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Abstract
Starting from the simplest possible building blocks—a ket, a bra, a time-reversed ket, and a time-reversed bra—
a diagrammatic formalism is developed for angular momentum coupling problems. The formalism comprises
Clebsch–Gordan coefficients as well as 3j m-symbols. The idea of constructing invariants (internal lines) by
contracting contragredient pairs of quantities is emphasized throughout. The Clebsch–Gordan series, and its extension to the coupling of more than two angular momenta, is introduced algebraically and diagrammatically.
Recoupling between bases obtained in different coupling schemes is introduced and the connection between recoupling coefficients and irreducible 3nj -symbols is derived diagrammatically. The well-known diagrammatic
rules due to Jucys and co-workers are derived by group theoretical means and simple rules for their practical
exploitation are presented.
Contents
1. Introduction
2. The essentials of SU(2)
2.1. Exponential form of SU(2) elements
2.2. Second-quantized representation
2.3. Contragredient representations
2.4. Time reversal
2.5. Clebsch–Gordan series
3. Diagrams
3.1. Basic diagrammatic building blocks
3.2. Clebsch–Gordan diagrams
3.3. 1j m-symbol
3.4. Generalized Clebsch–Gordan coefficients
3.5. 3j m-symbols
3.6. Transition from CG coefficients to 3j m-symbols
4. Basic rules for angular momentum diagrams
4.1. Removal of a zero line
4.2. Factorization rules
4.3. Separation rules
5. Irreducible closed diagrams
5.1. 1j - and 3j -symbols
5.2. Recoupling and the 6j - and 9j -symbols
5.3. Properties of the 6j -symbol
The 6j -symbol is invariant under any permutation of its vertices
The 6j -symbol is invariant with respect to the interchange of the rows in any two of its columns
ADVANCES IN QUANTUM CHEMISTRY, VOLUME 51, pp. 59-124, (2006)
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(06)51002-0

2
3
4
5
9
11
13
16
16
19
22
23
25
29
31
32
34
39
43
44
44
48
48
49

All rights reserved

2

5.4. Properties of the 9j -symbol
5.5. Higher 3nj -symbols
6. Concluding remarks
Acknowledgement
Appendix: Summary of the graphical rules
Basic units
Basic rules
j m-symbol
Clebsch–Gordan coefficients and diagrams
j m-symbols and diagrams
Transition from CG to 3j m-diagrams
Diagram manipulation
Basic irreducible diagrams; 3nj -symbols
References

P.E.S. Wormer and J. Paldus

52
55
55
57
57
57
57
58
58
59
60
60
62
63

1. INTRODUCTION
The origins of the coupling problem for angular momenta can be traced back to the early—
purely mathematical—work on invariant theory (Refs. [1,2]) by (Rudolf Friedrich) Alfred
Clebsch (1833–1872) and Paul (Albert) Gordan (1837–1912), see Section 2.5. Even before the birth of quantum mechanics the formal analogy between chemical valence theory
and binary invariant theory was recognized by eminent mathematicians as Sylvester [3],
Clifford [4], and Gordan and Alexejeff [5]. The analogy, lacking a physical basis at the
time, was criticized heavily by the mathematician E. Study and ignored completely by
the chemistry community of the 1890s. After the advent of quantum mechanics it became
clear, however, that chemical valences arise from electron-spin couplings, see, e.g., [6] and
that electron-spin functions are, in fact, binary forms of the type studied by Gordan and
Clebsch.
Angular momentum is of great physical importance because it represents a constant
of the motion for rotationally invariant systems. Although this observation is as true in
classical mechanics as it is in quantum mechanics, it is not of great help in solving the
problems of classical mechanics. However, quantum mechanics and the aid of symmetry
in solving the Schrödinger equation, brought angular momentum theory to its prominence.
From a mathematical viewpoint, this theory is equivalent to the study of the representation
theory of the unitary unimodular group SU(2). There is hardly a textbook on quantum
theory that would not include a chapter or a section dealing with the orbital and spin angular
momenta, not to mention a number of specialized publications on the subject, see, e.g.,
Refs. [7–17]. (For a more exhaustive reference list Ref. [13] may be consulted.)
The present review introduces the diagrammatic representation of angular momentum theory. This representation is mainly due to Jucys and his co-workers. In their
1962 book [18] Jucys, Levinson, and Vanagas (JLV) based their diagrams completely
on 3j -symbols (which for reasons that will become clear later, will be referred to as
3j m-symbols from here on). In a later book Jucys and Bandzaitis [19] worked solely with
Clebsch–Gordan (CG) coefficients. These coefficients have the advantage that they allow
the formulation of an angular momentum problem in the most natural way, namely in terms
of eigenkets and eigenbras of angular momentum operators. However, CG coefficients have
Due to transcriptions from Lithuanian (which uses the Latin alphabet) into the Cyrillic alphabet and back, one
often finds different spellings, e.g., Yutsis, Yuzis, Ioucis, etc. The correct Lithuanian spelling is Jucys.
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the disadvantage that their symmetry relations are awkward and that the reduction of an
angular momentum problem to irreducible quantities (i.e., 6j -, 9j -, . . . , 3nj -symbols) is
difficult. El Baz and Castel [20] introduced a graphical formalism that incorporates both
types of coefficients: 3j m-symbols and CG coefficients. The formalism introduced below
is inspired by their work, but avoids two problems present in their formalism. In the first
place El Baz and Castel identify a bra with a time-reversed ket and although both quantities
transform identically under SU(2), they are not the same. Second, they do not distinguish
diagrammatically the unique pair of quantum numbers in a CG coefficient, which is an
important characteristic of a CG coefficient.
In their 1993 book [21] Brink and Satchler (BS) present a diagrammatic formalism that
has a large overlap with the JLV 3j m-formalism. The two differ mainly in that BS suppress
line orientations when these may be freely flipped (i.e., without introduction of phase).
Furthermore, BS claim that their approach has the advantage over the JLV approach that
CG coefficients can be handled, which allegedly cannot be done in the JLV formalism.
Since BS simply use the fact that a CG coefficient is proportional to a 3j m-symbol and
since they do not attempt to represent the proportionality factor diagrammatically, it is
hard to endorse this advantage.
Before introducing diagrams, we shall briefly review the necessary parts of angular momentum theory in the first few sections. The components of the angular momentum operator span the Lie algebra of SO(3) (the group of unimodular (unit determinant) orthogonal
(rotation) operators on real three-dimensional vector space), as well as of SU(2) (which
consists of unimodular, unitary operators on complex two-dimensional vector space), and
so the quantum theory of angular momentum is closely intertwined with the representation
theory of these two groups.
The group SU(2) has two simplifying properties that related groups, such as SU(3), do
not possess. In the first place, the conjugacy classes of SU(2) are ambivalent, i.e., contain with an element U ∈ SU(2) also its inverse U −1 . This implies that the characters
of U and U −1 are equal in any representation (rep). Since in a unitary rep the character
of an element and of its inverse are each others complex conjugate, it follows from the
ambivalent nature of its classes that all characters of any unitary rep of SU(2) are real.
As a result, every rep is equivalent to its complex conjugate rep. The second simplifying
property of SU(2) is that its irreducible representations (irreps) are multiplicity free. This
means that the reduction of a direct product of two irreps will yield any irrep at most once.
Wigner [22] calls groups that possess these two properties simply reducible. If SU(2) and
SO(3) had not been simply reducible, a diagrammatic description of their representation
theory would have been much more cumbersome.
The following notes also introduce the concept of mixed 3j m-symbols, recoupling, and
the 6j -, 9j -, . . . , 3nj -symbols. It is the belief of the authors that 3nj -coefficients are
easier to grasp diagrammatically than algebraically.

2. THE ESSENTIALS OF SU(2)
We review the necessary theory of the group SU(2). First, we show that a general element
can be written in exponential form and then we introduce a second-quantized basis carrying
irreps of SU(2). The concept of standard and contrastandard representations is introduced
and the connection with time reversal is pointed out. Finally, the Clebsch–Gordan series is
discussed.
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2.1. Exponential form of SU(2) elements
The Pauli spin matrices [23]



0 1
0
σx =
,
σy =
1 0
i

−i
0



,

σz =



1 0
0 −1



(1)

satisfy the relations
σ j σ k = δj k 1 + iεj kl σ l ,

(2)

where εj kl (the Levi–Civita tensor) is the totally antisymmetric tensor of rank 3 defined by
εij k = det(êi , êj , êk )

for i, j, k = 1, 2, 3,

and ê1 , ê2 , ê3 form a right-handed orthonormal set of vectors. From equation (2) follows
immediately that
σ j σ k − σ k σ j ≡ [σ j , σ k ] = 2iεj kl σ l .
Thus, defining operators ŝj by the action on the usual spin- 21 functions

 
1
ŝj |α, |β = |α, |β σ j , j = 1, 2, 3,
2
we obtain the usual angular momentum commutation relations

(3)

[ŝj , ŝk ] = iεj kl ŝl .
It is easily seen that a 2 × 2 unimodular (det = 1), unitary matrix is parametrized by two
complex numbers, because



 ∗
−1

u11 u∗21
u22 −u12
u11 u12
−1
†
−1
U ≡
=U =
= det(U)
.
−u21 u11
u21 u22
u∗12 u∗22

Since det(U) = 1, it follows, if we set u11 ≡ u and u12 ≡ v, that


u
v
, u, v ∈ C.
U=
−v ∗ u∗

(4)

We can introduce real parameters ai ,


 
u
v
a0 − ia3 −ia1 − a2
= a0 1 − iσ · a
=
−v ∗ u∗
−ia1 + a2 a0 + ia3
with a ≡ (a1 , a2 , a3 ) and where
det(U) = |u|2 + |v|2 = a02 + a12 + a22 + a32 = 1.
This parametrization is often referred to as the Euler–Rodrigues parametrization. It indicates that as an analytic manifold the Lie group SU(2) is the three-dimensional surface of
the unit sphere S 3 in R4 . The sphere S 3 is covered exactly once (except for the poles ϕ = 0
and ϕ = 2π) by (a0 , a ) = (cos ϕ2 , n sin ϕ2 ), where n is a vector that ranges over the whole
unit sphere S 2 in R3 and 0  ϕ  2π. Hence,
ϕ
ϕ
U(
n, ϕ) = 1 cos − i(σ · n) sin .
(5)
2
2
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 we have, using summation convention, from
Since n is a unit vector and n × n = 0,
equation (2):
(σ · n)2 ≡ nj nk σ j σ k = nj nk δj k 1 + i(
n × n)l σ l = 1.
This implies for positive integer p
(σ · n)2p = 1

and (σ · n)2p+1 = σ · n,

(6)

so that the general element of SU(2) can be written as
U(
n, ϕ) = e−i(σ ·n)ϕ/2 .

(7)

We note, finally, that a rotation by 2π over a fixed axis n does not correspond to the
identity operator, but
U(
n, 2π) = 1 cos π − i(σ · n) sin π = −1 (= U(
n, 0) = 1).
We thus have to consider 0  ϕ  4π to cover the whole of SU(2) (and must restrict the
range of n to a unit hemisphere if the group is to be covered once).
2.2. Second-quantized representation
Schwinger [24] introduced a second-quantized representation of angular momentum operators Jx , Jy , Jz , that satisfy the usual commutation relations
[Jj , Jk ] = iεj kl Jl ,

j, k, l = x, y, z.

(8)

He represented also their eigenstates, which span carrier spaces of the SU(2) irreps, in
second-quantized form. These eigenstates of the total angular momentum operators J 2
and Jz , designated by |j, m, are labeled by the quantum numbers j and m, with j labeling
a given irrep and m the basis states of this irrep, m = −j, −j + 1, . . . , j − 1, j , and
transform in the usual manner under the action of the step up and step down operators
J+ ≡ Jx + iJy and J− ≡ Jx − iJy , respectively, namely
J 2 |j, m = |j, mj (j + 1),
Jz |j, m = |j, mm,


J± |j, m = |j, m ± 1 (j ∓ m)(j ± m + 1).

(9a)
(9b)
(9c)

Since Schwinger’s second-quantization representation is very compact and facilitates the
transition to the corresponding contragredient form, it is essential for the diagrammatic
representation considered here.
In order to introduce Schwinger’s formalism it is useful to recall the well-known secondquantized representation of a one-dimensional harmonic oscillator with the Hamiltonian


1
†
,
H = h̄ω b b +
(10)
2
where the creation and annihilation operators b† and b satisfy the boson commutation
relation
[b, b †] = 1,

[b† , b† ] = [b, b] = 0,

(11)
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and the energies En and eigenstates |n are given by


(b† )n
1
and |n = √ |0,
En = h̄ω n +
2
n!

(12)

with the action
b|0 = 0,

(13a)

√
b|n = |n − 1 n,
√
b† |n = |n + 1 n + 1.

