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FIG. 1. Sketch for incoming trajectory with impact parameter b and velocity v scattering off a hard sphere with radius a. At
the point of impact energy is transferred such that the velocity is reduced to v′. The force responsible for the energy uptake
is assumed to act radially, such that the perpendicular velocity v⊥ is conserved. The deflection angles are α = sin−1(b/a),
α′ = sin−1(b′/a) and the scattering angle is θ = π − α− α′.
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I. MINIMAL MODEL

Here, we consider a simple model for a classical collision with energy transfer but without attraction. We do not
explicitly account for the rotation of the colliding molecules and assume their interaction is isotropic. To further
simplify the description, we consider hard-sphere scattering with a hard-sphere radius a, and we will assume the
transfer of kinetic energy occurs instantaneously when the hard spheres touch.

Since we assume the interaction is isotropic the force responsible for removing kinetic energy acts radially. Thus,
at the point of impact the perpendicular component of the velocity, v⊥, is conserved. This is sketched in Fig. 1.
The radial velocity component, vr, is reduced by an amount depending on how much energy is transferred, which
reduces the total velocity from v to v′. This causes the trajectory to bend forwards, which appears to explain how
hard collisions can nevertheless result in forward scattering. However, we will see below this alone does not explain
forward-scattered cross sections.

More quantitatively, the scattering angle is given by

θ = π − α− α′, (1)

where α and α′ are the angles between the hard sphere’s surface normal and the incoming and outgoing trajectory,
respectively. Hence

α = sin−1(b/a) (2)

is the usual result for hard-sphere scattering, whereas

α′ = sin−1(b′/a) = sin−1(v/v′ b/a) (3)

is obtained including energy transfer. For energy uptake, v′ < v, at any fixed impact parameter α′ becomes larger and
θ smaller, i.e. more forward scattered, as expected. However, there are also impact parameters where there are no
solutions for α or α′. No solution for α can be found if b/a > 1, in which case the particle has missed the hard sphere
and there is no collision. For α′ this condition becomes b/a > v′/v, which is smaller than unity. That is, there are b
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smaller than a that are still too large for there to be a valid trajectory, i.e. where v⊥ exceeds v′ such that sufficient
energy cannot be transferred while conserving v⊥.

We compute the classical differential cross section as

dσ

dΩ
=

b db dφ

d cos θ dφ
= b

∣∣∣∣ db

d cos θ

∣∣∣∣ (4)

First, consider the usual hard-sphere scattering

θ = π − 2 sin−1(b/a),

cos θ = 2(b/a)2 − 1,

d cos θ/db = 4b/a2,

dσ

dΩ
= a2/4. (5)

That is, the differential cross section is completely independent of θ and the integral cross section is πa2 as expected.
Including energy transfer we have

θ = π − sin−1(b/a)− sin−1(v/v′ b/a),

d cos θ/db =
1

a

(
1/
√

1− (b/a)2 + 1/
√

(v′/v)2 − (b/a)2
)

sin θ,

dσ

dΩ
=

ab(
1/
√

1− (b/a)2 + 1/
√

(v′/v)2 − (b/a)2
)

sin θ
. (6)

Rather than geometrically, the deflection angles can also be found as

α =

∫ ∞
0

`

µr2
dt

=

∫ ∞
a

vb

r2

1

vr(r)
dr

= `

∫ ∞
a

1

r2
√

2µE − `2/r2
dr (7)

= sin−1

(
`

aµv

)
= sin−1(b/a), (8)

where µ is the reduced mass, r is the distance from the center of the sphere, E = 1
2µv

2 is the energy, and ` = µbv is
the angular momentum. Similarly for

α′ =

∫ ∞
a

v′b

r2

1

v′r(r)
dr = sin−1(b′/a). (9)

Here, v and v′ indicate the asymptotic velocities with and without energy uptake, respectively, which are set by the
initial and final kinetic energy. These should not be confused with, vr(r) = v

√
1− (b/r)2 and v′r(r) = v′

√
1− (b/r)2,

the radial kinetic energies at separation r with and without energy uptake, respectively. The advantage of this
formulation is that vr(r) and v′r(r) can easily be modified to include a different isotropic interaction energy. Without
such modification, these equations lead to exactly the results obtained geometrically above.

The resulting differential cross sections are shown in Fig. 2, which also shows the scattering angle θ as a function
of impact parameter. Results are shown for elastic scattering, v′ = v, for kinetic energy uptake, v′ < v, and kinetic
energy release, v′ > v. This shows that inclusion of energy uptake causes the scattering angle to be more forward at
the same impact parameter. However, due to the missing contribution of impact parameters b > av/v′, the overall
cross section actually becomes backward scattered. For kinetic energy release, v′ > v, one obtains a similar angular
distribution, although the backscattering is now caused by a minimal scattering angle determined by the minimum
vr after energy uptake for any impact parameter.

The essential ingredient that is missing here, required to describe forward-scattered angular distributions for hard
collisions with small impact parameters, is an attractive interaction potential, V (r). Including an isotropic interaction,
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FIG. 2. Panel (a) shows scattering angle as a function of impact parameter, panel (b) shows the differential cross section. Each
is shown for usual hard-sphere scattering, v′ = v, energy uptake, v′ = v/2, and energy release, v′ = 2v.

V (r), the deflection angle becomes

α = `

∫ ∞
a

1

r2
√

2µ [E − V (r)]− `2/r2
dr

= b

∫ ∞
a

1

r2
√

1− V (r)/E − b2/r2
dr. (10)

Again, for hard-sphere scattering, V (r) = 0, this leads to the same result as above, α = sin−1(b/a). For an arbitrary
isotropic interaction potential, equation (10) shows that the deflection angle α is universal : The deflection angle does
not depend on the mass, and it depends on the strength of the interaction and the collision energy only as their ratio,
V (R)/E. Similarly for the receding half of the trajectory, where α′ will depend on E′, and hence on how much energy
has been transferred ∆E/E. For large amounts of angular momentum transfer, this universality will break down as
the corresponding “impact-parameter transfer” will be mass dependent.

Now we will include an attractive van der Waals potential, V (r) = −C6r
−6, such that the deflection angles become,

α = b

∫ ∞
a

1

r2
√

1 + c6/r6 − b2/r2
dr,

α′ = b

∫ ∞
a

1

r2
√

1 + c′6/r
6 − b2/r2

dr, (11)

where we have defined c6 = C6/E and c′6 = C6/E
′. The resulting deflection angles, scattering angles, and differential

cross sections are shown in Fig. 3 for c6 = 1. For v′ = v/2, the cross section is now clearly forward scattered
although the largest impact parameter that contributes b = 0.86a, i.e. shorter than the hard-sphere radius. A
detailed comparison to the elastic v′ = v and exoergic v′ = 2v cases is given below, but first we complete our analysis
of v′ = v/2.

Now that we include long-range attraction, the effective radial potential contains a centrifugal barrier with a
maximum located at

r∗ =

(
3c6
b2

)1/4

, (12)

and has height in units of the initial kinetic energy

V∗/E =
(

3−1/2 − 3−3/2
)
b3c
−1/2
6 . (13)

The height of the barrier is equal to the collision energy for b = b∗ where

b∗ =

(
33/2c

1/2
6

2

)1/3

(14)
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FIG. 3. (a) Deflection angle α or α′ for a half collision for v′ = v and v′ = v/2, respectively. This includes an attractive van
der Waals interaction with c6 = 1. The deflection angle for hard-sphere scattering is included for comparison. (b) Resulting
scattering angle θ = π − α− α′. (c) Resulting differential cross section.

This results in orbiting where the trajectory gets stuck on top of the centrifugal barrier. For b slightly smaller than
b∗, the trajectory will barely overcome the centrifugal barrier, for b slightly larger than b∗, the trajectory will not
quite reach the top of the centrifugal barrier. In either case, the trajectory spends a long time orbiting near the top
of the barrier resulting in a large deflection angle. This is the textbook description of orbiting in classical scattering,
which for hard-sphere plus van der Waals potentials occurs for b > a, i.e., at long range, but does not play a role for
the rotational energy transfer considered here.

