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ABSTRACT
With a He–H+3 interaction potential obtained from advanced electronic structure calculations, we computed the vibration-rotation-tunneling
(VRT) states of this complex for total angular momenta J from 0 to 9, both for the vibrational ground state and for the twofold degenerate
v2 = 1 excited state of H+3 . The potential has three equivalent global minima with depth De = 455.3 cm−1 for He in the plane of H+3 , three
equatorial saddle points that separate these minima with barriers of 159.5 cm−1, and two axial saddle points with energies of 243.1 cm−1

above the minima. The dissociation energies calculated for the complexes of He with ortho-H+3 (oH+3 ) and para-H+3 (pH+3 ) are D0 = 234.5
and 236.3 cm−1, respectively. Wave function plots of the VRT states show that they may be characterized as weakly hindered internal rotor
states, delocalized over the three minima in the potential and with considerable amplitude at the barriers. Most of them are dominated by
the jk = 10 and 11 rotational ground states of oH+3 and pH+3 , with the intermolecular stretching mode excited up to v = 4 inclusive. How-
ever, we also found excited internal rotor states: 33 in He–oH+3 , and 22 and 21 in He–pH+3 . The VRT levels and wave functions were used
to calculate the frequencies and line strengths of all allowed v2 = 0→ 1 rovibrational transitions in the complex. Theoretical spectra gener-
ated with these results are compared with the experimental spectra in Paper II [Salomon et al., J. Chem. Phys. 156, 144308 (2022)] and are
extremely helpful in assigning these spectra. This comparison shows that the theoretical energy levels and spectra agree very well with the
measured ones, which confirms the high accuracy of our ab initio He–H+3 interaction potential and of the ensuing calculations of the VRT
states.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0087357

I. INTRODUCTION

H+3 is the smallest polyatomic molecule. It was first discovered
by Thomson in 1911 in his studies of “rays of positive electricity.”1,2

It turns out that this molecule plays an important role in the chem-
ical evolution of the universe, as it forms readily in collisions of H+2

and H2. The time scale for this process lies in the range of days to
months, depending on the hydrogen number density of the astro-
physical environment, and thus H+3 forms instantly compared to the
relevant astrophysical timescales. Based on the laboratory spectrum
first recorded by Oka in 1980,3 it has been discovered in space by its
rovibrational absorption lines.4 Because of the omnipresence of H+3
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in interstellar media and its simplicity of being formed, its observed
absorption spectrum serves as a tool to learn about the physical and
chemical conditions of astrophysical environments. Collisions with
H, H2, and He determine the rotational level populations of H+3 .
Therefore, the potential energy surfaces (PESs) of H+4 , H+5 , and the
He–H+3 collision system have to be known accurately in order to
predict state populations of H+3 under astrophysical conditions.

Experimentally, there are two major routes to probe the PES
of He–H+3 . The first one is by investigating inelastic collisions of
He with H+3 . Measuring state-to-state cross sections or rate coeffi-
cients for this collision system is currently not possible because of
limited possibilities for H+3 state preparation. The second, and very
critical, experimental test of the PES involves the spectroscopy of
bound states of the He–H+3 complex. As shown below, the interac-
tion between He and H+3 is rather weak, the PES has only shallow
minima, so the complex exhibits large amplitude internal motions.
Therefore, the nature of the bound states depends very sensitively on
the details of the PES.

The first rovibrational spectra of the He–H+3 complex became
available by action spectroscopy in a 22-pole ion trap in 2015.5 In
these experiments, the complex predissociates following the excita-
tion of the degenerate ν2 vibration of H+3 . The spectrum was very
rich, but no obvious spectral patterns could be used to assign the
spectrum with the aim to determine the structure of this floppy
complex. By contrast, high-resolution rotational spectra of the more
strongly bound Ar–H+3 complex were recorded already in 1987.6
In this work, the complex was found to be planar with C2v sym-
metry, with Ar at a distance of about 2.4 Å from the center of
H+3 and tunneling motion in the plane connecting three equivalent
minima.

A direct way to determine the PES of He–H+3 is by means
of ab initio electronic structure calculations, as reported in the
present paper. Such calculations have already been undertaken since
19697–13 with the goal to determine the equilibrium geometry and
binding energy of the He–H+3 complex. The C2v equilibrium geom-
etry of the complex found with various ab initio methods was always
the same, with the He atom in the H+3 plane in the direction of one
of the H atoms. The binding energy De varied from about 200 to
380 cm−1, and the equilibrium distance between the He atom and
the center of H+3 was found to be about 5 a0. Here, we calculate the
full PES as a function of the three intermolecular coordinates, and,
in order to make a connection with the measured rovibrational spec-
tra of He–H+3 presented in Paper II14 and in Ref. 5, we also solve
the quantum nuclear motion problem with this PES to obtain the
vibration-rotation-tunneling (VRT) states of the He–H+3 complex,
both for the vibrational ground state and for the ν2 excited state of
H+3 . With the calculated VRT levels and wave functions, we generate
a list of transition frequencies and line strengths of the v2 = 0→ 1
transition in H+3 accompanied by the rotations and intermolecu-
lar vibrations of the He–H+3 complex. Theoretical spectra generated
with this line list can be directly compared with the measured spectra
and used for their assignment.

