CTC2, NWI-MOL176, exercises week 3,

Gerrit C. Groenenboom, 23-April-2025

Question 1: Questions chapter 5 (II)
la. In the derivation in Chapter 5.8 we used
(nxr)-V=n-(rxV). (1)
Derive this equation using the Levi-Civita tensor.

Answer: On the lhs we have

(nxr) -V =¢n;ryVi. (2)
On the rhs we havve

n-(rx V) =e,;pnr; Vi (3)
The Levi-Civita tensor is invariant under cyclic permutations, so €, = €xij, and we have

n- (’l" X V) = ekjmirjvk = Eijknj’l"kvi = (’I’L X 7’) -V. (4)

where we swapped the summation indices k and i in the second step.

1b. Show that the Wigner D-matrix for rotation around the y-axis is real (see Section 5.11, Eq. (5.119)
of the lecture notes).

Answer: The ladder operators are

+ = lp Eily (5)
S0 .
“ Iy —1_ i, “
= =——yL—1_ 6
== (A (6)
The rotation operator is
. A =i
Ry(¢) = e #¥l = e~ o (7)

the matriz representation of the ladder operators is real, so Ry (¢) is real.

1c. Compute the matrix elements of the rotation operator

(Im|R(e, a)|lm'). (8)

Answer:

(Im|R(e,, a)[lm’) = (Im|e™ 7L i) = e=imag, 0. (9)

1d. Compute the Wigner D-matrix elements
dio(B) = (Imle™ 571 k)
for i =1/2.

Answer: If we keep the order of the basis functions in the same order as in the previous question,
we need to compute

i

e #PLy = g3PA (10)

A= (_01 3) . (11)

First, we calculate the eigenvalues of the matriz from

with

-2 1

det(A — \I) = det (_1 )

>_>\2+1_0, (12)

so AL = *i. Note that the eigenvalues are imaginary, since the matriz A is anti-Hermitian. For
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Ay =1, we find the eigenvector from
(A—il)e=0

i.e.
S0

(2)=()

For the eigenvalue A_ = —i we find the eigenvector from

(5 ) (@)= 6)
(@)= ():

Note that the eigenvectors are orthogonal, since

ch:(l—z’)(D:i—i:O.

We now construct a unitary matrix U from the normalized eigenvectors

o= fea- ()

so we can write the spectral decomposion of A as

SO

A=UAU"

=5 2.

We can now compute the | = 1/2 Wigner d-matriz from

. 1/1 4\ [ez? 0 1 —i
1Aprt _ L
A [ | Gy

where

11 ezfi  _jezfi\ 1 e’g +e it —ieT +ie
T2 \d 1 —ie_%ﬁi 6_%[% 2 262—26 Zg ei§+e

B o B
_ cosy sing
—sin cosZ

2 2

ig

. 3
—if
.8

(22)

(23)

(24)

Note that since the matriz representations of the ladder operators are real, so the L,-matriz is

purely imaginary, the Wigner-d matriz is always real.

le. Show that the Wigner-D matrices satisfy the matrix representation property
D(l)(R1R2) _ D(l)(Rl)D(l)(pQ%

starting from the defining equation of the D-matrices.

Answer: The defining equation is
Rilim) = Y lk) D)
k
s0
(R Ry)|im) = Z|lk YD (B Ry).
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but also

RiRoltm) = By S 1K) D) (R2) (28)

k/
=" lik) D) () D), (R2) (29)
k Kk’

= Z Wf>[D(l)(Rl)D(l)(R2)]km- (30)
k
Comparing Eqs. (27) and (30) we find
DY) (RyR) = (DD (Ry) DD (Ry)] o, (31)

for k,m=—l,—l+1,...,1, which proves Eq. (25).

Question 2: Questions chapter 7

For Jacobi vectors r and R the corresponding angular momentum operators are defined by

j=rxp, (32)
=R xpr, (33)

where p, and pr are the momentum operators for » and R, respectively. The total angular momentum
operator is defined by

J=j+1 (34)

2a. Derive the following commutation relations, for i = x,v, z,

[Ji, 2] =0 (35)
[Ji, R} =0 (36)
[Ji,r- R] = 0. (37)
Answer: X o R .
[Ji,r?] = [Gs + b, 7%) = [, 2] + [Ls, 72 (38)
Since l; is not acting of T we have R
[l;,r%] = 0. (39)
For the first term
(i 7%) = [esuriBr, 2] = €sge(rylPr, ] + [ 72)0x) = €ijurs[bo, 7] (40)
Remember that k = z,y, or z, so
. . . . h
[, 2] = [P, 7] = T[Pr> ] + [Pro, Tr]TE = 72Tk (41)
Thus,
. h
Gijk’l‘j[pk,TZ} = ;Qj]d’j?"k = 0 (42)

In the last step we use that the Levi-Cevita tensor changes sign if we interchange j and k, but the
product r;ry, does not, for for each i you get two terms that cancel.

The derivation for [j“ R?] = 0 is completely analogous.
For the third

[Ji, 7 R] = [Ji,r; R;] = r;Js, Ry] + [Ji, m5]R; = rjlli, Ry] + [Ji, 751 R; (43)
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Furthermore
i i) = €alrapi, ri] = €imarr i, ri] = ;fiklrkal]‘ = ~€ikiTk (44)
s0
5 h
[, 751B; = SeiniTuR; (45)
and similarly
- h
Tj[l,Rj] = ;Eikj’f‘ij (46)

S0
. R h
i, Rs] + []’Tj]RjZ = €k (rkRj + 1 Ri) = €Tk R, + €k R = (€ + €ik)TR; =0,  (47)

where we used €55, = —€k;j.

2b. For two Hermitian matrices A and B that commute, [A, B] = 0, show that

eATE — ¢AcB, (48)

Answer: Since the matrices commute and are Hermition, they have a common set of eigenvectors

AU =UA4 (49)
BU =UAp (50)
and so
eAtB — gehtatieyt (51)
For diagonal matrices we have
eAatAs _ Aa Ap (52)

and by inserting the identity matriz 1 = UTU we find

UerTAeUT = UePraUT UeP2UT = e46B. (53)

2c. Show that the previous result also holds if the matrices are not Hermitian but still commute.

Answer: In this case we can use the Taylor expansion

oo An
A _
<= ZO ol (54)

For the sum we have
A+B _ (A+B)" v B rog—T kgn—k
e Z**ZZ —AB ZZ,M_ A'B (55)
n=0 n=0 k=0 n=0 k=0
If we define m = n — k then we get

o0 n k m

n=0
)

(m=
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and we note that for every value of k, m takes the values from infinity to zero, so

Ak B™
DI IS

n=0m=0

Page 5 of 5

(57)