In the present case, we consider energy transfer to occur at the hard-sphere radius, a, which reduces the asymptotic
velocity from v to v′. After this event, the interaction is stronger relative to the kinetic energy: c6 → c′6 = c6(v/v′)2,

and also the centrifugal barrier is relatively larger as b → b′ = b v/v′. This leads to a much smaller b∗ = 1
2

√
3a for

v/v′ = 2 and c6 = 1, the example illustrated in Fig. 3(a). Again, at b = b∗ an orbiting occurs in the second half of the
collision, i.e. after the energy uptake. Collisions with b > b∗ have reached r = a in the first half of the collision, but
after transferring kinetic energy to rotation, classically cannot dissociate in the second half of the collision. Collisions
with b smaller than but close to b∗ can barely dissociate after transferring kinetic energy, such that these trajectories
may exhibit large deflection angles and even multiple orbits. Before reaching large negative values near b = b∗, the
scattering angle will cross zero for particular b < b∗. That is, for particular b < b∗ the van der Waals potential has
exactly bent the trajectory forward, resulting in zero scattering angle, which can also be seen in Fig. 3(b). For such
a trajectory, the scattering cross section dσ/dΩ = b/ sin θ|dθ/db|, see Fig. 3(c), diverges in the forward direction as
1/ sin θ because dθ/db remains finite despite the head-on nature of the collision which has an impact parameter small
compared to the hard-sphere radius. We call this hard-collision glory scattering (HCGS).
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A. Comparison of HCGS to elastic and exoergic scattering

We here compare the hard-collision glory scattering (HCGS) described above to well-known orbiting trajectories
in elastic collisions. Again, deflection angles, scattering angles, and differential cross sections are shown in Fig. 3 for
c6 = 1 for three cases; the energy transfer considered above, v′ = v/2, elastic scattering, v′ = v, and exoergic energy
transfer, v′ = 2v.

In the well-known elastic case, v′ = v, the long-range attractive interaction reduces the angle α′ compared to the
hard-sphere case, corresponding to more back-scattering at fixed impact parameter, see Fig. 3(a). This is caused by
long-range attraction that bends the trajectory inwards, leading to more head-on collisions at fixed impact parameter.
This holds for the hard collisions with impact parameters smaller than the hard-sphere radius, b < a. For larger impact
parameters, the situation is very different. These impact parameters do not contribute for hard-sphere scattering,
but these glancing collisions with b > a are important in the presence of long-range attraction. In the example of
Fig. 3(b) we see that forward scattering in the elastic case, v′ = v, to scattering angles smaller than approximately
45◦ occurs only for large impact parameters, b > a, and these in fact dominate the resulting differential cross section
Fig. 3(c), which is peaked in the forward direction.

As explained above, special trajectories called classical orbitings can occur where the collision energy matches the
height of the centrifugal barrier, causing the trajectory to spend a long time near the top of the centrifugal barrier and
the deflection angle to diverge. The deflection angle then necessarily crosses zero where the differential cross section
diverges as 1/ sinχ, leading to substantial forward scattering. Crossings of −180◦, −360◦, and so on, can in principle
give similar divergences, but these are typically less pronounced as χ(b) becomes ever steeper and hence db/dχ smaller.
In elastic collisions, orbitings can only occur for low collision energy and at relatively large impact parameters. For our
simple model of hard-sphere interactions with long-range −C6r

−6 attraction, the impact parameter where orbitings
occur are given by Eq. (14), and the radius where the orbiting occurs, r∗, Eq. (12), is smaller than this impact

parameter by a fixed factor
√

2/3. Once r∗ becomes smaller than the hard-sphere radius, the orbiting disappears,

which means that the minimum impact parameter for orbitings is a
√

3/2 ≈ 1.22a, that is, orbitings can only occur
of impact parameters substantially larger than the hard-sphere radius. For the example c6 = 1 considered previously,
Eq. (14) yields b∗ = 1.37 a, in agreement with the divergence observed in Fig. 3(a). As the collision energy increases,
the orbiting moves to smaller impact parameters, until it disappears where b∗ drops below its minimum value of
a
√

3/2.
The behavior of orbiting trajectories is not specific to the simplified model potential chosen above. A more realistic

example, a Lennard-Jones potential with depth Vmin and hard-sphere radius a, shows the exact same behavior.
Orbitings in elastic collisions occur only at low collision energies, for E < 4

5Vmin, and only at impact parameters
substantially larger than the hard-sphere radius, as can be seen in Fig. 4.

In the exoergic case, v′ = 2v, where energy is released in the collision, in Fig. 3(a) we observe that there are again
substantial contributions from large impact parameters, b > a, but these lead to less deflection even than for hard-
sphere elastic collisions. Any forward scattering must thus arise in the incoming trajectory, before the energy release.
Likewise, orbitings cannot occur after the energy release. The resulting cross section, Fig. 3(c), is more back-scattered
than the elastic case.

Finally, we return to the case of energy transfer, v′ = v/2, the main focus of this paper. As seen in Fig. 3 and
discussed in the previous section, orbitings and forward scattering can now occur in collisions with small impact
parameters, b < a, and this can occur at high collision energies. This is a qualitative departure from the elastic
case, where forward scattering must be due to large impact parameters. Again, explaining forward scattering in hard
collisions with impact parameters b < a requires energy transfer and attractive interactions, and HCGS is a minimal
model that describes the essence of this process.

II. POTENTIAL ENERGY SURFACES

The NO-HD potential energy surfaces (PESs) employed in this work were obtained from NO-H2 PESs, reported else-
where [1]. We applied a coordinate transformation from the Jacobi coordinates of NO-H2 to NO-HD, which differ only
by a shift in the hydrogen molecule’s center of mass (COM). The NO-H2 interaction potential was calculated using the
spin-restricted coupled-cluster method treating the single and double excitations iteratively and the triple excitations
perturbatively [RCCSD(T)]. The ab-initio calculations employed aug-cc-pVTZ (AVTZ) and AVQZ monomer-centered
basis sets, which were used in a complete basis-set (CBS) extrapolation scheme. A multiple-property-based algorithm
was used to transform to the diabatic states [2]. The properties that were chosen are all components of the electric
quadrupole tensor and orbital angular momentum.

The NO-CO PES was computed in this work at the CCSD(T) level using the Molpro package [3]. Molecular
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transfer. Orbitings occur only for low collision energies E < 4
5
Vmin, and where the collision energy is low enough orbitings

occur only for large impact parameters, at least 1.75a.

orbitals were calculated as canonical orbitals from a two-configuration self-consistent field calculation for the lowest
two states. This permits a single-determinant description of both states, and hence a subsequent correlated RCCSD(T)
calculation step. The PES was diabatized using a multiple-property-based algorithm[2] using again all components
of the electric quadrupole tensor and orbital angular momentum. The required properties were calculated from the
single-determinant reference wave functions. We used an AVTZ monomer-centered basis set augmented with a set
of 3s,3p,2d,1f mid-bond functions. The mid-bond exponents are even tempered with a radially dependent mean of
20/R2 and a constant spread of a factor 3. Interaction energies were corrected for the basis-set super position error
using the counterpoise procedure of Boys and Bernardi [4]. These calculations were performed for 15 000 geometries
on a grid in Jacobi coordinates R, θNO, θCO, φ. The values chosen for R are 4.5, 5, 5.5, 6, 6.5, 7, 7.5, 8, 9, 10, 12, 15,
20, 30 a0, for the Jacobi angles θNO, θCO and φ we chose 10-point Gauss-Legendre and Gauss-Chebyshev quadrature
points. Finally, the diagonal and off-diagonal diabatic potentials were expanded in coupled angular functions, and the
radial dependence of the expansion coefficients was represented with the Reproducing-Kernel Hilbert Space method
[5].

III. QUANTUM SCATTERING CALCULATIONS

We performed coupled-channels (CC) scattering calculations for NO-HD and NO-CO collisions using a program
for bi-molecular scattering, developed in Nijmegen, that is also able to handle open-shell systems [6]. State-to-state
integral (ICSs) and differential cross sections (DCSs) were calculated at collision energies of 133 cm−1 for NO-HD,
and 220 cm−1 for NO-CO. The Hamiltonian we use in the scattering calculations is

Ĥ = − ~2

2µR

∂2

∂R2
R+

ˆ̀2

2µR2
+ ĤA(rA) + ĤB(rB) +

∑
Λ′,Λ

|Λ′〉〈Λ′|V̂ (rA, rB,R)|Λ〉〈Λ|, (15)

where R is the vector that connects the two COMs, rA and rB are vectors that denote the orientation of the molecular

axes, in which A designates NO and B either HD or CO, µ is the reduced mass of the complex, ˆ̀2 is the end-over-
end total angular momentum operator, and 〈Λ′|V̂ (rA, rB,R)|Λ〉 are the diabatic potentials mentioned in the previous
section. The symbol Λ = ±1 denotes the two orbital angular momentum components of the NO(2Π) ground state. The

Hamiltonian of the NO monomer, ĤA, includes spin-orbit coupling, Λ-doubling, and the rotational kinetic energy,
as described in Ref. [7]. The diagonal potential with Λ′ = Λ is also diagonal in the spin-orbit states of NO with
Ω = ±1/2 and ±3/2, whereas the off-diagonal potentials with Λ′ 6= Λ couple the spin-orbit states with Ω = ±1/2 to
those with Ω = ∓3/2. The HD and CO monomer Hamiltonians include the rotational kinetic energy. The monomer
constants that were used in the scattering calculations are listed in Table I.