Since the intramolecular vibrations of H+3 are much faster
than the intermolecular vibrations in the complex, we make a
Born–Oppenheimer-like separation between these motions. The
vibrational ground state and v2 = 1 excited state of H+3 are treated
with an empirical model Hamiltonian that accurately reproduces the
measured rovibrational spectrum of the H+3 monomer and includes

the effects of the vibrational angular momentum in the twofold
degenerate v2 = 1 state, as well as other coupling effects shown to be
relevant in H+3 .3,15 This empirical H+3 monomer Hamiltonian is then
included in calculations of the intermolecular vibrations and overall
rotations of the He–H+3 complex, in which the internal motions of
H+3 are not explicitly considered and the PES depends only on the
intermolecular coordinates.

The calculation of the intermolecular PES and its characteris-
tics is described in Sec. II, the theory used in the calculation of the
VRT states of He–H+3 is outlined in Sec. III A, and the results: energy
levels and transitions are discussed in Sec. III B. Section IV contains
a summary and conclusions.

II. POTENTIAL ENERGY SURFACE
The intermolecular PES of He–H+3 depends on three coordi-

nates: the length R of the vector R that points from the H+3 center
of mass to the He nucleus and the polar angles (Θ, Φ) of this vec-
tor. These coordinates are defined in a frame attached to the H+3
monomer, which we assume to have a rigid equilateral triangular
structure (see Fig. 1). The H+3 molecule lies in the xy plane with
one of the H nuclei on the x axis, and the z axis is the threefold
symmetry axis. Since it has been shown16 that the rigid molecule
approximation works best when the geometries of the monomers
in a weakly bound complex are chosen to be vibrationally aver-
aged geometries, we obtained the H–H bond length r of H+3 from
its experimental ground state rotational constants B0 and C0. The
problem is, however, that B0 is not equal to 2C0 as would be
required for a rigid triangular molecule because of a substantial iner-
tial defect caused by the ground state vibration. To decide whether
to take r calculated from B0 (0.8763 Å) or from C0 (0.9008 Å), we

FIG. 1. Intermolecular coordinates of He–H+3 .
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carried out a quasi-variational vibrational calculation17 to obtain the
vibrationally averaged r in H+3 . We used a 729 (9 × 9 × 9) point
Gauss–Hermite potential energy grid in normal coordinates calcu-
lated at the full configuration interaction (FCI) level employing the
decontracted aug-cc-pVQZ18,19 basis and including J = 0 correction
terms up to 10th order. This resulted in fundamental frequencies
that agree to about 3 cm−1 with the results from Ref. 20 and a
vibrationally averaged distance r of 0.9080 Å. This value is signif-
icantly closer to the distance r = 0.9008 Å derived from C0, which
was then used for the rigid-monomer approximation in the ensuing
computations.

The He–H+3 interaction energy was calculated for 22 values
of R ranging from 1.5 to 15 Å with six angles Θ in the range
from 0○ to 90○ from (half of) a Gauss–Legendre quadrature grid
and four angles Φ in the range from 0○ to 60○ from a symmetry-
reduced Gauss–Chebyshev grid. The required 528 points for the
rigid-monomer potential energy surface were computed using the
following composite scheme and employing decontracted (unc)
aug-cc-pVXZ (X = T, Q, 5, and 6)18,19,21 basis sets:

E = EHF + ΔECCSD(T) + ΔECCSDT + ΔECCSDT(Q) + ΔEFCI , (1)

where the total energy E is an approximation to FCI/aug-
cc-pV6Z(unc). The contributions from Hartree–Fock (HF) and
coupled-cluster with single, double, and perturbative triple exci-
tations [CCSD(T)]22 [EHF and ΔECCSD(T)] were computed using
the decontracted aug-cc-pV6Z basis set. ΔECCSDT was computed
as the difference between coupled-cluster with single, double,
and full triple excitations (CCSDT)23 and CCSD(T) employing
the decontracted aug-cc-pV5Z basis set, while ΔECCSDT(Q) was
determined by subtracting the CCSDT energy from the coupled-
cluster with single, double, triple, and perturbative quadruple exci-
tations [CCSDT(Q)]24,25 energy obtained with the decontracted
aug-cc-pVQZ basis. Finally, to estimate the remaining contribu-
tion beyond CCSDT(Q), the difference of FCI/aug-cc-pVTZ(unc)
and CCSDT(Q)/aug-cc-pVTZ(unc) was taken into account. The
remaining error of the nonrelativistic Born–Oppenheimer interac-
tion energy due to basis set incompleteness was estimated from the
maximum values of the absolute deviations between the current
interaction energies and those computed with the next smaller basis
set for the 528 points under study. This yielded 0.89, 4.71, 0.45, 0.05,
and 0.01 cm−1 for EHF , ΔECCSD(T), ΔECCSDT , ΔECCSDT(Q), and ΔEFCI ,
respectively.

All HF, CCSD(T), and CCSDT calculations have been car-
ried out using the CFOUR program package;26,27 for some of the
CCSD(T) calculations, the parallel version of CFOUR28 has been
used. The CCSDT(Q) and FCI computations have been carried
out using the NCC module29,30 of CFOUR as well as the MRCC
program31,32 interfaced to CFOUR. Some of the FCI calculations
were done using the complete active space self-consistent field
(CASSCF) module33 of CFOUR.

The potential was expanded,

V(R, Θ, Φ) =∑
L,M

vL,M(R)YL,M(Θ, Φ), (2)

in terms of spherical harmonics YL,M(Θ, Φ). The angular quadra-
ture grid on which the ab initio data were computed was sufficient
to obtain all R-dependent expansion coefficients vL,M(R) by numer-
ical quadrature for values of L up to 11 inclusive and −L ≤M ≤ L
with a method described in Ref. 34. Only M values that are multiples
of 3 occur in the expansion because of the threefold symmetry of H+3 .
Since an expansion with Lmax = 9 represents the potential sufficiently
accurately, we decided to omit the higher terms.