(13b)
(13c)

The normalization of |n is easily checked by application of the following “differentiation”
rule


b, (b† )k = k(b† )k−1 .
(14)

This result can easily be proved by mathematical induction. Considering the matrix element
(k  n)
1
1
k|n = √
0|bk (b† )n |0 = √
n! 0|bk−n |0 = δk,n ,
k!n!
k!n!
we find that the kets |n (n = 0, 1, . . .) are orthonormal.
Returning to SU(2), we recall that this is the dynamic symmetry group of the isotropic
two-dimensional harmonic oscillator. The time-independent Schrödinger equation of such
an oscillator separates into two uncoupled one-dimensional equations. The Hamiltonian is
the sum of two single-mode Hamiltonians given in equation (10),
 2
H = h̄ω

i=1

bi† bi + 1 .

(15)

Its eigenstates are simply tensorial products,
|n1 , n2  := |n1  ⊗ |n2 .
Since b1 and b2 are related to independent (uncoupled) vibrational modes, the following
commutation relations hold,
[bi , bj† ] = δij ,

[bi , bj ] = [bi† , bj† ] = 0,

i, j = 1, 2,

(16)

and their action on kets is the same as before, cf. equations (13a)–(13c). We can relate the
eigenstates |j, m to |n1 , n2  by
n1 = j + m and n2 = j − m.

(17)

Thus,
|j, m ≡ |n1 , n2  =

(b1† )n1 (b2† )n2
|0
√
n1 !n2 !

(b† )j +m (b2† )j −m
=√ 1
|0,
(j + m)!(j − m)!

(18)

Angular Momentum Diagrams

7

where |0 ≡ |j = 0, m = 0 = |n1 = 0, n2 = 0 and Ji |0 = 0 (i = x, y, z). Equations (9c) can be rewritten as

J+ |n1 , n2  = |n1 + 1, n2 − 1 (n1 + 1)n2 ,

J− |n1 , n2  = |n1 − 1, n2 + 1 n1 (n2 + 1),
(19)
so that

J+ = b1† b2 ≡ E12 ,

J− =

b2† b1

(20)

≡ E21 .

(21)

The j = 0 “vacuum” state |0 is rotationally invariant, so that
Û |0 = |0,

Û ∈ SU(2).

(22)

Writing for the general action of Û on basis vectors |σ  ≡
irrep,
Û |σ  ≡ |σ̃  =

µ

bσ† |0, which span a given SU(2)

|µUµσ ,

(23)

or, equivalently,
b̃σ† =

†
bµ
Uµσ ,
µ

b̃σ† |0 = |σ̃ ,

(24)

we see that the rotational invariance of |0 and the unitarity of Û imply
Û bσ† |0 = Û bσ† Û † Û |0 = Û bσ† Û † |0 = b̃σ† |0 =

µ

†
bµ
Uµσ |0,

or, succinctly,
Û bσ† Û † =

†
bµ
Uµσ ,
µ

Û ∈ SU(2).

(25)

We see that the total Hamiltonian in equation (15), which contains implicitly a sum of
kinetic and potential energy terms, is invariant under SU(2), while the separate kinetic and
potential energy terms are invariant under SO(2) ⊂ SU(2).
Generally we can write
 
1 †
b1
†
Jk = ( b1 b2 ) σ k
(26)
, with k = x, y, z.
b2
2

Equivalently, using the operators Eij introduced above, i, j = 1, 2,
Eij = bi† bj ,
we find that
1
Jx = (E12 + E21 ),
2
i
Jy = − (E12 − E21 ),
2
1
Jz = (E11 − E22 ),
2

(27)

(28a)
(28b)
(28c)
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and
Jˆ 2 := Jˆx2 + Jˆy2 + Jˆz2
1
= (Jˆ+ Jˆ− + Jˆ− Jˆ+ ) + Jˆz2
2
1
1
= (E12 E21 + E21 E12 ) + (E11 − E22 )2 .
2
4
It is important to note that the operators Eij possess the commutation relations
[Eij , Emn ] = δj m Ein − δin Emj ,

i, j, m, n = 1, 2,

(29)

(30)

characterizing the generators of the general linear group GL(2) and thus of its subgroup
SU(2).
The action of these operators on an arbitrary state |j, m is now easily checked to be
E11 |j m = b1† b1 |j m

−1/2
= (j + m)!(j − m)!
(j + m)b1† (b1† )j +m−1 (b2† )j −m |0
= (j + m)|j m,

(31)

where we used the differentiation rule:
b1 (b1† )j +m (b2† )j −m |0 = (j + m)(b1† )j +m−1 (b2† )j −m |0.
In the same way,
E22 |j m = (j − m)|j m,

1/2
E12 |j m = (j − m)(j + m + 1)
|j, m + 1,

1/2
E21 |j m = (j + m)(j − m + 1)
|j, m − 1.

(32)

Using these relationships, we easily recover equations (9a)–(9c), verifying that the
Schwinger states (18) possess the usual properties of angular momentum states and span a
single (2j + 1)-dimensional irrep of SU(2) labeled by j .
Note that for j = 12 , m = 12 , we recover the standard spin up and spin down functions,
†
1 1
2 , 2 = b1 |0 ≡ α(1),
†
1
1
2 , − 2 = b2 |0 ≡ β(1),

(33)

spanning the defining representation of SU(2). Due to the bosonic character of the bi† , the
states (18) are symmetric under permutation of the creation operators. This implies that
the kets (18) are the second-quantized representation of a system consisting of 2j spin- 12
particles in a state of highest total spin j . Thus, for example,
1
√ b1† b1† |0 ↔ α(1)α(2),
2
α(1)β(2) + β(1)α(2)
b1† b2† |0 ↔
,
√
2
1
√ b2† b2† |0 ↔ β(1)β(2).
2
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To express the antisymmetric two-particle singlet state
α(1)β(2) − β(1)α(2)
√
2
in second-quantized form, the boson operators must be equipped with a second subscript [25].
At this point it would be easy to construct the actual matrix irrep D(j ) as a polynomial
in the matrix elements Uµσ (cf. equation (25)) by using
Û b1† b1† b1† · · · |0 = (Û b1† Û † )(Û b1† Û † )(Û b1† Û † ) · · · Û |0

(34)

and Û |0 = |0. Since we do not need the explicit form of D(j ) we skip this construction.
2.3. Contragredient representations
Recall that a non-singular matrix A is in one-to-one correspondence with the contragredient
matrix A := (A−1 )T . For unitary matrices we have U = (U† )T = U∗ , i.e., a unitary matrix
and its contragredient counterpart are connected by complex conjugation. In the terminology of Fano and Racah [9] the unitary contrastandard matrix rep D(g) of a group G is the
complex conjugate D(g)∗ of the unitary standard matrix rep D(g). The concept of contragredience is important because it leads by contraction to group invariants. Indeed, suppose
χi and χ i are bases of n-dimensional vector spaces V and V that carry D(g) and D(g),
respectively, of the same group G. That is, for all g ∈ G,
n

n

g(χi ) =

χj D(g)j i
j =1

and g(χ i ) =

χ j D(g)j i .
j =1

The contraction of χi and χ i satisfies
n
i=1

g(χi )g(χ i ) =
=

χj χ k D(g)j i D(g)ki
i,j,k

χj χ k δj k
j,k
n

=

χi χ i ,

(35)

i=1

and is therefore a group invariant.
For general groups the standard rep D(g) and the contrastandard rep D(g) are not necessarily equivalent. It was pointed out in the Introduction that for groups with only ambivalent
conjugacy classes the standard and contrastandard matrix rep are equivalent, because their
characters are real, and so, since the classes of SU(2) are ambivalent, its standard and
contrastandard reps are equivalent.
Consider an orthonormal basis (for instance a Schwinger basis) of the (2j +1)-dimensional space V which carries the irrep D(j ) of SU(2). We refer to this basis as a standard
basis. An orthonormal basis carrying D(j )∗ is a contrastandard basis. The matrix Y which
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transforms a contrastandard into a standard basis is


0 −1
Y=
.
1 0

(36)

This matrix has the desired property for the defining irrep of SU(2), since it can be verified
by matrix multiplication and the form (4) of U that
YU∗ Y−1 = U.

(37)

The matrix Y represents an active rotation around the y-axis êy over π. Indeed, from
equation (5) we find


Û (êy , π) |α, |β


= |α, |β U(êy , π)



π
π
= |α, |β 1 cos − iσ y sin
2
2





 0 −1
≡ |α, |β Y.
= |α, |β
(38)
1 0

Since by equation (37) Y maps a standard basis onto a contrastandard basis, it is often referred to as the SU(2) metric tensor. In order to find the SU(2) metric tensor for general j ,
we define a contrastandard set of boson operators. We recall the transformation rule equation (25) and define Ŷ := U (êy , π) ∈ SU(2). Following common usage in tensor analysis,
we distinguish upper and lower indices and define (b1 )† and (b2 )† by
 1 †  2 † 
b , b
:= Ŷ (b1† , b2† )Ŷ † = (b1† , b2† )Y = (b2† , −b1† ).
(39)
Then the basis

(b1† )j +m (b2† )j −m
|0,
|j m := √
(j + m)!(j − m)!

(40)

is contrastandard, because
(i) (b1 )† and (b2 )† carry U∗ ,
(ii) |j m is the same polynomial in (b1 )† and (b2 )† as |j m is in b1† and b2† (cf. (18)),
(iii) the vectors |j m carry D(j ) (cf. (34)) and hence the |j m carry D(j ) .
Using Ŷ † |0 = |0 (cf. (22)), we find from equations (39) and (40) that
(b† )j +m (b2† )j −m
|0 = Ŷ |j m,
|j m = Ŷ √ 1
(j + m)!(j − m)!
as well as
|j m = (−1)j −m

(b1† )j −m (b2† )j +m
|0 = (−1)j −m |j, −m,
(j + m)!(j − m)!

(41)

which imply the following important relation
|j m = Ŷ |j m = (−1)j −m |j, −m.

(42)
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Wigner [22] introduced the SU(2) metric tensor as the tensor that transforms a standard
to a contrastandard basis vector:


j
′
,
|j m 
|j m =
(43)
m′ m
′
m

where the tensor elements, referred to as the Wigner 1jm-symbols, have the following explicit form


j
(44)
:= D (j ) (Y)m′ m = (−1)j −m δm′ ,−m ,
m′ m
as can be verified using equation (42) and upon noting that D(j ) (Y) is the matrix of Ŷ in
the basis |j m. Since SU(2) has “double group” character, i.e.,
D(j ) (Y)D(j ) (Y) = (−1)2j 1(j ) ,

or explicitly,


j
mm′

m′



j
m′ m̃



= (−1)2j δmm̃

(in the case of half-integer j a rotation by 2π is minus the identity), we find that




j
j
2j
=
(−1)
,
mm′
m′ m

so that also


j
= (−1)j +m δm,−m′ .
mm′

(45)

(46)

This antisymmetry of the SU(2) metric tensor for half-integer j is the source of unpleasant
phase factors, of which we shall keep track by orienting the lines in the diagrams introduced
later.
2.4. Time reversal
It is of interest to relate the operator Ŷ to the operation of time reversal. We define the timereversal operator ϑ by its action on the dynamical variables position q, linear momentum p,

and spin s (the vector operator with components defined in equation (3)):
ϑ qϑ † = q,

(47a)

†

(47b)

†

(47c)

ϑ pϑ
 = −p,


ϑ sϑ = −s ,

ϑψ|ϑφ ϑφ|ϑψ = ψ|φ φ|ψ.

(47d)

Note that the requirements (47a) and (47b) imply that the orbital angular momentum q × p
is antisymmetric under time reversal. Condition (47c) for the spin angular momentum is
introduced by analogy. Finally, we require that Born’s transition probability is left invariant by ϑ, i.e., condition (47d). Wigner [8] proved that this last requirement implies that
ϑ is unitary and either linear or antilinear. (Note that the sufficiency of this requirement is
immediately obvious.) Considering the angular momentum commutation relations we find
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two possibilities
ϑ[Jˆj , Jˆk ]ϑ † =

l

ϑ(iεj kl Jˆl )ϑ † = ±i

l

εj kl ϑ Jˆl ϑ † = ∓i

l

εj kl Jˆl ,

where the upper sign holds if ϑ is linear and the lower if ϑ is antilinear. Since, on the other
hand,
ϑ[Jˆj , Jˆk ]ϑ † = [ϑ Jˆj ϑ † , ϑ Jˆk ϑ † ] = [−Jˆj , −Jˆk ] = i

l

εj kl Jˆl ,

it follows that ϑ is antilinear, and in view of equation (47d) ϑ is antiunitary. Recall that an
antiunitary operator satisfies the following turnover rule
ϑψ|ϑφ = φ|ψ = ψ|φ∗ ,

and from ϑϑ † = 1,

ϑ † ψ|φ = ψ|ϑφ∗ .