In the NO-HD scattering calculations, angular basis functions up to a total angular momentum of J = 121/2 and
rotational levels for NO and HD up to jNO = 25/2 and jHD = 3 were included. This amounted to a total number
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Parameter Value (cm−1)

ASO 123.1393

BNO 1.6961

p 1.1688 · 10−2

q 9.4135 · 10−5

BHD 44.6665

BCO 1.9925

TABLE I. Monomer constants used in the scattering calculations. The symbols ASO, BNO p and q are the spin-orbit constant,
the rotational constant, and the two Λ-doublet parameters of NO. The symbols BHD and BCO are the rotational constants of
HD and CO, respectively.

of channel functions of 5 792. The initial states in our NO-HD calculations are NO(j = 1/2, f)F1 and HD(j = 0).
For the NO-CO scattering calculations we used an angular basis up to J = 301/2 and rotational levels for NO and
CO up to jNO = 15/2 and jCO = 6 were included, and amounting to a total number of 6 985 channel functions. The
initial states in our NO-CO calculations are NO(j = 1/2, f)F1 and CO(j = 0). Finally, in both calculations, the
wavefunction was propagated on a radial grid ranging from R = 4.5 to 60 a0 with a grid spacing of roughly 0.1 a0 for
NO-HD and 0.05 a0 for NO-CO, corresponding to at least 10 points per local de Broglie wavelength at 133 and 220
cm−1, respectively.

IV. COUPLED-CHANNEL RESULTS AND ANALYSIS

State-to-state ICSs are calculated using

σ(E)n→n
′ =

π

(2jA + 1)(2jB + 1)kn2

∑
J ,P

(2J + 1)
∑

n,`,n′ ,`′

|T (J ,P)

n,`;n′ ,`′
|2, (16)

where the quantum numbers J and P represents the total angular momentum and the overall parity respectively,
the symbols n and n

′
represent the initial

{
ε, jA,Ω, jB

}
and final

{
ε′, j′A,Ω

′, j′B
}

states, respectively. The symbol

kn =
√

2µ(E − En) is the wave number of the incoming channel, with µ being the reduced mass of the complex,

E the total energy, En the channel energies, and T
(J ,P)

n,`;n′ ,`′
are elements of the T -matrix, related to the scattering

S-matrix by T = 1−S. The partial sum in Eq. (16) can be restricted to certain initial and/or final values of `, giving
the individual contributions of these quantum numbers to the total cross section

σi→f (E) =

`max∑
`=0

σi→f (`, E), (17)

where σi→f (`, E) are the `-dependent partial cross sections. Partial cross sections can reveal important information
about underlying scattering dynamics. Furthermore, they can be used to calculate opacity functions, which are the
contributions of specific ` to the integral scattering cross section. Here, it is useful to express the partial-wave ` in
terms of classical impact parameters through b = `/k. The opacity function in terms of classical impact parameters
is defined as

Pi→f (b) =
k

2πb
σi→f (b), (18)

where b is the classical impact parameter, and Pi→f (b) is the probability function for going from a particular initial
to final state, and k is the length of the wave vector. The energy dependence of the opacity function is implicit in the
notation of Eq. (18). Opacity functions allow one to interpret the scattering event in terms of classical short-ranged
“hard collisions” and longer-ranged “glancing-collisions”.
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FIG. 5. Opacity functions for NO-HD collisions at 133 cm−1, expressed in terms of the classical impact parameter
b and total angular momentum, J . The classical impact parameters were calculated from incoming `in and
outgoing `out partial waves, resulting in bin and bout, respectively. a-c: Opacity functions expressed in terms of a
classical impact parameter bin (a). Opacity functions expressed in terms of bout (b). Opacity functions in terms of total
angular momentum J (c). The three dashed lines correspond to three classical turning points at the parallel, T-shaped and
collinear geometry of the NO-HD complex respectively. Shaded areas correspond to ranges of impact parameters resulting in
back-scattering (dark-grey) and forward-scattering (light-grey).

Opacity functions were calculated for NO-HD collisions at a collision energy of 133 cm−1, for both the elastic
and inelastic channels in HD, see Fig. 5. Panel (a) shows that collisions in which HD scatters elastic (purple and
yellow) long-ranged contributions are dominant and indicative of glancing-type collisions. Contrary to the elastic
case, for collisions in which HD scatters inelastically (blue and orange) the dynamics are dominated by short-ranged
contributions i.e., hard collisions. Interestingly, the opacity functions in panel (a) show that the opacity functions fall
off steeply around the classical turning-points (indicated by the black dashed lines). Panel (b) shows opacity functions
calculated from the outgoing partial-waves `out and reveals that the associated bout-values are much higher than the
classical impact parameters, bin, and extend well beyond the classical turning points. This is a direct result of the
relationship between b and ` through b = `/k in which k is substantially lower after rotational energy transfer (RET)
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occurs, thereby increasing the associated bout-values. The dominant short-ranged contributions to the cross sections
for the channels in which HD is excited can be understood because HD has a large rotational constant (44.667 cm−1),
about 26 times larger than that of NO (1.696 cm−1), and requires high translational to rotational energy conversion
during the collision. This, in turn, requires sufficient probing of the anisotropy of the underlying PESs. For weakly
interacting van der Waals complexes, like NO-HD, this can only occur in the short-range. These findings support the
well-established idea that high RET can only be achieved during hard head-on collisions.

The calculated DCSs for collisions between NO and HD at a collision energy of 133 cm−1 for various final states are
shown in Fig. 6. All DCSs, both elastic and inelastic in HD, are highly forward scattered. All theoretically calculated
DCSs are used in a simulation program that accounts for all experimental effects before a final comparison is made
with experimental results, see Section: Simulation and Analysis. It is remarkable that the opacity functions show
that the inelastic channels for NO and HD are dominated by low impact parameters and hard collisions, while the
experimentally obtained and theoretically calculated velocity map images and angular distributions in Figs. 30 and
32 are all forward-scattered.

0 45 90 135 180
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12

FIG. 6. Theoretically calculated DCSs at collision energy of 133 cm−1 for various final states. All cross sections
were calculated with the NO(j = 1/2f, F1)+HD(j = 0) initial states. Cross sections for the inelastic channels in HD are scaled
to fit on the same axis.

We calculated DCSs and opacity functions for NO-CO collisions at a collision energy of 220 cm−1, see Figs. 7 and
8. All DCSs are highly forward-scattered independent of the final states of NO and CO. It can be seen that even
for the innermost rings, corresponding to the highest rotational levels of CO, DCSs are exclusively forward-scattered.
An analysis of the opacity functions shows that for low final j-levels of NO and CO, forward scattering is primarily
caused by glancing collisions, whereas for the higher j-levels forward scattering is a result of low impact-parameter
hard collisions.
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FIG. 7. Theoretically calculated DCSs at a collision energy of 220 cm−1 for different final states of NO and CO.
All cross sections were calculated with the NO(j = 1/2f, F1)+CO(j = 0) initial states.

Despite the difference in the rotational constant between HD and CO, the trends in cross sections and opacity
functions for both systems are similar, with all DCSs being highly forward-scattered for all final states.

A. Decomposition of DCSs

Similar to how we expressed the ICS in terms of its partial contributions, it is useful to express the DCS in terms
of partial contributions. This decomposition is not rigorous as the DCS depends on interference between different
partial waves such that these cannot be separated, strictly speaking. Nevertheless, decomposition of the DCSs can
give some insight into the underlying scattering dynamics. Here, we analyze the NO-HD DCSs in terms of subsets
of J -values to see which subset is responsible for the forward-scattering behavior. Figures 9(a-d) show total- and

partial-DCSs for the j
′

NO = 3/2e and 5/2f final states of NO with HD scattering either elastically or inelastically at a
collision energy of 133 cm−1. The solid black lines are the total DCSs and the different colored dashed lines represent
various subsets of J .
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FIG. 8. Theoretically calculated opacity functions expressed in terms of J at a collision energy of 220 cm−1

for different final states of NO and CO. All cross sections were calculated with the NO(j = 1/2f, F1)+CO(j = 0) initial
states. The four dashed lines, from left to right, are the J -values corresponding to the classical turning points for the parallel,
linear, T-shape NO, and T-shape CO geometries (in which we assume J ≈ µvb).