Subsequently, the expansion coefficients vL,M(R) were repre-
sented by analytical functions of R with the Reproducing Kernel
Hilbert Space (RKHS) method,35,36 with a smoothing parameter
n = 2 and parameters m = L + 3 for the expansion coefficients with
different L. This choice of m ensures that each term in the expan-
sion decays with the power 1/RL+4 for R values beyond 15 Å, in
order to obtain the correct asymptotic behavior of the expanded
potential. The leading term is the isotropic term with L = 0 that in
the long range corresponds to the ion-induced dipole interaction
decaying as 1/R4. The next term with L = 2 and decaying as 1/R6

contains the long–range interaction between the ion-induced dipole
and the quadrupole of H+3 and vice versa. The latter term and all
higher terms also contain dispersion interactions, and all terms con-
tain short range overlap contributions that depend exponentially
on R.

The potential has three equivalent global minima for He in the
plane of H+3 in the direction of the H atoms (Θ = 90○, Φ = 0○, 120○,
and 240○) with Re = 4.31 a0 and well depth De = 455.3 cm−1. This
well is deeper than found in the early ab initio calculations,7–13 and
our Re value is somewhat smaller. The three global minima are
separated by three planar saddle points with energy −294.8 cm−1

(159.5 cm−1 above the minima) for Φ = 60○, 180○, and 300○ with
R = 4.61 a0. Moreover, there are two non-planar saddle points with
energy −212.2 cm−1 (243.1 cm−1 above the minima) for He on the
z axis at R = 4.70 a0 above and below the H+3 plane. The energies

FIG. 2. Contour plot of the He–H+3 potential for planar geometries (Θ = 90○).
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are relative to He and H+3 at infinite distance. All of this is nicely
illustrated in the contour plots shown in Figs. 2 and 3.

The use of the rigid-monomer approximation implies that we
use the same potential for He–H+3 with H+3 in its vibrational ground
state and in its v2 = 1 exited state. In the calculation of the He–H+3
VRT levels for the v2 = 1 state, we use different rotational constants,
however, and we include the vibrational angular momentum asso-
ciated with the twofold degenerate ν2 mode as well as other excited
state parameters. When we compare the calculated VRT levels and
transition frequencies with the experimental data in Paper II,14 we
find differences in the overall frequencies of the bands correspond-
ing to different intermolecular vibrations, which we attribute to the
use of the same potential for the ground and excited H+3 states.
The rotational fine structure of the bands is accurately represented,

FIG. 3. Contour plots of the He–H+3 potential for Φ = 0○ and Φ = 60○.

however, so that the measured spectra could be completely assigned
with the use of our calculated VRT levels and spectra. In the
conclusion of Paper II,14 we also discuss how to improve the
rigid-monomer model, viz., by the calculation of a six-dimensional
He–H+3 potential that depends also on the three internal coordi-
nates of H+3 and by averaging this potential over the ground and
v2 = 1 state wave functions of H+3 . This requires a considerable
computational effort.

III. VIBRATION-ROTATION-TUNNELING LEVELS
AND TRANSITIONS
A. Theory

The Hamiltonian that we use in the calculation of the VRT
states of the complex is

Ĥ = Ĥmon −
h̵2

2μR
∂2

∂R2 R + 1
2μR2 (Ĵ

2 + ĵ 2 − 2ĵ ⋅ Ĵ) + V(R, θ, φ), (3)

where μ is the reduced mass of the system, ĵ is the total angular
momentum operator of H+3 , and Ĵ is the overall angular momen-
tum operator. We use a body-fixed (BF) frame with its z axis along
the vector R. The angles (θ, φ) describe the orientation of H+3 in this
frame, and they are related to the angles defined in Sec. II as θ = Θ
and φ = 180○ −Φ.

The Hamiltonian Ĥmon of the H+3 monomer has been cho-
sen such that it accurately represents the spectrum of the v2
= 0→ 1 transition in the free monomer. The rotational structure of
the v2 = 0 ground state of H+3 is that of a simple planar symmet-
ric rotor with rotational constants B0 ≈ 2C0. The levels are labeled
with the usual symmetric rotor quantum numbers j and k. Let us
note here that we use lower case letters for the quantum num-
bers of the H+3 monomer and upper case letters for the quantum
numbers of the He–H+3 complex, and that the projection quan-
tum numbers, such as k, are unsigned. As already pointed out in
1980 by Oka,3 the v2 = 1 state is quite complicated. The asymmetric
stretching ν2 mode is twofold degenerate and has vibrational angu-
lar momentum l̂ with eigenvalues l = ±1, giving rise to a first-order
Coriolis coupling term = −2ζ C1 l̂ ĵz . Because the Coriolis coupling
parameter ζ ≈ −1 and the excited state rotational constants obey
B1 ≈ 2C1, the levels with the same j and k − l are nearly degenerate.
Because of this and the selection rule Δ(k − l) = 0, the perpendicular
v2 = 0→ 1 band has a structure similar to a simple parallel band.
However, the situation is complicated because a higher-order
mixing term

