Excercises Angular Momentum Theory
April 1st, 2007, Gerrit C. Groenenboom

Excercise 1: Rotating Legendre polynomials

Legendre polynomials are related to Racah normalized spherical harmonics
through
Pi(cos ) = Ci0(0,0) = Cio(0, ¢).

A rotation operator for rotation over zyz Euler angles («, [3,7) is denoted as

R(a, B,7)

la. Express

(Oé ﬁa )Clm( ¢)

as a linear comination of Racah normalized spherical harmonics

1b. What is wrong with the expression
R(a, 8,7)Cro(0,0) = (e, 8,7)Ci0(0, 6)?
Excercise 2: Symmetry of Clebsch-Gordan coefficients

Clebsch-Gordan coefficients are related to 3 — j symbols through

(jimyjamaljsms) = (1)1 77278 /255 + 1 ( gz ) :

mi1 Mg —1M3

Permuting any two columns in the 3—j symbol gives a phase factor (—1)/1+72+J3
e.g.

Jroogn g3\ _ (—1)iHi2tas 1 J2 J3

mz Mmp Mg mip Mz M3

2a. Derive the phase factor Fi9 in the expression
(Jamajima|jsms) = Fia(jimijamaljsms)
2b. Derive the phase factor Fy3 in the expression

(J1majsma|jame) = Faz(jimijama|jzms)



Excercise 3: Spherical components of Cartesian vectors

The spherical components = [s41, S, s_l]T of the vector Cartesian vector
x = 11,2, 23]7 are given by

1 + 179
S41 = ——F
V2
So = I3
1 — ixg

S_1 =

V2

To rotate a vector given by its spherical components one may use Wigner
rotation matrixes of rank 1

3a.
3b.
3c.

3d.

Je.
3f.

3g.

3h.

3i.

s = DW*(a, B,7)s

Derive this expression.
Give the spherical components of the Cartesian vector [1,0,0]7 .

Use the given expression to rotate this vector around the z-axis over an
angle v and transform the spherical components of the rotated vector
back to Cartesian components.

Give the transformation matrix S defined by

s= Sz
Show that S is unitary and give the inverse of S.

The scalar product of two vectors is invariant under rotations. Derive
an expression for the scalar product of two vectors as a coupling of its
spherical components to a scalar invariant using Clebsch-Gordan coeffi-
cients. The normalization constant is derived below.

Use the recursion relations in the lecture notes to derive the value of
(j1majamaljsms) for j; = jo = 1 and j3 = 0 and all possible values of
m1,mo, and mg3 and determine the normalization constant.

Use the recursion relations in the lecture notes to derive the value of
(j1m1jamaljsms) for j; = jo = js = 1 and all possible values of mq,mq,
and mg.

Determine the expression for the spherical components of the cross pro-
duct of two vectors with spherical components s and ¢.