The three subsets of J explain different features of the DCSs. The back-scattered features in the DCSs are
fully captured by the J = 1/2 − 11/2 subset. This subset of J -values corresponds to a very narrow range of low
impact parameters (highlighted by the dark-grey shaded areas in Fig. 5(a)) that result in head-on collisions and
back-scattering. The second subset ranges from J = 11/2−41/2 and captures most of the forward-scattered features.
These J -values translate to a range of impact parameters that are hard collisions (below the classical turning-points),
but lie closer toward the edge of the classical turning points. This set of impact parameters (light-grey shaded area in
Fig. 5(a) turns out to cause the observed forward-scattering as will be discussed further in the next paragraph. The
J = 41/2 − 81/2 subset describes a sharp forward-scattered feature that can be observed in the full DCSs only for
the collisions elastic in HD, see Fig. 9(c,d), and is caused by long-ranged glancing collisions.
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FIG. 9. Partial (colored-dotted) and full (black-solid) differential cross sections of NO-HD collision for various
final states at a collision energy of 133 cm−1. a-d: The partial differential cross sections are calculated for three different
subsets of total angular momentum J , where J (1/2− 11/2) is show by the red-dashed curves, J (11/2− 41/2) is shown by the
yellow-dash curves, and J (41/2− 81/2) is shown by the purple-dash curves.

V. SEMICLASSICAL SCATTERING CALCULATIONS

We developed a 2D semiclassical scattering code to explain the observed scattering dynamics in rotationally inelastic
collisions, in particular the hard-collision forward-scattered product-pairs. We studied NO-HD and NO-CO collisions
at collision energies of 133 and 220 cm−1, respectively. To test the generality of our scattering model calculations
we also studied other molecular systems including NO-H2, NO-O2, CO-CO, NO-He, and NO-Ar, at various collision
energies. The semiclassical scattering code calculates scattering trajectories for collisions between molecules A and B,
in which the translational motion evolves classically. The relative translation of the monomers is decoupled from their
rotational motion, which is described quantum mechanically. Hence, the semiclassical scattering model consists of two
separate calculations: (1) we calculate classical elastic scattering trajectories and the quantum-mechanical evolution
of the rotation of both monomers along these trajectories. In these calculations the total energy (translational +
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rotational) is not conserved, i.e., RET is not accounted for. (2) we calculate inelastic scattering trajectories that
account for the energy loss due to RET of both molecules using an energy uptake function, which is based on the
quantum-mechanical evolution of the rotations, obtained in the first step. This approach allows us to control the energy
uptake of both monomers during the inelastic trajectory calculations. In this section, we explain our semiclassical
scattering calculations and the results for the NO-HD complex. For all other molecular systems, we only present the
results with some discussion.

A. Elastic classical trajectory calculations

The two-dimensional classical scattering trajectories are calculated using the following Hamiltonian

H =
|`c|2

2µR2
+
p2
R

2µ
+ Viso(R), (19)

where µ is the reduced mass of the complex, R = |RA(t)−RB(t)| is the distance between the centers of mass of the

molecules A and B, `c is the classical angular momentum, pR ≡ R̂ ·p is the linear momentum along the vector R, and
Viso(R) is the isotropic part of the interaction potential. Solving for R(t) is equivalent to solving a one-dimensional
problem with an effective potential

Veff(R) =
|`c|2

2µR2
+ Viso(R), (20)

where the first term is known as the centrifugal term [8]. Making use of the Hamilton-Jacobi classical equations of
motion we find

p = µṘ,

µR̈ = −dVeff(R)

dR
. (21)

To find the complete two-dimensional solution of R(t) = R(t)R̂(t) we expanded R̂(t) as R̂(t) = ex cosχ + ey sinχ,
from which follows the angular evolution [8]

χ̇(t) =
|`c|
µR2

. (22)

Equations (21) to (22) are solved numerically using the Scilab ordinary differential equation solver LSODA [9, 10]. A
trajectory is considered completed when the centers of mass of the two molecules are 40 a0 apart.

B. Quantum mechanical rotation

In the quantum mechanical rotational part of the semiclassical scattering calculations we omit the first two terms
from the Hamiltonian in Eq. (15) which refer to the translational motion and use the two monomer Hamiltonians and
the full set of diabatic potentials. The remaining Hamiltonian is time-dependent, because the potential depends on
the translational coordinate R(t) that follows the classical trajectories. To simplify the semiclassical calculations we
use an uncoupled and non-parity-adapted channel basis of the following form

|nk(t)〉 = |nNOnHD〉 = |jNOmNOΩ
〉
|jHDmHD

〉
, (23)

where the quantum numbers jNO,mNO, and Ω label the rotational state, the space-fixed projection of jNO and the
spin-orbit state of NO, and the quantum numbers jHD and mHD refer to the rotational quantum numbers and their
space-fixed projections of HD. The evolution of the internal degrees of freedom evolve according to the time-dependent
Schrödinger equation

∂

∂t
|ψ(t)

〉
= −iĤ[R(t)]|ψ(t)

〉
, (24)

with

|ψ(t)
〉

=
∑
k

ak(t)e−iεkt|nk(t)
〉
, (25)
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in which ak are the time-dependent coefficients, the energies εk are the eigenvalues of Ĥ0 = ĤNO + ĤHD, and nk the
channel functions of the states k. By substituting Eq. (25) into Eq. (24) and projecting it with 〈nl(t)| we obtain

〈nl(t)|
d

dt

∑
k

ak(t)e−iεkt|nk(t)〉 =

〈nl(t)| − i[Ĥ0[R(t)] + V̂ [R(t)]]
∑
k

ak(t)e−iεkt|nk(t)
〉
,

(26)

which yields the following differential equation

ȧl(t) = −i
∑
k

e−i(εl−εk)tak(t)
〈
nl(t)|V̂ |nk(t)

〉
, (27)

in which 〈nl(t)|V̂ |nk(t)
〉

are matrix elements of the potential. Equation (27) is solved numerically during the propa-
gation of the elastic classical trajectories. The resulting coefficients a(t) can be used to calculate ICSs from the initial

state i = {jNO,Ω, jHD} to final state f = {j′NO,Ω
′
, j

′

HD, } using the following expression

σ(E)i→f =
2π

(2jNO + 1)(2jHD + 1)

∑
mNO,m

′
NO

∑
mHD,m

′
HD

∫ ∞
0

|aif (t =∞)|2 b db, (28)

By squaring and taking the absolute value of the time-dependent coefficients one obtains time-dependent excitation
probabilities, |aif (t)|2, going from an initial to final state. Excitation probability curves allow us to study the transfer

of angular momentum, and thereby RET, as a function of the distance R(t) and time for different impact parameters
b. We calculated excitation probability curves for NO(j = 1/2, F1)+HD(j = 0) collisions at a collision energy of
133 cm−1, for different impact parameters b, see Fig. 10. In these calculations, RET is not accounted for, and the
channel basis was truncated at jNO = 15/2 and jHD = 3. The results in Fig. 10(a) show that during the collision
the probability of excitation steeply rises around the classical turning point Rc which is designated as t0 (black
dashed line). This means that almost all angular momentum transfer (and therefore RET) occurs in a narrow time
span during the collision, and the resulting kinetic energy loss is rather abrupt. The final excitation probability,
|aif (t = ∞)|2, drops by about one order of magnitude when the impact parameter b is doubled from 3 to 6 a0, see

Fig. 10(b). This observation is in line with the opacity-functions obtained from CC calculations, depicted in Fig. 5,
which show a rapid decrease in contributions to the cross sections around b = 6 a0, which lies in between the various
classical turning points. Finally, the probability curves in Fig. 10(a) show that rotational excitation to higher-lying
j-levels in NO occurs in successive steps, i.e. excitation to a higher-lying j-levels occur when the probability-curves
of the lower-lying j-levels reach their asymptotic limit.