Hl = (q/4) (q̂2
+ ĵ2
+ + q̂2

− ĵ2
−) (4)

becomes important here. The operators ĵ± and q̂± are the usual rota-
tional and vibrational ladder operators,37 and q is the l-doubling
constant. This mixing term shifts the levels j, k ± 1, l ± 1 and mixes
levels j, k, l and j, k ± 2, l ± 2. Thus, the two nearly degenerate levels
with the same k − l are completely mixed and form an l-resonance
dyad. Oka3 was the first to measure the spectrum of H+3 , and his
paper describes a fit of this spectrum by Aliev and Watson based
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on the theory in Ref. 38. More lines in this band were measured
later; a comprehensive overview of all measured lines with their
assignments and fits is given by Lindsay et al.39,40 For a more recent
overview covering energy levels up to 16 000 cm−1, we refer to
Ref. 41. Here, we start from an accurate fit made by Watson et al.
in 1984,15 but the expression in this fit contains both a numerator
and a denominator and cannot be represented by a Hamiltonian.
Therefore, we define a Hamiltonian for the H+3 monomer, which for
given v2 and j has diagonal elements

⟨v2, j, k, l∣Ĥmon∣v2, j, k, l⟩ = Bv j( j + 1) + (Cv − Bv)k2

−Dj[ j( j + 1)]2 −Djk j( j + 1)k2 −Dkk4

− 2ζ Cv l k + [ηj j( j + 1) + ηkk2] l k. (5)

The parameters Dj, Djk, and Dk are centrifugal distortion constants,
while the terms with parameters ηj and ηk represent centrifugal
effects in the first-order Coriolis coupling. This coupling appears
only when both k and l are either +1 or −1, so it is absent for
the ground state. The off-diagonal elements of the Hamiltonian
appearing only for the v2 = 1 excited state are

⟨v2, j, k′, l′∣Ĥmon∣v2, j, k, l⟩
= (q/4){(v2 ∓ l)(v2 ± l + 2)[ j(j + 1) − k(k ± 1)]

× [ j( j + 1) − (k ± 1)(k ± 2)]}1/2, (6)

when k′ = k ± 2, l′ = l ± 2, and k′ − l′ = k − l and zero in other
cases. The basis ∣v2, j, k, l⟩ has v2 = 0, l = 0 for the ground state

TABLE I. Fit parameters (in cm−1) for H+3 in its ground and v2 = 1 excited state. The
band origin is the experimental value.

Ground state v2 = 1 state

B 43.5608 44.2160
C 20.6138 19.5141
Dj 0.0406 0.0521
Djk −0.0729 −0.0892
Dk 0.0356 0.0326
Band origin 2521.4110
ζC −18.4738
q −5.1619
ηj −0.0758
ηk 0.0585

and v2 = 1, l = ±1 for the excited state. This Hamiltonian yields
energies close to those from Watson’s best fit when we refit
the parameters to the measured levels given in Ref. 39. Our
calculated H+3 monomer levels then agree with the experimen-
tally determined energy levels up to j = 5 to about 0.02 cm−1

for the ground state and 0.2 cm−1 for the v2 = 1 excited state.
The fit parameters in the monomer Hamiltonian are listed in
Table I.

The eigenstates of the full Hamiltonian of the complex in
Eq. (3) were obtained from variational calculations with the
basis

TABLE II. VRT levels (in cm−1) of He–oH+3 with H+3 in the v2 = 0 ground state; jk are the symmetric rotor quantum numbers of the dominant H+3 monomer state; and v is the
intermolecular stretching quantum number. The dissociation limit lies at 86.9590 cm−1, the jk = 10 ground state energy of oH+3 .

Parity e

J = 0 J = 1 J = 2 J = 3 J = 4 J = 5 J = 6 K jk v

−147.2312 −140.9674 −131.6059 −119.1888 −103.7738 −85.4360 1 10 0
−12.5890 −7.8609 −0.8239 8.4529 19.8705 33.2921 1 10 1

56.1359 59.0422 63.3421 68.9722 75.8042 83.5073 1 10 2
80.8505 81.1064 82.2907 85.4180 1 10 3
85.7317 85.0115 86.2922 1 33 0

Parity f

J = 0 J = 1 J = 2 J = 3 J = 4 J = 5 J = 6 K jk v

−147.5440 −141.8963 −133.4370 −122.1839 −108.1666 −91.4291 1 10 0
−92.1531 −88.9033 −82.4303 −72.7871 −60.0525 −44.3312 −25.7561 0 10 0

−12.8646 −8.6750 −2.4160 5.8737 16.1304 28.2567 1 10 1
18.2812 20.6858 25.4486 32.4761 41.6232 52.6795 65.3290 0 10 1

55.9836 58.5973 62.4690 67.5158 73.5972 80.4931 1 10 2
68.9780 70.4383 73.2746 77.3065 82.1884 86.9195 0 10 2

81.1779 82.4170 84.1861 86.3123 1 10 3
84.7190 85.3237 86.3484 0 10 3

86.7234 1 10 4
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∣v2, j, k, l, K, n; J, M⟩ = [(2j + 1)(2J + 1)
32π3 ]