Time reversal is one of the fundamental symmetries observed in nature. To date there
is no experimental evidence that casts doubt on the general validity of this symmetry for
electromagnetic interactions. In a time-independent formalism, the name of this symmetry
may be somewhat puzzling. We notice, however, that classically linear momentum changes
sign under time reversal, while position does not. These basic symmetries are preserved in
the quantum mechanical definition of ϑ. The reader will note that a simple sign change
of the time variable, t → −t, will not provide a satisfactory definition of time reversal
in quantum mechanics, since this would also change the sign of the energy, as follows
immediately from the time dependent Schrödinger equation. In fact, the requirement that
the energy is conserved is consistent with the antilinearity of the time-reversal operator.
It is easily verified that the operators Jk in equations (28a)–(28c) satisfy ϑJk ϑ † = −Jk
if we assume
ϑ(b1† , b2† )ϑ † = eiφ (b1† , b2† )Y.

Here eiφ is an overall phase factor; below we shall argue that we can make the choice
φ = 0. The matrix Y is given in equation (36).
We next observe that the time-reversal operator commutes with the elements of SU(2).
This can be readily seen by the use of the exponential representation (7) of a general element Û ∈ SU(2). Using the antilinearity of ϑ we have for the pth term in the expansion of
the exponential that
ϑ[−iϕσ · n]p ϑ † = [−iϕσ · n]p .
From this the commutation of Û and ϑ follows. From the antilinearity of ϑ and the commutation rule [Û , ϑ] = 0 just found, we can immediately conclude that {ϑ|j m} forms a
contrastandard basis. Indeed, applying ϑ to the defining relation
Û |j m =

m′

D (j ) (U )m′ m |j m′ ,

yields
ϑ Û |j m = Û ϑ|j m =

m′

D (j ) (U )∗m′ m ϑ|j m′ .
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Hence, Ŷ |j m and ϑ|j m span the very same irrep of SU(2). From Schur’s lemma and the
orthonormality of the basis used follows that
Ŷ |j m = eiφj ϑ|j m,
where the phase factor does not depend on m. Thus, a natural choice for the phase of |j m
is such that exp[iφj ] is unity,2 so that we can write, using equation (42),
ϑ|j m ≡ ϑ(j m) = (−1)j −m |j, −m.
Although Ŷ and ϑ have now the same effect on |j m, they are not identical operators,
since the one is linear and the other antilinear. By introducing the complex conjugation
operator K0 we can find an operator relationship between Y and ϑ. We define K0 by


K0 c|ψ + c′ |ψ ′  := c∗ |ψ + c′∗ |ψ ′ ,
so that it is antilinear. We can then write that
ϑ = Ŷ K0 ,
where Ŷ represents a rotation by π around the y-axis, see equation (38). Since K02 = 1, so
that
ϑ 2 |j m = Y 2 |j m = (−1)2j |j m,

(48)

we find that for half-integer j neither Ŷ nor ϑ are involutory.3
We wish to end this section by pointing out that the bras { j m|} also form a contrastandard basis of SU(2), i.e.,

D (j ) (U )∗m′ m j m′ |.
j m|Û † = Û (j m) =
m′

We must emphasize, however, that the bra vectors span a different space (the dual space)
than the ket vectors, so that there can be no linear relationship relating bras with kets.
Furthermore, the process of Hermitian conjugation is involutory,
|j m†† = |j m.

This already implies that we cannot represent ϑ|j m and j m| by the same diagram (see
below), although both carry the very same irrep of SU(2).

2.5. Clebsch–Gordan series
To define the CG series we consider spaces Vj1 and Vj2 carrying standard irreps D (j1 )
and D (j2 ) of SU(2). The basis |j1 , m1 , m1 = −j1 , . . . , j1 , consist of eigenfunctions of
J 2 and Jz . The same holds for |j2 , m2 . The tensor product space Vj1 ⊗ Vj2 carries the
reducible Kronecker product representation D (j1 ) ⊗ D (j2 ) . Reduction of the tensor space
2 Note, however, that spherical harmonics with the widely used Condon and Shortley phase convention do not
satisfy this choice, and differ by the phase factor (−i)j from the |j m introduced here.
3 An operator A is involutory if A2 = 1.
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under SU(2) yields
Vj1 ⊗ Vj2 =

j1 +j2
j =|j1 −j2 |

⊕Vj ,

(49)

where Vj carries the irrep D (j ) of SU(2). It is proved in textbooks by Lie-algebraic techniques that this reduction is multiplicity free, i.e., the irrep D (j ) occurs once in this reduction. Also the range of j , indicated in equation (49) is proved in textbooks. Equation (49)
constitutes the Clebsch–Gordan theorem, proved in 1869 by the German mathematician
Paul Gordan [26], who used techniques from invariant theory developed by his colleague
Alfred Clebsch.
Designating the orthonormal basis for Vj by {|j, m}, we can insert the resolution of the
identity in the tensor product space and write
|j1 m1  ⊗ |j2 m2  =

j1 +j2

j

j =|j1 −j2 | m=−j

|j m j m|j1 m1 ; j2 m2 ,

(50)

where we introduced the notation |j1 m1  ⊗ |j2 m2  ≡ |j1 m1 ; j2 m2 . As it is common
to refer to equation (50) as the SU(2) Clebsch–Gordan (CG) series, we will follow this
practice. The inner product j m|j1 m1 ; j2 m2  is a Clebsch–Gordan (CG) coefficient. These
coefficients transform an orthonormal basis of Vj1 ⊗Vj2 into another one and form a unitary
matrix C, which decomposes the Kronecker product representation into irreducible blocks,


C D(j1 ) (Û ) ⊗ D(j2 ) (Û ) C† =
⊕D(j ) (Û ), Û ∈ SU(2).
j

This relationship exhibits the fact that the CG coefficients depend only on the irreps of
SU(2) and not on a particular realization of Vj1 and Vj2 , so that we can choose |j1 m1 
and |j2 m2  arbitrarily. The first derivation of an algebraic formula for CG coefficients
was given by Wigner in his famous 1931 book [8]. The following expression for the CG
coefficients is due to Van der Waerden [27] and is the most symmetric one of the various
existing forms, see, e.g., Ref. [13] for a derivation,
j m|j1 m1 ; j2 m2 

= δm,m1 +m2 ∆(j1 , j2 , j )

×
(−1)t (2j + 1)(j1 + m1 )!(j1 − m1 )!
t

1/2
× (j2 + m2 )!(j2 − m2 )!(j + m)!(j − m)!


× t!(j1 + j2 − j − t)!(j1 − m1 − t)!
where

−1
× (j2 + m2 − t)!(j − j2 + m1 + t)!(j − j1 − m2 + t)! ,


(j1 + j2 − j )!(j1 − j2 + j )!(−j1 + j2 + j )! 1/2
,
(j1 + j2 + j + 1)!
and the sum runs over all values of t which do not lead to negative factorials.
The symmetry properties of the CG coefficients are
∆(j1 , j2 , j ) ≡

(i) j m|j1 m1 ; j2 m2  = j1 m1 ; j2 m2 |j m,

(51)
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(ii) j m|j1 m1 ; j2 m2  = (−1)j1 +j2 −j j, −m|j1 , −m1 ; j2 , −m2 ,

(iii) j m|j1 m1 ; j2 m2  = (−1)j1 +j2 −j j m|j2 m2 ; j1 m1 ,

2j + 1 1/2 
(iv) j m|j1 m1 ; j2 m2  =
j2 m2 j m; ϑ(j1 m1 ) .
2j2 + 1
For j = m = 0, CG coefficients are equal to

(v) 00|j1 m1 ; j2 m2  = δj1 j2 δm1 ,−m2 (−1)j1 −m1 (2j1 + 1)−1/2 .
We will prove these properties:
(i) The CG coefficients are defined as an inner product in equation (50); their explicit
form shows that they are real. Hence,
j m|j1 m1 ; j2 m2  = j1 m1 ; j2 m2 |j m∗ = j1 m1 ; j2 m2 |j m.
(ii) From the unitarity of the time reversal operator ϑ and the realness of CG coefficients
follows that
j m|j1 m1 ; j2 m2 


= j m|ϑ † ϑ|j1 m1 ; j2 m2  = ϑ(j m) ϑ(j1 m1 ); ϑ(j2 m2 )

= (−1)j +j1 +j2 (−1)−(m+m1 +m2 ) j, −m|j1 , −m1 ; j2 , −m2 .

Since m = m1 + m2 and m is a half-integer if and only if j is a half-integer, we find
that
(−1)−(m+m1 +m2 ) = (−1)−2m = (−1)−2j .
(iii) The explicit form for CG coefficients, equation (51), is invariant with respect to a
simultaneous interchange j1 ↔ j2 and m1 ↔ −m2 , which implies that m → −m
and thus
j m|j1 m1 ; j2 m2 

= j, −m|j2 , −m2 ; j1 , −m1  = (−1)j1 +j2 −j j m|j2 m2 ; j1 m1 .

(iv) Make simultaneous replacements j ↔ j2 and m ↔ −m2 in the explicit expression
for CG coefficients, equation (51), and change the summation variable t to j1 −m1 −t.
Observe that except for the first factor (2j + 1)1/2 and the phase (−1)t they leave the
expression (51) invariant. Thus
j m|j1 m1 ; j2 m2 

2j + 1 1/2
=
(−1)j1 −m1 j2 , −m2 |j1 m1 ; j, −m
2j2 + 1

2j + 1 1/2
(−1)j1 −m1 j2 m2 |j m; j1 , −m1 
=
2j2 + 1

2j + 1 1/2 
j2 m2 j m; ϑ(j1 m1 ) .
=
2j2 + 1

(v) Follows by applying rule (iv) to the identity
j1 m1 |j2 m2 ; 00 = δj1 j2 δm1 m2 .
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3. DIAGRAMS
We shall now introduce the basic concepts of a graphical technique, sometimes referred to
as the graphical method of spin algebras, which is designed to facilitate the manipulation
of complicated expressions involving CG coefficients, their simplification and evaluation.
Our presentation will be based on the well-defined transformation properties of CG coefficients, which follow immediately from their definition as a vector space inner product,
given in the preceding section. The four group-theoretical characteristics of special importance in this respect are:
(1) the SU(2) irrep to which the state belongs (i.e., its j -quantum number),
(2) the row of the irrep according to which the state transforms (its m-quantum number),
(3) the variance of the state (does the state transform according to a standard or a contrastandard irrep?),
(4) and finally, is the state a bra or a ket?

3.1. Basic diagrammatic building blocks
We first introduce a diagrammatic representation for various states which enter the inner products (i.e., Clebsch–Gordan coefficients) considered. We must emphasize that our
graphical technique is intended to manipulate these inner products and not the states themselves. Moreover, the inner products are always real, so that the diagrams are invariant
under a simultaneous Hermitian conjugation of all states.
We draw the vertices arising in the CG diagrams as half circles, and adhere to the following rules.
C ONVENTION C1. A state transforming according to a standard rep is designated by an
oriented line leaving a vertex, while a state transforming according to a contrastandard rep
is represented by a line entering a vertex.
C ONVENTION C2. A ket is represented by a single arrow and a bra by a double arrow.
C ONVENTION C3. An n-fold tensor product is represented by n lines attached to a single
vertex. The vertex sign defines the order in the tensor product: a minus sign indicates a
clockwise and a plus sign a counter clockwise reading. Note that this corresponds to the
sense of rotation around an axis pointing towards the reader. Evidently, when only one line
is attached to a vertex, a node sign is superfluous.
We thus have the following states:
|j m −→

≡

,

(52a)

j m| −→

≡

,

(52b)

ϑ(j m) ≡ ϑ|j m −→

≡

,

(52c)
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ϑ(j m) ≡ j m|ϑ † −→

≡

(52d)

.

For a tensor product we have

|j1 m1 ; . . . ; jn mn  := |j1 m1  ⊗ · · · ⊗ |jn mn 

−→

≡

≡

≡

.

As an example of a mixed standard-contrastandard tensor we give



ϑ(j1 m1 ); j2 m2 := ϑ|j1 m1  ⊗ |j2 m2  −→

.

An inner product of two states is then represented as
j1 m1 |j2 m2  = δj1 j2 δm1 m2

−→

(53)

:=
and, for tensor product states, as
j1 m1 ; . . . ; jn mn |j ′ 1 m′ 1 ; . . . ; j ′ n m′ n 

=

−→

.

The central concept of graphical techniques is that of contraction, representing the formation of an SU(2) invariant by summing over the m-quantum number of a product of a
standard and a contrastandard state. We introduce the following four possible prototypes
for a contraction.
C ONVENTION C4.
(i) Ket–bra contraction (projector):

m

|j m j m| =

m

=

.
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Since
|j m j m| =

m

=
=

m

|j, −m j, −m|

m

(−1)2(j −m) |j, −m j, −m|
ϑ|j m j m|ϑ † ,

(54)

m

we also have that

m

=

=

m

which implies that it is consistent not to orient the contracted line.
(ii) Bra–ket contraction (inner product contraction):
2j + 1 =
−→

m

j m|j m =

j m|ϑ † ϑ|j m
m

=

m

m

=

(55)

.

(iii) Ket–time-reversed ket contraction:

m

ϑ(j m) |j m −→

m

m

ϑ(j m) |j m =

(−1)j −m |j, −m|j m =

=

.