C. Rotational energy transfer

In our semiclassical trajectory calculations, the translational motion and the rotational part are decoupled and
the total energy is not conserved. To account for the conservation of energy we include a rotational energy uptake
function that decreases the kinetic energy during the collision as both molecules are rotationally excited. We model
the rotational energy uptake function based upon the excitation probability curves that we obtain in the first step of
our semiclassical calculations, shown in Fig. 10. Specifically, the probability curves are fitted with a sigmoid function

s[R(t)] =
1

e[Rc−R(t)]/λ + 1
, (29)

in which R(t) stands for the center of mass distance, t for the collision time, Rc the classical turning point at t = t0,
and λ determines the width of the sigmoid function. The fitted sigmoid is scaled by the energy difference, ∆E, between
the initial and final state of interest and used in inelastic scattering trajectory calculations. With this approach, half
of the RET occurs before t0, and the other half after t0.

The total energy uptake ∆E and the excitation probability curves are different for each unique excitation and
impact parameter, see Fig. 10. In principle, for each transition and impact parameter one requires a unique sigmoid
fit to account for RET. Fortunately, we found that after normalizing the intensities, that the shape of the excitation
probability curves is similar for the various channels and impact parameter, and can be fitted by sigmoid functions
in which λ ranges from 0.20 to 0.25 a0, see Fig. 11 (a,b). Figure 12 shows an example of such a fit. In the subsequent
inelastic trajectory calculations, we found that different λ-values within the range indicated above result in negligible
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FIG. 10. Semiclassical excitation probabilities calculated with the NO(j = 1/2)F1 and HD(j = 0) initial states at
a collision energy of 133 cm−1, and for different impact parameters. a,b: Color-coded excitation profiles to different
final states, including both spin-orbit conserving and changing transitions (a). Excitation probabilities as a function of the
impact parameter b for the rotational excitation of the HD molecule (b). The time of shortest distance between the two centers
of mass is defined as t0 = 0 and represented by the black dashed line.
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FIG. 11. Scaled excitation probabilities as function of time for different impact parameters in NO-HD collisions
at energy 133 cm−1. (a,b): Scaled semiclassical probability curves for NO(j = 1/2)+HD(j = 0) → NO(j =
3/2)+HD(j = 1) and NO(j = 1/2)+HD(j = 0) → NO(j = 3/2)+HD(j = 0).

differences in the scattering outcome. Even much larger differences in this parameter up to λ = 0.5 a0 do not
significantly affect the scattering trajectories. Therefore, we could choose λ = 0.20 a0 in all calculations, which yields
a substantial simplification.

In scattering calculations for systems that have a larger reduced mass than NO-HD, such as NO-CO, many more
rotational states are energetically accessible at the same collision energy. This requires a much larger channel basis,
which will substantially increase the computation time to calculate the |a(t)|2 excitation probabilities, and thereby
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FIG. 12. Energy uptake functions based on a fit of the semiclassical probability curves for rotational excitation of HD in
NO-HD collisions with two different impact parameters. The sigmoid fit (dotted black lines) in panels a and b has a scaling
parameter λ = 0.2 a0.

the uptake functions, in the semiclassical model. Fortunately, we found that for such heavier systems one can perform
2D classical rigid-rotor calculations, and fit the increase of angular momentum with the same sigmoid-function of
Eq. (29)). The resulting λ-values lie in the same range as the values obtained from fitting the excitation probabilities
in semi-classical calculations. For this reason, we chose for the heavier systems to base our energy uptake functions
on the angular momentum increase in classical calculations.

D. Trajectory calculations with energy uptake

In the second and final step of the semiclassical calculations, we calculate inelastic scattering trajectories that
include a rotational energy uptake function based on a sigmoid fit, see Fig. 12. The amount of RET, ∆E, depends
on the transition of interest.

The inelastic scattering trajectories are calculated differently than the elastic trajectories in that the propagation
is started at the classical turning point Rc, from which the trajectories are propagated forward and backward in time.
With this approach one effectively propagates on two PESs, one in which additional kinetic energy is released as one
goes backward in time, and one in which additional kinetic energy is absorbed as one moves forward in time, see
Fig. 13. The classical turning point Rc at which V (Rc) + `2c/2µR

2
c = E − ∆E/2, is determined with the Newton-

Raphson method. Then, starting at Rc, we propagate the trajectories forward and backward in time on two different
PESs using Eqs. (21) and (22). The resulting forward and backward-propagated trajectories are then merged and the
deflection angle is determined. The resulting inelastic scattering trajectories are used to calculate deflection functions
and DCSs for various transitions.

VI. RESULTS OF SEMICLASSICAL AND CLASSICAL MODEL CALCULATIONS

In this section, we discuss the results for the inelastic semiclassical and classical scattering trajectory calculations for
various molecular systems at different collision energies. It is useful to analyze the inelastic scattering results in terms
of the dimensionless quantities ∆E/E, the ratio between the energy uptake and the collision energy, and Vmin/E,
the ratio between the well depth of the isotropic potential, Vmin, and the collision energy. These are related to the
parameters v′/v, a, and c6 of the minimal model, described in Sec. I, as ∆E/E ↔ 1− (v′/v)2 and Vmin/E ↔ c6a

−6.
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FIG. 13. Illustration of the two effective PESs (isotropic PES + uptake functions) for the forward and backward
propagation in NO-HD collisions at energy 133 cm−1.

A. NO-HD collisions

Inelastic scattering trajectories, semiclassical DCSs, and deflection functions were calculated for NO-HD collisions
at a collision energy of 133 cm−1. In these calculations, we use the isotropic part of the full NO-HD interaction
potential, and Vmin/E is equal to 35%. For the NO-HD system, we focused on three transitions: (i) the rotational
excitation of NO jNO = 1/2 → 3/2, (ii) the rotational excitation of HD jHD = 0 → 1, and (iii) the spin-orbit (SO)
changing transition of NO F1 → F2, with ∆E/E equal to 4, 67, and 92%, respectively.

Figures 14(a-c) show inelastic scattering trajectories for these three transitions. Different amounts of RET result
in dramatically different scattering outcomes. For instance, the rotational excitation of NO jNO = 1/2 → 3/2 has a
much lower ∆E/E ratio compared to the rotational excitation of HD jHD = 0 → 1, and results in contributions of
glancing-type collisions for the excitation of NO, which are also found in elastic collisions, but absent for rotational
excitations of HD. For high RET collisions, low impact parameters result in back- and side- scattering, whereas a
narrow range of impact parameters, just below the classical turning point, show strong forward-scattering. Within
this narrow range of impact parameters there is a point at which the scattering angle crosses zero for b < Rc. For
this special case, the combination of loss in kinetic energy and the radial pull of the isotropic potential results in a
trajectory bent exactly forward, in which the scattering angle equals zero. As discussed in Sec. I, cross sections for
such trajectories diverge in the forward direction. This type of collisions are highlighted in blue in Figs. 14 (b-c);
we call them hard-collision glory scattering. Impact parameters slightly beyond the classical turning point result in
orbiting trajectories, in which, there is not enough kinetic energy to overcome the centrifugal barrier after the majority
of kinetic energy is lost. Interestingly, these findings are in agreement with our partial DCS analysis from the CC
calculations, which show that a narrow range of low J -values (low b) result in back-scattering and higher J -values,
but still below the classical turning point, result in forward-scattering.

To study the effect of the collision energy on the 2D scattering dynamics, we calculated inelastic scattering tra-
jectories at a collision energy of 700 cm−1 for the excitation of HD, with Vmin/E and ∆E/E being 7 % and 13 %,
respectively, see Fig. 14 (d). It can be seen that at elevated collision energies, the decrease in radial velocity as a
result of RET doesn’t impact the trajectories significantly, resulting in almost unperturbed scattering trajectories and
HCGS is not observed.

The deflection angles χ and the difference in deflection angles compared to the elastic scattering angles ∆χ = χ−χ0

as a function of the impact parameter b are shown in Fig. 15(a,b). The blue (solid) curve shows the deflection angles
for elastic NO-HD collisions at a collision energy of 133 cm−1. The yellow (diamond) and cyan (dotted) curves show
the deflection angles for collisions in which HD scatters inelastically and elastically, respectively. Due to the low
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FIG. 14. Semiclassical scattering trajectories calculated at a collision energy of 133 and 700 cm−1. a-d: In all
calculations a scaling factor for the energy uptake functions of λ = 0.2 a0 was used. The blue and red trajectories corresponds
to the glory- and rainbow -trajectories, respectively.

amount of RET during the rotational excitation of NO, and the contribution of glancing-type collisions, the deflection
angles closely match those of elastic collisions. For the inelastic collisions in HD, the deflection curve drops steeply
toward low deflection angles as the impact parameter b approaches the classical turning point at Rc = 5.96 a0. For
the SO-changing transition the deflection angle drops even faster and orbiting-trajectories occur at much lower impact
parameters.