1/2

× ∣v2, l⟩D( j)∗
Kk (0, θ, φ)D(J)∗MK (α, β, γ)χn(R),

(7)

where D(J)∗MK are symmetric rotor functions and K is the projection
of both the overall angular momentum J and the internal angu-
lar momentum j on the intermolecular axis R (the BF z axis). The
Euler angles (α, β, γ) describe the overall rotation of the complex. In
our rigid-rotor approach, the states ∣v2, l⟩ do not explicitly depend
on the vibrational coordinates, they are just defined by their quan-
tum numbers that determine the matrix elements of the monomer
Hamiltonian in Eqs. (5) and (6). The radial basis functions χn(R) are
contracted DVR (discrete variable representation) functions defined
on a radial grid with 220 equidistant points in the range 3 ≤ R ≤ 50 a0
and optimized by a procedure described in Ref. 42. We included
angular basis functions up to j = 10 inclusive and 60 radial basis
functions. The overall angular momentum J and its projection M on
a space-fixed axis are exact quantum numbers. In addition, the parity

P = ±1 under inversion is an exact quantum number. The spectro-
scopic parity ϵ is related to it by P = (−1)Jϵ; states with ϵ = +1 and
−1 are called e and f . The VRT levels were calculated for J values
from 0 to 9. We used the same potential V(R, θ, φ) for the ground
and excited state.

Another important issue is the symmetry. For the ground state
it is simple: states with k = 0(modulo 3) carry irreducible repre-
sentations (irreps) A′1, A′′1 , A′2, A′′2 of the permutation-inversion
symmetry group G12 ≡ D3h(M); the A1 states are Pauli forbidden;
and the A2 states belong to oH+3 . States with k = ±1(modulo 3) carry
irreps E′, E′′ and belong to pH+3 . The states of oH+3 have total nuclear
spin I = 3/2, and the states of pH+3 have I = 1/2, so the correspond-
ing nuclear spin statistical weights are 4 and 2, respectively. For the
v2 = 1 excited state with l = ±1, it is convenient43 to introduce the
quantum number g = k − l. The symmetry is determined by g, not
by k, and follows the same rules as the ground state when applied to
g instead of k.

Finally, we consider the v2 = 0→ 1 transition. This is a per-
pendicular transition of H+3 with Δl = ±1. The selection rules39

TABLE III. VRT levels (in cm−1) of He–pH+3 with H+3 in the v2 = 0 ground state; jk are the symmetric rotor quantum numbers of the dominant H+3 monomer state; and v is the
intermolecular stretching quantum number. The dissociation limit lies at 64.1222 cm−1, the jk = 11 ground state energy of pH+3 .

Parity e

J = 0 J = 1 J = 2 J = 3 J = 4 J = 5 J = 6 K jk v

−172.1404 −169.7695 −164.9037 −157.3889 −147.1136 −134.0253 −118.1224 0 11 0
−148.3816 −140.9815 −130.1742 −116.1654 −99.1377 −79.2624 1 11 0

−61.7612 −62.7786 −61.4532 −57.2808 −50.1405 −39.9949 −26.8462 0 22 0
−49.5094 −41.5076 −32.2572 −22.1280 −11.0129 1.4168 1 22 0

−30.9926 −28.6476 −24.9115 −17.6819 −7.0465 7.0372 24.2233 0 11 1
−21.1064 −9.8480 3.4105 17.2324 32.2960 2 22 0

−19.5247 −13.3143 −4.1733 8.8410 26.3698 46.5270 1 11 1
14.1702 22.4389 33.5665 47.6492 57.1446 2 21 0

33.6162 34.0655 36.0696 39.4347 44.0942 49.9771 0 11 2
37.3097 41.9862 47.9482 54.8194 62.2045 1 11 2
46.7823 52.3960 59.8750 62.7708 1 21 0

58.3822 58.7397 59.7167 62.0481 0 11 3
60.7529 62.5632 1 11 3
63.8983 64.0985 1 11 4

63.9132 0 11 4

Parity f

J = 0 J = 1 J = 2 J = 3 J = 4 J = 5 J = 6 K jk v

−149.0769 −142.9275 −133.7393 −121.5567 −106.4407 −88.471 09 1 11 0
−52.9623 −48.1182 −40.6938 −30.6008 −17.8004 −2.306 81 1 22 0

−22.8132 −13.7948 −3.2919 8.5022 21.850 54 2 22 0
−20.2626 −15.1172 −6.8741 5.1315 20.7292 39.152 80 1 11 1

14.0762 21.9796 32.2487 44.7912 59.570 53 2 21 0
34.9517 37.4303 42.4786 49.7299 57.4038 1 11 2
42.3244 44.5342 48.9417 55.8517 1 21 0

44.7027 53.3348 60.9797 63.1747 0 21 0
60.5175 1 11 3
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applying to it in free H+3 are Δg = Δ(k − l) = 0 and Δk = ±1. The H+3
monomer states with different k and g are mixed in the complex
by the anisotropic interaction with He. In terms of the symme-
try, the selection rules are A′2 ↔ A′′2 for He–oH+3 and E′ ↔ E′′ for
He–pH+3 .

B. Results
1. Energy levels and wave functions

The approximate quantum number K, defined as the projection
of both the overall angular momentum J and the internal angular

momentum j on the intermolecular axis, is important to character-
ize the energy levels. Basis functions with different K are only mixed
by relatively weak Coriolis coupling between the internal angular
momentum j and the overall angular momentum J, so K is a nearly
good quantum number. States of van der Waals complexes with
K = 0 are called Σ states, those with K = 1 are Π states, those with
K = 2 are Δ states, etc. Both the lower levels corresponding to over-
all rotation of the complex and the higher levels corresponding to
excitation of the intermolecular stretching mode and the hindered
internal rotations are arranged in stacks with increasing values of
J ≥ K. The levels with J = K mark the beginning of each stack that

TABLE IV. VRT levels (in cm−1) of He–oH+3 with H+3 in the v2 = 1 excited state with l = ±1; jk are the symmetric rotor quantum numbers of the dominant H+3 monomer state;
g = k − l; and v is the intermolecular stretching.