Since

m

2j

= (−1)

m

|j m ϑ(j m)

m

(−1)j +m |j m|j, −m
(56)

and

m

|j m ϑ(j m) =

,

we see that the contracted line must be oriented. At the same time we obtain the rule
for arrow reversal on internal lines, namely
= (−1)2j

.

(57)
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(iv) Bra–time-reversed bra contraction: This is essentially the Hermitian conjugate of
case (iii). We can define

m

that is,


ϑ(j m) j m| −→

,

=

m

.

In terms of our graphical conventions we thus obtain the following four simple rules for
the contraction of free (external) lines:
• Only lines which preserve the orientation can be contracted.
• Contraction of a single-arrowed line with a double-arrowed line produces an unoriented
line.
• Contraction of two single-arrowed lines yields a single-arrowed line with preserved orientation.
• Contraction of two double-arrowed lines again produces a single-arrowed line, but with
reversed orientation.

3.2. Clebsch–Gordan diagrams
We define

:=

= j3 m3 |j1 m1 ; j2 m2 .

Two lines of a CG coefficient represent states which are either both in the bra or both in
the ket. We refer to these lines as the non-unique lines. The third line, the unique line, is
attached to the straight side of the vertex. Note that the vertex sign defines the order of the
non-unique lines.
The symmetry properties of the CG coefficient (Section 2.5) are diagrammatically represented as follows (for conciseness we replace the label jk mk by k, k = 1, 2, 3):
(i)

j3 m3 |j1 m1 ; j2 m2  = j1 m1 ; j2 m2 |j3 m3 

←→

=

.

(58)
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j3 m3 |j1 m1 ; j2 m2  = ϑ(j3 m3 ) ϑ(j1 m1 ); ϑ(j2 m2 )
←→

(iii)

=

j3 m3 |j1 m1 ; j2 m2  = (−1)j1 +j2 −j3 j3 m3 |j2 m2 ; j1 m1 

= (−1)j1 +j2 −j3

←→

= (−1)j1 +j2 −j3

(iv)

(59)

.

j3 m3 |j1 m1 ; j2 m2  =



(60)

.

[j3 ] 
j2 m2 j3 m3 ; ϑ(j1 m1 )
[j2 ]

←→

=



[j3 ]
[j2 ]

(61)

with [jk ] := 2jk + 1, k = 1, 2, 3.
(v)

j3 m3 |j1 m1 ; j2 m2  = (−1)2j2

←→



[j3 ] 
j1 m1 ϑ(j2 m2 ); j3 m3
[j1 ]
2j2

= (−1)



[j3 ]
[j1 ]

.

(62)

Rule (62) results from successive application of rules (60), (61) and again (60).
Since the states |j m form also an orthonormal basis for the tensorial product space
spanned by |j1 m1 ; j2 m2 , for certain fixed j1 and j2 and with m1 = −j1 , . . . , j1 and
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m2 = −j2 , . . . , j2 , we find the first orthogonality relation
j1 +j2

j

j =|j1 −j2 | m=−j

j1 m1 ; j2 m2 |j m j m|j1 m′1 ; j2 m′2 

= j1 m1 ; j2 m2 |j1 m′1 ; j2 m′2  = δm1 m′1 δm2 m′2 ,

which can be represented graphically as follows:

=

j

=

.

(63)

In order to obtain the second orthogonality relation, we first define a 3j -symbol 4 or
triangular delta by

1 if |j1 − j2 |  j  j1 + j2 ,
{j, j1 , j2 } =
0 otherwise.
We can write
m1 m2

j m|j1 m1 ; j2 m2  j1 m1 ; j2 m2 |j ′ m′ 

= {j, j1 , j2 }{j1 , j2 , j ′ } j m|j ′ m′  = δjj ′ δmm′ {j, j1 , j2 },
or graphically,

= {j, j1 , j2 }

.

Taking j = j ′ , m = m′ and summing over m, we obtain
{j, j1 , j2 } = [j ]−1

m,m1 ,m2

j m|j1 m1 ; j2 m2  j1 m1 ; j2 m2 |j m,

so that diagrammatically {j, j1 , j2 } can be represented by an “oyster” diagram

{j, j1 , j2 } = [j ]−1

.

(64)

4 We wish to stress that the 3j -symbol must not be confused with the 3j m-symbol introduced below. Confusion
is possible since the latter is often referred to by other authors as a 3j -symbol.
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3.3. 1j m-symbol
We have seen in Section 2.4 that the time-reversal operator transforms a standard state into
a contrastandard one and vice versa. Thus, the matrix representation of ϑ plays the role of
a metric tensor and we now write



j
= j m ϑ(j m′ ) .
(65)
mm′

The facts ϑ † ϑ = 1 and ϑ 2 = (−1)2j imply that



∗
j m ϑ(j m′ ) = j m ϑ † ϑϑ(j m′ ) = ϑ(j m) ϑ 2 (j m′ )

= (−1)2j j m′ ϑ(j m) .

(66)

The 1j m-symbols are real, since


′
′
j
= (−1)j −m j m|j, −m′  = (−1)j −m δm,−m′ = (−1)j +m δm,−m′ ,
mm′

in agreement with equations (44) and (46). Clearly the identity (66) is equivalent to the
antisymmetry (equation (45)) of the metric tensor (equation (65)).
Diagrammatically we can represent the 1j m-symbol in one of the following ways as
equation (66) implies:
= (−1)2j
=

= (−1)2j

. (67)

Algebraic equivalents of these diagrams are, respectively,


j m ϑ(j m′ ) = (−1)2j ϑ(j m) j m′


= ϑ(j m′ ) j m = (−1)2j j m′ ϑ(j m) ,
and, as we just saw,

′
j m ϑ(j m′ ) = (−1)j −m δm,−m′ = (−1)j +m δm,−m′ .

The transformation of a ket to a contrastandard one, cf. equation (43),


j
′
= (−1)j −m |j, −m,
ϑ|j m =
|j m 
m′ m
′

(68)

(69)

m

reads graphically
=

=

m′

(70)

which confirms that contraction yields a projection operator on the space Vj with its restriction 1̂j being the unit operator in Vj ,
=

m′

|j m′  j m′ | = 1̂j .

(71)
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The 1j m-symbol is also closely related to the coupling of two angular momenta to a zero
momentum. The latter will be represented by a dashed line. Clearly, if one of the coupled
momenta vanishes, we have that
j m|j ′ m′ ; 00 = j m|00; j ′ m′  = j m|j ′ m′  = δjj ′ δmm′
or

=

=

Recalling the symmetry relations given in Section 2.5, we can write

00|j m; j ′ m′  = j m; j ′ m′ |00 = [j ′ ]−1/2 j ′ m′ 00; ϑ(j m)



j
′ −1/2 ′ ′
−1/2
′
= [j ]
j m ϑ(j m) = δjj [j ]
m′ m
= δjj ′ δm,−m′ (−1)j −m [j ]−1/2 ,

.

(72)

(73)

which can be represented graphically as

=

= [j ]−1/2

(74)

or any one of the other equivalent forms of the 1j m-symbol shown in equation (67). This
implies that the zero angular momentum line can always be eliminated from our diagrams
by the use of rule (72) or (74). We do not present other possibilities, since we shall give the
general rule below, when we introduce a more symmetric representation of the coupling
coefficients.

3.4. Generalized Clebsch–Gordan coefficients
When coupling more than two angular momenta to resulting j and m we are faced with a
multiplicity problem, since we get generally more than one linearly independent state for
a given j and m. To achieve a unique labeling of states we thus need additional labels;
these can be supplied through quantum numbers characterizing intermediate couplings.
We employ the genealogy (i.e., the set of intermediate coupling j -quantum numbers) with
respect to a certain coupling scheme (the sequence of pairwise couplings) to resolve the
multiplicity problem. Designating the genealogy by (α) we thus define the generalized CG
series as

(α)j m =
|j1 m1 ; . . . ; jn mn  j1 m1 ; . . . ; jn mn (α)j m ,
m1 ,...,mn

where j1 m1 ; . . . ; jn mn |(α)j m is a generalized CG coefficient.
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To be more specific we consider the case of three angular momenta and the coupling
scheme ((j1 j2 )j3 ). A state with an intermediate quantum number j12 is given by the generalized CG series


(j1 j2 )j12 j3 j m
=

m1 ,m2 ,m3




|j1 m1 ; j2 m2 ; j3 m3  j1 m1 ; j2 m2 ; j3 m3 (j1 j2 )j12 j3 j m .

(75)

By definition



j1 m1 ; j2 m2 ; j3 m3 (j1 j2 )j12 j3 j m
=

m12

j1 m1 ; j2 m2 |j12 m12  j12 m12 ; j3 m3 |j m,

(76)

i.e., we first couple j1 and j2 to the angular momentum j12 , and then the ket |j12 m12  is
coupled with |j3 m3  to the final j and m. When we replace for simplicity the labels jk , mk
by k, we have diagrammatically



j1 m1 ; j2 m2 ; j3 m3 (j1 j2 )j12 j3 j m

=

m12

=

(77)

.

Another possible coupling scheme is, for example, (j1 (j2 j3 )), which yields the following
CG coefficient




j1 m1 ; j2 m2 ; j3 m3 j1 (j2 j3 )j23 j m =

.

(78)

In the general case, when coupling N angular momenta, the generalized CG coefficient
will be diagrammatically represented by a tree with N +1 external lines and N −1 CG type
vertices, whose internal structure reflects the chosen coupling scheme. Since the internal
(contracted) lines are invariant, it is not difficult to see that the SU(2) transformation properties of these quantities are fully determined by the external lines. We will elaborate on
this point in Section 4, where we shall exploit this fact by deriving various rules for manipulation of diagrams. First, however, we shall consider another diagrammatic representation
of CG-like quantities, which better reflects their inherent symmetry properties.
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3.5. 3j m-symbols
The symmetry properties of CG coefficients (see Section 2.5) reflect the asymmetry of the
basic coupling problem and, consequently, have quite an awkward diagrammatic representation (cf. Section 3.2). We shall thus introduce quantities which are proportional to CG coefficients but have much nicer symmetry properties, namely the so-called 3j -symbols [22].
To avoid confusion with the triangular deltas {j1 , j2 , j3 } we refer to them as 3j m-symbols.
We shall introduce the 3j m-symbols by considering the coupling of three angular momenta to zero momentum. We have just seen that there are at least two possible coupling
schemes and corresponding generalized CG coefficients, equations (77) and (78). If we set
j = m = 0 and remove the zero line, these coefficients become

= δj12 j3 [j3 ]−1/2 (−1)2j3

(79)

and

= δj23 j1 [j1 ]−1/2

(80)

.

Considering the diagram on the right-hand side of equation (79), applying the symmetry
property (v), equation (62), and the relation


ϑ(j2 m2 ); ϑ(j3 m3 ) j1 m1 = (−1)2j2 +2j3 j2 m2 ; j3 m3 ϑ(j1 m1 ) ,

which follows immediately from property (ii), equations (59) and (48), i.e.,

= (−1)



[j3 ]
[j1 ]

1/2

= (−1)2j3



[j3 ]
[j1 ]

1/2

2j2

,

(81)
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we see that both resulting generalized CG coefficients, equations (79) and (80), are identical. We obtain a unique state




(j1 j2 j3 )00 := (j1 j2 )j12 j3 00 ≡ j1 (j2 j3 )j23 00 ,
and can define the 3j m-symbol by the relation

(j1 j2 j3 )00 =: (−1)j1 −j2 +j3

m1 m2 m2

j1 m1 ; j2 m2 ; j3 m3 |



j1
m1

j2
m2

j3
m3



.

(82)

Since the left-hand side of this equation is SU(2) invariant (j = 0) and the tensor product
j1 m1 ; j2 m2 ; j3 m3 | transforms as a triple Kronecker product of contrastandard irreps, the
3j m-symbol transforms as a triple product of standard irreps. Indeed, the defining equation (82) gives for U ∈ SU(2)


j1 j2 j3
j1 −j2 +j3
(−1)
m1 m2 m3

= (j1 j2 j3 )00 j1 m1 ; j2 m2 ; j3 m3

= (j1 j2 j3 )00 U † U |j1 m1 ; j2 m2 ; j3 m3 
= (−1)j1 −j2 +j3

j1
×
µ1
µ1 µ2 µ3

j2
µ2

j3
µ3



D (j1 ) (U )µ1 m1 D (j2 ) (U )µ2 m2 D (j3 ) (U )µ3 m3 .

(83)

For the graphical representation of the 3j m-symbol we realize that the three angular
momenta appear in the ket and are standard, so that they must be represented by singlearrowed outgoing lines. Accordingly we set5



j1
m1

j2
m2

j3
m3



=:

,

the minus sign at the vertex indicating a clockwise reading in accordance with our conventions.
The 3j m-symbol times (−1)j1 −j2 +j3 , as defined by equation (82), is equal to the generalized CG coefficient on the left-hand side of equations (79) and (80). The second of these
equations states that



j1 j2 j3
= [j1 ]−1/2 j2 m2 ; j3 m3 ϑ(j1 m1 ) ,
(−1)j1 −j2 +j3
(84)
m1 m2 m3
which implies the following relationship between the 3j m- and CG coefficients


j1 j2 j3
= [j1 ]−1/2 (−1)j2 −j3 −m1 j1 , −m1 |j2 m2 ; j3 m3 .
m1 m2 m3

(85)

This relation is often used as the definition of a 3j m-symbol.
5 When no confusion can arise, we shall again replace the label j m simply by k and for the contracted lines
k k
jk by k.
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Let us now investigate some basic properties of the 3j m-symbol. We see immediately
from equation (85) that the 3j m-symbol vanishes unless
m1 + m2 + m3 = 0.

