eres when the slope of rk is positive everywhere in the interval [ϵm, Eres] if ϵm < Eres,
or when the slope of rk is negative in [Eres, ϵm] if ϵm > Eres.

To test the rank of C we use a singular value decomposition (SVD)

C = UΣV †, (26)

where U and V are unitary matrices, and Σ is a diagonal matrix with the singular values
Σαα = σα. All the largest singular values are between 0.62 and 1.0, with most of them between
0.95 and 1.0. The second largest singular value is one to two orders of magnitude smaller in all
cases.

The SVD also weighs the matrix elements Sαβ that could not be fitted and for which Cαβ

was set to zero. Therefore, we determined the weighted rank one fit of the matrix C, where the
elements that could not be determined were given a weight of zero. Thus, we obtain

C = b̃ã†, (27)

where we take |ã| = 1. With this approach we find that the single nonzero singular value,
which is equal to |b̃|, is always in the range of [0.86− 1.0]. With both the nonlinear and linear
fit parameters determined, we explicitly know the resonance contributions to the S-matrix, as
well as the background.

5.4 Resonance effects in integral and differential cross sections
Expressions to compute the ICSs and DCSs from the S-matrices for all values of J and P are
well known (27). Since the analysis described above allowed us to separate the S-matrix into a
background contribution Sbg(E) and a contribution from the resonances, we could demonstrate
explicitly what is the effect of the resonances on the ICSs and DCSs. The effect on the ICSs
and DCSs for (1/2f) → (5/2f) inelastic scattering is illustrated and discussed in the main
article. It was shown there that for energies close to resonance only the images simulated with
the complete DCSs, including resonance effects, agree very well with the experimental images.

Figure S10 shows results for (1/2f) → (3/2e) inelastic scattering similar to those that we
displayed in Fig. 3 of the main article for (1/2f)→ (5/2f) scattering. Also Fig. S10 confirms
that our theoretical procedure to separate the resonance contributions to the cross sections from
the background works well. The peak in the ICS corresponding to resonance I has completely
vanished when we include the background only, and also the peak near 17.5 cm−1 that corre-
sponds to another resonance in the (1/2f)→ (3/2e) cross section has mostly vanished, due to
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show the measured (Exp) and simulated images based on either the complete DCSs (Sim) or
the DCSs computed with the scattering matrix Sbg only (Sim*) for a collision energy of 14.8
cm−1 (A).

the removal of the S-matrix contributions in this energy range related to resonance III in the
(1/2f) → (5/2f) cross section. The DCS curves in the rightmost lower panel show that also
for (1/2f)→ (3/2e) scattering the DCS near resonance I at 14.8 cm−1 is substantially affected
by the resonances. However, the structure in this DCS is more complex than in the correspond-
ing DCS for (1/2f) → (5/2f) scattering shown in Fig. 3 of the main article. The reason for
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this more complex behavior is the participation of partial waves with ℓout values ranging from
3 to 7 when the quasi-bound (5/2f) state of NO-He with ℓres = 5 decays into the lower (3/2e)
state of NO. Moreover, we found that the structure in the DCS for the (3/2e) final state varies
more rapidly with the collision energy than for the (5/2f) state and that the same holds for the
resonance effects. Therefore, the differences between images simulated with or without reso-
nance effects are more subtle for the (3/2e) state than for the (5/2f) state and are less easily
detectable in the experiment.

Plots of the partial ICSs similar to those in the lower panels of Fig. S2, but with the resonance
contributions removed (not shown), illustrate that also all the peaks in the partial ICSs due to
resonances I, II, and III have disappeared.
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