Differential cross sections were calculated using the deflection functions in Fig. 15. The DCS for purely elastic
collisions (solid blue) shows the typical rainbow-scattering angle and the dominant forward-scattered peak as a result
of glory scattering. Similarly, the cross sections for rotational excitation of NO (cyan dots) show the typical rainbow-
and glory-scattering peaks. This is because of the small RET and the collision being nearly elastic. Highly inelastic
collisions such as the rotational excitation of HD (yellow diamonds) and SO-changing excitation of NO (orange circles)
show completely forward-scattered DCSs resulting from HCGS and the lack of glancing-type collisions. The overall
shape of the inelastic model DCS and the CC DCS are in good agreement, both being dominantly forward scattered.
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FIG. 15. Deflection angles and the deviation ∆χ from the elastic deflection angles as function of the impact
parameter b for NO-HD collisions at a collision energy of 133 cm−1. a,b: Panel (a) shows the deflection angles for
the inelastic scattering trajectory calculations for various transitions. In panel (b) the deviation with respect to the elastic
scattering angles are plotted. The black dashed-line represents the classical turning point.
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FIG. 16. Semiclassical DCSs for inelastic NO-HD collisions at a collision energy of 133 cm−1. All cross sections
were calculated based on the inelastic scattering trajectories that account for RET.
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FIG. 17. Deflection functions for inelastic NO-CO collision at a collision energy of 220 cm−1. a,b: All cross
sections were calculated based on the inelastic scattering trajectories that account for RET. The black dashed-line represents
the classical turning point.

B. NO-CO collisions

We calculated inelastic scattering trajectories (not shown) and DCSs for NO(j = 1/2) and CO(j = 0) collisions at
a collision energy of 220 cm−1 with Vmin/E equal to 32%, see Fig. 18. We study rotational excitations to final states
up to j′NO = 13/2 and j′CO = 6, resulting in a range of ∆E/E-values, ranging from 3 to 74%.

Collisions elastic in CO, result in a deflection function and DCS that shows rainbow-scattering around θR = 45◦.
Modestly inelastic collisions in CO, jNO(1/2) + jCO(0)→ j′NO(3/2) + j′CO(2), show a deflection function with typical
rainbow-scattering followed by a rapid decrease in the deflection angle as a result of being trapped behind the
centrifugal barrier at higher impact parameters. This scattering behavior results in a secondary rainbow peak in the
DCS that is located between the rainbow peak and the intense glory-scattering peak. Both the rainbow feature and the
secondary peak completely disappear for the higher-lying j-levels (high ∆E/E-values), when HCGS is observed. The
DCSs calculated for all final states show strong forward-scattering and are in good agreement with the experimental
DCSs, see Fig. 19. We find that HCGS occurs in collisions where, either or both, the NO and CO molecules are
rotationally excited to high j-levels.

C. CO-CO collisions

In order to relate our results to those of Sun et al. [11] we extended our inelastic trajectory calculations to include
CO-CO collisions at a collision energy of 1460 cm−1. Figure 20 shows the deflection functions calculated for different
combinations of j-values. Similar to the results obtained for the NO-CO system, low j′-levels (small ∆E/E) result in
elastic-like scattering behavior, including contributions of glancing collisions, whereas deeply inelastic collisions with
excitation to high j′-levels (large ∆E/E) show ever more steeply downward deflection curves. Figure 21 shows the
angular distributions as a function of the energy uptake, which is expressed as final rotational quantum numbers of
the two molecules, j′′ and j′. These results show forward-scattered angular distributions, which for low rotational
final states include glancing contributions in the form of a rainbow peak. This rainbow peak shifts to higher deflection
angles as the final rotational quantum number j′ increases up to a point at which the rainbow peak disappears and
HCGS is observed. A similar trend in cross sections for deeply inelastic collisions with small impact parameters was
observed by Sun et al. [11]. Their observations were twofold: 1) forward scattering with small impact parameter
and 2) symmetric excitation for j′′ = j′ = 15. Our results show that the forward scattering can be interpreted
as HCGS, without invoking specific orientation-dependent CO-CO collisions, and we believe that HCGS is a more
general phenomenon caused by the large uptake of rotational energy during the collision. The symmetric excitation
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FIG. 18. Differential cross sections for inelastic NO-CO collisions at a collision energy of 220 cm−1. a,b: All
cross sections were calculated based on the inelastic scattering trajectories that account for RET.
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FIG. 19. Comparison of semiclassical DCSs and experimentally measured angular distributions for inelastic
NO-CO collisions at a collision energy of 220 cm−1. All cross sections are scaled to unity.

to j′′ = j′ = 15, however, is not part of our model as our trajectory calculations are based on isotropic interactions
and cannot predict the relative cross sections for rotational transitions to high j′′, j′ values, nor the propensity for
symmetric excitations. This peculiar excitation can beautifully be interpreted as a do-si-do dance [11].

D. NO-H2 collisions

For the NO molecule the j′NO = 5/2(e/f), F2 and the jNO = 17/2(e/f) states are energetically nearly degenerate and
are higher by about 134 cm−1 than the rotational ground state of NO (j = 1/2, e, F1). In NO-H2 collisions, excitations
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FIG. 20. Deflection functions for inelastic CO-CO collision at a collision energy of 1460 cm−1. a,b: All cross
sections were calculated based on the inelastic scattering trajectories that account for RET.

to these nearly degenerate states lead to totally different scattering outcomes, with DCSs for the SO-changing channel
being completely forward- and DCSs for the pure rotational excitation being completely backward-scattered, see
Fig. 22(a).

Within our simple model, which depends on the molecular transition only through the amount of energy transfer,
one cannot account for the observed differences. Extensions are possible by accounting not only for energy transfer,
but also the transfer of angular momentum. A high rotational excitation is then accompanied by a large change
in orbital angular momentum. The outgoing impact parameter b′ = l′/µv′ is affected by this transfer of angular
momentum and for small reduced masses, such as for collisions involving H2 molecules, this could have especially
large effects on the resulting trajectories. Such extensions are not pursued here, as the aim of this work is to explain
the observed forward scattering in highly inelastic collisions.

E. NO-O2 collisions

In a recent study, Gao et al. have shown that spin-orbit (SO) changing NO-O2 collisions are exclusively short-
ranged and all measured DCSs are completely forward-scattered for all probed final states [12]. In an effort to explain
these observations, we study various SO-changing transitions in NO-O2 collisions at a collision energy of 480 cm−1

(Vmin/E = 17%). In our calculations we used the isotropic part of the full NO-O2 interaction potential described
elsewhere [13].

Deflection functions were calculated for different SO-changing transitions of NO with O2 scattering elastic, see
Fig. 23. It can be seen that all deflection functions rapidly drop to large negative deflection angles as the impact
parameter b increases, and that for the higher-lying final states (high ∆E/E) this drop becomes slightly faster. All
semiclassical DCSs for the different final states are found to be highly forward-scattered as a result of HCGS, and
match trends in the experimentally measured DCSs nicely.

F. NO-rare gas collisions

We extended our calculations to include two NO-Rg systems, NO-He and NO-Ar. The NO-He system is weakly
interacting [14] and has a reduced mass similar to that of NO-H2. For the NO-Ar system the interaction is much
stronger [15] and the reduced mass is similar to that of NO-O2. From coupled-channels calculations on both systems
at a collision energy of 400 cm−1 we find that the isoenergetic transitions, jNO = 1/2(f), F1 → j′NO = 5/2(e), F2 and
jNO = 1/2(f), F1 → j′NO = 17/2(f), F1, lead to a completely different scattering outcome for NO-He, and similar
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FIG. 21. Contour plot of DCSs for various j′′CO(5) + j′CO combinations at a collision energy of 1460 cm−1. Hard
collision glory-scattering is observed for the highest j′, j′′-combinations.

forward-scattered outcomes for NO-Ar. In the case of NO-He the DCSs are completely forward-scattered for the
SO-changing and backward-scattered for the SO-conserving transition. The DCSs for the isoenergetic transitions in
NO-Ar collisions are both strongly forward-scattered.