(86)

It is also easy to see that it is symmetric or antisymmetric under the permutation of its
columns. Indeed, using the symmetry property (iii) of CG coefficients (equation (60)) together with equation (84) we find that




j1 j2 j3
j1 j3 j2
.
= (−1)j1 +j2 +j3
(87)
m1 m3 m2
m1 m2 m3
Further, a 3j m-symbol is invariant under a cyclic permutation of all three columns,
 


j1 j2 j3
j2 j3 j1
=
,
m2 m3 m1
m1 m2 m3
as can be seen easily by applying the cyclic permutation (1 2 3) to equation (79),

(−1)j2 −j3 +j1



j2
m2

j3
m3

j1
m1



= (−1)2j1 [j1 ]−1/2

applying equation (84) to the right-hand side and observing that j1 − j2 + j3 is integer, so
that (−1)2j1 −2j2 +2j3 = 1. Since the permutations (1 2 3) and (2 3) generate all 3! permutations of the three columns, we have found the general rule:
A 3j m-symbol is invariant under an even permutation of its columns and obtains the
phase factor (−)j1 +j2 +j3 upon an odd permutation of its columns.
The invariance of a 3j m-symbol with respect to cyclic permutations is reflected in the
three-fold symmetry of the 3j m-diagram, while the relationship (87) leads to the rule for
the reversal of vertex sign:

= (−1)j1 +j2 +j3

.

It is also useful to define mixed standard-contrastandard 3j m-symbols, such as, for example,



µ 1 j2 j3
(88)
:= (−1)j1 −j2 +j3 (j1 j2 j3 )00 ϑ(j1 µ1 ); j2 m2 ; j3 m3 .
j1 m2 m3

This symbol obviously transforms as D (j1 )∗ ⊗ D (j2 ) ⊗ D (j3 ) , which we indicate by placing
the magnetic quantum number µ1 in the upper row of the 3j m-symbol. It is easy to see
that we can lower and raise the magnetic quantum number using the 1j m-symbol. Indeed,
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applying equation (69) we obtain





µ 1 j2 j3
j1
j1 −j2 +j3
= (−1)
(j1 j2 j3 )00 j1 m1 ; j2 m2 ; j3 m3
j1 m2 m3
m1 µ1
m1



j1 j2 j3
j1
=
m1 m2 m3
m1 µ1
m1


j1
j2 j3
j1 −µ1
= (−1)
(89)
.
−µ1 m2 m3
Thus, to raise a quantum number we put the 1j m-symbol on the right (and sum over the
common index). Graphically, this raising is represented by an arrow reversal, since



µ1
j1

j2
m2

j3
m3



=

=

m1

as implied by equations (70) and (71).
To lower a magnetic quantum number, we write (cf. equation (65))



j
ϑ(j µ) ϑ(j µ) j m =
ϑ(j µ) ,
|j m =
mµ
µ

µ

which reads graphically
=

.
µ

If we use this relationship in the first equation (83) and recall the definition of the mixed
3j m-symbol, given in equation (88), we get





j1 j2 j3
j1
µ 1 j2 j3
=
m1 m2 m3
m1 µ1
j1 m2 m3
µ1


j2 j3
j1 +m1 −m1
.
= (−1)
(90)
j1
m2 m3
Thus, to lower a magnetic quantum number we put the 1j m-symbol on the left. Of course,
raised and lowered 3j m-symbols are closely related. When we substitute −m1 = µ1 in
the last equation and use that j1 + m1 is an integer number, we immediately recover equation (89).
Clearly we can raise or lower the magnetic quantum numbers independently in each
column. Correspondingly, this implies an independent arrow reversal for each of the corresponding lines of the 3j m-diagram. This operation implies certain symmetry properties
which follow from the (anti)unitarity of ϑ and the invariance of (j1 j2 j3 )00| under ϑ,
which yield


(j1 j2 j3 )00 j1 m1 ; j2 m2 ; j3 m3 = (j1 j2 j3 )00 ϑ(j1 m1 ); ϑ(j2 m2 ); ϑ(j3 m3 )
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or


j1
m1

j2
m2

j3
m3



=



m1
j1

m2
j2

m3
j3



(91)

.

In a very similar manner we obtain from equations (48) and (88)




m1 j2 j3
j1 m2 m3
= (−1)2j1
.
j1 m2 m3
m1 j2 j3

(92)

Graphically equation (91) gives the rule

=

,

and equation (92):

= (−1)2j1

.

Note that in the latter rule the line with the unique variance determines the phase.
Finally, it is important to remark that also a mixed 3j m-symbol is invariant under an
even permutation of its columns and obtains the phase factor (−1)j1 +j2 +j3 upon an odd
permutation of its columns, which is due to the fact that the raising and lowering operations
can be applied to any column independently.

3.6. Transition from CG coefficients to 3j m-symbols
Almost all physical problems involving coupling of angular momenta find their most natural formulation in terms of CG coefficients. On the other hand, the 3j m-symbols are
easier to manipulate and lead to simpler graphical rules in view of their symmetry. We thus
find it best to formulate the initial problem in terms of CG diagrams and transform them
subsequently to 3j m-diagrams, using the rules which will be given shortly. We then construct the final resulting diagrams, simplify and evaluate them using the rules which will
be expounded in the remainder of this work.
It is, of course, possible to formulate all the rules in terms of CG diagrams (see, e.g.,
Ref. [19]) or to employ a unified CG–3j m representation [28]. In any case, however, either
more complicated rules result or the generality must be sacrificed.
The transition rules that we now introduce are found by inspection. We will demonstrate
their application on several examples in order to convince ourselves that they are correct.
RULES (Transformation from CG to 3j m-coefficients).
1. Conserve the variance and labeling of all lines and replace double arrows by single
arrows.
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2. Change the vertex sign.
3. Multiply by [j ]1/2 ≡ (2j + 1)1/2 , where j labels the unique line of the CG coefficient.
4. Multiply by (−1)2j for each line j marked by an outgoing double arrow (a time-inverted
bra).
5. Multiply by (−1)2j , where j is the first non-unique line in the CG diagram. The first
non-unique line is defined as the first line which is met when going in the direction
indicated by the node sign starting from a single arrow unique line and in the opposite
direction for a double arrow unique line.
To remember more easily rule 5, we recall that, loosely speaking, the bra is the complex
conjugate of the ket, so that the association of complex with contra may provide a useful
mnemonics.
In Table 1 we give a number of illustrations of the transformation rules with both the
graphical and the algebraic form in each case. We illustrate rule 5 by a curved arrow ending
at the first non-unique line. The transition rules for individual CG coefficients can be also
applied to resulting CG diagrams containing contracted lines. In such a case we first assign
arrows to the lines, which often gives us certain freedom.
Consider, for example, the diagram of the triangular delta, equation (64). Two of the
possible arrow assignments are

[j ]−1

≡ [j ]−1

.

Application of the transition rules leads to, respectively,

(−1)2j1 +2j2

≡ (−1)2j +2j1 +2j2

= {j1 , j2 , j3 }.

(93)

Note that (−1)2j +2j1 +2j2 = 1 and (−1)2j1 +2j2 = (−1)2j , so that we have here an illustration of the rule of arrow reversal (cf. (57)), which also holds for 3j m-diagrams.
Although it is irrelevant which arrow assignment we choose, as the above example illustrates, it must, of course, be done in a consistent way. The two non-unique lines that
are attached to a given CG vertex must be both of the same type (i.e., either both bra or
both ket lines). Further, a non-oriented contracted line must be composed of a bra and a
ket, and an oriented line must consist either of two ket lines in the same direction or of two
bra lines in opposite direction, as implied by the contraction Convention C4. In practical
applications it is of course best to make the CG → 3j m conversion first, before drawing
the resulting diagrams, as already indicated above.

Angular Momentum Diagrams

31

Table 1. Examples of transformation from CG to 3j m-diagrams

1.

j3 m3 | j1 m1 ; j2 m2 

2.


ϑ(j3 m3 ) j1 m1 ; j2 m2
3.


j1 m1 ; j2 m2 ϑ(j3 m3 )
4.


ϑ(j2 m2 ); ϑ(j1 m1 ) j3 m3
5.


ϑ(j2 m2 ); j1 m1 j3 m3

=

[j3 ]1/2 (−1)2j2

=

[j3 ]1/2 (−1)2j2

=

[j3 ]1/2 (−1)2j2 +2j3

=

[j3

]1/2 (−1)2j1

=

[j3 ]1/2 (−1)2j1

=

[j3 ]1/2 (−1)2j1

=

[j3 ]1/2 (−1)2j1 +2j2 +2j2

=

[j3 ]1/2 (−1)2j1

=

[j3 ]1/2 (−1)4j2

=

[j3 ]1/2



j1
m1

m3
j3

j2
m2





j1
m1

j3
m3

j2
m2





m1
j1

m3
j3

m2
j2





j1
m1

j2
m2

j3
m3





m1
j1

j2
m2

j3
m3



4. BASIC RULES FOR ANGULAR MOMENTUM DIAGRAMS
In the preceding section we have introduced the basic concepts of graphical techniques
of spin algebras and formulated the rules for the conversion of CG diagrams into
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3j m-diagrams. From now on we shall restrict our attention to the latter and will derive
the rules which will enable us to reduce any angular momentum problem to the computation of canonical 3nj -symbols, n = 1, 2, . . . , by expressing the kinematic part of a given
angular momentum problem in terms of these symbols. The dynamic part, however, which
is contained in the so-called reduced matrix elements, must be treated separately for each
case.
In deriving the graphical rules we shall distinguish closed and open diagrams and will
represent them as closed and open boxes,

and

(a)

,

(94)

(b)

respectively. Thus, the diagram (94a) represents a graph with an arbitrary number of
3j m-vertices and with all lines contracted except those which are shown explicitly, namely
the lines labeled j1 m1 and j2 m2 . Referring to the contracted lines which connect two
3j m-vertices as the internal lines and to the uncontracted ones as the free or external
lines, we can also say that a closed diagram represented by a full box, as in (94a), contains
only internal lines, and all the free lines must be shown explicitly. With an open box, diagram (94b), we then represent a graph which may possess additional free lines to those
indicated explicitly. Since some of the rules hold only for closed diagrams, this distinction
is important.

4.1. Removal of a zero line
We prove the following rules for the removal of a zero line, which hold provided that
j1 and j2 are distinct lines.
RULE 1.

= δj1 j2 [j1 ]−1/2

,

(95)

= δj1 j2 [j1 ]−1/2

.

(96)

Thus, when the lines j1 and j2 run in the direction indicated by the vertex sign, the vertex
with attached zero line can be replaced by the factor δj1 j2 [j1 ]−1/2 .
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P ROOF. Assuming that j1 and j2 are distinct lines, we may reverse the direction of the
j2 line and write

= (−1)2j2

= (−1)2j2

.
m1 m2

Converting to a CG vertex and using equation (74) we find

= (−1)2j1

= δj1 j2 (−1)2j1 [j1 ]−1/2

.

Using, further, the completeness relation, equation (71), we get the first rule, (95),

= δj1 j2 [j1 ]−1/2

= δj1 j2 [j1 ]−1/2

.

The second rule, (96), follows directly from the first when we note that

= (−1)3j1 +3j2

= δj1 j2 (−1)2j1 [j1 ]−1/2

The use of the rule for arrow reversal then gives the desired result.

.



R EMARK . It is of interest to consider the case—which we explicitly excluded—that
j1 and j2 label the same line and for which the proof above does not apply. Since by
equation (72)

= [j ]−1/2

= [j ]−1/2 j m|j m; 00 = [j ]−1/2 ,
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we find that
=

=

m

= [j ]1/2 .

=

m

Recalling that the non-oriented loop represents [j ] ≡ 2j + 1, equation (55), we get the rule
= [j ]−1/2

=

≡ [j ]1/2 ,

(97)

which differs from the general rules (95) and (96) in that the resulting line is non-oriented.
It is essential that the loop is non-oriented, because otherwise the rule of arrow reversal
would predict that the two oriented loops differ by a factor (−1)2j .

