CTC2, NWI-MOL176, exercises week 3

Gerrit C. Groenenboom, 26-April-2023

Question 1: Questions chapter 5 (II)
la. In the derivation in Chapter 5.8 we used
(nxr)-V=n-(rxV)
Derive this equation using the Levi-Civita tensor.

Answer: On the lhs we have
(nxr) -V =¢n;riV,. (1)

On the rhs we havve
n- (T’ X V) = Eijk’nﬂ'jvk (2)

The Levi-Civita tensor is invariant under cyclic permutations, so €, = €xij, and we have
n- (T‘ X V) = Ekjinﬂ‘jvk = Gijknj’f'kvi = (n X 7’) -V. (3)
where we swapped the summation indices k and i in the second step.

1b. Compute the matrix elements of the rotation operator

(Im|R(e, a)|lm').

Answer:

(Im|R(e,, a)[lm’) = (Im|e™ 7L i) = e=imeg, . (4)

1lc. Compute the Wigner D-matrix elements
Ay (B) = (Imle™#P|1k)
for I =1/2.

Answer: If we keep the order of the basis functions in the same order as in the previous question,

we need to compute
i 1
e #BLy — 384 (5)

A—(i @. (6)

First, we calculate the eigenvalues of the matriz from

with

-2 1

det(A — AI) = det (_1 _\

>_>\2+1_0, (7)

so Ay = *i. Note that the eigenvalues are imaginary, since the matriz A is anti-Hermitian. For
Ay =1, we find the eigenvector from
(A—il)e=0 (8)

<j 3>CD:<$' (9)
CD:(D' (10)

For the eigenvalue A_ = —i we find the eigenvector from
i 1\ (di\ _ (O
(3 (@)-6) w
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SO

di\ (i
(&)=() w
Note that the eigenvectors are orthogonal, since
ch(li)G)iiO. (13)

We now construct a unitary matrix U from the normalized eigenvectors

U—\%[cd]—\%@ i) (14)

so we can write the spectral decomposion of A as

A=UAU' (15)

A= (é _Ol> : (16)

We can now compute the | = 1/2 Wigner d-matriz from

o lﬁi o
1gaprt _ L (1 i\ [e2 0 1 i
e 21 (0 (90 -

where

L1 e2hi —iezhi 1 €% +eit  —jei? +ie~i% (18)
n 2\7 1 72167%[% eiéﬁi B 2 'Lezg — ie_ig eig + e_ig
8 in B
_ [ cosy sing (19)
i B B |-
—smg COS§

Note that since the matriz representations of the ladder operators are real, so the L,-matriz is
purely imaginary, the Wigner-d matriz is always real.

1d. Show that the Wigner-D matrices satisfy the matrix representation property
DY(R,Ry) = DY(R,) DY (Ry), (20)
starting from the defining equation of the D-matrices.

Answer: The defining equation is

Rilim) =" [tk) D), (Rs) (21)
k
SO o ; o
(RiRo)|im) = 3" k) DY) (Ry Ro). (22)
k
but also
RiRollm) = Ry 3" IK')DY) (Ro) (23)

k/
=33 k) DY) (R)DY), (Ro) (24)
k Kk’

=D _|tk)[DV(21) DO (R2) - (25)
k
Comparing Eqgs. (22) and (25) we find
D) (RyRp) = [DY(Ry) DD (Ry)]kom, (26)
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for k,m = —1,—1+1,...,1, which proves Eq. (20).

Question 2: Questions chapter 7

For Jacobi vectors r and R the corresponding angular momentum operators are defined by

where P, and pr are the momentum operators for 7 and R, respectively. The total angular momentum
operator is defined by

2a.

2b.

2c.
2d.

2e.

J=j+1 (29)

Derive the following commutation relations, for i = z,y, z,

[Ji,7%] =0 (30)
[J;, R’ =0 (31)
[J;,7 R =0 (32)

For two Hermitian matrices A and B that commute, [A, B] = 0, show that

oA+B _ ,AB

Show that the previous result also holds if the matrices are not Hermitian (but still commute).

Use the method described in chapter 7.5 to find the coupled angular momentum state |(j1)JM)
with j =2,1=3,J=5 M =4.

Use the method described in chapter 7.5 to find the coupled angular momentum state |(j1)JM)
with j=2,1=3,J=4, M =4.
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