CTC2, NWI-MOL176, exercises week 2

Gerrit C. Groenenboom, 19-April-2023

Question 1: Questions chapter 5

In section 5.1 of the lecture notes, the angular momentum states |ab) are defined by

1?|ab) = ah?|ab) (1)
I,|ab) = bh|ab). (2)

Ladder operators are defined by R R X
Iy =l +il,. (3)

la. Show that b < a, using Eqs. (5.1)-(5.4) of the lecture notes and the properties of scalar products
(section 1.5.3 of the lecture notes)

Answer: The expectation value of the square of a Hermitian operator must be positive, e.g.,
(ab|i2]ab) = (I ab||lzab) = |l |ab)|? > 0. (4)
Since

(abli?|ab) — (abliZ|ab)i = (abliZ + Iy + 2|ab) — (ab|iZ|ab) = (abliz|ab) + (ab|i7|ab) >0  (5)
ah? — (bh)? >0 (6)
a> b2 (7)

1b. The angular momentum ladder operators are each other’s Hermitian conjugates, 11 = f;. De-
rive this result using the definition of Hermitian conjugate and the defining properties of scalar
products.

Answer: A R A
M = U 25 Why- (8)

Since l; is Hermitian we have le = le Thus, we have to show

(llAy)]L = —ly. (9)

Since [y is Hermitian, for any state s|¢), x we have

(liyx) = (Iy$lx) (10)
Thus, for these states we also have,
(lilyx) = i(lydlx) = (—ilyo|x), (11)

and hence (ziy)T = —ify, q.e.d.

1c. Show that o A
Iple =12 — 2+ hl..

Answer:
Iple = (I +dl,) (I, 7 ily) (12)
=12+ 2Filly, 1) (13)
=P -2 Fi?nl, (14)
=02 —2+nl,. (15)
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1d. Compute the matrix representation of ig, l;, i+, Z_, l;, and Zy in the angular momentum basis

{llm),m =—1,—l+1,...,1}, withl=1.

Answer:

-1 0 0
L.=n|0 0 0
0 0 1
0 0 0
Li=n[v2 0 0
0 V2 0
0 V2 0
L_=nl0 0 2
0 0 0
01 0
%
L,=— |1 0 1
v2\g 1 o

le. Check the relation (2 = 2+ hl, + f_l+ for the [ = 1 matrix representations from the previous
question.

1f. Compute
B = cos(A),

0 1
a0 )
Hint: first solve the eigenvalue problem, Eq. (5.35) in the lecture notes and then use Eq. (5.47)
with f(A;) = cos(\;).

for the 2 x 2 matrix

According to section 5.6 of the lecture notes, the translation operator [Eq. (5.54)] acting on sin(z) gives
[Eq. (5.49)] .
e~ %= gin(z) = sin(z — ).

1g. Show that this equation is correct in first order, i.e., for small «.

1h. Compute

1li. What is wrong in this derivation:
o) o
e%ewzeﬁmzelze?

1j. Repeat question 1f, but now for the complex matrix

A (2.

The angular momentum operator [, in spherical polar coordinates, is given by [see lecture notes Eq. (5.66)]
A h 0
L=

1k. Derive this result starting from the expression for [, in Cartesian coordinates.
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Answer: From the definition:

With

T =71 cos¢sinb
y = rsin¢sind
z=rcosf
and starting from Eq. (16) we find
j_ho
=009
_h <8y o Oxr d 0Oz 8)

~ i \ogoy " 960z " 960z

= E rcosgbsin@g —rsinqﬁsinﬁg +0
i Jy Ox

_h(,08_ 9
~ i \%ay Yoz )

g-e.d.
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