4.2. Factorization rules
A 3j m-symbol, being an inner product by equation (83), is an SU(2) invariant. On the
other hand, it transforms as a triple Kronecker product of irreps, equation (83). A similar
observation leads to the well-known Wigner–Eckart theorem, which states that the matrix
element of an irreducible tensor operator between eigenstates of J 2 can be factored into
an invariant quantity (the so-called reduced matrix element) and a quantity that reflects the
transformation properties of the matrix element. The latter quantity is a mixed 3j m-symbol
(or a CG coefficient).
We shall first show that the transformation properties of a diagram are solely determined by its free lines. Following the proof of the Wigner–Eckart theorem we then obtain
a factorization of the diagram into an invariant quantity and a quantity that carries the
transformation properties of the diagram.
Consider a diagram with n 3j m-vertices (the proof works equally well for CG graphs).
Transforming all the states with U ∈ SU(2), the diagram, on the one hand, remains invariant and, on the other hand, transforms as a 3n-fold Kronecker product of D matrices.
However, the D matrices that correspond to internal lines cancel one another in view of
their unitarity. Indeed, by definition, a contracted line consists of a standard and a contrastandard quantity, say a ket and a time-reversed ket, so that
U
m

j m; ϑ(j m) =
=

m,µ,µ′

µ,µ′

D (j ) (U )µm D (j ) (U )∗µ′ m j µ; ϑ(j µ′ )

δµµ′ j µ; ϑ(j µ′ ) =

j µ; ϑ(j µ) .
µ

(The invariance of contractions of other types is proved in a similar manner, cf. also equation (35).) Thus, the transformation properties of a diagram are defined solely and uniquely
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by its free lines. We next state and prove the following very useful rule for the closing of a
diagram with two external lines.
RULE 2.

= δj1 j2 δm1 m2 [j1 ]−1

(98)

.

j

m

P ROOF. We denote the diagram on the left-hand side by G( m11 j22 ) and apply U ∈ SU(2)
obtaining




j1 m2
j1 m2
=G
UG
m1 j2
m1 j2


j1 µ 2
=
.
D (j1 ) (U )µ1 m1 D (j2 ) (U )∗µ2 m2 G
µ 1 j2
µ1 ,µ2

Since all unitary groups are compact, their “volume” is well defined, and designating the
volume of SU(2) by V , we find using the great orthonormality relations and integrating
over the whole group, that






j1 m2
j1 µ 2
VG
=
G
D (j1 ) (U )µ1 m1 D (j2 ) U −1 m µ dV
2 2
µ 1 j2
m1 j2
µ1 ,µ2


j1 µ 2
δj1 j2 δµ1 µ2 δm1 m2 V [j1 ]−1
G
=
µ 1 j2
µ1 ,µ2


j1 µ 1
,
= δj1 j2 δm1 m2 V [j1 ]−1
G
µ 1 j1
µ1

so that
G



j1
m1

m2
j2



= δj1 j2 δm1 m2 [j1 ]−1

G
µ1



= δj1 j2 δm1 m2 [j1 ]−1

j1
µ1

µ1
j1



.

In a similar way we can prove the following rule:
= δj 0 δm0

(99)

which states that the only SU(2) invariant quantity transforming according to the irrep (j )
of SU(2) is one transforming according to the identity irrep j = 0. We must emphasize
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that the above two rules hold irrespective of whether the diagram consists of CG vertices,
3j m-vertices or a mixture of both. In the case of two free lines, the proof simply rests on
the fact that one line is standard and the other one contrastandard.
To derive similar rules for diagrams with more than two free lines we simply precouple
the lines, thus reducing their number. This is most easily done by exploiting the identity

j

[j ]

= δm1 m′1 δm2 m′2 ,

(100)

which follows immediately from the corresponding orthogonality relation for CG coeffi
cients, equation (63).
RULE 3. A diagram can be factorized over three lines by the use of

=

.

P ROOF. Applying the identity (100) and the separation rule (98), we obtain

=

=

j

jm

(−1)2j [j ]

(−1)2j [j ]

= (−1)2j3

m′1 m′2

(101)
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=

.

Similar rules hold for other possible orientations of external lines (see the example below).

Note that we have achieved the same factorization as in the Wigner–Eckart theorem. The
closed diagram is invariant under SU(2), and the mixed 3j m-symbol has the transformation properties of the original diagram, characterized by two standard (outgoing) lines and
one contrastandard (ingoing) line. The positions of the plus and minus vertex signs in the
final result may be interchanged, since (−1)2(j1 +j2 +j3 ) = 1.
In the case of more than three external lines we can simply factor out the corresponding
generalized CG coefficient or its 3j m-equivalent. Thus, in the case of four external lines,
we find the following rule.
RULE 4. A diagram can be separated over four lines by the use of the following rule,

=

=

=

j m j ′ m′

j

j

[j ]

[j ]

[j ][j ′ ](−1)2j

×

(−1)2j j m
m

.

(102)

Note that both j lines could also be oriented downward and that the vertex signs are
arbitrary as long as they are opposite for vertices associated with identically labeled lines.
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It should now be clear how to handle the cases with more than four free lines. However,
since n free lines, n > 3, give rise to n − 3 summations over the intermediate quantum
numbers, the factorization rule is seldom used for more than four free lines.
When we meet open diagrams whose free lines have variances different from those used
in the above given factorization rules, we proceed in the same way as we did in the raising
and lowering of the magnetic quantum numbers in 3j m-symbols, Section 3.5. Namely, we
use either one of the following rules:
=

µ

=

µ

,

,

which converts the free line to the required variance, and then apply the factorization rule
to the line labeled by the summation index µ. For example,

=

=

µ2

µ2

δj1 j2 δm1 µ2 [j1 ]−1

= δj1 j2 δm1 ,−m2 [j1 ]−1 (−1)j1 −m1

,

(103)

where we used ϑ(j2 µ2 )|j2 m2  = (−1)j2 +m2 δ−µ2 ,m2 (equation (67)) for the 1j m-symbol.
Similarly,

=

=

µ3

µ3
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=

(104)

.

4.3. Separation rules
The factorization rules imply immediately the following separation rules.
1. Separation over one line:
= δj,0

(105)

.

The zero angular momentum lines can then be eliminated by the use of rule (95), (96),
or (97).
2. Separation over two lines:

=

(−1)2j2
m1 m2

= δj1 j2 [j1 ]−1

= δj1 j2 [j1 ]−1

(−1)2j1
m1

(106)

.

Clearly, both resulting j1 lines can also be oriented in the upward direction. Similarly,
if the j1 and j2 lines run in opposite directions in the connected diagram at the left-hand
side, then so do the resulting lines in the separated diagram.
3. Separation over three lines: Using the factorization rule equation (104), we can prove
that

=

.

(107)

We could also formulate the rules for separation over more than three lines. However,
such rules may be difficult to apply, particularly within complicated diagrams, and it is
generally advisable to proceed by substituting one or more intermediate summation lines.
We have already applied this technique of pairwise precoupling in the factorization of
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diagrams with three and four external lines. After a sufficient number of summation lines
have been introduced, the diagram may be factored using one of the separation rules given
above.
The substitution of a summation line is accomplished by the following rule, which is a
direct consequence of equation (100),

=

x

[x]

.

(108)

This rule is easy to remember: we first orient the lines to be coupled so that they run in
the same direction. We insert a summation line that runs in the opposite direction. The
vertex signs are chosen in such a way that the order of the three angular momenta j1 , j2 ,
and x is the same for both vertices. (Note that the diagram is invariant with respect to the
interchange of vertex signs.) An analogous rule holds also for the case of crossing lines.
4. Separation over four lines: We separate over four lines, as an example precoupling
j2 and j3 ,

=

x

[x]

=

x

[x]

.

(109)
To end the discussion of the separation rules we point out that the factorization rules
represent a special case of the separation rules when one of the diagrams is an empty
diagram. It thus suffices to remember the separation rules only.
We will end this section by giving four examples in which the separation rules are illustrated.
E XAMPLE 1. As an illustration of the two-line separation rule (106), we consider the
removal of a loop, i.e., a diagram of the type

.
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Pulling down the loop sufficiently far and observing that the loop is a closed diagram, we
can apply (106) for the lines j and j ′ , obtaining

= (−1)2j δjj ′ [j ]−1

.

We have already met both the CG and the 3j m-forms of the “oyster” diagram (equations (64) and (93), respectively). The 3j m-form is equal to the triangular delta {j, j1 , j2 }
(which is unity when the triangular conditions hold).
E XAMPLE 2. To illustrate a separation over three and four lines, we consider the example
given in Fig. 1 where we precoupled j5 and j6 . Clearly, we could also first apply the
precoupling rule (108) to the lines j1 and j2 in Fig. 1 and then factor over the three lines.
E XAMPLE 3. As another example we consider the diagram G in Fig. 2. There are two
obvious ways of separation over the four lines, vertically: j1′ , j2′ , j3′ , j4′ (represented by 1′ ,
2′ , 3′ , 4′ ), and horizontally: j1 , j2 , j5 , j6 . In the first case we get the diagram in Fig. 3.
The second possibility leads clearly to the same final result. The resulting four diagrams
are irreducible and cannot be factored into smaller closed diagrams. In Section 5 we shall
return to these closed diagrams.

=

j

[j ]

=

j

[j ]

Fig. 1. An illustration of a separation over four lines (Example 2).
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G :=

Fig. 2. The initial diagram of Example 3.

G

=

=

j

j

[j ]

[j ]

Fig. 3. The diagram of Fig. 2 (Example 3) after separation over four lines.

E XAMPLE 4. There is also a less obvious way to factor G of Fig. 2. To clarify this possibility, we first convert G into a form (Fig. 4) that is topologically the same as the diagram
in Fig. 2. By using equation (100) we now precouple j1 and j2 and draw the summation
line j vertically in the center of the diagram. Then we separate three times over three lines.
The diagrams on the right-hand side of Fig. 4 are also irreducible. In fact, they can be easily
redrawn into the “tetrahedral” shape used in the first factorization of G, see Fig. 3.
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=

j

[j ]

Fig. 4. Separation of the diagram of Example 4. Note that G is the same diagram as in
Fig. 2.
Note that the different diagrams in the previous two examples contain different angular
momenta and, consequently, are related in a non-trivial way (through a so-called sum rule).

5. IRREDUCIBLE CLOSED DIAGRAMS
The main objective of graphical methods for the study of an angular momentum problem
is to reduce it to the form of a product of standard quantities that are easy to handle and
to evaluate. We have seen how to factor a general open diagram into a product of a closed
diagram and a diagram representing a generalized CG coefficient. The latter diagram is
clearly the simplest possible diagram containing a given number of external lines. We thus
turn our attention to the closed diagrams.
A closed diagram is reducible if it can be separated into a product of closed diagrams,
otherwise it is irreducible. The factorization of a closed diagram into irreducible components provides clearly the utmost simplification of the angular momentum problem.
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Suppose we have an irreducible diagram consisting of k > 0 vertices. Since three lines
are attached to every vertex and every line connects two vertices, the total number of lines
equals 3k/2. Hence, the number of vertices in an irreducible diagram must be even, say
k = 2n, n = 1, 2, . . . . We thus find the general result that an irreducible diagram consists
of 3n lines and 2n vertices. Since each line is labeled by a quantum number j , we speak of
3nj -symbols.
5.1. 1j - and 3j -symbols
We have already encountered a closed (and irreducible) diagram containing one line and
no vertices (k = 0), namely

m

j m|j m = [j ] ≡ 2j + 1 =

.

It is appropriate to refer to this non-oriented loop as a 1j-symbol.
The 3j -symbol (or triangular delta) was already introduced in Section 2.5 in CG form
(see Section 3.5 for the 3j m-form),

{j1 , j2 , j3 } = [j2 ]−1

=

.

Its value is zero or unity depending on whether the three angular momenta satisfy the
triangular condition. The 3j m-representation of {j1 , j2 , j3 } shows clearly its symmetry:
A transposition of two of the three angular momenta gives the phase (−1)2J , where
J := j1 + j2 + j3 . Since J is an integer, it follows that the 3j -symbol is invariant under permutations.
5.2. Recoupling and the 6j - and 9j -symbols
Because the 6j -, 9j -, and higher symbols appear naturally in the problem of recoupling of
three, four (and more) angular momenta, we first discuss this problem before turning to the
study of their properties.
We have seen in Section 3.4 that we can couple three or more angular momenta by
different coupling schemes. This does not imply that eigenstates of J 2 , obtained by different coupling schemes, are linearly independent. Indeed, states obtained in one coupling
scheme can be expressed as linear combinations of states obtained by another coupling
scheme. This is called recoupling. Recoupling is a basis transformation in tensor product
space Vj1 ⊗ Vj2 ⊗ · · · ⊗ Vjn , where Vjk is a (2jk + 1)-dimensional carrier space of an irrep
of SU(2). Specification of a coupling scheme (genealogy) leads to a basis for this space
and another coupling scheme gives another basis; recoupling transforms the one basis into
the other.
To be more specific we first consider the case of three angular momenta. In Section 3.4
we have considered two coupling schemes, namely ((j1 j2 )j12 j3 ) and (j1 (j2 j3 )j23 ). We
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relate the states obtained by these different couplings by


(j1 j2 )j12 j3 j m






j1 (j2 j3 )j23 j ′ m′ j1 (j2 j3 )j23 j ′ m′ (j1 j2 )j12 j3 j m .
=
j23 ,j ′ ,m′

The expansion coefficients arising in this basis transformation are recoupling coefficients.
The recoupling coefficient obviously vanishes unless j = j ′ and m = m′ , and we shall see
shortly that it is independent of m. Both facts follow immediately from the diagrammatic
rules.
In order to obtain a graphical representation of the recoupling coefficients, we substitute
the resolution of the identity, expressed in terms of the uncoupled basis, obtaining the
generalized CG coefficients of Section 3.4 (see (77) and (78)). Thus,




R : = j1 (j2 j3 )j23 j ′ m′ (j1 j2 )j12 j3 j m


=
j1 (j2 j3 )j23 j ′ m′ j1 m1 ; j2 m2 ; j3 m3
m1 m2 m3




× j1 m1 ; j2 m2 ; j3 m3 (j1 j2 )j12 j3 j m

=

.
m1 m2 m3

Transition to 3j m-diagrams and introduction of the notation
[j1 , j2 , . . . , jk ] :=
gives

k
k


(2ji + 1),
[ji ] ≡
i=1

k > 0,

i=1

R = [j, j ′ , j12 , j23 ]1/2

= δjj ′ δmm′ [j12 , j23 ]1/2

,

(110)
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where in the last step we have applied the rule (98). The closed diagram that we have obtained cannot be further factored into closed diagrams in a non-trivial way: it is irreducible.
(Note that by the rule (101) an oyster type diagram can be separated off from each corner;
this, however, is a trivial factorization.)
The diagram of the recoupling coefficient is proportional to Wigner’s 6j -symbol, which
is defined graphically as



j1
j1′

j2
j2′

j3
j3′



:=

(111)

.