Parity e

J = 0 J = 1 J = 2 J = 3 J = 4 J = 5 J = 6 K jk g v

2359.9603 2362.0954 2366.3898 2372.9125 2381.7806 2393.1271 2407.0604 0 22 3 0
2381.4024 2385.8382 2393.0405 2403.1980 2416.3391 2432.4077 1 22 3 0

2406.3544 2410.6182 2418.4702 2428.2533 2439.8551 2454.2570 2471.5316 0 11 0 0
2417.6833 2421.7771 2431.5808 2445.8127 2463.1252 2483.2006 1 11 0 0

2428.3629 2440.8961 2456.8047 2475.9701 2498.1572 2 22 3 0
2505.5221 2506.8563 2509.5874 2513.8843 2519.9591 2527.9642 2537.9603 0 22 3 1

2516.9395 2520.1954 2525.6517 2533.3417 2543.1759 2555.0290 1 22 3 1
2531.3595 2534.7266 2538.3350 2544.3716 2552.6969 2563.1268 2575.4441 0 11 0 1

2537.7713 2541.1516 2549.6243 2560.0891 2572.3947 2586.2491 1 11 0 1
2544.8770 2554.5706 2566.6188 2580.6219 2596.0735 1 22 3 1

2581.5432 2581.9205 2582.9109 2585.0975 2588.5429 2593.3041 2599.3676 0 22 3 2
2584.5325 2591.5279 2596.4103 2602.3758 2609.3356 2 21 0 0

2585.8475 2588.0414 2591.8813 2600.4045 2607.9922 2614.1839 1 11 0 2
2595.6842 2599.9030 2606.4838 2612.5446 2 22 3 2

2592.1773 2594.3903 2598.1736 2603.0878 2608.6591 0 11 0 2
2594.9689 2599.6750 2605.6960 2611.6508 1 11 0 2
2608.8737 2608.9822 2609.8815 2612.4312 1 22 3 3

2609.4359 2610.7811 2611.7645 2613.4283 0 22 3 3
2613.1176 2612.3750 2613.8876 1 22 3 3

2612.4692 2613.3990 2613.9386 2614.1881 0 11 0 3

Parity f

J = 0 J = 1 J = 2 J = 3 J = 4 J = 5 J = 6 K jk g v

2382.1499 2387.7204 2396.0666 2407.1741 2421.0194 2437.5653 1 22 3 0
2417.1229 2420.7276 2428.3755 2439.2808 2453.2956 2470.3008 1 11 0 0

2427.4704 2438.8074 2453.0225 2470.0962 2489.9340 2 22 3 0
2517.5445 2521.5194 2527.4845 2535.4271 2545.3079 2557.0484 1 22 3 1
2537.2028 2538.3907 2544.3619 2552.6522 2563.0946 2575.4928 1 11 0 1

2543.4170 2551.6737 2561.9832 2574.1858 2588.0319 1 22 3 1
2584.3347 2590.7230 2595.8657 2601.5182 2607.9338 2 21 0 0

2586.0620 2588.3226 2592.4453 2600.5133 2608.9702 1 22 3 2
2595.8208 2600.0862 2606.0397 2613.7391 2 22 3 2

2594.4159 2598.1021 2603.0365 2609.0211 1 11 0 2
2609.8758 2610.5085 2611.8695 2613.6195 1 22 3 3

2612.5283 2 22 3 3
2612.3694 2613.7282 1 22 3 4
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corresponds to a specific rotational or intermolecular vibrational
state.

The calculated VRT levels of the complex with H+3 in the
ground state are listed in Tables II and III, those for the v2 = 1
excited state of H+3 in Tables IV and V. More complete versions
of these tables with all levels calculated for total angular momen-
tum J ≤ 9 are given in the supplementary material (Tables S1–S4).
The lowest Pauli-allowed state of the oH+3 monomer has j = 1, k = 0
and energy 86.9590 cm−1. This makes it plausible that the ground
state of the He–oH+3 complex has J = 1, K = 1 and, therefore, is a Π
state with two nearly degenerate components of spectroscopic parity
e and f . The wave function of the parity f component is displayed in
Fig. 4. This figure shows clearly that this state is tunneling between
the three equivalent global minima with Θ = 90○ and Φ = 0○, 120○,
and 240○, with considerable amplitude at the planar saddle points
that separate these minima. Its amplitude at Θ = 0○ and 180○ van-
ishes, as imposed by symmetry. The lower one of these Π states has
parity f and energy −147.5440 cm−1, which implies that the dissoci-
ation energy of He–oH+3 is D0 = 234.5030 cm−1. The lowest Σ state
is more than 55 cm−1 higher in energy.

The ground state of the pH+3 monomer has j = 1, k = 1 and
energy 64.1222 cm−1, and the ground state of the He–pH+3 complex
has J = 0, K = 0 and parity e. This Σ state has energy−172.1404 cm−1,
so that the dissociation energy of He–pH+3 is D0 = 236.2626 cm−1.
It has E′ symmetry, and the real and imaginary components of
its wave function are both displayed in Fig. 5. This state is even
more delocalized in Φ because of the nodal planes imposed by
the symmetry, and it also has nodes at Θ = 0○ and 180○. The first
excited state of He–pH+3 is a Π state with J = 1; it has both e
and f components and lies at about 23 cm−1 above the ground
state.