For the NO-Ar system, the dominant forward-scattering contributions in the DCSs are explained successfully by our
inelastic model calculations. However, as discussed previously for the NO-H2 system, it is expected that for collisions
of systems with a small reduced mass —such as NO-He—, involving high rotational excitation, angular momentum
transfer could play an important role. Our simple model depends on the molecular transition only through the amount
of energy transfer, and therefore cannot account for the observed differences between the isoenergetic excitations in
NO-He collisions.

G. Interplay between Vmin/E and ∆E/E

To study the interplay between energy uptake and attraction during a collision, we calculated deflection functions
and DCSs for various combinations of Vmin/E and ∆E/E at a collision energy of 200 cm−1. In our calculations, we
used a Lennard-Jones potential with the minimum located at rmin = 7 a0, and a reduced mass µ of 2.724 amu, which
corresponds to the NO-HD system. The well depth Vmin is calculated through Vmin/E. Analysis of the previously
studied systems shows that fitted λ-values (the parameter that determines the slope of the energy uptake functions)
lie between 0.20 and 0.25 a0, whereas even increasing λ up to 0.5 a0 would not significantly affect the scattering



25

0 45 90 135 180

0

0.2

0.4

0.6

0.8

1

FIG. 22. Differential cross sections and opacity functions for NO-H2 collisions at a collision energy of 450 cm−1.
Scaled coupled-channels DCSs for NO-H2 collisions to energetically nearly degenerate final states.
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FIG. 23. Deflection functions and DCSs for NO-O2 collisions at a collision energy of 480 cm−1 a-c: Calculated
deflection functions (a) and DCSs (b), Experimental DCSs (c), for various rotational final states.

trajectory. In these calculations we choose λ to be equal to 0.20 a0.

Figures 25(a,b) show the deflection functions and DCSs for various values of ∆E/E. As collisions become more
inelastic (higher ∆E/E) a secondary rainbow peak appears (orange curve), which is a result of glancing-type trajec-
tories that are affected by the loss in kinetic energy. A further increase of ∆E/E leads to the loss of glancing-type
contributions and ever more steeply dropping deflection functions, resulting in the eventual disappearance of the
rainbow peaks and the transformation into HCGS. By changing Vmin/E one changes the measure of attraction, and
thereby, the location of the classical turning point Rc. This, in turn, affects the distance at which exactly half of the
RET occurs, and the range of contributing impact parameters to the cross section, see Fig. 25 (c,d).

As discussed previously, HCGS occurs as χ(b) crosses zero yielding a divergence in the classical cross section,
1/ sinχ |dχ/db|. Therefore, |db/dχ| at the HCGS impact parameter, bHCGS, sets the absolute amplitude of the
1/ sin θ divergence for forward scattering. For observation of HCGS, however, the figure of merit is this strength
relative to the intensity for backward scattering. Hence, we normalized the HCGS strength |db/dχ| at bHCGS to the
DCS for b = 0, and the resulting HCGS intensity is shown in Fig. 26(a) as a function of ∆E/E and Vmin/E. For
different combinations of ∆E/E and Vmin/E, χ(b) crosses zero more or less steeply, which results in a different HCGS
intensity, |db/dχ|. In the region of parameter space shown in white, HCGS does not occur as χ crosses zero only
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FIG. 24. Coupled-channels DCSs for NO-Helium and NO-Argon collisions at a collision energy of 400 cm−1 a-b:
NO-Helium (a) and NO-Argon (b) DCSs for two energetically degenerate rotational final states.

for b > a, i.e. at long range resulting in well-known glory scattering. As explained around Eq. (10), the classical
scattering with an isotropic potential is universal at fixed energy and impact parameter, such that measurements
at different energies and for different systems — described by isotropic Lennard-Jones potentials — probe different
∆E/E and Vmin/E. Various combinations of ∆E/E and Vmin/E at which experimental measurements are conducted
are highlighted by color-coded markers, in which the blue designates low and red high ∆E/E. Figures 26(b-d) show
opacity functions of the different molecular systems studied in this work, and show that as one probes high-lying
rotational final states the contributing impact parameters become more short-ranged. This trend is also reflected in
the surface plot in Fig. 26, indicating that nearly elastic scattering results in no HCGS whereas HCGS can be probed
by the higher product pair measurements.

VII. EXPERIMENTAL METHODS

The experiments were performed in two different crossed molecular beam machines to study NO-CO and NO-HD
collisions, respectively. The crossed molecular beam apparatus are shown schematically in Fig. 27 (a) and (b), and
have been utilized in previous experiments [7, 13]. Both machines use a Stark decelerator to control the NO radicals
and use velocity map imaging (VMI) ion optics to detect the scattered products. The details about Stark decelerator
and VMI ion optics were described previously [16–18], here we only give some description of the essential part of this
experiment.

In the NO-CO scattering setup, shown in Fig. 27 (a), a pulsed supersonic beam of 5% NO seeded in Kr was expanded
from a Nijmegen Pulsed Valve (NPV) [19] at a backing pressure of 1 bar. The beam was guided by a 2.6-m long
Stark decelerator after passing through a 3mm diameter skimmer. A packet of NO (X 2Π1/2, j = 1/2f) radicals with
a mean velocity of 440 m/s was scattered with a pulsed beam of neat CO molecules at an intersection angle of 45◦,
which led to a collision energy of 220 cm−1. The neat CO beam was produced by a NPV as well, at a 3 bar backing
pressure. After collisions between NO radicals and CO molecules, the scattered NO radicals were state-selectively
ionized near the ionization threshold through a (1+1′) resonance-enhanced multi-photon (REMPI) scheme with two
dye lasers [16, 20]. Subsequently the NO ions were collected by a home made VMI ion optics [21].

The NO-HD scattering experiments were conducted using the set-up show in Fig. 27 (b). A mixture of 5% NO
seeded in Kr at a typical pressure of 1 bar was manipulated by a Stark decelerator. The selected NO package with a
speed of 390 m/s collided with another package of neat HD molecular beam at a 45◦ angle of incidence. The neat HD
molecular beam was produced at a 5 bar backing pressure with a cryogenic Even-Lavie valve. The collision energy of
the NO-HD scattering experiment can be changed by tuning the temperature of the valve. The Even-Lavie valve in
the experiment was cooled to 100 K to result in a collision energy of 133 cm−1.
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FIG. 25. Deflection functions and DCSs for different combination of Vmin/E and ∆E/E (%) at a collision energy
of 200 cm−1 a-d: The left column shows deflection functions and the right column the corresponding DCSs. The first row
shows the scattering behavior for different ∆E/E-values with Vmin/E = 30% (a,b). The second row shows the behavior for
different Vmin/E ratios with ∆E/E = 30% (c,d). In all calculations the scaling factor of the energy uptake functions, λ, was
set equal to 0.20 a0.
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FIG. 26. HCGS intensity dependence |db/dχ| at a deflection angle χ(bHCGS) = 0 for various combinations Vmin/E
and ∆E/E, and opacity functions for systems measured in this work a-d: In the white region, HCGS does not occur.
Parameters pertaining to various systems studied experimentally are shown as data points. Open circles: NO(jNO = 1/2f)
+ CO(jCO = 0) → NO(j′NO = 3/2e) + CO(j′CO) at a collision energy of 220 cm−1 (this work). Diamonds: NO(jNO = 1/2f)
+ HD(jHD = 0) → NO(j′NO = 3/2e) + HD(j′HD) at a collision energy of 133 cm−1 (this work). Blue crosses: NO(jNO =
F1, 1/2f) + O2 (NO2 = 1) → NO(j′NO = F1, 3/2e) + O2(N ′O2

) at a collision energy of 160 cm−1 (Ref. [13]). Red crosses:

NO(jNO = F1, 1/2f) + O2 (NO2 = 1) → NO(j′NO = F2, 3/2e) + O2(N ′O2
) at a collision energy of 480 cm−1 (Ref. [12]). Stars:

pair-correlated transitions in CO-CO as studied by Sun et al. for the CO(j′CO = 15)+CO(j′′CO) final states, with j′′CO ranging
from 0 to 20 in steps of 5 (Ref. [11]) (a). NO-HD opacity functions for the elastic and inelastic channel of HD, with the
dotted line being the classical turning point (b). NO-CO opacity functions for the various channels in CO, with the dotted line
being the classical turning point (c). NO-O2 opacity functions for the SO-conserving and changing channels in NO and various
channels in O2 , with the dotted line being the classical turning point (d).