This definition may be remembered by noting that j1 , j2 , and j3 appear on the central
vertex in the order indicated by the vertex sign. The angular momentum jk′ appears on the
edge opposite jk , k = 1, 2, 3. Hence, the direction of j1′ , j2′ , j3′ is also dictated by the central
vertex sign. All vertices have the same sign. Obviously, the graph can be drawn in several
different forms, which imply its symmetry properties. We shall address this problem in the
next section.
Bringing the diagram in equation (110) to this standard form, we finally get




R ≡ j1 (j2 j3 )j23 j ′ m′ (j1 j2 )j12 j3 j m
= δjj ′ δmm′ (−1)j1 +j2 +j3 +j [j12 , j23 ]1/2

= δjj ′ δmm′ (−1)j1 +j2 +j3 +j [j12 , j23 ]1/2



j1
j3

j2
j


j12
.
j23

(112)

We next consider the recoupling of four angular momenta, where several coupling
schemes are again possible. We can couple sequentially, one angular momentum after another, or we can also couple pairwise, in which case we have the possible coupling schemes
((j1 j2 )(j3 j4 )), ((j1 j3 )(j2 j4 )), and ((j1 j4 )(j2 j3 )). All recoupling problems can be easily
treated by the graphical techniques. As an example we consider the recoupling


(j1 j2 )j12 (j3 j4 )j34 j m


(j1 j3 )j13 (j2 j4 )j24 j m
=
j13 ,j24

×

m1 m2 m3 m4



(j1 j3 )j13 (j2 j4 )j24 j m j1 m1 ; j2 m2 ; j3 m3 ; j4 m4





× j1 m1 ; j2 m2 ; j3 m3 ; j4 m4 (j1 j2 )j12 (j3 j4 )j34 j m .

(113)
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The expression in square brackets is the recoupling coefficient expressed in terms of generalized CG coefficients and has the following graphical representation

=γ

m1 m2
m3 m4

.

(114)
The factor γ which arises from the transition to the 3j m-representation and from application of equation (98) to the free lines with j m labels is easily found to be
γ = [j13 , j, j24 , j34 , j, j12 ]1/2 [j ]−1 (−1)2j3 +2j24 +2j4 +2j3 +2j12 +2j1
= [j13 , j24 , j34 , j12 ]1/2 .

(115)

The hexagonal diagram in equation (114) is proportional to Wigner’s 9j -symbol, which we
define as



j1
j4
j7

j2
j5
j8

j3
j6
j9



:=

.

(116)

To remember this definition we note that:
• The vertex signs on the perimeter of the hexagon alternate.
• The nodes with minus signs define the rows of the 9j -symbol and those with plus signs
define its columns.
• The order within the rows and columns is also defined by the node signs.
• The arrows always point from the positive to negative vertices.
In the next section we shall show that there are different, though equivalent, ways of representing the 9j -symbol, which reflect its various symmetries.
In order to bring the 9j -symbol of equation (114), defining the recoupling coefficient,
to the standard form, equation (116), we first flip all the vertex signs. This does not change
the phase since
(−1)2(j1 +j3 +j13 )+2(j2 +j4 +j24 )+2(j12 +j34 +j ) = 1.
Reversing, further, the orientation on intermediately coupled lines again keeps the phase
unchanged, since
(−1)2(j13 +j24 +j34 +j12 ) = (−1)4j = 1,
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so that we finally get

(j1 j3 )j13 (j2 j4 )j24 j m (j1 j2 )j12 (j3 j4 )j34 j m


j1 j2 j12
1/2
= [j13 , j24 , j12 , j34 ]
j3 j4 j34 .
j13 j24 j

(117)

5.3. Properties of the 6j -symbol
We see from the defining equation (111) that the 6j -symbol can be written as the following
complete contraction of four 3j m-symbols





j 1 j2 j3
j1 m′2 j3′
m1 m2 m3
=
j1 j2 j3
m1 j2′ m′3
j1′ j2′ j3′
m ,m ,m
1

2

3

m′1 ,m′2 ,m′3

×



j1′
m′1

j2
m2

m′3
j3′



m′1
j1′

j2′
m′2

j3
m3



.

(118)

Since the following four relations must hold,
0 = m1 + m2 + m3 = m1 − m′2 + m′3 = m′1 + m2 − m′3 = −m′1 + m′2 + m3 ,
the sum is, in fact, only a double sum. Each 3j m-symbol, being proportional to a CG
coefficient, is given by a single sum (cf. (51)), so that a 6j -symbol represents a six-fold
summation. However, through a series of ingenious substitutions, Racah [29] was able to
reduce the 6-fold summation to the following formula (for details, see [13], Chapter 3,
Appendix A)


j1 j2 j3
j1′ j2′ j3′
= ∆(j1 j2 j3 )∆(j1 j2′ j3′ )∆(j1′ j2 j3′ )∆(j1′ j2′ j3 )
×

t

(−1)t (t + 1)!


× (t − j1 − j2 − j3 )!(t − j1 − j2′ − j3′ )!(t − j1′ − j2 − j3′ )!
× (t − j1′ − j2′ − j3 )!(j1 + j2 + j1′ + j2′ − t)!

where
∆(abc) :=

−1
× (j1 + j3 + j1′ + j3′ − t)!(j2 + j3 + j2′ + j3′ − t)! ,

(a + b − c)!(a − b + c)!(−a + b + c)!
(a + b + c + 1)!

1/2

(119)

.

The sum over t is restricted by the requirement that the factorials occurring in (119) are
non-negative.
The 6j -symbol is invariant under any permutation of its vertices
Hence, its symmetry group is the permutation group S4 , which is of order 4! (all permutations of 4 distinct objects). By considering the diagram of the 6j -symbol one easily proves
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this symmetry. Indeed,


j1
j1′

j2
j2′

j3
j3′



=



ja
ja′

jb
jb′

jc
jc′



=



ja
ja′

jb′
jb

jc′
jc



=



ja′
ja

jb
jb′

jc′
jc



=



ja′
ja

jb′
jb

jc
jc′



(120)

,

where (a b c) is any permutation of (1 2 3). For instance, the invariance with respect to the
transposition of the first and last column follows by interchanging the vertices C and D in
the following diagram:



j1
j1′

j2
j2′

j3
j3′



=

=

=

=



j3
j3′

j2
j2′

j1
j1′



.

(121)

It is easily checked that the phase arising from the conversion of the second diagram into
the third one equals unity. The second diagram represents, in fact, another canonical form
which is easy to remember: all vertices carry the same sign, the lines on the perimeter are
oriented in the direction indicated by the signs, and all lines attached to the central vertex
are ingoing (or outgoing).
The 6j -symbol is invariant with respect to the interchange of the rows in any two
of its columns
Consider for instance the cyclic permutation (A B C) applied to the first diagram of equa-
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tion (121), which gives



j1
j1′

j2
j2′

j3
j3′



=

2j2 +2j3 +2j2′ +2j3′

= (−1)

′

=



′

j1′
j1

j2′
j2

j3
j3′



,

where we used (−1)2j2 +2j3 = (−1)2j2 +2j3 = (−1)2j1 .
Besides the 24 symmetry operations, equation (120), there exists an additional symmetry, first found by Regge [30] by inspection of the Racah formula for the 6j -symbol. We
forego a discussion of the Regge symmetry and only mention it here for completeness.
The graphical method is very powerful for deriving sum rules. For example,


j j2 j3
= {j1′ , j2 , j3 }.
[j1 ](−1)2j1 1′
j1 j2 j3
j1

To prove this we use the completeness relation, equation (100), and obtain

j1

=

[j1 ]

j1

[j1 ]

= (−1)2j2
= {j1′ , j2 , j3 }.
Similarly, setting j2′ = j3 and j3′ = j2 , we get

j1

[j1 ](−1)j1 +j2 +j3



j1
j1′

j2
j3

j3
j2
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[j1 ]

= (−1)2j3

= δj1′ ,0 [j2 , j3 ]1/2 ,

= δj1′ ,0

where we have used the separation rule (105) and the zero line removal rule (97).
The well-known orthogonality relation for 6j -symbols, which states that, apart from the
factor [j1 , j1′ ]1/2 , the 6j -symbols form an orthogonal matrix for fixed j2 , j3 , j2′ , and j3′ ,



j j2 j3
j1 j2 j3
= δj ′ ,j ′′ [j1′ ]−1 {j1′ , j2′ , j3 }{j1′ , j2 , j3′ },
[j1 ] 1′
1 1
j1 j2′ j3′
j1′′ j2′ j3′
j1

can also be easily proved. We simply use the rule (109) for a separation over the four lines
in reverse direction (note that the required phase change equals unity) obtaining

j1

[j1 ]

=

= δj1′ ,j1′′ [j1′ ]−1

Similarly, the well-known sum rule


′
′′
j1 j2 j3
j1
[j1 ](−1)j1 +j1 +j1
j1′ j2′ j3′
j1′′
j1

j2
j3′

j3
j2′

.



=



j1′′
j1′

j2
j3

j2′
j3′



(122)
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can also be derived by the use of the following version of the separation rule (109), where
now, in view of equation (108), the vertices involving crossing lines have the same signs,
so that

j1

[j1 ]

=

.

By bringing these 6j -diagrams to their canonical form and dividing out the phases thus
arising, equation (122) easily follows.
We also see that the 6j -diagram reduces to the 3j -type oyster diagram when one of the
angular momenta vanishes. Thus, applying the rule (96) for the zero line removal, we find
that


j 1 j2 j3
= δj1 j ′ δj2 j ′ (−1)j1 +j2 +j3 [j1 , j2 ]−1/2 {j1 , j2 , j3 }.
2
1
j1′ j2′ 0
5.4. Properties of the 9j -symbol
The 9j -symbol is defined as a contraction of six 3j m-symbols, equation (116), and can
be computed as a triple sum over the magnetic quantum numbers of the product of these
3j m-symbols. An alternative route is to express it as a single sum over a product of three
6j -symbols,


 j1 j2 j3 
j ′ j2′ j3′
 1′′

j1 j2′′ j3′′

 ′

  ′′
j1 j2′ j3′
j1 j2′′ j3′′
j
j2 j3
=
[x](−1)R+2x 1
(123)
,
x j1′′ j1′
j2′′ x j2
j3′ j3 x
x
where
3

R=

i=1

(ji + ji′ + ji′′ ).

(124)

This expression can be proved graphically as shown in Fig. 5.
The 9j -symbol has a symmetry group of order 72, i.e., there are 72 operations permuting
its quantum numbers that conserve its absolute value. In the first place, it is invariant under

Angular Momentum Diagrams

=

x

[x](−1)2j3

=

x

[x](−1)2j3

=

x

[x](−1)R+2x

53

Fig. 5. Graphical derivation of equation (123), which gives a 9j -symbol as a sum of a
product of three 6j -symbols.
cyclic permutations of its rows and columns. This follows immediately from the definition,
equation (116), which does not specify the j -value that should appear in the upper left-hand
corner of the 9j -symbol, and from the three-fold symmetry of the corresponding unlabeled
9j -diagram. Thus

 
 

 j1 j2 j3   j1′ j2′ j3′   j2 j3 j1 
j ′ j2′ j3′ = j1′′ j2′′ j3′′ = j2′ j3′ j1′ = · · · .

  ′′
 
 1′′
j2 j3′′ j1′′
j1 j2 j3
j1 j2′′ j3′′
A transposition of the first two columns, however, changes the phase since




 j2 j1 j3 
 j1 j2 j3 
j ′ j2′ j3′ = (−1)R j2′ j1′ j3′ .