In addition, the nature of the ground and excited states is
indicated in Tables II and III, in terms of the approximate H+3
monomer symmetric rotor quantum numbers jk and the intermolec-
ular stretching quantum number v. The Π ground state of the
He–oH+3 complex is dominated by the oH+3 monomer ground state
jk = 10 and has v = 0. The first, second, third, and fourth excited Π
states have v = 1, 2, 3, and 4, respectively. This is illustrated by plots
of the radial wave functions in Fig. 6(a). The Σ states of parity f that
follow these Π states in energy have similar character. The ground

TABLE V. VRT levels (in cm−1) of He–pH+3 with H+3 in the v2 = 1 excited state with l = ±1; jk are the symmetric rotor quantum numbers of the dominant H+3 monomer state;
g = k − l; and v is the intermolecular stretching.

Parity e

J = 0 J = 1 J = 2 J = 3 J = 4 J = 5 J = 6 K jk g v

2299.1542 2302.2526 2308.4351 2317.6730 2329.9219 2345.1210 2363.1898 0 00 1 0
2314.0766 2316.3015 2320.9404 2328.2091 2338.2501 2351.1265 2366.8428 0 11 2 0

2337.2892 2345.0308 2356.2611 2370.7495 2388.3120 2408.7866 1 11 2 0
2374.0754 2380.2914 2389.5790 2401.8936 2417.1737 2435.3390 1 10 1 0

2427.6391 2429.9545 2434.5626 2441.4170 2450.4468 2461.5526 2474.5988 0 00 1 1
2448.6238 2450.0676 2453.2842 2458.5246 2465.8792 2475.3358 2486.8150 0 11 2 1

2461.1105 2467.1391 2475.6614 2486.4500 2496.1609 2505.8623 1 11 2 1
2488.6955 2486.3480 2484.7038 2485.6021 2489.4034 2499.3285 2514.0588 0 00 1 2

2495.3386 2502.2830 2507.7764 2514.2104 2521.1303 2 21 2 0
2499.4973 2495.7131 2498.0869 2503.4406 2514.1839 0 33 4 2

2505.7160 2508.9790 2515.9126 1 33 4 0
2515.2012 2513.9805 2520.3709 1 11 2 0

2516.5099 2517.1500 2518.7081 0 11 2 2
2516.8400 2517.6527 2518.7881 0 00 1 3

2519.2398 2520.1955 1 33 4 3
2521.2337 0 00 1 4

Parity f

J = 0 J = 1 J = 2 J = 3 J = 4 J = 5 J = 6 K jk g v

2336.3836 2342.5168 2351.6802 2363.8292 2378.9022 2396.8188 1 11 2 0
2373.7990 2379.4715 2387.9672 2399.2665 2413.3392 2430.1401 1 10 1 0

2430.5155 2433.7479 2440.1859 2449.7761 2462.4388 2478.0666 2496.5218 0 10 1 0
2460.1983 2464.7536 2471.5380 2480.4866 2491.5002 2504.4309 1 11 2 1

2495.2393 2501.8544 2508.7621 2518.5348 2 21 2 0
2496.9399 2497.9907 2503.1147 2513.1009 1 33 4 0
2514.6774 2512.0787 2519.6923 1 21 2 0
2516.8586 2518.0902 1 10 1 1
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FIG. 4. Wave function of the lowest state of He–oH+3 with J = 1, K = 1 and
parity f .

Σ state of the He–pH+3 complex is dominated by the pH+3 monomer
ground state with jk = 11 and has v = 0. The second Σ state is excited
in the internal rotation and contains mainly jk = 22, which is also the
lowest excited state of the pH+3 monomer. The third, fourth, fifth,
and sixth Σ states of the He–pH+3 complex are stretching excited
with v = 1, 2, 3, and 4, respectively [see Fig. 6(b)]. In addition, inter-
nal rotor excitations to the second excited pH+3 monomer state with
jk = 21 occur, with various values of K = 0, 1, and 2 (Σ, Π, and Δ
states).

In Tables IV and V for the v2 = 1 excited state of H+3 the
band origin of the v2 = 0→ 1 transition in free H+3 was assumed
to be 2521.411 cm−1. In these tables, the nature of the states is
also indicated. They are more complicated because of the vibra-
tional angular momentum with quantum number l = ±1, and they
are labeled by the additional quantum number g = k − l introduced
in Sec. III A. The ortho/para nature of the v2 = 1 states is determined
by g: states with g = 0(modulo 3) belong to He–oH+3 , states with
g = ±1(modulo 3) to He–pH+3 . In oH+3 (v2 = 1), the jk = 11 state is
not the ground rotational state; the jk = 22 state is lower in energy by
2.2891 cm−1. Several states of the He–oH+3 (v2 = 1) complex contain
a mixture of these monomer states. The ground rotational state of
pH+3 (v2 = 1) is the jk = 00 state.