29

Stark decelerator
(316 stages)

Nijmegen valve

Skimmer

NO radical Ion optics

CO molecule

Laser 1 Laser 2

(a)

Stark decelerator
(316 stages)

Cryogenic valve

Skimmer

Ion optics

Laser 1 Laser 2 

HD molecule

NO radical

(b)

FIG. 27. Schematic representation of NO-CO and NO-HD scattering experimental setups. (a) NO-CO scattering
machine. A pulsed supersonic beam of NO radicals was manipulated by a 316 stages of Stark decelerator. After exiting the
decelerator, a packet of NO radicals was scattered with a molecular beam of neat CO at an intersection angle of 45◦, resulting
in a collision energy of 220 cm−1. (b) NO-HD scattering machine. The NO radical beam was selected by a Stark decelerator
and then scattered with a pulsed beam of neat HD at a 45◦ angle of incidence. The neat HD molecular beam was cooled to
100 K, with a cryogenic Even-Lavie valve, to get a 133 cm−1 collision energy.

The rotational energy levels diagram of the NO radical, CO molecule and HD molecule are shown in Fig. 28. From
the energy level diagrams, it can be seen that the CO molecule (B0 = 1.9225 cm−1) [22, 23] has much lower rotational
constant compared to the HD molecule (B0 = 44.6667 cm−1) [24], and therefore the energy levels of CO molecule are
much more densely populated than that of HD.

With the state selection of the Stark decelerator, nearly all NO radicals reside in the upper Λ-doublet component of
the rotational ground state, i.e., X 2Π1/2, j = 1/2f state. The initial rotational state distributions of the reagent CO
and HD molecular beams were determined by measuring the resonance enhanced multiphoton ionization (REMPI)
spectra, respectively. The CO molecule was detected using (2+1) REMPI via the E 1Π intermediate state with a
probe laser around 215 nm [25, 26]. Likewise, the HD molecular states were measured by (2+1) REMPI method
through the E,F 1Σ+

g - X 1Σ+
g transition with a 201 nm laser [27, 28]. Both the measured REMPI spectra of the

pre-collision CO and HD molecules are shown in Fig. 29. The experimentally measured CO (2+1) REMPI spectrum
in Fig. 29 is compared to the spectrum simulated using the PGOPHER program with a rotational temperature of 3.5
K. We estimate more than 70 % of CO molecules in the j = 0 states. The REMPI spectrum of HD shows that most
HD molecules populate the j = 0 state, with less than 5% of population in j = 1 state.
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31

S(0)

R(1)
Q(1) S(1)

P(2) S(2)

99220 99260 99300 99340
Two-photon energy (cm-1)

j = 1

j = 0CO molecule HD molecule

FIG. 29. The REMPI spectra of the pre-collision CO and HD molecules. Left: The REMPI spectrum of CO molecule.
The upper profile (black) shows the experimentally measured CO (2+1) REMPI spectrum, and the inverted lower profile (red)
shows the REMPI spectrum simulated using the PGOPHER program with a rotational temperature of 3.5 K. Each peak is
denoted with the branch label. Right: The REMPI spectrum of HD molecule. The assignments of peaks are labeled.

VIII. SIMULATION AND ANALYSIS

Based on the theoretically predicted differential cross sections (DCSs) and the experimental parameters, the simu-
lated scattering images are presented by using a set of self-programmed simulation code [29]. In order to compare the
experimentally measured scattering images with the simulated images, the radial distributions and angular distribu-
tions are extracted from both experimental and simulated scattering images. Through the comparison of the radial
and angular distributions between experiment and theory, the quality of the theoretical calculations, and thereby the
underlying interaction potentials, are tested. The details about the simulation and analysis have been described in
Ref. [13, 30], here we will not describe them further. It should be noted that although an apparent portion of the
reagent CO molecules populate the j = 1 state, there is no noticeable effect on the scattering images from the j = 1
state of CO molecules. Besides, since a majority of the HD molecules are populated in the j = 0 state, hence in
both NO-CO and NO-HD scattering simulations, only the j = 0 initial state of CO molecule and HD molecule are
considered. Figure 30 simultaneously presents the comparison of experimental and simulated scattering images for
both collision systems NO-CO and NO-HD.
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FIG. 30. Experimental (Expt.) and simulated (Sim.) state-to-state VMI images of the scattered NO radicals
for both collision systems NO-CO (upper panel) and NO-HD (lower panel). The VMI images are measured and
simulated for NO-CO system at a collision energy of 220 cm−1, and NO-HD system at a collision energy of 133 cm−1. The
collision energies and the final states of scattered NO radical are labelled. The right-hand side of each image corresponds to
forward scattering. Some images are masked around the forward direction with a small black block to cut off the intense beam
spot detected from the parent NO beam.

In order to assign the correlated rotational excitations of both scattered molecules in NO-CO and NO-HD collisions,
the radial intensity distributions of each scattering image for both NO-CO and NO-HD collision systems were extracted
within an angular segment of the images near forward scattering direction [13], as shown in Fig. 31. Generally,
the experimental radial distributions have good agreement with the simulated ones for both NO-CO and NO-HD
collision systems, although the relative intensity of a few peaks has a little discrepancy. On the basis of energy
and momentum conservation, and the relation between the magnitude of velocity and radius, the different peaks in
the radial distributions can be assigned to different transitions in the CO molecule and HD molecule [7, 13]. Due to
rotational excitation of the molecules, the radius of the velocity ring becomes smaller because of the increased internal
energy of the collision system. Therefore, the vertical dashed lines from high to low radius in the radial distributions
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successively correspond to the transitions of CO and HD molecule from j = 0 state to the higher rotational state. To be
specific, in the radial distributions of NO-CO collisions, the pink dashed lines at highest radius indicate two unresolved
and overlapped transitions (jCO = 0 → 0 and jCO = 0 → 1) because of the small energy gap between jCO = 0 and
jCO = 1. With the decrease of the radius, the dashed lines successively indicate the transitions (jCO = 0→ 2− 8). It
is noted that in our theoretical calculations j-levels up to jCO = 6 were included. For NO-HD collisions, due to a high
excitation energy in HD molecule, only two velocity rings are observed (in Fig. 30). The dashed lines at higher radius
in the radial distributions, which correspond to the outer rings in the VMI images, indicate elastic HD scattering
(jHD = 0→ 0). The dashed lines at lower radius, i.e., inner velocity rings in the VMI images, correspond to the HD
excitation transition (jHD = 0 → 1). There are three things to be noted here, firstly, for 11/2e state, the collision
energy is insufficient to rotationally excite the HD molecule to jHD = 0 state (see Fig. 28), consequently there is no
inner velocity ring for the VMI image of the 11/2e state. Secondly, for 11/2e state, one can see an additional peak
adjacent to the HD elastic peak in the radial distribution, which is absent in the simulation. This peak results from
an additional weak velocity ring that is also visible in the corresponding VMI image in Fig. 30, which is caused by
the partially overlapped REMPI detection of population in the 5/2f final state of NO [7]. Thirdly, the VMI images
we obtained in Fig. 30 originate from the projections of three-dimensional Newton spheres onto a two-dimensional
plane, so the intensity peaks in the radial distributions have 1 or 2 pixels offset inward with respect to the calculated
vertical dashed lines [13].

The angular distribution of each ring is shown in Fig. 32 for both NO-CO and NO-HD collision systems, respectively.
The angular distribution of each ring in the scattering image was determined by integrating the scattering intensity
at each angle in a narrow annulus close to the rim of the ring [31]. Figure 32 shows the comparison of the angular
intensity distributions extracted from the experimental VMI images (Expt.) and simulated VMI images (Sim.) for
both NO-CO and NO-HD collision systems that are shown in Fig. 30. Overall, the experimental angular distributions
are in good agreement with the simulated ones for both NO-CO and NO-HD collision systems, except for the 7/2f
final state in NO-HD collisions. This significant discrepancy between experiment and simulation has been observed
in NO-H2/D2 collision systems before [7, 32]. The origin of this puzzling discrepancy is still unclear at present.
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FIG. 31. Radial intensity distributions extracted from the scattering images in Fig. 30 for both NO-CO and
NO-HD collision systems. The experimental (Expt.) and simulated (Sim.) radial distributions are indicated
by red and blue profiles, respectively. The final states of the scattered NO radical corresponding to each VMI image are
labelled. The vertical dashed lines from high to low radius successively corresponds to the transitions of CO and HD molecule
from j = 0 state to the higher rotational state.
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