 ′′

 1′′
j2 j1′′ j3′′
j1 j2′′ j3′′
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This is proved graphically as follows:

=

= (−)R

,

where R ≡ j1 + j2 + j3 + j1′ + j2′ + j3′ + j1′′ + j2′′ + j3′′ , equation (124), is due to the sign
reversal at nodes A, E, and C. Since a transposition and a cyclic permutation generate the
whole permutation group S3 , this rule holds for all transpositions of the columns.
Any closed diagram is invariant under a simultaneous reversal of all arrows and all
node signs. If we perform this operation on the 9j -diagram, we interchange the rows and
columns of the 9j -symbol (i.e., we transpose the corresponding 3 × 3 matrix). Hence, the
9j -symbol is invariant with respect to a simultaneous interchange of its rows and columns,
which implies that it obtains the phase (−1)R under an odd permutation of its rows. Thus,
to summarize:
The 9j -symbol is invariant under any even permutation of its rows or columns and
obtains the phase (−1)R in case of an odd permutation of its rows or columns.
The graphical technique can be again very useful in deriving various sum rules for the
9j -symbols. We leave this to the reader as an exercise.
Finally, if one of the angular momenta vanishes, a 9j -symbol reduces to a 6j -symbol.
For example, when j3′′ = 0, we get

 j1
j′
 1′′
j1

j2
j2′
j2′′



j3 
′
′′
j
j3′ = δj3 j ′ δj ′′ j ′′ (−1)j2 +j3 +j1 +j1 [j3 , j1′′ ]−1/2 1′
3 1 2
j2

0

j2
j1′

j3
j1′′



.
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We again easily verify this rule graphically, since

′′

= δj3 j3′ δj1′′ j2′′ [j3 , j1′′ ]−1/2 (−1)2j3 +2j1

′

′′

= δj3 j ′ δj ′′ j ′′ [j3 , j1′′ ]−1/2 (−1)j2 +j3 +j1 +j1
3

1 2

.

5.5. Higher 3nj -symbols
The number of closed irreducible diagrams rapidly increases with increasing n. For n  4
there exist two 3nj -symbols, whose symmetries can be displayed by writing their arguments on a cylindrical band. In the case of a 3nj -symbol of the first kind the band is
twisted (a Möbius strip) and in the case of a 3nj -symbol of the second kind, it is not. For
n = 4 these are the only irreducible diagrams, but when n > 4 there exist additional,
less symmetric, irreducible 3nj -symbols. It can be shown that there are five 15j -symbols,
18 18j -symbols, 84 21j -symbols, and 576 24j -symbols, indicating the rapid increase in
their number. Many of these symbols, their symmetries, reductions and sum rules have been
examined in detail by Jucys and co-workers [18,19]. Should we encounter any one of such
diagrams, we shall express them as sums over the products of lower-order 3nj -symbols as
we did above for the 6j - and 9j -symbols.

6. CONCLUDING REMARKS
In closing this exposition of the graphical methods of angular momentum theory we wish to
briefly point out some of the applications of this technique, particularly as it pertains to the
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field of the molecular electronic structure investigations. Clearly, the angular momentum
theory is relevant in any study of rotationally invariant systems and motion in isotropic
space, ranging from elementary particle and both classical and quantum field theories to
atomic and molecular structure investigations.
Of particular interest and utility are those applications in which this approach is closely
linked with other graphical or diagrammatic techniques. Typical representatives of such
approaches are those based on Feynman-like or many-body perturbation theory (MBPT)
diagrams, which enable an efficient and “graphic” pictorial implementation of the timeindependent Wick theorem in the framework of the second quantization formalism. In the
case of atomic systems, both the orbital and spin angular momentum can be handled in
this way [31–33], while in molecular studies one is most often concerned with spin couplings, leading to the so-called spin-adapted version of various approaches to the molecular
electronic structure.
Perhaps the simplest exploitation of the latter kind deals with the direct evaluation of the
spin-adapted configuration interaction (CI) or shell model matrix elements when considering only low-excitation orders (see, e.g., Refs. [31–35]). A more general exploitation of
this type is then based on the permutation or symmetric group representation theory [36] or
on the unitary group approach (UGA) (see, e.g., Refs. [25,37–39]). The graphical methods
also proved to be very useful in elucidating the relationship between the permutation group
SN and unitary group U(n) approaches [40–42]. In fact, the diagrammatic method is very
convenient to compute spin eigenstates adapted to canonical subgroup chains embedded
within SN or U(n) and Hamiltonian matrix elements between such states [43].
Although in UGA one can completely rely on the algebraic approach [25,37–39], a realization that the Gel’fand–Tsetlin states are equivalent (up to a phase factor) to those
arising from the Yamanouchi–Kotani coupling scheme enabled an efficient handling of the
two-electron contributions in UGA or graphical UGA (GUGA) [44] via the introduction
of suitable “segment values” [45–48]. (Note, however, that GUGA is based on a very different type of diagrams, which not only enable a global representation of the two-column
Gel’fand–Tsetlin basis but afford much insight as well.)
Similarly as in variational CI approaches, the diagrammatic technique described in this
work has also been successfully exploited when designing the spin-adapted versions of
the coupled cluster (CC) formalism, both at the single-reference [49–52] and multireference [53,54] levels, as well as in related approaches [55,56].
In the theory of long-range intermolecular forces angular momentum recoupling plays
an important role due to the fact that the multipole expansion of the intermolecular part of
the electronic Hamiltonian appears naturally in terms of coupled spherical tensor operators
(the multipoles). In second- and higher-order perturbation theory it is convenient to precouple the multipoles on each monomer to irreducible monomer tensors. This requires a
recoupling of the multipoles arising in the multipole expansion [57]. This recoupling was
applied by Piecuch [58–62] to systems consisting of N closed-shell monomers through
third-order of intermolecular perturbation. The graphical technique proved indispensable
to handle the very complicated angular momentum algebra arising in this work. Also the
theory of long-range interaction-induced properties of collisional complexes [63] benefited
greatly from the aid of the diagrammatic technique. Recently the long-range interaction energy between atoms in arbitrary angular momentum states was worked out [64].
Here it was recognized diagrammatically that an 18j -symbol appeared, which was a
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useful insight because it showed that the complicated expression was simplified to the
utmost.
Finally, the graphical methods of angular momentum coupling proved to be useful even
in the analysis of experimental data, as exemplified by the studies of angular distribution in
photoionization experiments. For example, they facilitate the derivation of the phenomenological equations for the analysis of angular distribution of photoelectrons from resonant
two-photon ionization of alkali atoms with hyperfine interactions by relying on the graphical method and the so-called Liouville representation [65]. As stated in the just quoted
paper [65], “graphical representation helps one to visualize the physics and simplifies and
organizes the computations”.
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APPENDIX: SUMMARY OF THE GRAPHICAL RULES
In this section the most important diagrammatic rules are reviewed.
Basic units
Vectors and arrow directions:
|j m =

j m| =

Tensor products:

,
,


ϑ(j m = (−1)j −m |j, −m =


ϑ(j m) = (−1)j −m j, −m| =

|j1 m1 ; j2 m2 ; . . . ; jN mN  =

≡

Orthonormality:
j m|j ′ m′  = δjj ′ δmm′ =

.

Basic rules
Contractions:

m

=

,

,
.

.
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=

,

m

=

,

m

=

.

m

Arrow reversals:
= (−1)2j

,
=

,

µ

=

.

µ

1j m-symbol



j
m′ m





j
mm′




≡ j m′ ϑ(j m) ,



≡ ϑ(j m′ ) j m = (−1)2j j m′ ϑ(j m) = (−1)2j
= (−1)2j

 ′
j m ϑ(j m) =

ϑ(j m′ ) j m =



j
m′ m



,

,
′

= (−1)j +m δm′ ,−m = (−1)j −m δm′ ,−m ,
′

= (−1)j −m δm′ ,−m = (−1)j +m δm′ ,−m .

Clebsch–Gordan coefficients and diagrams

j m|j1 m1 ; j2 m2 
=

= j1 m1 ; j2 m2 |j m =

.
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Symmetries:

=

=

= (−1)j1 +j2 −j3

= [j3 ]1/2 [j2 ]−1/2

[jk ] ≡ 2jk + 1

= (−1)2j2 [j3 ]1/2 [j1 ]−1/2

.

3j m-symbols and diagrams



j1
m1

j2
m2

j3
m3



=

.

Symmetries:

=

= (−1)2j1

,

.

(The line with unique variance determines the phase obtained by reversal of all arrows.)
To raise a magnetic quantum number contract the 3j m-symbol with the 1j m-symbol
on the right; to lower a magnetic quantum number contract the 3j m-symbol with the
1j m-symbol on the left.
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E XAMPLE .

j1
m
m

j2
m2

j3
m3



j1
mm1



=



m1
j1

j2
m2

j3
m3

=

m



.

Raising and lowering can be performed on any column independently.
Vertex sign reversal:

= (−1)j1 +j2 +j3

.

Transition from CG to 3j m-diagrams
Apply the following operations in order to convert a CG into a 3j m-vertex:
1.
2.
3.
4.

Conserve variances (arrow directions).
Invert vertex√
sign.
Multiply by [j ], where j labels the unique line of the CG diagram.
Multiply for every outgoing double arrow by (−1)2j , where j is the label of the doublearrowed line.
5. Multiply also by (−1)2j , where j is the first non-unique line met when going around
the vertex starting at the unique line. If the unique line is a ket we go in the direction of
the node sign. If the unique line is a bra (‘complex’) we go contra the direction of the
node sign.
See Table 1 in Section 3.6 for illustrations of CG to 3j m-transitions.

Diagram manipulation
Closed boxes do not have free lines other than the ones shown explicitly, open boxes can
have any number of free lines.
Removal of a zero line:
Let lines go in the direction indicated by the vertex sign, then take the vertex out:
= δj1 j2 [j1 ]−1/2

,
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= δj1 j2 [j1 ]−1/2

.

Exception to this rule:

=

= [j ]−1/2 ≡ [j ]1/2 .

=

Insertion of a summation line:
Let j1 and j2 run in the same direction; x then runs in the opposite direction. Choose
vertex signs such that the three lines have the same order on both new vertices. This rule
holds for crossing lines as well

=

x

[x]

.

Separation over one line:

= δj,0

(125)

.

Separation over two lines:

= δj1 j2 [j1 ]−1

.

(126)

Separation over three lines:

=

.

(127)

In rules (125)–(127) the diagrams on the right-hand side may be open, and in particular
they may be empty. In that case we recover the factorization rules (99), (95), and (101),
respectively.
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Basic irreducible diagrams; 3nj -symbols
n = 1; 3j -symbol:

{j1 , j2 , j3 } = [j2 ]−1

=

.

The diagram is totally symmetric under permutations.
n = 2; 6j -symbol:



j1
k1

j2
k2

j3
k3



=

=

=

.

In the “tetrahedral” form of the 6j -symbol all node signs are the same, and arrows on the
perimeter are directed as indicated by the node signs. Arrows on the central node are either
all outgoing or all ingoing. The “diamond” form is obtained from the “tetrahedral” form
by pulling the interior vertex outside.
Symmetries:


j1
k1

j2
k2

j3
k3



=



ja
ka

jb
kb

jc
kc



=



ka
ja

jb
kb

kc
jc



=



ja
ka

kb
jb

kc
jc



=



ka
ja

kb
jb

jc
kc



where (a b c) is any permutation of (1 2 3).

,
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n = 3; 9j -symbol:



j1
k1
l1

j2
k2
l2

j3
k3
l3



=

.

The node signs on the perimeter alternate. The negative nodes give the rows and the positive
nodes the columns of the 9j -symbol.
Symmetries:


 
j1 j2 j3
j1 k 1 l 1
k 1 k 2 k 3 = j2 k 2 l 2
j3 k 3 l 3
l1 l2 l3




ja k a l a
ja jb jc
R
R
= (−1)
jb k b l b ,
ka kb kc = (−1)
jc k c l c
la lb lc
where
R=



j1 + j2 + j3 + k1 + k2 + k3 + l1 + l2 + l3
0

if (a b c) is odd,
if (a b c) is even.
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Note added in proof
The diagrammatic technique of angular momentum theory can be, in principle,
generalized to handle Racah-Wigner algebras of arbitrary compact groups. In
this regard, we refer an interested reader to the monograph by Stedman [1] and
to an extensive paper by Kibler and El Baz [2] and references therein. However,
in this work we restrict our attention to the group SU(2) and focus on the
exploitation of graphical techniques of spin algebras for the angular momentum
problems arising in atomic and molecular physics.
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Erratum
Entry 4 of Table 1 on page 31 should read:

4.

1

= [j3 ] 2 (−1)2j1 +2j2 +2j2

h ϑ(j2 m2 ); ϑ(j1 m1 ) | j3 m3 i =

1
2

2j1

[j3 ] (−1)



j1
m1

j2
m2

j3
m3