2. Transitions
From the energy levels and wave functions discussed in

Sec. III B 1, we calculated the frequencies and transition probabil-
ities of all allowed transitions between the states that are bound,
both for He–oH+3 and He–pH+3 . We assumed that the dipole func-
tion in these calculations is given by the two components of the
perpendicular v2 = 0→ 1 transition dipole in the H+3 monomer,
expressed in the coordinates that describe the orientation of this
monomer in the complex and the orientation of the complex in
the laboratory frame. This assumption is justified by the adiabatic
separation between the intra- and intermolecular modes, which
implies that the wave functions of the complex in the ground
and v2 = 1 states of the H+3 monomer may be written as prod-
ucts of the corresponding monomer states and wave functions

FIG. 5. Wave functions of the two components of the ground state of He–pH+3
with J = 0, K = 0 and parity e. These two components carry irrep E′ and can
be written as complex-valued functions with k = ±1(modulo 3). However, equiv-
alently, they can be transformed into the two real-valued functions that we
show in the figure. The first real component is of cosine type with nodes near
Φ = 90○ and 270○, the second one is of sine type with nodes at Φ = 0○

and 180○.

depending on the intermolecular coordinates. In line with the rigid
monomer approximation, we further assumed that the monomer
wave functions do not depend on the intermolecular coordinates
and that the v2 = 0→ 1 transition dipole of the H+3 monomer is
constant. The same procedure was used previously to compute
the spectrum of the H2O–H2 complex44 involving a perpendicu-
lar vibrational transition in the H2O monomer. The appendix of
Ref. 44 contains explicit formulas for the (transition) dipole matrix
elements.

The results for He–oH+3 and He–pH+3 are listed in Tables S5
and S6 of the supplementary material. In Paper II,14 the transition
probabilities are applied to calculate the intensities of the lines in
absorption spectra by introducing the appropriate degeneracies and
Boltzmann factors that determine the populations of the levels. Here,
the measured spectra are action spectra, so it cannot be expected that
the calculated intensities precisely correspond with the strengths
of the measured lines. Still, the calculated line intensities turned
out to be very similar to those found in the action spectroscopy
experiment, and therefore, they are very helpful for assigning and
interpreting the experimental data. The comparison between the
theoretical and measured spectra is discussed in more detail in
Paper II.14
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FIG. 6. (a) Radial wave functions of the Π (K = 1) states of He–oH+3 . (b) Radial wave functions of the Σ (K = 0) states of He–pH+3 , except the second one that is excited
in the internal rotation. The angles are fixed at their equilibrium values Θ = 90○ and Φ = 0○, which correspond to a maximum in the angular wave functions.

IV. SUMMARY AND CONCLUSIONS

This paper describes the ab initio calculation of an accurate
intermolecular He–H+3 potential energy surface, with the use of
advanced methods up to the full configuration-interaction level.
This PES contains three equivalent global minima with depth
De = 455.3 cm−1 for He in the plane of H+3 in the direction of the
H atoms and Re = 4.31 a0. These minima are separated by three pla-
nar saddle points with energy −294.8 cm−1 (159.5 cm−1 above the
minima) at a He–H+3 distance of R = 4.61 a0. Moreover, there are
two non-planar saddle points with energy −212.2 cm−1 (243.1 cm−1

above the minima) for He on the z axis at R = 4.70 a0 above and
below the H+3 plane. Based on this potential, we calculated the VRT
levels of the He–H+3 complex, both for the vibrational ground state
of H+3 and for the twofold degenerate v2 = 1 excited state of H+3 ,
with the inclusion of the vibrational angular momentum of the lat-
ter state. The ground state of the He–oH+3 complex is a Π state
with K = 1 and rotational levels that start at J = 1, with energies
−147.2312 and −147.5440 cm−1 of the e and f parity components.
The ground state of He-pH+3 is a Σ state with K = J = 0, parity e,
and energy −172.1404 cm−1. Given the energies of the lowest Pauli-
allowed states of the ortho and para H+3 monomers, this yields the
dissociation energies D0 = 234.50 and 236.26 cm−1 of He–oH+3 and
He–pH+3 , respectively. We calculated all VRT states up to the dissoci-
ation limit of both species. Plots of the wave functions show that they
are delocalized over the three global minima and have considerable
amplitude at the saddle points, so the VRT states may be considered
as weakly hindered internal rotor states. Most of the states are domi-
nated by the rotational ground states of H+3 , the jk = 10 state for oH+3
and the jk = 11 state for pH+3 , and are excited in the intermolecular
stretching mode, up to v = 4 inclusive. However, one also finds states
that are excited in the internal rotation, to the 33 state in oH+3 and the
22 and 21 states in pH+3 .

From the VRT levels and wave functions and the v2 = 0→ 1
perpendicular transition dipole moment of H+3 expressed in the
coordinates of the He–H+3 complex, we calculated the frequencies
and line strengths of all the corresponding allowed rovibrational
transitions in He–H+3 . The initial states are all bound states of the
ground state complex up to J = 9, the final states are the v2 = 1 states
that are bound, except for the relatively slow vibrational predissoci-
ation. Theoretical spectra generated with these results for different
temperatures can be directly compared with the experimental spec-
tra presented in Paper II14 and turned out to be extremely helpful in
assigning these spectra. Paper II14 shows that the theoretical energy
levels and spectra agree very well with the measured ones, which
confirms the accuracy of our ab initio He–H+3 interaction potential
and of the ensuing calculations of the VRT states.

SUPPLEMENTARY MATERIAL

See the supplementary material for Tables S1–S4 with all calcu-
lated energy levels of He–oH+3 and He–pH+3 , with the H+3 monomer
in its vibrational ground and v2 = 1 excited states. Tables S5 and
S6 with the calculated transition frequencies and line strengths
for He–oH+3 and He–pH+3 . Fortran code to calculate the He–H+3
potential surface and a parameter file needed by this code.
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